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ANALYSIS OF END-TO-END REQUEST TIME FOR
QUIC SERVER IN PROXY MODE COMPARING

TO HTTP

G. Kindra1, V. Bogatyrev1,2, S. Bogatyrev1, A. Moshnikov1

1ITMO University, Saint Petersburg, Russian Federation
2Saint Petersburg State University of Aerospace Instrumentation, Saint

Petersburg, Russian Federation

The paper considers an experimental analysis of the performance
of network connections implementation based on the QUIC pro-
tocol (Quick UDP Internet Connections) in comparison with the
HTTPS protocol. To implement a QUIC connection, it is used the
implementation of a QUIC server running in reverse proxy mode
to interact with a test HTTP echo server. As part of the testing,
launches were made in an environment with emulation of network
delays, transmission rate limits and packet losses. The results of
the evaluation show that this mechanism allows to reduce the re-
quest execution time for configurations with 2G and 3G network
parameters, however, in high-speed networks with low signal de-
lay, the QUIC connection increases the execution time compared to
the HTTPS protocol due to the overhead costs of proxy requests.
Keywords: quick UDP connections (QUIC), HTTP-over-QUIC,
HTTP proxy mode, netwoks delay emulation.

Introduction

The QUIC protocol is an experimental transport protocol that was cre-
ated by Google in 2012. This protocol was developed in order to reduce
network delays in data transfer compared to data transfer via the HTTP
protocol. This task is solved by providing network interaction based on the
UDP protocol (rather than TCP), the implementation of a mechanism for
fast connection initialization (0-RTT), multiplexing of data streams, as well
as improved error correction mechanisms. Based on QUIC, a new version
of the HTTP protocol, HTTP/3, is being designed. In May 2021, the RFC
9000 standard was adopted, which represents the official specification for
the first version of the QUIC protocol.

The purpose of this work is to study ways to migrate the network interac-
tion of information systems from the HTTP protocol to the QUIC protocol,
to analyze the change in the end-to-end time of requests execution during
client-server interaction in networks with different levels of packet losses.
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1. QUIC server implementations overview

Despite the presence of an approved specification for the QUIC protocol
in open source, there is no project with default implementation. The Quic
Work Group team takes into account existing implementations and checks
for code compliance with the current protocol standard. The most popular
implementations are Chromium (implementation from Google), nginx-quic
modules for the NGINX web server (solutions from F5, CloudFlare, VKon-
takte), AppleQUIC, MsQuic and others. Existing implementations allows
to create servers that will have APIs that work only by the QUIC protocol,
or work as a server for distributing static files using the QUIC protocol, or
as proxy servers for HTTP servers.

Let’s take a closer look at how to start the QUIC server in the proxy
mode. If we have an implementation of some server that has an HTTP API,
then we can take this server without changing its code base, create a client
that implements the QUIC protocol, and install a QUIC server in proxy
mode ”in front”of the existing HTTP server.

2. Test environment overview

A test environment was developed to check the difference in query execu-
tion end-to-end time on the QUIC server comparing to HTTP. The main re-
quirements for it were: the presence of two interfaces – HTTP and QUIC for
single application server; having a client capable of running queries against
both servers; having automation to run queries multiple times; having the
ability to simulate various network parameters.

So as it is pointed at Figure 1 our testbed consists of:

1. Chromium implementation of QUIC server with proxy mode[4]
2. Simple echo server on NodeJS
3. Nginx HTTPS proxy server
4. Java client app, with QUIC implementation in flupke[5] library
5. tc-netem bash scripts to emulate network losses

Figure 1. Testbed structure elements

Running the QUIC server from the Chromium project in proxy mode is
used in test environment. The launch is carried out using the command:
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1 quic_server --quic_mode=proxy --

quic_proxy_backend_url=$BACKEND_URL #... cert

options

Application server is a regular echo service with an HTTP API which was
developed with NodeJS. This test service implements the ”echo”function
and also contains static content (files from 1Kb to 2Mb). We decided to
create a proxy layer similar to the quic-server with nginx to redirect traffic
via HTTPS in order to ensure the transparency of the experiment and
create an equivalent load for secure requests via HTTP and QUIC. This
interaction had to be configured due to the fact that the connection via the
QUIC protocol can only be carried out through a secure connection.

The client application is a console application developed in Java. To
execute QUIC requests, the flupke library is used, which has an implemen-
tation of the HttpClient interface as HTTP3 interaction. Thus, the source
code of the client application allows you to make QUIC and HTTP requests
through one interface. Also, the java client implements a query repetition
mechanism to ensure the statistical significance of the results.

Simulation of network problems on the client interface is implemented
using the netem module of the tc utility. With the help of automation
scripts, during test runs, such parameters are transferred to the system:
delay (5ms, 10ms, 25ms, 50ms, 100ms), bandwidth (256Kbit/s, 2Mbit/s,
30Mbit/s, 100Mbit/s, 1Gbit/s); loss probability (0%, 5%, 10%).

3. Test evaluation results

Let’s consider the obtained results. When a set of repeated requests is
executed in an environment with the same network settings for a set of con-
secutive requests, the query execution time for each of the protocols under
the same conditions is displayed. Figures 2-4 show the request execution
time (blue – HTTP, red – QUIC) for a set of consecutive requests. As a
result of the runs, there are 3 situations: HTTP requests are always slower
(Fig. 4), always faster (Fig. 2), or the difference is within the measurement
error (Fig. 3). The results of all runs was collected in a single summary
table for further analysis.

Let’s take a look at summary table of our experiment at Table 1. In this
table the value ∆ tabs shows how many milliseconds the execution time of a
client request via the QUIC protocol is less than the execution of exactly the
same request in a network with similar parameters via the HTTP protocol.
It is worth noting that a value with a “+” sign means that a QUIC request
is faster than an HTTP request, and a value with a “-” sign means that it
is slower. The ∆ trel value shows a similar value of the change in the query
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Figure 2. Response times distribution for HTTP(blue) and QUIC(red) times in
network with low delays

Figure 3. Response times distribution for HTTP(blue) and QUIC(red) times in
network with medium delays

Figure 4. Response times distribution for HTTP(blue) and QUIC(red) times in
network with high delays

execution time, but in percentage terms. Since the test runs use different
request sizes and network latency, we will use the relative value for further
summary analysis.

Let’s consider the value of ∆ trel when aggregating the results of all runs
by network parameters (delay, loss, throughput) in Figure 5. In networks
with low latency, low error rate and high throughput, the query execution
time difference takes a negative result, which indicates system slowdown
when using the QUIC protocol. However, as the quality parameters of the
network deteriorate, the delays in the QUIC protocol take on a proportional
gain. If we roughly approximate the parameters of 2G/3G/4G/5G networks
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Table 1
A fragment of summary table with evaluation results

∆tabs,ms ∆trel, %
delay,
ms

error
rate,
%

Bandwidth,
Mbit/s

response
size,
bytes

142.4 21.9 50 5 100 512
97.2 13.1 50 5 100 1024
21.2 6.1 25 5 100 512
63.2 14.5 25 5 100 1024
-24.2 -14.0 10 5 100 512
-66.9 -27.4 10 5 100 1024
-42.0 -31.8 5 5 100 512
-83.9 -45.4 5 5 100 1024

and correlate them with the network parameters used in the tests, then we
can find that the QUIC protocol works the better, the smaller the network
generation used.

Figure 5. Heat maps of: 1) improvement indicators of request execution end-to-
end time from network quality parameters (delay/throughput on the X-axis, noise
level on the Y-axis); 2) compliance of network generation with network quality
parameters

Conclusion

We obtained the results, from which it follows that replacing the HTTP
communication protocol with QUIC using a proxy mode justifies itself in
networks with high latency, low bandwidth and high loss. However, in
high-speed networks, this mechanism has the opposite effect – the costs of
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proxying requests do not pay off and lead to a slower system response time
compared to basic HTTP communication.
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The aim of this paper is to examine a finite-source retrial queue-
ing system with two-way communication. The customers arrive
from a finite-source (primary customers) according to an exponen-
tial distribution. The service of these customers starts if the service
unit is idle, otherwise, they are forwarded to the orbit, and after
a random time, they try to reach the server. The main feature of
this system is that when the server becomes idle, an outgoing call
(secondary customer) is performed to the orbit and to the source
with different parameters. The service time of the primary and sec-
ondary customers is exponentially distributed with different rates.
The novelty of this investigation is to carry out a sensitivity analysis
using different distributions of retrial time of the customers on the
main performance measures in two different cases. The different
comparisons and the results are presented graphically.
Keywords: finite-source queuing system, retrial queues, two-way
communication, sensitivity analysis, simulation.

Introduction

The two-way communication scheme is quite a popular topic because
those systems can be modeled with the help of retrial queueing systems in
many areas of life. One outstanding example is the operation of call centres
where agents perform other particular activities during an idle period such
as selling, advertising, and promoting products apart from handling the
calls of the customers. One of the most important measures is utilization,
and how to optimize the efficiency of the service units or agents which
is always a key issue, see for example [1], [2], [10]. The characteristic of
two-way communication relies on performing calls inside and outside of the
system when the server is idle. In our model, it can perform outgoing calls
to the source or to the orbit. In the past, researchers investigated infinite
source retrial queueing systems with two-way communication, and here are
some examples: [4], [9]. Dragieva and Phung-Duc [5] have investigated the
scenario when a secondary outgoing call returns to the source after the
service. This paper is the natural continuation of [7] where a more realistic
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scenario was considered. Instead of sending back the secondary outgoing
customers to the source, they will be sent back to the orbit where the call has
the opportunity to retry his request for servicing the original incoming call.
The novelty of this work is to accomplish a sensitivity analysis to check
the effect of various distributions of retrial time on several performance
measures. The results are generated by our stochastic simulation program
using the basics of SimPack ( [6]). This is a collection of C/C++ libraries
and executable programs for computer simulation to support discrete event
simulation, continuous simulation, and combined (multi-model) simulation.
It gives the freedom to model any type of queueing system and any type
of simulation model calculating any performance measure using arbitrary
random number generators for the desired random variable. The table of
input parameters and graphical illustrations of the results of the comparison
of the operation modes and different distributions are presented.

1. System model

In this section, the considered finite-source retrial queueing model with
one server is introduced. Altogether N requests are located in the source,
and each of them is capable of generating a primary incoming call toward
the server, and the inter-request times are exponentially distributed ran-
dom variables with parameter λ1. In the case of an idle server, the service
of an incoming customer begins instantaneously that follows an exponential
distribution with parameter µ1. After the successful service, the customers
go back to the source. When the incoming customer finds the service unit
busy, those customers will not be lost and they are transmitted to the orbit.
These will be the secondary incoming jobs from the orbit that may retry to
reach the service unit after a random waiting time. The distribution of this
period follows gamma, hyper-exponential, Pareto, and lognormal distribu-
tion with different parameters but with the same mean value. However, the
idle server can make outgoing calls from the source and the orbit as well.
We differentiate two types of outgoing calls:

— the service unit may call a job from the source to be served (primary
outgoing call) after an exponentially distributed period λ2,

— the service unit may perform a call from the orbit (secondary outgoing
call) after an exponentially distributed period ν2.

The service time of the outgoing customers is exponentially distributed
with parameter µ2. Two scenarios are distinguished when an outgoing call
comes from the orbit:
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— Case 1: The call has an unserved incoming request so that call is sent
back to the orbit after the outgoing service is finished to have its incom-
ing call be served,

— Case 2: Here, the call has also got an unserved incoming request but
after the outgoing service is done the service unit serves the incoming
request right away. This will result in a two-phase service, first the
outgoing call then the incoming one is executed. The call returns to the
source after both service phases are finished.

It is assumed that the arrivals of primary incoming calls, retrial intervals
of secondary incoming calls, service times of incoming and outgoing calls,
and the time to make outgoing calls are mutually independent.

2. Simulation results

SimPack is used to obtain the results as a basic block of our program and
it was extended with the desired features. We used a statistical package that
can estimate the desired measures. It utilizes the batch means method which
is a quite popular method. Briefly, the running period is divided into batches
(altogether T ) and in every batch, s = R −M/T are executed. M denotes
the warm-up period observations at the beginning of the simulation which
are rejected, and R is the length of the simulation. After the initial phase,
the sample average of the whole run is calculated. To have appraisable
outcome batches should be long enough and the sample averages of the
batches should be independent. More detailed information about the used
process you can find in these papers: [3], [8].

The confidence level of 99.9% is employed throughout the simulations,
and 0.00001 is the amount of the relative half-width of the confidence in-
terval to pause the actual simulation sequence. The size of a batch in the
initial transient period can not be too small, therefore, its value is set to
1000.

In Table 1 the used values of input parameters are presented.

Table 1
Numerical values of model parameters

N µ1 µ2 λ2 ν2
10 1 1 0.2 0.2

The next table (Table 2) contains the parameters of the retrial time of
the customers, to achieve a valid comparison parameters are chosen accord-
ing to have the same mean and variance value. The simulation program
was tested by many parameter values, and in this paper, the most inter-
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esting ones will be revealed. As seen in the table the squared coefficient of
variation is more than one in this scenario to check the influence of peculiar
random variables. In the extended version, we plan to show results under a
different parameter setting when the squared coefficient of variation is less
than one.

Table 2
Parameters of the retrial time of the customers

Distribution Gamma Hyper-exponential Pareto Lognormal
Parameters α = 0.02 p = 0.489 α = 2.01 m = −4.258

β = 0.2 λ1 = 9.798 k = 0.05 σ = 1.978
λ2 = 10.202

Mean 0.1
Variance 0.49

Squared coefficient of variation 49

Figure 1. Mean waiting time of an arbitrary primary customer vs. arrival intensity

On Figs. 1 and 2 the mean waiting time of the calls is represented in
the function of the incoming generation rate for Case 2 and comparing the
different cases. Fig. 1 demonstrates five cases, the four different distribu-
tions and the exponential case. In the case of the exponential distribution,
the maximum feature can be observed which is a general characteristic of
the retrial queues under a suitable parameter setting. Greater mean waiting
time appears in the cases of gamma and exponential distribution among the
applied ones.

On Figure 2 the comparison of the scenarios is shown using gamma dis-
tributed retrial time. There is a “No outgoing” label that means, that there
are only incoming calls in the system representing a common finite source
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retrial system. This figure reflects and ensures the expected behaviour of
Case 1 and 2, finding lower mean waiting time in Case 2, but the lowest
values are experienced when there are no outgoing calls at all. However,
the utilization of the service unit will be higher when outgoing calls are
produced as can be seen in the extended version of the paper.

Figure 2. Comparison of the mean waiting times of the different scenarios

3. Conclusion

A finite-source retrial queueing system is introduced with a two-way
communication scheme applying different distributions of retrial times. We
investigated several scenarios where different parameters are used to carry
out a sensitivity analysis to figure out focusing on the mean waiting time
of the customers and the utilization of the service unit. The results are
gathered by using our simulation program, and several graphical figures
demonstrate the effect of using various distributions of retrial time on the
operation of the system. In our figures, slight differences are observed among
the values of several performance measures when the squared coefficient of
variation is greater than one showing how pivotal applying a distribution
can be. The curves also reveal the impact of outgoing calls and in Case 2 we
obtain better values in the most important performance measures (waiting
time, utilization) than in Case 1. In the future, we plan to continue our
research work, examining other types of finite-source retrial queuing systems
with two-way communication or adding another service unit for backup
purposes.
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Ádám Tóth — PhD, assistant professor, Department of Informatics Systems
and Networks. E-mail: toth.adam@inf.unideb.hu

János Sztrik — Doctor of the Hungarian Academy of Sciences, full professor,

Department of Informatics Systems and Networks. E-mail:

sztrik.janos@inf.unideb.hu



ÈÒÌÌ � 2022

ÄÂÓÕÔÀÇÍÀß ÑÌÎ Ñ ÍÅÎÃÐÀÍÈ×ÅÍÍÛÌ
×ÈÑËÎÌ ÏÐÈÁÎÐÎÂ È ÄÅÃÐÀÄÀÖÈÅÉ

ÎÁÑËÓÆÈÂÀÍÈß

À.À. Íàçàðîâ, Å.À. Ô¼äîðîâà, Î.Ä. Ëèçþðà, Ñ.Â. Ïàóëü,
À.Í. Ìîèñååâ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ïðåäëàãàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü îáëà÷íîãî óçëà
â âèäå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ äåãðàäàöèåé îáñëó-
æèâàíèÿ, âîçíèêàþùåé ñ óâåëè÷åíèåì ÷èñëà çàÿâîê â ñèñòåìå.
Ðàññìàòðèâàåòñÿ ÑÌÎ ñ íåîãðàíè÷åííûì ÷èñëîì ïðèáîðîâ è
äâóìÿ ôàçàìè îáñëóæèâàíèÿ çàÿâîê, ïðè ýòîì õàðàêòåð ïåðå-
õîäîâ ìåæäó ôàçàìè è âûõîäà èç ñèñòåìû íîñèò ñëó÷àéíûé õà-
ðàêòåð. Èññëåäóåòñÿ ñëó÷àéíûé ïðîöåññ êîëè÷åñòâà çàÿâîê íà
êàæäîé ôàçå. Íàéäåíî ðåøåíèå óðàâíåíèé ëîêàëüíîãî áàëàíñà
è óñëîâèÿ èõ ýêâèâàëåíòíîñòè óðàâíåíèÿì ãëîáàëüíîãî áàëàíñà.
Êëþ÷åâûå ñëîâà: ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, äåãðàäà-
öèÿ îáñëóæèâàíèÿ, ëîêàëüíûé áàëàíñ.

Ââåäåíèå

Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçîâàíèÿ ðåñóðñîâ îáëà÷-
íûõ óçëîâ, ïîòðåáëÿåìûõ âèðòóàëüíûìè ìàøèíàìè, â ðàáîòå ïðåäëà-
ãàåòñÿ äâóõôàçíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñ íåîãðà-
íè÷åííûì ÷èñëîì ïðèáîðîâ è äåãðàäàöèåé îáñëóæèâàíèÿ, ãäå ìîìåíòû
ïîÿâëåíèÿ âèðòóàëüíûõ ìàøèí (VM) îáðàçóþò âõîäÿùèé ïîòîê, íà-
õîæäåíèå VM â óçëå õàðàêòåðèçóåòñÿ äâóìÿ ôàçàìè, óñëîâíî ìîæíî èõ
íàçûâàòü "àêòèâíîé" è "ïàññèâíîé". Àêòèâíîé ñ÷èòàåòñÿ ôàçà, òðåáó-
þùàÿ áîëüøèå âû÷èñëèòåëüíûå è ¼ìêîñòíûå ðåñóðñû. Â àêòèâíîé ôàçå
VM âûïîëíÿåò íåêîòîðûå çàïðîñû, à ñëåäîâàòåëüíî, ñêîðîñòü îáñëó-
æèâàíèÿ çàâèñèò îò òåêóùåãî ñîñòîÿíèÿ óçëà (íàëè÷èÿ äðóãèõ VM).
Ñêîðîñòü âûïîëíåíèÿ çàïðîñîâ ïàäàåò ïðè óâåëå÷åíèè ÷èñëà VM â óç-
ëå, à ñëåäîâàòåëüíî èìååò ìåñòî "äåãðàäàöèÿ" îáñëóæèâàíèÿ. Ýôôåêò
äåãðàäàöèè îáñëóæèâàíèÿ â îáëà÷íîì óçëå ïîäòâåðæäåí âî ìíîãèõ ðà-
áîòàõ, íàïðèìåð â [1, 2]. Îäíàêî äåãðàäàöèÿ â ñèñòåìàõ ìàññîâîãî îá-
ñëóæèâàíèÿ èññëåäîâàíà ñëàáî. Íàèáîëåå ÷àñòîâñòðå÷àþùàÿñÿ ìîäåëü

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ïðîãðàììû ðàçâèòèÿ Òîìñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà (Ïðèîðèòåò-2030)
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ñ "äåãðàäàöèåé" èìååò ñòóïåí÷àòûé âèä âðåìåíè îáñëóæèâàíèÿ [3]. Â
äðóãèõ èñòî÷íèêàõ äåãðàäàöèåé íàçûâàåòñÿ ìîäåëü ñ èçíàøèâàþùèìñÿ
ïðèáîðîì [4].

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Â ðàáîòå èññëåäóåòñÿ äâóõôàçíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ
ñ íåîãðàíè÷åííûì ÷èñëîì ïðèáîðîâ è äåãðàäàöèåé îáñëóæèâàíèÿ. Âõî-
äÿùèé ïîòîê çàÿâîê - ïðîñòåéøèé ñ èíòåíñèâíîñòüþ λ. Â ìîìåíò ïî-
ñòóïëåíèÿ çàÿâêà ñ âåðîÿòíîñòüþ r0n íà÷èíàåò ñâîþ ðàáîòó íà íà n-é
ôàçå, ãäå n = 1, 2 (1 � àêòèâíàÿ ôàçà, 2 � ïàññèâíàÿ). Ïóñòü i1(t) è
i2(t) � ÷èñëî çàÿâîê, íàõîäÿùèõñÿ â óçëå â àêòèâíîé è ïàññèâíîé ôàçàõ
â ìîìåíò âðåìåíè t. Îáñëóæèâàíèå çàÿâêè íà n-é ôàçå ðàñïðåäåëåíî
ýêñïîíåíöèàëüíî ñ ïåðåìåííîé èíòåíñèâíîñòüþ

µnfn(i1, i2),

ãäå n = 1, 2, µ−1
n � ñðåäíåå âðåìÿ îáñëóæèâàíèÿ íà n-é ôàçå â ïóñòîé

ÑÌÎ, à fn(i1, i2) � ýòî ôóíêöèè äåãðàäàöèè îáñëóæèâàíèÿ.
Ïîñëå îêîí÷àíèÿ îáñëóæèâàíèÿ íà n-é ôàçå çàÿâêà ñ âåðîÿòíîñòüþ

rnj ïåðåõîäèò íà ôàçó j èëè ñ âåðîÿòíîñòüþ vn ïîêèäàåò ñèñòåìó. Î÷å-
âèäíî, ÷òî äëÿ ââåäåííûõ îáîçíà÷åíèé ñïðàâåäëèâû ñëåäóþùèå ðàâåí-
ñòâà:  r01 + r02 = 1,

r12 + v1 = 1,
r21 + v2 = 1.

Ñòðóêòóðà îïèñàííîé ñèñòåìû èçîáðàæåíà íà Ðèñóíêå 1.
Îáîçíà÷èì:

� r0 = (r01, r02) � âåêòîð âåðîÿòíîñòåé âûáîðà àêòèâíîé èëè ïàññèâíîé
ôàç â ìîìåíò ïðèõîäà çàÿâêè;

� v0 = (v1, v2) � âåêòîð âåðîÿòíîñòåé âûõîäà çàÿâêè èç ñèñòåìû ïîñëå
îêîí÷àíèÿ ñîîòâåòñòâóþùåé ôàçû;

� R = [rnj ] � ìàòðèöà âåðîÿòíîñòåé ïåðåõîäîâ ìåæäó ôàçàìè:

R =

(
0 r12
r21 0

)
.

Ðåøàåòñÿ çàäà÷à íàõîæäåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿò-
íîñòåé äâóìåðíîãî ñëó÷àéíîãî ïðîöåññà {i1(t), i2(t)}.

Îáîçíà÷èì P (i1, i2, t) = P (i1(t) = i1, i2(t) = i2) � âåðîÿòíîñòü òîãî,
÷òî â ìîìåíò âðåìåíè t íà ïåðâîé ôàçå i1 çàÿâîê, à íà âòîðîé � i2. Äëÿ



20 À.À. Íàçàðîâ Å. À. Ô¼äîðîâà, Î.Ä. Ëèçþðà, Ñ. Â. Ïàóëü, À. Í. Ìîèñååâ

Ðèñ. 1. Äâóõôàçíàÿ ÑÌÎ ñ äåãðàäàöèåé îáñëóæèâàíèÿ

ðàñïðåäåëåíèÿ âåðîÿòíîñòåé P (i1, i2, t) íåñëîæíî çàïèñàòü ñëåäóþùåå
óðàâíåíèå Êîëìîãîðîâà (äëÿ i1 ≥ 0, i2 ≥ 0):

∂P (i1, i2, t)

∂t
= −(λ+ i1µ1f1(i1, i2) + i2µ2f2(i1, i2))P (i1, i2, t)

+λr01P (i1 − 1, i2, t) + λr02P (i1, i2 − 1, t)+
+v1(i1 + 1)µ1f1(i1 + 1, i2)P (i1 + 1, i2, t)+
+v2(i2 + 1)µ2f2(i1, i2 + 1)P (i1, i2 + 1, t)
r12(i1 + 1)µ1f1(i1 + 1, i2 − 1)P (i1 + 1, i2 − 1, t)+
+r21(i2 + 1)µ2f2(i1 − 1, i2 + 1)P (i1 − 1, i2 + 1, t).

(1)

Â ñòàöèîíàðíîì ðåæèìå ñèñòåìà (1) èìååò ñëåäóþùèé âèä:

−(λ+ i1µ1f1(i1, i2) + i2µ2f2(i1, i2))P (i1, i2) + λr01P (i1 − 1, i2)+
+λr02P (i1, i2 − 1, t) + v1(i1 + 1)µ1f1(i1 + 1, i2)P (i1 + 1, i2)+
+v2(i2 + 1)µ2f2(i1, i2 + 1)P (i1, i2 + 1)+
+r12(i1 + 1)µ1f1(i1 + 1, i2 − 1)P (i1 + 1, i2 − 1)+
+r21(i2 + 1)µ2f2(i1 − 1, i2 + 1)P (i1 − 1, i2 + 1).

(2)

Òàê êàê àíàëèòè÷åñêîå ðåøåíèå óðàâíåíèÿ (1) íå ïðåäñòàâëÿåòñÿ âîç-
ìîæíûì, ïåðåéäåì ê óðàâíåíèÿì ëîêàëüíîãî áàëàíñà äëÿ èññëåäóåìîé
ÑÌÎ.
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2. Óðàâíåíèÿ ëîêàëüíîãî áàëàíñà

Èçîáðàçèì ãðàô ïåðåõîäîâ ìåæäó ñîñòîÿíèÿìè äâóìåðíîãî ñëó÷àé-
íîãî ïðîöåññà {i1(t), i2(t)} (Ðèñóíîê 2).

Ðèñ. 2. Ãðàô ïåðåõîäîâ

Äëÿ ýêâèâàëåíòíîñòè óðàâíåíèé ëîêàëüíîãî è ãëîáàëüíîãî áàëàíñà
íåîáõîäèìî âûïîëíåíèå ñëåäóþùèõ óñëîâèé:

r01r12v2 = r02r21v1,
f1(i1 + 1, i2)

f1(i1 + 1, i2 + 1)
=

f2(i1, i2)

f2(i1 + 1, i2 + 1)
.

(3)

Ïðè âûïîëíåíèè (3) ðåøåíèå óðàâíåíèÿ ãëîáàëüíîãî áàëàíñà (1)
ìîæíî ñâåñòè ê ðåøåíèþ áîëåå ëåãêîé ñèñòåìû óðàâíåíèé ëîêàëüíî-
ãî áàëàíñà:

P (i1, i2)r01λ = P (i1 + 1, i2)v1µ1(i1 + 1)f1(i1 + 1, i2),
P (i1, i2)r02λ = P (i1, i2 + 1)v2µ2(i2 + 1)f2(i1, i2 + 1),
P (i1, i2 + 1)r21µ2(i2 + 1)f2(i1, i2 + 1) =
= P (i1 + 1, i2)r12µ1(i1 + 1)f1(i1 + 1, i2).
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Îòñþäà ïðåîáðàçîâàíèé áûëè ïîëó÷åíû ñëåäóþùèå ôîðìóëû:

P (i1, i2) = P (i1 − 1, i2)
ρ1

i1f1(i1, i2)
=

ρi11

i1!

i1∏
k=1

f1(k, i2)

P (0, i2),

P (i1, i2) = P (i1, i2 − 1)
ρ2

i2f2(i1, i2)
=

ρi22

i2!

i2∏
k=1

f1(i1, k)

P (i1, 0),

ãäå

ρ1 =
r01λ

v1µ1
, ρ2 =

r02λ

v2µ2
.

Îêîí÷àòåëüíî ïîëó÷àåì ñëåäóþùóþ ôîðìóëó äëÿ ñòàöèîíàðíîãî
ðàñïðåäåëåíèÿ âåðîÿòíîñòåé äâóìåðíîãî ñëó÷àéíîãî ïðîöåññà i1(t), i2(t):

P (i1, i2) =
ρi11 ρ

i2
2

i1!i2!

i1∏
k=1

f1(k, i2)

i2∏
m=1

f2(i1,m)

P (0, 0), (4)

ãäå âåðîÿòíîñòü P (0, 0) íàõîäèòñÿ èç óñëîâèÿ íîðìèðîâêè.

Çàêëþ÷åíèå

Òàêèì îáðàçîì, â ðàáîòå ïðåäëîæåíà äâóõôàçíàÿ ÑÌÎ ñ íåîãðàíè-
÷åííûì ÷èñëîì ïðèáîðîâ ñ äåãðàäàöèåé îáñëóæèâàíèÿ êàê ìàòåìàòè÷å-
ñêàÿ ìîäåëü îáëà÷íîãî óçëà. Íàéäåíî äâóìåðíîå ñòàöèîíàðíîå ðàñïðå-
äåëåíèå ÷èñëà çàÿâîê íà êàæäîé ôàçå êàê ðåøåíèå óðàâíåíèé ëîêàëü-
íîãî áàëàíñà, à òàêæå ïðèâåäåíû óñëîâèÿ ýêâèâàëåíòíîñòè óðàâíåíèé
ëîêàëüíîãî è ãëîáàëüíîãî áàëàíñà.
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ÌÀÑÑÎÂÎÃÎ ÎÁÑËÓÆÈÂÀÍÈß Ñ ÄÂÓÌß

ÎÐÁÈÒÀÌÈ ÌÅÒÎÄÎÌ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÃÎ
ÀÍÀËÈÇÀ

À.À. Íàçàðîâ1, Ñ. Â. Ïàóëü1, Ò. Ôóíã-Äóê2, Ì.À. Ìîðîçîâà1

1Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

2Óíèâåðñèòåò Öóêóáà, ã. Öóêóáà, ßïîíèÿ

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ òàíäåìíàÿ ñèñòåìà ìàññîâî-
ãî îáñëóæèâàíèÿ ñ ïóàññîíîâñêèì âõîäÿùèì ïîòîêîì, äâóìÿ
ïîñëåäîâàòåëüíî îáñëóæèâàþùèìè ïðèáîðàìè è îðáèòàìè ïðè
êàæäîì èç íèõ ìåòîäîì àñèìïòîòè÷åñêîãî àíàëèçà. Ïðèáîðû
îáñëóæèâàþò çàÿâêè â òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåëåí-
íîãî ñëó÷àéíîãî âðåìåíè. Áûëî ïîëó÷åíî ïðåäåëüíîå äâóìåð-
íîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòàõ â ðàñ-
ñìàòðèâàåìîé ñèñòåìå ïðè óñëîâèè áîëüøîé çàäåðæêè çàÿâîê
íà îðáèòàõ. Êëþ÷åâûå ñëîâà: òàíäåìíàÿ ñèñòåìà ìàññîâîãî
îáñëóæèâàíèÿ, ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíû-
ìè âûçîâàìè, àñèìïòîòè÷åñêèé àíàëèç.

Ââåäåíèå

Ôåíîìåí ïîâòîðíûõ âûçîâîâ åñòåñòâåííûì îáðàçîì âîçíèêàåò â ðàç-
ëè÷íûõ ñèñòåìàõ. Â êà÷åñòâå êëàññè÷åcêîãî ïðèìåðà ìîæåò âûñòóïàòü
êîëë-öåíòð: åñëè îïåðàòîð çàíÿò, êëèåíò ñëûøèò ñîîòâåòñòâóþùåå ñî-
îáùåíèå ñ ïðîñüáîé ïåðåçâîíèòü ïîçäíåå [3]. Ñèñòåìû ñ èñòî÷íèêàìè
ïîâòîðíûõ âûçîâîâ (îðáèòàìè) øèðîêî èçó÷àëèñü â ëèòåðàòóðå [1, 2].
Àíàëèç òàêèõ ìîäåëåé áîëåå ñëîæåí çà ñ÷åò òîãî, ÷òî îáùåå êîëè÷å-
ñòâî ïîïûòîê çàÿâîê âñòàòü íà ïðèáîð óâåëè÷èâàåòñÿ ïî ìåðå çàïîë-
íåíèÿ îðáèòû. Ïî ýòîé ïðè÷èíå ïîëó÷åíèå àíàëèòè÷åñêèå ðåçóëüòàòîâ
äëÿ ñèñòåì ñ ïîâòîðíûìè âûçîâàìè ìîæíî òîëüêî â íåñêîëüêî ÷àñòíûõ
ñëó÷àÿõ ñ îäíèì èëè äâóìÿ îáñëóæèâàþùèìè ñåðâåðàìè.

Òàíäåìíûå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñ ïîâòîðíûìè
âûçîâàìè èñïîëüçóþòñÿ äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâ îáðàáîòêè, êîãäà
âõîäÿùèå çàÿâêè ïðîõîäÿò ïîñëåäîâàòåëüíûé ïðîöåññ îáñëóæèâàíèÿ íà
íåñêîëüêèõ ýòàïàõ. Òàêàÿ ïîòðåáíîñòü âîçíèêàåò, íàïðèìåð, ïðè ïåðå-
äà÷å ìóëüòèìåäèéíîé èíôîðìàöèè [4], ïðè óïðàâëåíèè ïîòîêîì äàí-
íûõ ìåæäó ýëåìåíòàìè ìóëüòèàãåíòíîé ðîáîòîòåõíè÷åñêîé ñèñòåìû [5]
è ò.ä.
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Íàñêîëüêî íàì èçâåñòíî, íå òàê ìíîãî ðàáîò ïîñâÿùåíî òàíäåìíûì
ñèñòåìàì ñ ïîâòîðíûìè âûçîâàìè. Â ðàáîòå [7] ïðåäñòàâëåí àñèìïòîòè-
÷åñêèé àíàëèç òàíäåìíîé ÑÌÎ ñ ïîñòîÿííîé èíòåíñèâíîñòüþ ïîâòîð-
íûõ âûçîâîâ. Â ñòàòüå [6] àâòîðû ðàññìàòðèâàþò òàíäåìíóþ ÑÌÎ áåç
ïðîìåæóòî÷íîãî áóôåðà äëÿ îæèäàíèÿ. Åñëè ïåðâûé ïðèáîð çàíÿò, ïðî-
èñõîäèò êîëëèçèÿ, â ðåçóëüòàòå êîòîðîé ïðèáûâøàÿ è îáñëóæèâàþùà-
ÿñÿ çàÿâêè óõîäÿò íà îðáèòó, îòêóäà ñíîâà ïûòàþòñÿ âñòàòü íà îáñëó-
æèâàíèå ñ ïîñòîÿííîé ÷àñòîòîé.

Â äàííîé ðàáîòå ðàññìîòðèì òàíäåìíóþ ÑÌÎ ñ äâóìÿ ïðèáîðàìè
è îðáèòàìè ïðè êàæäîì èç íèõ. Ñ ïîìîùüþ ìåòîäà àñèìïòîòè÷åñêîãî
àíàëèçà íàéäåì äâóìåðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà
îðáèòàõ è ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîñòîÿíèé ïðèáîðîâ ïðè óñëîâèè
áîëüøîé çàäåðæêè çàÿâîê íà îðáèòàõ. Ïðåäñòàâëåííîå èññëåäîâàíèå ÿâ-
ëÿåòñÿ ïðîäîëæåíèåì áîëåå ðàííåãî, â êîòîðîì ðàññìàòðèâàëàñü ïîõî-
æàÿ ìîäåëü ñ îáùåé îðáèòîé [9].

1. Ìàòåìàòè÷ñåêàÿ ìîäåëü

Ðàññìîòðèì òàíäåìíóþ ñèñòåìó ñ ïîâòîðíûìè âûçîâàìè è äâóìÿ
ïîñëåäîâàòåëüíî îáñëóæèâàþùèìè ïðèáîðàìè (ðèñóíîê 1), íà âõîä êî-
òîðîé ïîñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê ñ èíòåíñèâíîñòüþ λ. Åñ-
ëè çàÿâêà âõîäÿùåãî ïîòîêà îáíàðóæèâàåò ïåðâûé ïðèáîð ñâîáîäíûì,
òî îíà âñòàåò íà íåãî è îáñëóæèâàåòñÿ â òå÷åíèè ýêñïîíåíöèàëüíî-
ðàñïðåäåëåííîãî âðåìåíè ñ ïàðàìåòðîì µ1, ïîñëå ÷åãî îáðàùàåòñÿ êî
âòîðîìó ïðèáîðó. Åñëè âòîðîé ïðèáîð ñâîáîäåí, çàÿâêà âñòàåò íà íåãî
è îáñëóæèâàåòñÿ â òå÷åíèè ýêñïîíåíöèàëüíî-ðàñïðåäåëåííîãî âðåìåíè
ñ ïàðàìåòðîì µ2. Åñëè çàÿâêà âõîäÿùåãî ïîòîêà çàñòàåò ïåðâûé ïðè-
áîð çàíÿòûì, îíà ìãíîâåííî îòïðàâëÿåòñÿ íà ïåðâóþ îðáèòó, ãäå ïîñëå
ñëó÷àéíîé ýêñïîíåíöèàëüíî-ðàñïðåäåëåííîé çàäåðæêè ñ ïàðàìåòðîì σ1
ñíîâà ïûòàåòñÿ âñòàòü íà ïåðâûé ïðèáîð äëÿ îáñëóæèâàíèÿ. Åñëè ïîñëå
îáñëóæèâàíèÿ íà ïåðâîì ïðèáîðå çàÿâêà çàñòàåò âòîðîé ïðèáîð çàíÿ-
òûì, îíà ìãíîâåííî îòïðàâëÿåòñÿ íà âòîðóþ îðáèòó, ãäå ïîñëå ñëó÷àé-
íîé ýêñïîíåíöèàëüíî-ðàñïðåäåëåííîé çàäåðæêè ñ ïàðàìåòðîì σ2 ñíîâà
ïûòàåòñÿ ïîïàñòü íà îáñëóæèâàíèå âòîðûì ïðèáîðîì.
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Ðèñ. 1. Ìîäåëü òàíäåìíîé ñèñòåìû ñ äâóìÿ îðáèòàìè

Ââåäåì îáîçíà÷åíèÿ:
n1(t) � ñîñòîÿíèå ïåðâîãî ïðèáîðà â ìîìåíò âðåìåíè t: 0, åñëè ïðèáîð

ñâîáîäåí; 1, åñëè ïðèáîð çàíÿò;
n2(t) � ñîñòîÿíèå âòîðîãî ïðèáîðà â ìîìåíò âðåìåíè t ïî àíàëîãèè

ñ ïåðâûì;
i1(t), i2(t) � íåîòðèöàòåëüíîå ÷èñëî çàÿâîê, íàõîäÿùèõñÿ íà îðáèòàõ

â ìîìåíò âðåìåíè t.
Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ äâóìåðíîãî ðàñïðåäåëåíèÿ âåðîÿòíî-

ñòåé ÷èñëà çàÿâîê {i1(t), i2(t)} íà îðáèòàõ.

2. Ñèñòåìà óðàâíåíèé Êîëìîãîðîâà

Îáîçíà÷èì âåðîÿòíîñòè:

Pn1n2
(i1, i2, t) = P{n1(t) = n1, n2(t) = n2, i1(t) = i1, i2(t) = i2}, (1)

Ñëó÷àéíûé ïðîöåññ {n1(t), n2(t), i1(t), i2(t)} ÿâëÿåòñÿ ìàðêîâñêèì.
Äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé (1) ñîñòàâèì ñèñòåìó äèôôåðåíöèàëü-
íûõ óðàâíåíèé Êîëìîãîðîâà è çàïèøåì åå â ñòàöèîíàðíîì âèäå:

−(λ+ i1σ1 + i2σ2)P00(i1, i2, t) + µ2P01(i1, i2, t) = 0,

λP00(i1, i2, t) + (i1 + 1)σ1P00(i1 + 1, i2, t)−
−(λ+ i2σ2 + µ1)P10(i1, i2, t) + λP10(i1 − 1, i2, t) + µ2P11(i1, i2, t) = 0,

(i2 + 1)σ2P00(i1, i2 + 1, t) + µ1P10(i1, i2, t)−
−(λ+ i1σ1 + µ2)P01(i1, i2, t) + µ1P11(i1, i2 − 1, t) = 0,

λP01(i1, i2, t) + (i1 + 1)σ1P01(i1 + 1, i2, t)+

+(i2 + 1)σ2P10(i1, i2 + 1, t)− (λ+ µ1 + µ2)P11(i1, i2, t)+

+λP11(i1 − 1, i2, t) = 0. (2)

Ââåäåì ÷àñòè÷íûå õàðàêòåðèñòè÷åñêèå ôóíêöèè, îáîçíà÷èâ j =
√
−1

Hn1,n2
(u1, u2) =

∞∑
i1=0

∞∑
i2=0

eju1ieju2iPn1,n2
(i1, i2). (3)
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Ïåðåïèøåì ñèñòåìó (2) ñ ó÷åòîì îïðåäåëåíèÿ (3):

−λH00(u1, u2) + jσ1
∂H00(u1, u2)

∂u1
+ jσ2

∂H00(u1, u2)

∂u2
+ µ2H01(u1, u2) = 0,

λH00(u1, u2)− jσ1e
ju1

∂H00(u1, u2)

∂u1
− (λ+ µ1 − λeju1)H10(u1, u2)+

+jσ2
∂H10(u1, u2)

∂u2
+ µ2H11(u1, u2) = 0,

−jσ2e−ju2
∂H00(u1, u2)

∂u2
+ µ1H10(u1, u2)− (λ+ µ2)H01(u1, u2)+

+jσ1
∂H01(u1, u2)

∂u1
+ µ1e

ju2H11(u1, u2) = 0,

λH01(u1, u2)− jσ1e
−ju1

∂H01(u1, u2)

∂u1
− jσ2e

−ju2
∂H10(u1, u2)

∂u2
−

−(λ+ µ1 + µ2 − λeju1)H11(u1, u2) = 0. (4)

Ââåäåì ìàòðèöû

A =


−λ λ 0 0
0 −(λ+ µ1) µ1 0
µ2 0 −(λ+ µ2) λ
0 µ2 0 −(λ+ µ1 + µ2)

 ,

B1 =


0 0 0 0
0 λ 0 0
0 0 0 0
0 0 µ1 λ

 ,B2 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 µ1 0

 , I0 =


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 ,

I1 =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , I2 =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , I3 =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 . (5)

Ïåðåïèøåì ñèñòåìó (4) â ìàòðè÷íîì âèäå è äîáàâèì ê íåé ñêàëÿðíîå
óðàâíåíèå, ïîëó÷åííîå ïóòåì óìíîæåíèÿ ìàòðè÷íîãî óðàâíåíèÿ íà åäè-
íè÷íûé âåêòîð-ñòîëáåö e :

H(u1, u2)
{
A+ eju1B1 + eju2B2

}
+ jσ1

∂H(u1, u2)

∂u1

{
I0 − e−ju1I1

}
+
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+jσ2
∂H(u1, u2)

∂u2

{
I2 − e−ju2I3

}
= 0,

(
eju1 − 1

){
H(u1, u2)B1 + jσ1e

−ju1
∂H(u1, u2)

∂u1
I0

}
e+

(
eju2 − 1

){
H(u1, u2)B2 + jσ2e

−ju2
∂H(u1, u2)

∂u2
I2

}
e = 0, (6)

ãäå H(u1, u2) = {H00(u1, u2), H10(u1, u2), H01(u1, u2), H11(u1, u2)}.
Äàííàÿ ñèñòåìà óðàâíåíèé ÿâëÿåòñÿ îñíîâíîé â äàëüíåéøèõ èññëå-

äîâàíèÿõ. Áóäåì ðåøàòü åå ìåòîäîì àñèìïòîòè÷åñêîãî àíàëèçà â ïðå-
äåëüíîì óñëîâèè áîëüøîé çàäåðæêè çàÿâîê íà îðáèòàõ.

3. Ïåðâûé ýòàï àñèìïòîòè÷åñêîãî àíàëèçà

Îáîçíà÷èì σ1 = σγ1, σ2 = σγ2, σ = ε è âûïîëíèì â ñèñòåìå (6)
çàìåíû:

u1 = εw1, u2 = εw2,H(u1, u2) = F(w1, w2, ε). (7)

Ïîëó÷èì
F(w1, w2, ε)

{
A+ ejεw1B1 + ejεw2B2

}
+

+jγ1
∂F(w1, w2, ε)

∂w1

{
I0 − e−jεw1I1

}
+

+jγ2
∂F(w1, w2, ε)

∂w2

{
I2 − e−jεw2I3

}
= 0,

(
ejεw1 − 1

){
F(w1, w2, ε)B1 + jγ1e

−jεw1
∂F(w1, w2, ε)

∂w1
I0

}
e+

+
(
ejεw2 − 1

){
F(w1, w2, ε)B2 + jγ2e

−jεw2
∂F(w1, w2, ε)

∂w2
I2

}
e = 0. (8)

Cèñòåìó (8) áóäåì ðåøàòü â ïðåäïîëîæåíèè î òîì, ÷òî ó ôóíêöèé
F(w1, w2, ε) è èõ ïðîèçâîäíûõ ñóùåñòâóþò ïðåäåëû ïðè ε � 0.

Òåîðåìà 1. Ïóñòü i1(t) è i2(t) � ÷èñëî çàÿâîê íà ïåðâîé è âòî-
ðîé îðáèòàõ ñîîòâåòñòâåííî, òîãäà âûïîëíÿåòñÿ ñëåäóþùåå ïðåäåëüíîå
ðàâåíñòâî

lim
σ1→ 0

lim
σ2→ 0

Mejw1σ1i1(t)+jw2σ2i2(t) = ejw1a1+jw2a2 , (9)

ãäå âåêòîð âåðîÿòíîñòåé ñîñòîÿíèé ïðèáîðîâ r îïðåäåëÿåòñÿ ñèñòåìîé
óðàâíåíèé, a1 è a2 îïðåäåëÿþòñÿ ìàòðè÷íûì óðàâíåíèåì, γ1 è γ2 ÿâëÿ-
þòñÿ ïàðàìåòðàìè àñèìïòîòè÷åñêîãî àíàëèçà

r (A+B1 +B2)− γ1a1r (I0 − I1)− γ2a2r (I2 − I3) = 0
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r (B1 − γ1a1I0) e = 0,

r (B2 − γ2a2I2) e = 0,

re = 1. (10)

Òàêèì îáðàçîì, ïîëó÷èëè ñèñòåìó óðàâíåíèé (10), êîòîðàÿ ïîçâî-
ëÿåò íàéòè âåëè÷èíû a1 è a2 � àñèìïòîòè÷åñêèå ñðåäíèå ÷èñëà çàÿâîê
íà ïåðâîé è âòîðîé îðáèòàõ ñîîòâåòñâåííî è r � âåêòîð âåðîÿòíîñòåé
ñîñòîÿíèé ïðèáîðîâ.

4. Âòîðîé ýòàï àñèìïòîòè÷åñêîãî àíàëèçà

Â ñèñòåìó (6) ïîäñòàâèì ñëåäóþùåå âûðàæåíèå

H(u1, u2) = exp

(
ju1

a1
σ1

+ ju2
a2
σ2

)
H(2)(u1, u2). (11)

Ïîëó÷èì

H(2)(u1, u2)
{
A+ eju1B1 + eju2B2 − γ1a1(I0 − e−ju1I1)−

−γ2a2(I2 − e−ju1I3)
}
+ jσ1

∂H(2)(u1, u2)

∂u1

{
I0 − e−ju1I1

}
+

+jσ2
∂H(2)(u1, u2)

∂u2

{
I2 − e−ju2I3

}
= 0,(

eju1 − 1
){

H(2)(u1, u2)(B1 − e−ju1a1γ1I0)+

+jσ1e
−ju1

∂H(2)(u1, u2)

∂u1
I0

}
e+

(
eju2 − 1

){
H(2)(u1, u2)(B2 − e−ju2a2γ2I2)

+jσ2e
−ju2

∂H(2)(u1, u2)

∂u2
I2

}
e = 0. (12)

Â (12) ñäåëàåì çàìåíû

σ1 = σγ1, σ2 = σγ2, σ = ε2, u1 = εw1, u2 = εw2,

H(2)(u1, u2) = F(2)(w1, w2, ε). (13)

Ïîëó÷èì

F(2)(w1, w2, ε)
{
A+ ejεw1B1 + ejεw2B2 − γ1a1(I0 − e−jεw1I1)−
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−γ2a2(I2 − e−jεw1I3)
}
+ jεγ1

∂F(2)(w1, w2, ε)

∂εw1

{
I0 − e−jεw1I1

}
+

+jεγ2
∂F(2)(w1, w2, ε)

∂εw2

{
I2 − e−jεw2I3

}
= 0,

(
ejεw1 − 1

){
F(2)(w1, w2, ε)(B1 − e−jεw1a1γ1I0)+

+jεγ1e
−jεw1

∂F(2)(w1, w2, ε)

∂w1
I0

}
e+

(
ejεw2 − 1

){
F(2)(w1, w2, ε)(B2 − e−jεw2a2γ2I2) +

+jεγ2e
−jεw2

∂F(2)(w1, w2, ε)

∂w2
I2

}
e = 0. (14)

Cèñòåìó (14) áóäåì ðåøàòü â ïðåäïîëîæåíèè î òîì, ÷òî ó ôóíêöèé
F(2)(w1, w2, ε) è èõ ïðîèçâîäíûõ ñóùåñòâóþò ïðåäåëû ïðè ε � 0.

Òåîðåìà 2. Â êîíòåêñòå Òåîðåìû 1 âåðíî ñëåäóþùåå ïðåäåëüíîå
ðàâåíñòâî

lim
σ1→ 0

lim
σ2→ 0

Mejw1
√
σ1(i1(t)− a1

σ1
)+jw2

√
σ2(i2(t)− a2

σ2
) =

= e
jw2

1
2 K11+

jw2
2

2 K22+jw1jw2K12 , (15)

ãäå K11, K22, K12 � êîððåëÿöèîííûå ìîìåíòû, îïðåäåëÿåìûå êàê

K11 =
(f1(B1 − a1γ1I0) + a1γ1rI0)e

(γ1rI0)e
,K22 =

(f2(B2 − a2γ2I2) + a2γ2rI2)e

(γ2rI2)e
,

K12 =
(f2(B1 − a1γ1I1) + f1(B2 − a2γ2I3))e

(r(γ1I1 + γ2I3))e
. (16)

Påøåíèå ñèñòåìû ìîæíî çàïèñàòü â âèäå

f1 = Cr+K11g11 +K12g12 − z1,

f2 = Cr+K12g21 +K22g22 − z2. (17)

Çäåñü C � êîíñòàíòà, âåðîÿòíîñòè r îïðåäåëåíû âûøå, à âåëè÷èíû g11,
g12, g21, g22, z1, z2 ÿâëÿþòñÿ ÷àñòíûìè ðåøåíèÿìè íåîäíîðîäíîé ñèñòå-
ìû

g11(A+B1 +B2 − a1γ1(I0 − I1)− a2γ2(I2 − I3)) = γ1r(I0 − I1),
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g12(A+B1 +B2 − a1γ1(I0 − I1)− a2γ2(I2 − I3)) = γ2r(I2 − I3),

z1(A+B1 +B2 − a1γ1(I0 − I1)− a2γ2(I2 − I3)) = r(B1 − a1γ1I0),

g11e = 0, g12e = 0, z1e = 0,

g21(A+B1 +B2 − a1γ1(I0 − I1)− a2γ2(I2 − I3)) = γ1r(I0 − I1),

g22(A+B1 +B2 − a1γ1(I0 − I1)− a2γ2(I2 − I3)) = γ2r(I2 − I3),

z2(A+B1 +B2 − a1γ1(I0 − I1)− a2γ2(I2 − I3)) = r(B2 − a2γ2I2),

g21e = 0, g22e = 0, z2e = 0. (18)

Òàêèì îáðàçîì, âòîðàÿ íàéäåííàÿ àñèìïòîòèêà ïîêàçûâàåò, ÷òî
àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà i1(t) è i2(t) çàÿâîê
íà ïåðâîé è âòîðîé îðáèòàõ â ðàññìàòðèâàåìîé ñèñòåìå ÿâëÿåòñÿ äâó-
ìåðíûì íîðìàëüíûì ñ àñèìïòîòè÷åñêèìè ñðåäíèìè a1/γ1σ, a2/γ2σ,
äèñïåðñèÿìè K11/γ1σ, K22/γ2σ, è êîýôôèöèåíòîì êîððåëÿöèè K12. Çà-
äàâ äâóìåðíóþ íîðìàëüíóþ ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñ
äàííûìè ïàðàìåòðàìè, ïîëó÷èì ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çà-
ÿâîê íà ïåðâîé è âòîðîé îðáèòàõ â àñèìïòîòè÷åñêîì óñëîâèè áîëüøîé
çàäåðæêè çàÿâîê íà îðáèòàõ.

Çàêëþ÷åíèå

Èññëåäîâàíèå òàíäåìíîé ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ äâóìÿ
îðáèòàìè ïðè êàæäîì îáñëóæèâàþùåì ïðèáîðå ïîêàçàëî, ÷òî àñèìïòî-
òè÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà ïåðâîé è âòîðîé
îðáèòàõ ïðè óñëîâèè áîëüøîé çàäåðæêè çàÿâîê íà îðáèòàõ ÿâëÿåòñÿ
äâóìåðíûì íîðìàëüíûì.
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The paper considers the existing problems in multi-access edge com-
puting, highlights the tasks of optimizing the mechanism for alloca-
tion services in multi-access edge computing systems. Particular at-
tention is paid to the mechanism for predicting the number of users
in 4th and 5th generation networks depending on time and loca-
tion. Keywords: multi-access edge computing, RAN, kubernetes,
machine learning algorithms.

Introduction

The development of virtualization, containerization and optimization
of computing time has allowed large data and infrastructure providers to
reduce costs by unifying both the software and hardware of data centers.

Communication networks of the 5th generation have become a logical
conclusion, allowing you to connect IoT systems, self-driving cars and other
devices.

The use of some of these devices is highly dependent on service providers
computing, and changing the latency of data transmission to computing
services can be an insurmountable obstacle. The development of multi-
access edge computing technology can be the key to the implementation of
these systems.

1. Problem statement

The basis of MEC technology lies in the field of distributed and cloud
computing and is one of the solutions to the problem of distribution of
computing services to reduce the delay between the data source and their
processor.

In the course of its research, the ETSI has developed and standardized
interfaces for interaction between the RAN controller and multi-access edge
computing platforms, and also described examples of using MEC technology
to offloading data processing.

At the moment, there are several unresolved issues such as:
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— Decision-making mechanism for placing applications on MEC networks.
— Tools for automatic organization of virtual communication channels

within the RAN before the application.
— Provision of roaming between application instances for the client device.

In the studies carried out earlier [1], the MEC system is presented as an
abstract computer and a certain cellular network, and the whole description
is reduced to the following model of a communication network (1), where
W is the channel width, K is the number of client devices using MEC, Pn

is the client device’s transmitter power, hn is the client device’s link level,
N0 is the variance of the channel’s complex white Gaussian noise.

rn =
W

K
log

(
1 +

Pn ∗ hn
W
K ∗N0

)
(1)

min
A,f

N∑
n=1

αnC
o
n + (1− αn)C

l
n (2)

s.t. C1 : αn ∈ 0, 1,∀n ∈ N, C2 : (1− αn)T
l
n + αnT

o
n ≤ τn,∀n ∈ N

C3 : 0 ≤ fn ≤ αnF,∀n ∈ N, C4 :

N∑
n=1

αnfn ≤ F,∀n ∈ N

The optimization problem is reduced to the following formula 2, where
Co

n is the delay in processing data of 1 client device in MEC, αn is the value
of using or not using MEC when processing data, where alphan = 0 is the
use of local computing, and αn = 1 is the use of MEC for data processing,
Cl

n is the delay in processing client device data 1 directly on the device.
In the course of this study [1], several of the reinforcement learning

algorithms such as “Q-learning” and “Deep Q-learning” were used, for the
use of which 3 elements of these algorithms were described:

— State of the system at a point in time as s = (Call, F −
∑n

n=o fn)
— The mechanism of action that makes changes to the system is described

by the vector a = [α1, α2, ..., αn, f1, f2, ..., fn]
— The reward function described as R(s, a)

As a result of the experiment, which tested the operation of these al-
gorithms, they really reduce the data processing latency when using MEC,
but this is done by changing the number of client devices that can use MEC
and the computing resources allocated to them, as described earlier.

This method does not take into account the following points:

1) Server with MEC platform, not required to be located at every cell tower
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2) Client device data is not an abstract set of bytes, it is tied to specific
services used, such as IoT platforms, CDN platforms, self-driving car
assistance systems, and others.

3) Proceeding from paragraph 2, it turns out that the MEC platform must
decide on the assignment of a particular service to a specific server, the
service does not have to be located on each server.

4) Proceeding from paragraph 3, it turns out that between the client device
and the computing service there may be a network model different from
(1) due to the fact that intermediate nodes appear.

5) Accordingly, when using supervised ML algorithms, it must be taken into
account that the existing MEC platforms [5] are based on the Kubernetes
containerization system.

6) Kubernetes, in turn, must allocate computing services in a geo-
distributed network, allocate resources for computing services, and or-
ganize optimal communication channels [2] between service instances.
Which in turn changes the approach to modeling network topology and
reward functions for ML algorithms with reinforcement.

In accordance with these theses, the purpose of this work is to com-
pare ML algorithms in the problems of predicting the number of users
of multi-access edge computing systems, as part of the future solution of
decision-making methods for placing applications in MEC networks, tak-
ing into account the operation of existing MEC platforms [5] and ETSI
recommendations.

2. Problem analysis

The distribution of the load on the communication network can be rep-
resented as a regression. As a confirmation of this thesis, the article [3]
contains a graph of load distribution on the cellular network of an operator
from London, depending on the time of day.

At the same time, this is the total load on the cellular network depending
on the time of day, but the MEC platform assumes that data processing
acceleration is used for various services, which means that the distribution
of the load on the different platform on will be different, so how different
people will be end users in them.

Since MEC technology involves reducing the delay between the source
of information and its processor, for this it is necessary to place the most
relevant services on cell towers, and for this it is necessary to have a decision-
making system that would place computing services depending on the day of
the week, time connection to the network, the identifier of the base station
of cellular communication and the number of unique users per unit of time.
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To take into account all of the above parameters, a whole set of algo-
rithms is needed that should predict the possible number of users depending
on these parameters, the delay for the end user and decide on the placement
of a particular service in a geo-distributed MEC network.

But within the framework of this work, only the prediction of the possible
number of users is considered, therefore, in the course of the work, the
following supervised ML algorithms were chosen to analyze and compare
the quality of load prediction in a test environment:

— Linear Regression
— Polynomial Regression
— Kernel ridge regression
— Gaussian Process Regression.

3. System modeling

Python 3 was chosen as the programming language, and “scikit-learn” [6]
was chosen as the off-the-shelf ML library due to its performance and ease
of use in Python 3.

To test MEC technology, ETSI has developed an electronic resource
ETSI MEC Sandbox [7], which allows you to emulate a cellular communi-
cation network, set the type of communication network, the possible equip-
ment used and the number of clients.

As a result of the work, “Allomec DataCollector” software was developed
for collecting data from the ETSI MEC Sandbox and saving them to the
MongoDB database, as well as “Allomec Backend” for extracting data from
MongoDB and organizing the work of ML algorithms.

4. System Testing

To compare ML algorithms, an experiment was performed with the fol-
lowing initial data:

— base station ID 1: 4g-macro-cell-4
— base station ID 2: 5g-small-cell-14
— time sample: 71800 seconds - 76050 seconds from the beginning of the

day with a step of 10 seconds

As a result of the experiment, the MSE and R2 est. are shown in Table
1.

Analyzing the results of estimating MSE and R2, we can conclude that
the algorithms under consideration are not suitable for predicting the num-
ber of users in cellular networks. But this is not entirely true.

The reason lies in the fact that this portal does not emulate a real
communication network, but provides an ETSI MEC API interface for in-
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Table 1
Values of root mean square error and coefficient of determination depending on
the base station, the algorithm used for the initial data from MEC Sandbox

Id BS Score Lin.reg. Poly.reg. KRR GPR
4g-macro-cell-4 MSE 3.04 3.00 3.05 4.52
4g-macro-cell-4 R2 0.00487 0.01853 0.00143 -0.48
5g-small-cell-14 MSE 0.10 0.10 0.10 0.13
5g-small-cell-14 R2 0.00066 0.00087 0.00027 -0.27

teraction between the communication network controller and the client of
this data.

To confirm this theory, data was generated in accordance with the load
distribution discussed in the article [3] and an experiment was performed
with the following initial data:

— base station ID 1: 4g-macrocell-66
— time sample: 0 seconds - 86395 seconds from the beginning of the day

with a step of 5 seconds

As a result of the experiment, the MSE and R2 est. are shown in Table
2.

Table 2
Values of the mean square error and determination coefficient depending on the
base station, the algorithm used for the initial self-generated data

Id BS Score Lin.reg. Poly.reg. KRR GPR
4g-macrocell-66 MSE 12009.76 6724.23 24882.8 0.0018
4g-macrocell-66 R2 0.4497 0.6919 -0.1401 1

Analyzing the results of the second experiment, we can confidently say
that:

— The GPR ML algorithm is the best among those presented in the prob-
lems of predicting the number of users, since theMSE and R2 est. were
0.0018 units. and 1 unit. respectively.

— The ETSI MEC Sandbox portal is not intended for tasks in which it is
necessary to evaluate a real communication network.
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Conclusion

As a result of the research, a program was developed in the Python 3
programming language that allows collecting data from the MEC Sandbox
using the MEC API and predicting the number of users of cellular networks
using ML algorithms.

A comparative analysis of the algorithms led to the conclusion that none
of the presented algorithms is optimal for solving the problem of predicting
the number of users with the initial data from MEC Sandbox.

At the same time, the GPR ML algorithm is the best among those
presented in the problems of predicting the number of users, since theMSE
and R2 est. were 0.0018 units. and 1 unit. respectively, with initial data
generated based on the load of a real communication network. Accordingly,
this algorithm can be used in the future as part of the decision-making
system for the placement of computing services in the MEC network.
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ÂÎÄÎÎÕÐÀÍÍÛÕ ÇÎÍÀÕ ÍÀ ÑÏÓÒÍÈÊÎÂÛÕ
ÑÍÈÌÊÀÕ

Ñ.Â. Ãèëèí

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ

Ðàçðàáîòêà ñèñòåì ðàñïîçíàâàíèÿ èçîáðàæåíèé ÿâëÿåòñÿ îäíèì
èç àêòóàëüíûõ è âîñòðåáîâàííûõ íàïðàâëåíèé â îáëàñòè èñ-
êóññòâåííîãî èíòåëëåêòà, ìàøèííîãî îáó÷åíèÿ è àíàëèçà äàí-
íûõ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ïðîáëåìà îáíàðóæåíèÿ
íà ñïóòíèêîâûõ ñíèìêàõ çäàíèé è ïîñòðîåê, íàõîäÿùèõñÿ â âî-
äîîõðàííûõ çîíàõ. Êëþ÷åâûå ñëîâà: ðàñïîçíàâàíèå îáðàçîâ,
ðàñïîçíàâàíèå çäàíèé, ðàñïîçíàâàíèå âîäîîõðàííûõ çîí, ðàñïî-
çíàâàíèå íà ñïóòíèêîâûõ ñíèìêàõ, àâòîìàòè÷åñêîå ðàñïîçíà-
âàíèå îáðàçîâ.

Ââåäåíèå

Ðàçðàáîòêà ñèñòåì ðàñïîçíàâàíèÿ èçîáðàæåíèé ÿâëÿåòñÿ îäíèì èç
àêòóàëüíûõ è âîñòðåáîâàííûõ íàïðàâëåíèé â îáëàñòè èñêóññòâåííîãî
èíòåëëåêòà, ìàøèííîãî îáó÷åíèÿ è àíàëèçà äàííûõ. Â äàííîé ðàáîòå
ðàññìàòðèâàåòñÿ ïðîáëåìà îáíàðóæåíèÿ íà ñïóòíèêîâûõ ñíèìêàõ çäà-
íèé è ïîñòðîåê, íàõîäÿùèõñÿ â âîäîîõðàííûõ çîíàõ. Â Âîäíîì Êîäåêñå
ÐÔ ïðèíÿòû íîðìû ðàññòîÿíèÿ íàõîæäåíèÿ ïîñòðîåê ïî îòíîøåíèþ ê
âîäíîìó ðåñóðñó, ò.å. â çàâèñèìîñòè îò ðàçìåðà âîäîåìà ïîñòðîéêè ðàç-
ðåøåíî ïðîèçâîäèòü íà ñòðîãî îïðåäåëåííîì ðàññòîÿíèè. Èíäèâèäóàëü-
íîå ñòðîèòåëüñòâî â âîäîîõðàííîé çîíå îñóùåñòâëÿåòñÿ ñ ó÷åòîì ïîëî-
æåíèé ñò. 65 Âîäíîãî êîäåêñà ÐÔ. Ñâåäåíèÿ î ãðàíèöàõ âîäîîõðàííûõ
çîí è ãðàíèöàõ ïðèáðåæíûõ çàùèòíûõ ïîëîñ âîäíûõ îáúåêòîâ âíåñåíû
Åäèíûé ãîñóäàðñòâåííûé ðååñòð íåäâèæèìîñòè. Ñâåäåíèÿ îá îõðàííûõ
çîíàõ âîäíûõ îáúåêòîâ íàõîäÿòñÿ â ãîñóäàðñòâåííîì âîäíîì ðååñòðå.
Ïîýòîìó çàäà÷à îáíàðóæåíèÿ çäàíèé è ïîñòðîåê, íàõîäÿùèõñÿ â âîäî-
îõðàííûõ çîíàõ, ÿâëÿåòñÿ âàæíîé è ïðàêòè÷åñêè çíà÷èìîé. Öåëüþ èñ-
ñëåäîâàíèÿ ÿâëÿåòñÿ ðàçðàáîòêà íîâîãî àëãîðèòìà ðàñïîçíàâàíèÿ çäà-
íèé â âîäîîõðàííûõ çîíàõ íà ñïóòíèêîâûõ ñíèìêàõ. Äëÿ àâòîìàòèçà-
öèè ïðîöåññà íåîáõîäèìî íàó÷èòü àëãîðèòì äîáàâëÿòü íà êàðòû ìíîãî-
óãîëüíèêè äîìîâ áåç ó÷àñòèÿ ëþäåé, à òàêæå îïðåäåëÿòü � íàõîäÿòñÿ
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ëè ïîñòðîéêè íà ðàçðåøåííîì ðàññòîÿíèè îòíîñèòåëüíî âîäîåìîâ. Â
äàííîé ðàáîòå îòðàæåíû ñëåäóþùèå ðåçóëüòàòû:

1. Âûïîëíåíà ìîäèôèêàöèÿ ìåòîäà îïðåäåëåíèÿ êîíòóðîâ çäàíèÿ,
êîòîðàÿ çàêëþ÷àåòñÿ â îáíîâëåíèè îáëàñòè ñêîëüçÿùåãî îêíà ïóòåì
èñêëþ÷åíèÿ èñêóññòâåííûõ îáúåêòîâ, íå ñîîòâåòñòâóþùèõ ïîðîãîâûì
çíà÷åíèÿì âûïóêëîñòè îáúåêòîâ. Èññëåäîâàíû è ñôîðìóëèðîâàíû îñ-
íîâíûå óñëîâèÿ ïðèìåíåíèÿ ìåòîäà.

2. Äëÿ ìåòîäà îïðåäåëåíèÿ âîäíûõ îáúåêòîâ ïðåäëîæåíà íîâàÿ ìàñ-
êà èçîáðàæåíèÿ. Ïðèìåíåíèå ðàçðàáîòàííîé ìàñêè ïîçâîëÿåò âûäåëÿòü
ïåðåïàäû çíà÷åíèé öâåòîâîé êîäèðîâêè ïèêñåëåé áåç ó÷åòà èõ îðèåíòà-
öèè ïðè ïîìîùè ïðèìåíåíèÿ äâóìåðíûõ îïåðàòîðîâ Ëàïëàñà.

3. Â ðàáîòå âïåðâûå ïðåäëîæåí ìåòîä îïðåäåëåíèÿ íåçàêîííîñòè
ïîñòðîéêè � îáíàðóæåíèå ñòðîåíèé, íàõîäÿùèõñÿ â âîäîîõðàííûõ çî-
íàõ. Â ìåòîäå èñïîëüçóåòñÿ íàëîæåíèå íà èçîáðàæåíèå êîîðäèíàòíûõ
äàííûõ Ðîññòàòà, êîòîðûå ïîçâîëÿþò ñîêðàòèòü âû÷èñëèòåëüíóþ ñëîæ-
íîñòü àëãîðèòìà è óâåëè÷èòü ñêîðîñòü åãî ðàáîòû. Äàííûå Ðîññòàòà
ïðåäñòàâëÿþòñÿ â âèäå âûäåëåííûõ çîí íà êàðòå ñ îáîçíà÷åííûìè êà-
äàñòðîâûìè íîìåðàìè è êîîðäèíàòàìè.

1. Çàäà÷à ðàñïîçíàâàíèÿ îáðàçîâ

Çàäà÷à ðàñïîçíàâàíèÿ îáúåêòîâ íà ñïóòíèêîâûõ ñíèìêàõ ÿâëÿåòñÿ
÷àñòíûì ñëó÷àåì òàêèõ çàäà÷, êàê ðàñïîçíàâàíèå îáðàçîâ, êëàññèôèêà-
öèÿ è ìàøèííîå îáó÷åíèå. Ïåðå÷èñëèì îñíîâíûå ýòàïû ðåøåíèÿ çàäà÷è
ðàñïîçíàâàíèÿ îáúåêòîâ � âûÿâëåíèå îáúåêòîâ îïðåäåëåííûõ çàäàí-
íûõ êëàññîâ íà ñíèìêàõ:

1. Âûäåëåíèå îáúåêòîâ íà èçîáðàæåíèè ïóòåì ñåãìåíòàöèè ñ äàëü-
íåéøèì ïðåîáðàçîâàíèåì âûäåëåííûõ ñåãìåíòîâ äëÿ çàïèñè îáúåêòîâ â
çàâèñèìîñòè îò ìåòîäà äåøèôðèðîâàíèÿ.

2. Àíàëèç îáúåêòîâ.
3. Êëàññèôèêàöèÿ îáúåêòîâ.
4. Íàõîæäåíèå ðàññòîÿíèÿ ìåæäó ðàñïîçíàâàåìûìè îáúåêòàìè.
5. Âûâîä ðåçóëüòàòà ðåøåíèÿ çàäà÷è.

Ïðè îïðåäåëåíèè ðàñïîçíàâàåìûõ îáúåêòîâ, äëÿ ñîêðàùåíèÿ âûáî-
ðà ïîñòðîåê, ïðåäëàãàåòñÿ èñïîëüçîâàòü íàëîæåíèå äàííûõ Ðîññòàòà î
ïðîâåðåííûõ çäàíèÿõ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ äâà ìåòîäà
ðàñïîçíàâàíèÿ îáúåêòîâ íà ñïóòíèêîâûõ ñíèìêàõ: àâòîìàòè÷åñêîå ðàñ-
ïîçíàâàíèå ïîñòðîåê è ðàñïîçíàâàíèå îáúåêòîâ ñ ïîìîùüþ ôèëüòðàöèè
ñ èñïîëüçîâàíèåì ìàñêè Ëàïëàñà.
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2. Ìåòîä àâòîìàòè÷åñêîãî ðàñïîçíàâàíèÿ êîíòóðîâ çäàíèé

Äëÿ âûÿâëåíèÿ îáúåêòîâ ñ ñõîæèì âíåøíèì âèäîì èñïîëüçóåòñÿ
ãðóïïèðîâêà îáëàñòåé ñ îäèíàêîâûìè âèçóàëüíûìè õàðàêòåðèñòèêàìè
(ñåãìåíòàöèÿ). Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì àëãîðèòì ñåãìåí-
òàöèè ñî ñäâèãîì ñðåäíåãî, êà÷åñòâî ðåçóëüòàòà êîòîðîé îïðåäåëÿåòñÿ
òðåìÿ ïàðàìåòðàìè: öâåòîâûì ðàçðåøåíèåì hc, ïðîñòðàíñòâåííûì ðàç-
ðåøåíèåì hs è ìèíèìàëüíûì ðàçìåðîì ñåãìåíòà. Åñëè ó÷åñòü, ÷òî ó
ïîñòðîåê ñëîæíàÿ ôîðìà, òî ìû íå ñìîæåì ðàñïîçíàòü äàæå îäèí îáú-
åêò èç íåîáõîäèìîãî êëàññà ïî îäíîìó íàáîðó ïàðàìåòðîâ. Â òàêîì ñëó-
÷àå ïðåäïîëàãàåòñÿ, ÷òî ïàðàìåòð hc áóäåò èçìåíÿòüñÿ. Ýòî ïîçâîëÿåò
íàì ïîëó÷èòü ðàçíûå ðåçóëüòàòû ðàñïîçíàâàíèÿ. Ïåðåä êëàññèôèêà-
öèåé îáúåêòà � íàì íåîáõîäèìî èçó÷èòü åãî õàðàêòåðèñòèêè, ÷òîáû
ïîíÿòü, ÿâëÿåòñÿ ëè îí íåêîòîðîé ÷àñòüþ ïîñòðîéêè. Äëÿ ýòîãî ìû
èñïîëüçóåì îáùåå ñâîéñòâî èñêóññòâåííûõ îáúåêòîâ: îíè èìåþò ëèáî
ìàëóþ ïîñòîÿííóþ êðèâèçíó, ëèáî íåñêîëüêî òî÷åê âûñîêîé êðèâèçíû
(èëè âîîáùå íå èìåþò êðèâèçíû). Ñðåäíÿÿ êðèâèçíà îáëàñòè Rj ðàñ-
ñ÷èòûâàåòñÿ ñëåäóþùèì îáðàçîì:

Cu(Ri) =

∮
BRi

kds

length(BRi)
≤ δcurv, (1)

ãäå k � ëîêàëüíàÿ êðèâèçíà, δcurv � íåêèé ïîðîã. Äëÿ âîçìîæíî-
ñòè ðàçëè÷àòü èñêóññòâåííûå îáúåêòû èñïîëüçóåòñÿ âûïóêëîñòü Co êàê
ñëåäóþùåå óñëîâèå äëÿ ðàñïîçíàâàåìûõ ïîñòðîåê:

Co(Rj) =
Area(Ri)

Area(Hi)
≤ δcurvI , (2)

Çäåñü ïîä Hi îáîçíà÷åíà âûïóêëàÿ îáîëî÷êà Ri. Äëÿ êëàññèôèêàöèè
èäåíòèôèöèðîâàííûõ êàíäèäàòîâ èñïîëüçóþòñÿ òðè êëàññà îáúåêòîâ:

1. Ðàñòèòåëüíîñòü;
2. Òåíè;
3. Èñêóññòâåííàÿ ñîîðóæåíèÿ.

Äëÿ áîëåå òî÷íîãî ðåçóëüòàòà ìû èñêëþ÷àåì îáëàñòè òåíè è ðàñòè-
òåëüíîñòè. Èçîáðàæåíèå ïåðåâîäèì èç RGB ïðîñòðàíñòâà â ¾îòòåíîê-
íàñûùåííîñòü-çíà÷åíèå¿ (HSV). Äëÿ êàæäîãî êëàññà îáëàñòåé ñîçäà-
þòñÿ ìàñêè, êîòîðûå ðàññìîòðèì äàëåå. Ñîçäàåòñÿ áèíàðíàÿ ìàñêà ðàñ-
òèòåëüíîñòè. Íà ñëåäóþùåì øàãå ìàñêà ðàñòèòåëüíîñòè èñïîëüçóåòñÿ
äëÿ êëàññèôèêàöèè îáëàñòåé ðàñïîçíàâàåìûõ ïîñòðîåê. Åñëè áîëåå 60%
èäåíòèôèöèðîâàííîé îáëàñòè îáúåêòà ñîîòâåòñòâóåò áåëûì ÷àñòÿì ìàñ-
êè ðàñòèòåëüíîñòè, âñÿ îáëàñòü êëàññèôèöèðóåòñÿ êàê îáëàñòü ðàñòè-
òåëüíîñòè. ×àñòî äåðåâüÿ çàñëîíÿþò çäàíèÿ èëè èõ òåíè. ×òîáû ó÷åñòü
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ýòó ñèòóàöèþ, äîïîëíèòåëüíî ê ìàñêå ðàñòèòåëüíîñòè MV eg ñîçäàåòñÿ
ìàñêà äåðåâüåâMTree. Äåðåâüÿìè ñ÷èòàþòñÿ ñåãìåíòèðîâàííûå îáëàñòè
Ri ñî ñëåäóþùèìè ñâîéñòâàìè:

Cu(Ri) ≥ 0.2, (3)

Area(Ri) ≤ 100m2, (4)

Area(Ri ∩MV eg)

Area(Ri)
≥ 0.6. (5)

Îáíàðóæåíèå îáëàñòåé òåíè âûïîëíÿåòñÿ ïðè ïîìîùè âû÷èñëåíèÿ âû-
ñîòû Ñîëíöà è âûñîòû çäàíèé. Èìåÿ ýòè äàííûå, ìîæíî âûäåëèòü òå-
íè, îòáðàñûâàåìûå çäàíèÿìè-êàíäèäàòàìè. Äëÿ óâåëè÷åíèÿ êîíòðàñò-
íîñòè, HSV-èçîáðàæåíèå ôèëüòðóåòñÿ ñëåäóþùèì îáðàçîì:

φ(x, y) =
4

π
tan−1(

H(x, y)−
√
H(x, y)

2
+ S(x, y)

2
+ V (x, y)

2

H(x, y) +

√
H(x, y)

2
+ S(x, y)

2
+ V (x, y)

2
). (6)

Äëÿ ñîçäàíèÿ áèíàðíîé òåíåâîé ìàñêè èñïîëüçóåòñÿ ïîðîã Otsu. Ïèê-
ñåëû íèæå ýòîãî ïîðîãà ñ÷èòàþòñÿ îòíîñÿùèìèñÿ ê òåíè. Äëÿ êàæäîãî
îáúåêòà ñòðîèòñÿ òåíåâàÿ ìàñêà, íî èíîãäà òåíè ìîãóò áûòü èñêàæå-
íû, ëèáî ñëèòû èç-çà ëèøíèõ îáúåêòîâ. Äëÿ èñêëþ÷åíèÿ èñêàæåíèé
òåíü âûáðàííîãî îáúåêòà ñðàâíèâàåòñÿ ñ ìàñêîé òåíè è ìàñêàìè äðóãèõ
îáúåêòîâ. Â ðåçóëüòàòå èñêëþ÷åíèÿ ìàñêè ðàñòèòåëüíîñòè è ïðîåêöèè
âñåõ ìàñîê òåíè ìû ìîæåì îïðåäåëèòü � ÿâëÿåòñÿ ëè ðàñïîçíàâàåìûé
îáúåêò èñêóññòâåííîé ïîñòðîéêîé. Äëÿ óâåëè÷åíèÿ ñêîðîñòè ðàáîòû àë-
ãîðèòìà ñîçäàåòñÿ äâà ñïèñêà îáúåêòîâ: ñïèñîê âñåõ ðàñïîçíàâàåìûõ
îáúåêòîâ è ïóñòîé ñïèñîê. Òàê êàê äëÿ êàæäîãî îáúåêòà ñîçäàåòñÿ ñâîÿ
ìàñêà, òî ïðè îáíîâëåíèè ñïèñêà îáúåêòîâ � òî÷íî ðàñïîçíàííûé îáú-
åêò ïåðåíîñèì â îòäåëüíûé ñïèñîê, ÷òî ïîçâîëÿåò ñîêðàòèòü êîëè÷åñòâî
èòåðàöèé àëãîðèòìà ðàñïîçíàâàíèÿ ïîñòðîåê. Íà àýðîñíèìêàõ áûâàåò
òðóäíî îòëè÷èòü áîëüøèå ïóñòûå ïëîùàäè (äëÿ ïðèìåðà ìîæíî âçÿòü
ïàðêîâêè) îò îáû÷íûõ çäàíèé, ïîýòîìó äëÿ èñêëþ÷åíèÿ äàííûõ êàíäè-
äàòîâ èñïîëüçóåòñÿ ïðîâåðêà íà íàëè÷èå îòáðàñûâàåìîé òåíè.

3. Ìåòîä îïðåäåëåíèÿ âîäîîõðàííûõ çîí

Ïîñëå íàëîæåíèÿ ñïóòíèêîâîãî èçîáðàæåíèÿ íà êàðòó ìåñòíîñòè
è ñîîòíåñåíèÿ îïîðíûõ òî÷åê ïðîèçâîäèòñÿ êîððåêòèðîâêà ôîòîèçîá-
ðàæåíèÿ çà ñ÷åò ìàñøòàáèðîâàíèÿ è ïîâîðîòà ó÷àñòêà. Çàòåì ìîæ-
íî ïåðåõîäèòü ê ïðîöåäóðå íåïîñðåäñòâåííîãî ðàñïîçíàâàíèÿ îáëàñòåé,
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äëÿ ÷åãî íåîáõîäèìî ïîëó÷èòü êîíòóðû ðàçëè÷íûõ ó÷àñòêîâ íà ñíèì-
êàõ. Äëÿ îïðåäåëåíèÿ âîäîîõðàííûõ çîí ïðåäëàãàåòñÿ ïðè îáðàáîòêå
èçîáðàæåíèÿ è âûäåëåíèè êîíòóðîâ îáúåêòà èñïîëüçîâàòü àëãîðèòì
ôèëüòðàöèè ñ èñïîëüçîâàíèåì ìàñêè îïåðàòîðà Ëàïëàñà. Ïðè çàðà-
íåå çàäàííûõ çíà÷åíèÿõ öâåòîâ â ôîðìàòå RGB âîäíûå ðåñóðñû áó-
äóò âûäåëåíû òåìíûì öâåòîì, ÷òî ïîçâîëèò ñîêðàòèòü êîëè÷åñòâî îá-
ëàñòåé ðàñïîçíàâàíèÿ. Ëàïëàñèàí áóäåò çàïèñàí â ñëåäóþùåì âèäå:
L(f(x, y)) = −f(x−1, y−1)−2 ·f(x, y−1)−f(x+1, y−1)−2 ·f(x−1, y)+
12 · f(x, y)− 2 · f(x+1, y)− f(x− 1, y+1)− 2 · f(x, y+1)− f(x+1, y+1).

Äëÿ ïîâûøåíèÿ áûñòðîäåéñòâèÿ èñïîëüçóåòñÿ ïðåäâàðèòåëüíî ñî-
çäàâàåìûé ìàññèâ àäðåñîâ èçîáðàæåíèÿ. Ïîñëåäóþùàÿ ðàáîòà ñ àäðå-
ñàìè ýëåìåíòîâ ïîâûøàåò ñêîðîñòü ðàáîòû àëãîðèòìà â 5�8 ðàç ïî ñðàâ-
íåíèþ ñ ïðÿìûì îáðàùåíèåì ê ïèêñåëÿì èçîáðàæåíèÿ, ÷òî àêòóàëüíî
äëÿ èçîáðàæåíèé áîëüøîãî ðàçðåøåíèÿ, òàêèõ êàê ñïóòíèêîâûå ñíèì-
êè. Àëãîðèòì ñîñòîèò èç ñëåäóþùèõ ýòàïîâ:

1. Ïåðåâîä RGB �èçîáðàæåíèÿ â öâåòîâóþ ìîäåëü Y UV ( öâåòîâàÿ
ìîäåëü, êîòîðàÿ ñîñòîèò èç ÿðêîñòè Y è äâóõ öâåòîðàçíîñòíûõ êîìïî-
íåíò (U è V )), êîòîðàÿ çàäàåòñÿ ñëåäóþùèì îáðàçîì:

Y = 0, 299R+ 0, 587G+ 0, 114B, (7)

U = 0, 493(B − Y ), (8)

V = 0, 877(R− Y ). (9)

2. Ïðèìåíÿåòñÿ ôîðìóëà L(f(x, y)) ïîäñòàâëÿÿ êàæäûé ïèêñåëü ñ
êîîðäèíàòàìè x, y.

3. Ðàñïîçíàâàíèå âîäîîõðàííûõ çîí ïî çàäàííûì õàðàêòåðèñòèêàì
(êîíòóðàì è ôîðìå, ãðàäèåíòó öâåòà).

4. Îöåíêà òî÷íîñòè îáíàðóæåíèÿ âîäíûõ îáúåêòîâ ïîëó÷åíà ïóòåì
äåëåíèÿ ñóììû âåðíî êëàññèôèöèðîâàííûõ ïèêñåëåé âîäíîãî îáúåêòà,
ïîëó÷åííîãî ñ ïîìîùüþ âîäíîãî èíäåêñà, ê îáùåìó ÷èñëó ïèêñåëåé ýòà-
ëîííîé ìàñêè: O = 100× Nw −Nwm /Nwm.

Çäåñü Nw � ÷èñëî âîäíûõ ïèêñåëåé àíàëèçèðóåìîãî èçîáðàæåíèÿ è
Nwm � ÷èñëî âîäíûõ ïèêñåëåé ýòàëîííîé ìàñêè. Äàííàÿ îöåíêà ïîç-
âîëèëà áîëåå òî÷íî íàéòè ïîðîãè çíà÷åíèé, ïðè êîòîðûõ ïèêñåëü ìîæíî
ñ÷èòàòü ïðèíàäëåæàùèì âîäíûì îáúåêòàì.

4. Îïðåäåëåíèå ðàññòîÿíèÿ ìåæäó ðàñïîçíàâàíèÿìè
îáúåêòàìè

Äëÿ ðåøåíèÿ äàííîé çàäà÷è áóäóò èñïîëüçîâàòüñÿ èçîáðàæåíèÿ, â
êîòîðûõ ïèêñåëþ èçîáðàæåíèÿ ñîîòâåòñòâóåò îáëàñòü íà ìåñòíîñòè ðàç-
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ìåðîì 3×3 ìåòðà. Èìåÿ äàííóþ èíôîðìàöèþ, âû÷èñëÿåòñÿ ðàññòîÿíèå
îò êîíòóðà îáúåêòà ïðîâåðÿåìîãî êëàññà äî îáúåêòà, êîòîðûé îïðåäå-
ëÿåòñÿ êëàññîì âîäîîõðàííîé çîíû. Â äàííîé ðàáîòå äëÿ îïðåäåëåíèÿ
ðàññòîÿíèÿ èñïîëüçóåòñÿ ìåòðèêà, ââåäåííàÿ Ãåðìàíîì Ìèíêîâñêèì, à
èìåííî ðàññòîÿíèå ãîðîäñêèõ êâàðòàëîâ:

dj(p, q) =

m∑
j=1

n∑
i=1

|pij − qij |, (10)

ãäå d � ðàññòîÿíèå ìåæäó îáúåêòàìè, pi è qi � òî÷êè, ñîåäèíÿåìûå
ïðÿìîé, i � ðàçìåðíîñòü ïëîñêîñòè, j � êîëè÷åñòâî ïèêñåëåé. Ñ ó÷åòîì
âûøåïåðå÷èñëåííîãî ìîæíî ïîñòðîèòü ñëåäóþùèé àëãîðèòì:

1. Âûáèðàþòñÿ ñðàâíèâàåìûå ïî ðàññòîÿíèþ îáúåêòû èç êàæäîãî
êëàññà.

2. Îïðåäåëÿþòñÿ âñåâîçìîæíûå ðàññòîÿíèÿ ìåæäó êàæäîé ïàðîé
òî÷åê p è q, êîòîðûå áåðóòñÿ èç êàæäîãî êëàññà.

3. Ñ ïîìîùüþ ñîðòèðîâêè îïðåäåëÿåòñÿ íàèìåíüøåå ðàññòîÿíèå
ìåæäó îáúåêòàìè.

4. Ïðîâåðÿåòñÿ ñîîòâåòñòâèå ïîëó÷åííîãî ðàññòîÿíèÿ ñ êîíòðîëü-
íûìè ñîîòíîøåíèÿìè ÂÊ ÐÔ. Êîíòðîëüíûå ñîîòíîøåíèÿ îïðåäåëÿþòñÿ
â ñîîòâåòñòâèè ñ ìàêñèìàëüíîé øèðèíîé âîäîåìà. Êîíòðîëüíûå ñîîò-
íîøåíèÿ çàäàþòñÿ ôîðìóëîé:

0 ≤ dj ≤ dw(W ), (11)

ãäå dw çàâèñèò îò øèðèíû âîäîåìà W .
5. Åñëè ïîñòðîéêà íå ïðîõîäèò ïðîâåðêó, òî îáúåêò ìîæíî ñ÷èòàòü

íåçàêîííûì.

Çàêëþ÷åíèå

Â äàííîé ñòàòüå ðàññìîòðåíà ïðîáëåìà ðàñïîçíàâàíèÿ çäàíèé â âî-
äîîõðàííûõ çîíàõ íà ñïóòíèêîâûõ ñíèìêàõ. Â ðàìêàõ ïîñòàâëåííîé
çàäà÷è áûë ðàçðàáîòàí ìîäèôèöèðîâàííûé àëãîðèòì ðàñïîçíàâàíèÿ
ïîñòðîåê, à òàêæå ìåòîä ðàñïîçíàâàíèÿ âîäíûõ îáúåêòîâ ïðè ïîìî-
ùè ìàñêè Ëàïëàñà. Ïîñëå ðàñïîçíàâàíèÿ è êëàññèôèêàöèè îáúåêòîâ
� íàõîäèòñÿ ðàññòîÿíèå ìåæäó êëàññàìè îáúåêòîâ. Äëÿ îïðåäåëåíèÿ
çàêîííîñòè ïîñòðîéêè èñïîëüçóþòñÿ êîíòðîëüíûå ñîîòíîøåíèÿ, îïðå-
äåëÿþùèå äîñòóïíîå ðàññòîÿíèå, íà êîòîðîì ðàçðåøåíû ñòðîèòåëüíûå
îáúåêòû. Íà âõîä ïðîãðàììå ïîäàþòñÿ èçîáðàæåíèÿ ñ âðåìåííûì äèà-
ïàçîíîì â 16 äíåé â îäíî è òî æå âðåìÿ. Äàííûé èíòåðâàë áûë âûáðàí
äëÿ èñêëþ÷åíèÿ äâèæóùèõñÿ îáúåêòîâ. Äëÿ ïðèìåðà âîçüìåì ñëåäóþ-
ùèå îáúåêòû: îáëàêà, ëîäêè, êàòåðà, ìàøèíû è òàê äàëåå. Èçîáðàæåíèÿ
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ñîîòâåòñòâóþò ðàçìåðàì 9002 ïðè óñëîâèè, ÷òî ðàçìåð îäíîãî ïèêñåëà
3×3 ìåòðà. Ôèëüòðàöèÿ èçîáðàæåíèÿ äëÿ ðàñïîçíàâàíèÿ çäàíèé ïðîèç-
âîäèòñÿ ïðè ïîìîùè ìåòîäà ïðåîáðàçîâàíèÿ Ôóðüå âåðõíèõ ÷àñòîò, ÷òî
è ïîçâîëÿåò ïîäñâå÷èâàòü êîíòóðû. Äëÿ èñêëþ÷åíèÿ íåïîäõîäÿùèõ ïî
ðàçìåðàì îáúåêòîâ èñïîëüçóåòñÿ òåíåâàÿ ìàñêà. Äàííàÿ çàäà÷à ñîäåð-
æèò â ñåáå ñêðåùèâàíèå àëãîðèòìîâ ðàñïîçíàâàíèÿ ïîñòðîåê è âîäíûõ
ðåñóðñîâ.
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Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ àëãîðèòìû ðàáîòû è àðõèòåê-
òóðû ñâåðòî÷íûõ íåéðîííûõ ñåòåé, êîòîðûå áûëè èñïîëüçîâàíû
äëÿ ðåøåíèÿ çàäà÷è ðàñïîçíàâàíèÿ êîðîíàâèðóñíîé èíôåêöèè.
Ïðèâåäåíû ðåçóëüòàòû ðàáîòû ðàçëè÷íûõ àðõèòåêòóð, ñðàâíå-
íèÿ èõ ðàáîòû, à òàêæå âèçóàëèçàöèÿ ðàáîòû íåéðîííûõ ñåòåé
ñ ïîìîùüþ àëãîðèòìà Grad-CAM. Â çàêëþ÷åíèè ïðåäñòàâëåíû
âûâîäû, ñäåëàííûå ïî àíàëèçó ðåçóëüòàòîâ ðàáîòû.
Êëþ÷åâûå ñëîâà: python, pytorch, ñâåðòî÷íûå íåéðîííûå ñå-
òè, ãëóáîêîå îáó÷åíèå, êëàññèôèêàöèÿ èçîáðàæåíèé.

Ââåäåíèå

Ñòðåìèòåëüíîå ðàñïðîñòðàíåíèå èíôåêöèè COVID-19, îêàçàëî îãðîì-
íîå âëèÿíèå è ïðèíåñëî íåïîïðàâèìûé óùåðá æèçíè ìíîãèõ ëþäåé.
Äëÿ äèàãíîñòèðîâàíèÿ è îáíàðóæåíèÿ òàêîãî ðîäà èíôåêöèé â íàñòîÿ-
ùåå âðåìÿ ïðèìåíÿþò êîìïüþòåðíóþ òîìîãðàôèþ è ðåíòãåíîãðàôèþ,
íî äàæå ïðè óñëîâèè îáåñïå÷åííîñòè íóæíûìè àïïàðàòàìè è ìåäèêà-
ìåíòàìè íå âñåãäà ìîæíî òî÷íî è ïðàâèëüíî ïîñòàâèòü äèàãíîç, ââèäó
áîëüøîãî ïîòîêà ïàöèåíòîâ. Ðåøåíèåì ýòîé ïðîáëåìû ìîãóò ÿâëÿòüñÿ
áûñòðîðàçâèâàþùèåñÿ íåéðîííûå ñåòè, ñïîñîáíûå ðåøàòü çàäà÷è, ñâÿ-
çàííûå ñ àíàëèçîì è êëàññèôèêàöèåé ìåäèöèíñêèõ èçîáðàæåíèé.

1. Îïèñàíèå è îáðàáîòêà èññëåäóåìûõ äàííûõ

Äëÿ òîãî, ÷òîáû ðàññìîòðåòü ðàáîòó íåéðîííûõ ñåòåé â çàäà÷å ðàñ-
ïîçíàâàíèÿ êîðîíàâèðóñíîé èíôåêöèè áûë èñïîëüçîâàí íàáîð äàííûõ
ñ ñàéòà kaggle.com [1] î 18868 ðåíòãåíîâñêèõ ñíèìêàõ ïàöèåíòîâ, ñîäåð-
æàùèé 4 êëàññà (0 - covid, 1 - ïíåâìîíèÿ, 2 - ïîìóòíåíèÿ â ëåãêèõ, 3 -
÷èñòûå ëåãêèå), êîòîðûé áûë ðàçäåëåí íà òðåíèðîâî÷íóþ, òåñòîâóþ è
âàëèäàöèîííóþ âûáîðêè (òàáëèöà 1).
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Òàáëèöà 1
Ðàñïðåäåëåíèå äàííûõ â âûáîðêàõ

Òèï âûáîðêè Êëàññ 0 Êëàññ 1 Êëàññ 2 Êëàññ 3
Òðåíèðîâî÷íàÿ 3315 1045 3416 9892
Âàëèäàöèîííàÿ 150 150 150 150
Òåñòîâàÿ 150 150 150 150

Èññëåäóåìûé íàáîð äàííûõ ÿâëÿåòñÿ íåñáàëàíñèðîâàííûì, ïîýòîìó
äëÿ êîððåêòíîãî îáó÷åíèÿ áûë ïðèìåíåí ìåòîäWeightedRandomSampler,
êîòîðûé ïîçâîëèò ðàññìàòðèâàòü â êàæäîì áàò÷å ïðèìåðíî îäèíàêîâîå
êîëè÷åñòâî èçîáðàæåíèé êàæäîãî êëàññà. Äëÿ åãî èñïîëüçîâàíèÿ íóæ-
íî:

1) ïîëó÷èòü çíà÷åíèå êîëè÷åñòâà èçîáðàæåíèé â êàæäîì êëàññå;
2) ðàñ÷èòàòü âåñîâûå êîýôôèöèåíòû äëÿ êàæäîãî êëàññà 1

ni
, ãäå ni

� êîëè÷åñòâî èçîáðàæåíèé â êëàññå i (âåñîâûå êîýôôèöèåíòû äëÿ
êëàññîâ: 0 - 0.0003, 1 - 0.0010, 2 - 0.0003, 3 - 0.0001);

3) ïðèñâîèòü êàæäîìó èçîáðàæåíèþ èç êëàññà ñîîòâåòñòâóþùèé âåñî-
âîé êîýôôèöèåíò.

Äëÿ îáó÷åíèÿ áûëè âûáðàíû ñëåäóþùèå àðõèòåêòóðû íåéðîííûõ
ñåòåé: ResNet-18, DenseNet-121, E�cientNet-B0.

2. Ïîäáîð ãèïåðïàðàìåòðîâ

Êîëè÷åñòâî íåéðîíîâ â ñêðûòîì ñëîå. Êîëè÷åñòâî íåéðîíîâ
â ñêðûòîì ñëîå êëàññèôèêàòîðà áûëî âûáðàíî îäèíàêîâûì äëÿ âñåõ
ìîäåëåé: 512.

Ñêîðîñòü îáó÷åíèÿ. Äëÿ îöåíêè ýôôåêòèâíîé ñêîðîñòè îáó÷åíèÿ
(ÑÎ), ìîäåëè îáó÷àëèñü ñî ñêîðîñòüþ, êîòîðàÿ èçíà÷àëüíî íèçêàÿ, à
çàòåì ýêñïîíåíöèàëüíî ïîâûøàëàñü ñ êàæäîé èòåðàöèåé:

lrmax = lrinitq
n, q =

(
lrmax

lrinit

) 1
n

, lri = lrinitq
i = lrinit

(
lrmax

lrinit

) i
n

,

ãäå lrmax � êîíå÷íàÿ ñêîðîñòü îáó÷åíèÿ (âåðõíÿÿ ãðàíèöà), lrinit �
íà÷àëüíàÿ ñêîðîñòü îáó÷åíèÿ (íèæíÿÿ ãðàíèöà), n � êîëè÷åñòâî èòå-
ðàöèé, lri � ñêîðîñòü îáó÷åíèÿ íà i-îì øàãå.

Ïîñëå îáó÷åíèÿ ìîäåëè âûáèðàåòñÿ èíòåðâàë ñêîðîñòè îáó÷åíèÿ, íà
êîòîðîì çíà÷åíèå ôóíêöèîíàëà îøèáêè óìåíüøàåòñÿ áûñòðåå âñåãî, òà-
êîé èíòåðâàë áóäåò íàçûâàòüñÿ îïòèìàëüíûì. Äàëüíåéøåå îáó÷åíèå ìî-
äåëè ìîæåò ïðîâîäèòñÿ ðàçíûìè ñïîñîáàìè: à) ñ âåðõíèì çíà÷åíèåì
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îïòèìàëüíîãî èíòåðâàëà, á) ñ íèæíèì çíà÷åíèåì îïòèìàëüíîãî èíòåð-
âàëà, â) ñî çíà÷åíèåì â 10 ðàç ìåíüøå çíà÷åíèÿ âåðõíåãî îïòèìàëüíîãî
èíòåðâàëà (ëó÷øàÿ âåðõíÿÿ ãðàíèöà), ã) ñ ïîìîùüþ öèêëè÷åñêîãî îáó-
÷åíèÿ [2].

Íà÷àëüíûå èíòåðâàëû ñêîðîñòè îáó÷åíèÿ áûëè âûáðàíû îäèíàêî-
âûìè äëÿ âñåõ àðõèòåêòóð: lrmax = 1 × 10−7, lrinit = 1 × 10−1. Ïîñëå
îáó÷åíèÿ âñåõ ìîäåëåé ñî ñêîðîñòüþ îáó÷åíèÿ èç íà÷àëüíîãî èíòåðâàëà
(ðèñóíîê 1), äëÿ êàæäîé ìîäåëè áûëè âûáðàíû îïòèìàëüíûå èíòåðâà-
ëû, ëó÷øèå âåðõíÿÿ è íèæíÿÿ ãðàíèöû (òàáëèöà 2).
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Ðèñ. 1. Îïòèìàëüíûå èíòåðâàëû äëÿ âûáðàííûõ àðõèòåêòóð

Òàáëèöà 2
Çíà÷åíèÿ ïàðàìåòðîâ ñêîðîñòè îáó÷åíèÿ äëÿ ðàçíûõ ìîäåëåé

Àðõèòåêòóðà Âèä ñêîð. îáó÷. Çíà÷åíèå ñêîð. îáó÷.

ResNet-18

ïîñòîÿííàÿ 1× 10−6

ïîñòîÿííàÿ 3× 10−4

ïîñòîÿííàÿ 3× 10−5

öèêëè÷åñêàÿ [5× 10−6; 3× 10−5]

DenseNet-121

ïîñòîÿííàÿ 1× 10−6

ïîñòîÿííàÿ 9, 5× 10−5

ïîñòîÿííàÿ 9, 5× 10−6

öèêëè÷åñêàÿ [1, 5×10−6; 9, 5×10−5]

E�cientNet-B0

ïîñòîÿííàÿ 1× 10−5

ïîñòîÿííàÿ 9× 10−4

ïîñòîÿííàÿ 9× 10−5

öèêëè÷åñêàÿ [1, 5× 10−5; 9× 10−5]
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3. Îáó÷åíèå ìîäåëåé

Äëÿ îáó÷åííûõ ìîäåëåé áûëè ïîñòðîåíû ãðàôèêè ñî çíà÷åíèÿìè
ìåòðèêè accuracy (ïðàâèëüíîñòè) äëÿ êàæäîé èç ìîäåëåé (ðèñóíêè 2à-
2â).
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Ðèñ. 2. Çíà÷åíèå ïðàâèëüíîñòè: à) ResNet-18, á) DenseNet-121,
â) E�cientNet-B0, ã) ìîäåëåé, êîòîðûå ïîêàçàëè ëó÷øèå çíà÷åíèÿ ìåòðèê

Èñõîäÿ èç ãðàôèêîâ, áûëè îïðåäåíû ìîäåëè äëÿ ðàçíûõ àðõèòåêòóð,
êîòîðûå áûñòðåå äîñòèãàþò ìàêñèìàëüíîé ïðàâèëüíîñòè, òàêèå ìîäåëè
â òàáëèöå 2 âûäåëåíû êóðñèâîì.
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4. Îöåíèâàíèå ðåçóëüòàòîâ

Îöåíêà ðàáîòû ðàçíûõ ìîäåëåé ñâåðòî÷íûé íåéðîííûõ ñåòåé, áûëà
ïðîâåäåíà ñ ïîìîùüþ ìåòðèê: accuracy, recall, precision, F1-ìåðà.

Äëÿ êàæäîé èç ìîäåëåé áûëè âû÷èñëåíû çíà÷åíèÿ ìåòðèê äëÿ êàæ-
äîãî êëàññà. Â òàáëèöe 3 äëÿ êàæäîãî êëàññà ïðåäñòàâëåíû ìîäåëè,
êîòîðûå ïîêàçûâàþò ëó÷øóþ ìåòðèêó accuracy. ×åðíûì â òàáëèöå 2
âûäåëåíû ìîäåëè, êîòîðûå ïîêàçàëè ëó÷øóþ ïðåäñêàçàòåëüíóþ ñïî-
ñîáíîñòü.

Òàáëèöà 3
Çíà÷åíèå ìåòðèêè accuracy ëó÷øåé ìîäåëè äëÿ êàæäîãî êëàññà

Êëàññ Àðõèòåêòóðà Ìîäåëü Accuracy
0 E�cientNet-B0 9× 10−4 1.000000
1 DenseNet-121 9, 5× 10−5 0,996540
2 E�cientNet-B0 9× 10−4 0,968067
3 DenseNet-121 9, 5× 10−5 0,961603

Äëÿ ìîäåëåé, êîòîðûå ïîêàçàëè ëó÷øóþ ïðåäñêàçàòåëüíóþ ñïîñîá-
íîñòü, áûëè ïîñòðîåí ãðàôèêè çíà÷åíèÿ ìåòðèêè accuracy (ðèñóíîê 2ã).

5. Âèçóàëèçàöèÿ ðåçóëüòàòîâ ñ ïîìîùüþ Grad-CAM

Àëãîðèòì âèçóàëèçàöèè Grad-CAM áûë ïðèìåíåí ê êëàññàì, äëÿ
êîòîðûõ àðõèòåêòóðà E�cientNet-B0 ïîêàçàëà ëó÷øèé ðåçóëüòàò (ðè-
ñóíîê 3).

Ðèñ. 3. Âèçóàëèçàöèÿ ðàáîòû íåéðîííîé ñåòè E�cientNet-B0:
à) äëÿ êëàññà ¾covid¿, á) äëÿ êëàññà ¾ïîìóòíåíèÿ â ëåãêèõ¿



52 Ä.Ä. Áóãàêîâà, Å.Þ. Ëèñîâñêàÿ

Çàêëþ÷åíèå

Ïî âñåì ìåòðèêàì äëÿ âñåõ àðõèòåêòóð è äëÿ âñåõ êëàññîâ èçîá-
ðàæåíèé äîñòèãíóòà î÷åíü âûñîêàÿ òî÷íîñòü ïðåäñêàçàíèé. Ïðè ïðàê-
òè÷åñêîì èñïîëüçîâàíèè â ìåäèöèíñêîì ó÷ðåæäåíèè ïðè ïîäîçðåíèè,
÷òî ÷åëîâåê áîëåí COVID, âðà÷ó ñëåäóåò ïîëàãàòüñÿ íà ïðåäñêàçàíèå,
êîòîðîå âûäàåò ìîäåëü àðõèòåêòóðû E�cientNet-B0.

Ìîæíî ïðåäïîëîæèòü, ÷òî àðõèòåêòóðà E�cientNet ðàáîòàåò ÷óòü
ëó÷øå äðóãèõ, òàê êàê â íåé ìåíüøå ïàðàìåòðîâ, ñîîòâåòñòâåííî ìåíü-
øå âåñîâ, ñëåäîâàòåëüíî ãðàäèåíò ìåíüøå çàòóõàåò èëè âçðûâàåòñÿ, ïî-
ýòîìó ñåòü ðàáîòàåò ñòàáèëüíî è òî÷íîñòü ïðåäñêàçàíèÿ âûøå. Îñòàëü-
íûå äâå ñåòè ðàáîòàþò íå ñèëüíî õóæå E�cientNet, òàê êàê èõ èäåÿ
ñîñòîèò â äîáàâëåíèè ïðîìåæóòî÷íûõ ñâÿçåé ìåæäó ñëîÿìè. DenseNet
ïî ñðàâíåíèþ ñ ResNet ðàáîòàåò áîëåå òî÷íî, òàê êàê â íåé ïåðåäàþòñÿ
íå ïðîñòî ñâÿçè, à öåëûå ñëîè, è ïðè ÷åì ê êàæäîìó ïîñëåäóþùåìó áëî-
êó, ïîýòîìó ôèíàëüíûé áëîê ïîëó÷àåò âñå âîçìîæíûå âàðèàíòû ðàáî-
òû ñâåðòî÷íûõ íåéðîííûõ ñåòåé è ìîæåò ýôôåêòèâíî îòáðîñèòü ÷àñòü
íåíóæíûõ ôèëüòðîâ è îñòàâèòü òîëüêî âàæíûå.

Òàêæå ñòîèò îòìåòèòü, ÷òî âñå àðõèòåêòóðû èìåþò âûñîêóþ ïðåä-
ñêàçàòåëüíóþ ñïîñîáíîñòü äëÿ êëàññîâ ¾covid¿ è ¾ïíåâìîíèÿ¿, ÷óòü
ìåíüøóþ ïðåäñêàçàòåëüíóþ ñïîñîáíîñòü äëÿ êëàññîâ ¾ïîìóòíåíèÿ â
ëåãêèõ¿ è ¾÷èñòûå ëåãêèå¿. Ïðè ïðàêòè÷åñêîì èñïîëüçîâàíèè äàííûõ
àðõèòåêòóð ìåäèöèíñêîìó ðàáîòíèêó ñëåäóåò áûòü áîëåå âíèìàòåëüíûì
ïðè ïîñòàíîâêå äèàãíîçà.
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Â.Å. Ñîëîïîâ, Ò.Â. Êàáàíîâà, Å.Þ. Ïåòðîâ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ñòàòüå ðàññìàòðèâàåòñÿ ïðîöåññ ñðàâíåíèÿ òåìàòè÷åñêèõ ìî-
äåëåé. Èç-çà ñóùåñòâîâàíèÿ áîëüøîãî êîëè÷åñòâà ìåòîäîâ è ïîä-
õîäîâ ê îöåíêå ðåçóëüòàòîâ òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ òðóä-
íî îïðåäåëèòü, êàêîé íàáîð îöåíîê ëó÷øå. Íà îñíîâå àíàëèçà
ïðåäìåòíîé îáëàñòè ñîñòàâëåí íàáîð êðèòåðèåâ è îöåíîê äëÿ
ïðîâåäåíèÿ ñðàâíèòåëüíîãî àíàëèçà òåìàòè÷åñêèõ ìîäåëåé, èñ-
ïîëüçîâàíû êàê âíóòðåííèå îöåíêè, òàê è âíåøíèå (ýêñïåðòíîå
ìíåíèå). Ïîëó÷åííûé íàáîð îöåíîê áûë ïðèìåíåí ê òðåì òå-
ìàòè÷åñêèì ìîäåëÿì, îáó÷åííûõ ñ ïîìîùüþ òàêèõ àëãîðèòìîâ,
êàê LDA, LSI, NMF. Ìîäåëè îáó÷àëèñü íà ñîáðàííîì êîðïóñå
òåêñòîâ, ñâÿçàííûõ ñ òåìàòèêîé èçìåíåíèÿ êëèìàòà.
Êëþ÷åâûå ñëîâà: òåìàòè÷åñêîå ìîäåëèðîâàíèå, îáðàáîòêà
åñòåñòâåííîãî ÿçûêà, êîðïóñ òåêñòîâ, âíóòðåííÿÿ îöåíêà,
âíåøíÿÿ îöåíêà.

Ââåäåíèå

Åæåäíåâíî íàáëþäàåòñÿ óâåëè÷åíèå îáúåìà ïåðåäàâàåìûõ äàííûõ
[1], è áîëüøóþ èõ ÷àñòü ñîñòàâëÿåò òåêñòîâàÿ èíôîðìàöèÿ. Ïî ýòèì
ïðè÷èíàì íà ñåãîäíÿøíèé äåíü íàáèðàåò ïîïóëÿðíîñòü íàïðàâëåíèå
Natural Language Processing. Îäíî èç íàèáîëåå óçêèõ íàïðàâëåíèé â
NLP � ýòî òåìàòè÷åñêîå ìîäåëèðîâàíèå. Îíî ìîæåò ïîçâîëèòü èç áîëü-
øîãî êîëè÷åñòâà òåêñòîâîé èíôîðìàöèè âûäåëèòü êëàñòåðû òåì, êîòî-
ðûå îïèñûâàþòñÿ êëþ÷åâûìè ñëîâàìè, ÷òî ÿâëÿåòñÿ î÷åíü àêòóàëüíûì
ïðè èññëåäîâàíèè áîëüøèõ îáúåìîâ òåêñòîâîé èíôîðìàöèè. Íî â îá-
ëàñòè òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ñóùåñòâóåò ïðîáëåìà â îöåíêå è
ñðàâíåíèè ìîäåëåé. Íà äàííûé ìîìåíò íåò îáùåãî ïîäõîäà â ñðàâíåíèè
ðåçóëüòàòîâ ðàáîòû àëãîðèòìîâ òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Òàêîé
âûâîä áûë ñäåëàí íà îñíîâàíèè ëèòåðàòóðíîãî îáçîðà íàó÷íûõ ðàáîò
íà äàííóþ òåìó, à òàêæå ïðè îïðîñå ñîîáùåñòâà ñïåöèàëèñòîâ, çàíèìà-
þùèõñÿ òåìàòè÷åñêèì ìîäåëèðîâàíèåì. Â íàó÷íûõ ðàáîòàõ çà÷àñòóþ
èñïîëüçóþò òîëüêî âíóòðåííèå îöåíêè , à íà ïðàêòèêå ñïåöèàëèñòû
ñêëîííû ïðèìåíÿòü òîëüêî ñîáñòâåííóþ ýêñïåðòíóþ îöåíêó. Ïîýòîìó



54 Â. Å. Ñîëîïîâ, Ò. Â. Êàáàíîâà, Å.Þ. Ïåòðîâ

áûë ñîñòàâëåí íàáîð êðèòåðèåâ äëÿ ïîëó÷åíèÿ èíôîðìàöèè îá îáùåì
êà÷åñòâå ïîëó÷åííîé ìîäåëè è ñðàâíåíèÿ ñ äðóãèìè ìîäåëÿìè.

1. Âûáîð îöåíîê

Ïðè ïðîâåäåíèè ëèòåðàòóðíîãî îáçîðà áûëî èññëåäîâàíî ìíîæåñòâî
ïîäõîäîâ ê îöåíêå òåìàòè÷åñêèõ ìîäåëåé, êîòîðûå äåëÿòñÿ íà äâà êëàñ-
ñà: âíóòðåííèå è âíåøíèå. Äëÿ ïðîâåäåíèÿ äàííîé ðàáîòû ñðåäè îöåíîê
áûëè âûáðàíû: ñîãëàñîâàííîñòü, ðàçðåæåííîñòü, ñëîâåñíàÿ è òåìàòè÷å-
ñêàÿ èíòðóçèÿ [2]. Îñíîâàíèåì äëÿ âûáîðà ýòèõ ìåòîäîâ îöåíèâàíèÿ
òåìàòè÷åñêèõ ìîäåëåé ÿâëÿåòñÿ èõ ïðèêëàäíàÿ öåííîñòü. Äàííûå îöåí-
êè ëåãêî èíòåðïðåòèðóåìû, à òàêæå ïðîñòû â ïðèìåíåíèè.

Ñîãëàñîâàííîñòü è ðàçðåæåííîñòü � âíóòðåííèå îöåíêè, èñïîëüçó-
þùèå äëÿ âû÷èñëåíèé ðåçóëüòèðóþùóþ ìàòðèöó ìîäåëè. Ñîãëàñîâàí-
íîñòü îïèñûâàåò ÷àñòîòó âñòðå÷ ñëîâ â äîêóìåíòàõ â îäíîé òåìå, à ðàç-
ðåæåííîñòü èñïîëüçóåò ïðîöåíò ïóñòûõ çíà÷åíèé ðåçóëüòèðóþùåé ìàò-
ðèöû.

Ñëîâåñíàÿ è òåìàòè÷åñêàÿ èíòðóçèÿ � âíåøíèå îöåíêè, äëÿ âû÷èñëå-
íèÿ êîòîðîãî èñïîëüçóþò âîçìîæíîñòü èíòåðïðåòàöèè ðåçóëüòàòîâ ìî-
äåëåé ëþäüìè. Ñëîâåñíàÿ èíòðóçèÿ èçìåðÿåòñÿ çà ñ÷åò ïðîâåäåíèÿ òå-
ñòà, â êîòîðîì ýêñïåðòó ïîêàçûâàåòñÿ íàáîð ñëîâ, îïèñûâàþùèõ òåìó.
Cðåäè íèõ íåîáõîäèìî âûáðàòü ëèøíåå. Åñëè â áîëüøèíñòâå ñëó÷àåâ
ýòî óäàåòñÿ, òî òåìà íàèáîëåå èíòåðïðåòèðóåìîé. Èçìåðåíèå òåìàòè-
÷åñêîé èíòðóçèè ïðîâîäèòñÿ ïîõîæèì îáðàçîì ñ ïîìîùüþ ñîñòàâëåíèå
òåñòîâ. Â ýòîì ñëó÷àå ýêñïåðòó ïîêàçûâàåòñÿ ôðàãìåíò òåêñòà è êëþ-
÷åâûå ñëîâà èç íåñêîëüêèõ òåì. Ïðè ýòîì îäíà èç òåì íå ïðèñóòñòâóåò
â äàííîì ôðàãìåíòå è ýêñïåðòàì íóæíî âûÿâèòü ïîñòîðîííþþ òåìó.

Äàëåå íà îñíîâå ïîëó÷åííîãî íàáîðà îöåíîê ìû ïðîâåëè ýêñïåðèìåíò
ïî íàõîæäåíèþ äàííûõ îöåíîê äëÿ òåìàòè÷åñêèõ ìîäåëåé, îáó÷åííûõ
íà îäíîì íàáîðå äàííûõ, ÷òîáû ñðàâíèòü ðåçóëüòàòû ñ ñîáñòâåííûì
ýêñïåðòíûì ìíåíèåì î êà÷åñòâå ïîëó÷åííûõ ìîäåëåé.

2. Ñáîð è ïîäãîòîâêà äàííûõ

Äëÿ ïðîâåäåíèÿ ýêñïåðèìåíòà áûë ñîáðàí íàáîð ñîöèàëüíûõ âûñêà-
çûâàíèé íà òåìó èçìåíåíèÿ êëèìàòà ñ ïîìîùüþ ñèñòåìû ¾Êðèáðóì¿.
Äàííàÿ ñèñòåìà ñîáèðàåò äàííûå èç ðàçíûõ èñòî÷íèêîâ íà îñíîâå ïî-
èñêîâûõ çàïðîñîâ. Ñ ïîìîùüþ èòåðàòèâíîãî ðàñøèðåíèÿ èçíà÷àëüíîãî
íàáîðà çàïðîñîâ óäàëîñü ñîáðàòü 77635 çàïèñåé. Ñ ïîìîùüþ ìåòàäàí-
íûõ, ñîäåðæàùèõñÿ â çàïèñÿõ, áûëè ïîñòðîåíû äèàãðàììû, îïèñûâàþ-
ùèå ñîáðàííûé íàáîð. Ïðè èçó÷åíèè ìåòàäàííûõ áûëî âûÿâëåíî, ÷òî â
îñíîâíîì íàáîð ñîäåðæèò ðóññêîÿçû÷íûå çàïèñè èç ñîöèàëüíûõ ñåòåé.
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Ê ñîáðàííîìó íàáîðó äàííûõ ïðèìåíÿëèñü êëàññè÷åñêèå ñïîñîáû
ïðåäîáðàáîòêè òåêñòà, òàêèå êàê òîêåíèçàöèÿ, óäàëåíèå ðàçäåëèòåëåé è
òîêåíîâ äëèíîé ìåíüøå äâóõ, ïðèâåäåíèå ê îäíîìó ðåãèñòðó è òàê äàëåå.
Äàëåå äëÿ ñíèæåíèÿ èíôîðìàöèîííîãî øóìà áûëà ïðîâåäåíà ëåììàòè-
çàöèÿ � ìåòîä, ïðèâîäÿùèé ñëîâà ê íîðìàëüíîé ôîðìå. Ïðåèìóùåñòâî
ëåììàòèçàöèè â òîì, ÷òî â äàëüíåéøåì ïðè ýêñïåðòíîé îöåíêå òåìû
áóäóò áîëåå èíòåðïðåòèðóåìû, ÷åãî íåëüçÿ ñêàçàòü î ñòåììèíãå, êîòî-
ðûé îñòàâëÿåò òîëüêî îñíîâó ñëîâà. Òàêæå äëÿ î÷èñòêè êîðïóñà áûëî
èñïîëüçîâàíî óäàëåíèå ñòîï-ñëîâ � ñëîâ, êîòîðûå íå íåñóò â ñåáå çíà-
÷èìóþ èíôîðìàöèþ, äëÿ ýòîãî èñïîëüçîâàëñÿ ãîòîâûé íàáîð ñòîï-ñëîâ
äëÿ ðóññêîãî ÿçûêà. Èñïîëüçóåìûé íàìè íàáîð ðàñøèðÿëñÿ ñ ïîìîùüþ
àíàëèçà îáðàòíîé ÷àñòîòû äîêóìåíòîâ ïî ôîðìóëå:

IDF (ti, dj , D) = log2

( |D|
|tiεdj |

)
, (1)

ãäå D � íàáîð äîêóìåíòîâ, |tiεdj | � âñå äîêóìåíòû, â êîòîðûõ âñòðå÷à-
åòñÿ ti. Ïîñëå âû÷èñëåíèÿ IDF áûë ïîñòðîåí ãðàôèê ïëîòíîñòè ðàñïðå-
äåëåíèÿ (ðèñóíîê 1). Íà îñíîâå äàííîé ìåòðèêè ìîæíî îòñå÷ü îáùåóïî-

Ðèñ. 1. Ïëîòíîñòü ðàñïðåäåëåíèÿ ñëîâ ïî IDF

òðåáèòåëüíûå è ìåíåå óïîòðåáèòåëüíûå ñëîâà. Ïðè èçó÷åíèè ïëîòíîñòè
ðàñïðåäåëåíèÿ ñëîâ ïî IDF, áûëî ðåøåíî îòñå÷ü õâîñòû ðàñïðåäåëåíèé
� çíà÷åíèÿ íèæå äâóõ èëè âûøå äåñÿòè, òàê êàê ëåâûé õâîñò ðàñïðåäå-
ëåíèÿ íèæå äâóõ âåñüìà íåçíà÷èòåëåí, à ïðàâûé õâîñò ðàñïðåäåëåíèÿ
èìååò àíîìàëüíî âûñîêèå ïîêàçàòåëè IDF ïî ñðàâíåíèþ ñî âñåé âû-
áîðêîé. Ïîìèìî ïåðå÷èñëåííûõ ýòàïîâ áûëî èñïîëüçîâàíî âûÿâëåíèå
n-ãðàìì è äîáàâëåíèå èõ ê íà÷àëüíîìó ñïèñêó òîêåíîâ, à äëÿ âåêòîðèçà-
öèè îáðàáîòàííîãî êîðïóñà áûëè èñïîëüçîâàíû ìåòîäû BoW è TFIDF.
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3. Èñïîëüçóåìûå àëãîðèòìû òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

Íàèáîëåå ïîïóëÿðíûå â íàñòîÿùèé ìîìåíò ìåòîäû òåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ ìîæíî ðàçäåëèòü íà äâå îñíîâíûå ãðóïïû � àëãåáðàè-
÷åñêèå è âåðîÿòíîñòíûå (ãåíåðàòèâíûå) [3]. Âûáîð ìîäåëåé ïðîèñõîäèë
ïî ñëåäóþùèì êðèòåðèÿì: óïîìèíàíèÿì â íàó÷íîé ëèòåðàòóðå è óäîá-
ñòâî èñïîëüçîâàíèÿ. Â ðàáîòå èñïîëüçîâàëèñü äâå àëãåáðàè÷åñêèõ ìî-
äåëè: ëàòåíòíî-ñåìàíòè÷åñêîå èíäåêñèðîâàíèå (LSA), íåîòðèöàòåëüíîå
ìàòðè÷íîå ðàçëîæåíèå (NMF), à òàêæå îäíó âåðîÿòíîñòíóþ ìîäåëü: ëà-
òåíòíîå ðàçìåùåíèå Äèðèõëå (LDA). Ëàòåíòíî-ñåìàíòè÷åñêîå èíäåêñè-
ðîâàíèå èëè ëàòåíòíî-ñåìàíòè÷åñêèé àíàëèç, à òàêæå ëàòåíòíîå ðàçìå-
ùåíèå Äèðèõëå, ÿâëÿþòñÿ íàèáîëåå ïîïóëÿðíûìè â ñâîèõ ãðóïïàõ [3],
÷òî ñîîòâåòñòâóåò íàøåìó âûáîðó ìîäåëåé. Òàêæå äàííàÿ òðîéêà àë-
ãîðèòìîâ áûëà îïèñàíà àâòîðàìè â ðàáîòå [4], â ãëàâå î òåìàòè÷åñêîì
ìîäåëèðîâàíèè. Ïîìèìî ýòîãî âûáðàííûå àëãîðèòìû âîøëè â íàáîð ìå-
òîäîâ òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, êîòîðûå áûëè íàçâàíà îñíîâíûìè
â ðàáîòå [3]. Ýòè æå ìåòîäû îïèñûâàåò àâòîð ðàáîòû [5]. Íà ïðàêòè-
êå èñïîëüçîâàíèå òàêîé ñâÿçêè àëãîðèòìîâ îêàçàëîñü âåñüìà óäîáíûì,
òàê êàê âñå îíè áûëè ðåàëèçîâàíû â îäíîé áèáëèîòåêå Gensim íà ÿçû-
êå Python. Òàêîå ðåøåíèå âåñüìà óäîáíî, òàê êàê â êîäå èñïîëüçîâàíèå
êàæäîé ìîäåëè îïèñûâàåòñÿ ñõîæèì îáðàçîì, à òàêæå íå ïðèõîäèòñÿ
ïðèâîäèòü ðåçóëüòàòû ðàáîòû ê îäíîìó ôîðìàòó èëè èñïîëüçîâàòü ðàç-
íûå ÿçûêè ïðîãðàììèðîâàíèÿ.

4. Ïðîâåäåíèå ýêñïåðèìåíòà

Äëÿ âûÿâëåíèÿ èíòåðïðåòèðóåìîñòè ïîäîáðàííîãî íàáîðà îöåíîê
ìû îáó÷èëè øåñòü òåìàòè÷åñêèõ ìîäåëåé, òàê êàê äëÿ êàæäîãî èç
âûáðàííûõ àëãîðèòìîâ èñïîëüçîâàëîñü äâà âàðèàíòà âåêòîðèçàöèè ñî-
áðàííûõ äàííûõ. Â ïðîöåññå îáó÷åíèÿ ìîäåëåé äëÿ êàæäîãî èç âàðè-
àíòîâ áûë ïîäîáðàí âàæíåéøèé ãèïåðïàðàìåòð òåìàòè÷åñêîé ìîäåëè
- êîëè÷åñòâî òåì. Äàííîå çíà÷åíèå ïîäáèðàëîñü ñ ïîìîùüþ èçìåðåíèÿ
ìåòðèêè ñîãëàñîâàííîñòè äëÿ ðàçíûõ çíà÷åíèé êîëè÷åñòâà òåì. Ïî ðå-
çóëüòèðóþùèì ìàòðèöàì ïîëó÷åííûõ òåìàòè÷åñêèõ ìîäåëåé áûëè ïî-
ñ÷èòàíû âûáðàííûå âíóòðåííèå îöåíêè. Äàëåå ñ ïîìîùüþ îïèñàííûõ
ïîäõîäîâ, ïî âíåøíåé îöåíêå, áûëè ñîñòàâëåíû òåñòû. Ïîëó÷åííûå òå-
ñòû äëÿ âûÿâëåíèÿ ñëîâåñíîé è òåìàòè÷åñêîé èíòðóçèè áûëè ïðåäëîæå-
íû ïÿòè ëþäÿì, êîòîðûå íå ÿâëÿþòñÿ ýêñïåðòàìè â òåìàòè÷åñêîì ìîäå-
ëèðîâàíèè. Ïî ðåçóëüòàòàì òåñòèðîâàíèÿ ïîëó÷åíû ñëåäóþùèå çíà÷å-
íèÿ îöåíîê (ñì. òàáë. 1). Äàëåå äëÿ âñåõ îöåíîê áûëî ïîñ÷èòàíî ñðåäíåå
îáùåå çíà÷åíèå äëÿ óäîáñòâà ñðàâíåíèÿ ìîäåëåé (ñì. òàáë. 2).
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Òàáëèöà 1
Ðåçóëüòàòû îöåíîê

Ìîäåëü/
Âåêòî-
ðèçàöèÿ

Êîë-
âî
òåì

Ñîãëà-
ñîâàí-
íîñòü
(%)

Ðàçðå-
æåí-
íîñòü
(%)

Ñëîâåñíàÿ
èíòðóçèÿ
(%)

Òåìàòè÷åñêàÿ
èíòðóçèÿ
(%)

LDA/BoW 6 62 70 26.48 100
LDA/TF-IDF 12 58 76 43.4 80
LSA/BoW 9 50 31 24.2 0
LSA/TF-IDF 21 53 34 34.2 60
NMF/BoW 10 65 77 38 60
NMF/TF-IDF 18 58 79 23 100

Òàáëèöà 2
Ñðåäíåå ïî ðåçóëüòàòàì îöåíîê

Ìîäåëü
Âåêòî-
ðèçàöèÿ

Êîë-âî
òåì

Ñðåäíÿÿ
îöåíêà
(%)

LDA BoW 6 64.62
LDA TF-IDF 12 64.35
LSA BoW 9 26.32
LSA TF-IDF 21 45.3
NMF BoW 10 60
NMF TF-IDF 18 65

Ïî òàáëèöå âèäíî, ÷òî íàèáîëüøóþ îöåíêó ïîëó÷èë âàðèàíò îáó-
÷åíèÿ ìîäåëè ñ ïîìîùüþ àëãîðèòìà NMF íà êîðïóñå, òåêñòû êîòîðî-
ãî áûëè âåêòîðèçîâàíû ñ ïîìîùüþ TF-IDF. Íî ïðè ðàññóæäåíèÿõ î
ðåëåâàíòíîñòè èñïîëüçóåìûõ íàìè îöåíîê ìû ïîñ÷èòàëè, ÷òî âàðèàíò
LDA ñ âåêòîðèçàöèåé TF-IDF ëó÷øå ñïðàâëÿåòñÿ ñ èçâëå÷åíèåì òåì èç
íàøåãî êîðïóñà òåêñòîâ, òàê êàê èòîãîâàÿ îöåíêà îòëè÷àåòñÿ âñåãî íà
0.65. Çàòî îöåíêà ñëîâåñíîé èíòðóçèè � ìàêñèìàëüíàÿ ñðåäè ðàññìàò-
ðèâàåìûõ âàðèàíòîâ. Âûâîä î çíà÷èìîñòè äàííîé îöåíêè ìû ñäåëàëè
ïîñëå îáñóæäåíèÿ ñ ïðèâëå÷åííûìè ýêñïåðòàìè, à òàêæå ïðè ñîáñòâåí-
íîì èçó÷åíèè ïîëó÷åííûõ òåì. Ðàñõîæäåíèå îöåíîê ñ ñîáñòâåííûìè çà-
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êëþ÷åíèÿìè ãîâîðèò î òîì, ÷òî âûáðàííûé íàìè íàáîð îöåíîê òðåáóåò
ïîäáîðà âåñîâ â ñîîòâåòñòâèè ñî çíà÷èìîñòüþ äëÿ êàæäîãî êðèòåðèÿ.

Çàêëþ÷åíèå

Â ðåçóëüòàòå ðàáîòû áûë ïîäîáðàí íàáîð îöåíîê äëÿ òåìàòè÷åñêèõ
ìîäåëåé è ïðîâåäåí ýêñïåðèìåíò ïî èõ èñïîëüçîâàíèþ. Áûë ñîáðàí è
îáðàáîòàí íàáîð äàííûõ ïî òåìàòèêå èçìåíåíèÿ êëèìàòà, íà êîòîðîì
áûëè îáó÷åíû ðàçíûå âàðèàíòû òåìàòè÷åñêèõ ìîäåëåé, ïîñëå ÷åãî ê èõ
ðåçóëüòàòàì áûë ïðèìåíåí ïîäîáðàííûé íàìè íàáîð îöåíîê. Ñäåëàíû
âûâîäû, î òîì, ÷òî ïðåäëîæåííûé íàáîð îöåíîê íóæäàåòñÿ â äîðàáîòêå
â ñîîòâåòñòâèè ñ ðåëåâàíòíîñòüþ èñïîëüçóåìûõ êðèòåðèåâ.
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This paper analyses a discrete-time (s, S) inventory model with per-
ishable items having a common life time. Demand is assumed to be
a Bernoulli process and service time and lead-time follow geometric
distributions. The customer has a choice to accept or reject an item
by considering its remaining lifetime. The Matrix Analytic Method
is used to analyze the model. Numerical experiments are conducted
by considering a suitable cost function on the basis of the relevant
performance measures. Keywords: bernoulli process, perishable
inventory, age-dependent demand, matrix analytic method.

Introduction

In the present day highly competitive market scenario, people are much
concerned about the manufacturing date and expiration date of commodities
they purchase. The customer’s concern about his/her health demands the
availability of fresh items in stock. The present model is relevant and which
is applicable in the case of managing baked items, tin food, processed meat
and fish, cosmetics, medicines, etc.

A perishable inventory model with positive lead time was first introduced
by Nahmias(1979)[1]. Deteriorating inventory system considering demand
for items as a linear function of time was first studied by Dave and Pa-
tel(1981)[2]. Pal(1989)[3] considered a deteriorating item inventory model
with Positive lead time and without fixed ordering cost. Anilkumar and
Jose(2020)[4] studied a Geo/Geo/1 inventory system with local purchase.
In recent work, Adrian(2021) [5] developed a perishable inventory model
by considering two types of degradations both physical and freshness con-
ditions of an inventory. Chen J. and et. al. (2016)[6] proposed an EOQ
model considering expiry date and displayed volume as the major factors of
demand. Dobson et. al.(2007) [7] studied a single item perishable inventory
model considering the product’s lifetime. A recent work on Discrete time
queues was by Anilkumar and Jose (2021)[8] by introducing self interrup-
tion in priority queues. Feng et. al.(2017)[9] proposes an inventory model
considering demand as a function of freshness, displayed stock, and price.
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In this paper, we extend the concept of the age-dependent model by
giving a choice to the customer. He or she can accept or reject an item
whose remaining lifetime is known. We assume that the probability that a
customer accepts a product will reduce with increasing age.

1. Mathematical Modelling and Analysis

In this model, we study a discrete-time (s, S) perishable inventory model
with positive service time and positive lead time. The arrival is assumed to
be a Bernoulli process with parameter a. Both service time and lead time
are assumed to be geometric with parameters b and c respectively. When
the lead time is realized we will discard all the items already in the inventory
so that the remaining new items have a common lifetime m. A customers
demand is for exactly one item and the customer is not allowed to join the
system when the inventory level is zero.

We hypothesize that the demand depends on age. The age of the fresh
items in the inventory is assumed to be m units and after which the item
becomes spoiled. We assume that the customer’s decision to buy a product
depends on the freshness of the product. We assume that when the product
is fresh the probability that the customer choose them is high and there is
a high probability that a customer not buy a product whose expiry date is
near. For an item with remaining lifetime i, where i = 1, 2, 3, . · · · ,m, we
assume that the customer will choose the item with probability βi and not
choose the item with probability 1− βi.

Notations

Xn : Number of customers in queue at an epoch n.

Yn : Inventory level at the epoch n.

Zn : The remaining life of the product at an epoch n.

e : (1, 1, 1, ..., 1)′, column vector of 1’s of size Sm+ 1.

Then Ψ = {(Xn, Yn, Zn);n = 0, 1, 2, 3, ..} is a Quasi-Birth-Death Process
on the state space

E = {(i
′
, j

′
, k

′
), i

′
≥ 0, 0 ≤ j

′
≤ S, 1 ≤ k

′
≤ m}}.

Now the transition probability matrix of the process is
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P =



0 1 2 3 . . . .

0 C1 C0

1 A2 A1 A0

2 A2 A1 A0

3 A2 A1 A0
...

. . .
. . .

. . .



where the blocks A0, A1, A2 are square matrices whose (j, k)th element
with phase i is given below. Here j∗ = j − (i− 1)m− 1, i∗ = (i− 1)m,
β∗ = βj∗b+ β̄j∗, β ∗ ∗ = (ab+ āb̄)βj∗b+ aβ̄j∗ and δ = aβ̄j∗ + āβj∗b̄.

A2(j, k) =



c̄, if j = 1; k = 1

āc, if i = 1, · · · , s; j = i ∗+2; k = Sm+ 1

ācβ∗, if i = 1, · · · , s; j = i ∗+3, · · · , im+ 1; k = Sm+ 1

āc̄, if i = 1, · · · , s; j = i ∗+2; k = 1

āβj−1bc̄, if i = 2, · · · ,m; j = i+ 1; k = 1

āβ̄j∗c̄, if i = 1, · · · , s; j = i ∗+3, · · · , im+ 1; k = j − 1

āβ̄j∗, if i = s+ 1, · · · , S; j = i ∗+3, · · · , im+ 1; k = j − 1

ā, if i = s+ 1, · · · , S; j = i ∗+2; k = 1

āβj∗bc̄, if i = 2, · · · , s; j = i ∗+3, · · · , im+ 1; k = j −m− 1

āβj∗b, i = s+ 1, · · · , S; j = i ∗+3, · · · , im+ 1; k = j −m− 1

0, otherwise

A1(j, k) =



c, if j = 1; k = Sm+ 1

ac, if i = 1, · · · , s; j = i ∗+2; k = Sm+ 1

cβ ∗ ∗, if i = 1, · · · , s; j = i ∗+3, · · · , im+ 1; k = Sm+ 1

ac̄, if i = 1, · · · , s; j = i ∗+2; k = 1

aβj−1bc̄, if i = 2, · · · ,m; j = i+ 1; k = 1

δc̄, if i = 1, · · · , s; j = i ∗+3, · · · , im+ 1; k = j − 1

δ, if i = s+ 1, · · · , S; j = i ∗+3, · · · , im+ 1; k = j − 1

a, if i = s+ 1, · · · , S; j = i ∗+2; k = 1

aβj∗bc̄, if i = 2, · · · , s; j = i ∗+3, · · · , im+ 1; k = j −m− 1

aβj∗b, i = s+ 1, · · · , S; j = i ∗+3, · · · , im+ 1; k = j −m− 1

0, otherwise
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A0(j, k) =


aβj∗b̄c, if i = 1, 2, · · · , s; j = i ∗+3, · · · , im+ 1; k = Sm+ 1

aβj∗b̄c̄, if i = 1, · · · , s; j = i ∗+3, · · · , im+ 1; k = j − 1

aβj∗b̄, if i = s+ 1, · · · , S; j = i ∗+3, · · · , im+ 1; k = j − 1

0, otherwise

2. Stability Condition

The stability of the considered queueing inventory model is the same as
that of ordinary discrete-time Geo/Geo/1 queue with inter-arrival time and
service time being geometrically distributed with parameters say a and b
respectively. Then, the system is stable if a < b.

3. Steady-State Analysis

We use Matrix Geometric Method for analyzing the model.

4. System Performance Measures

We, partition the stationary probability vector π as π = (π0, π1, π2 . . . )
and πi = (πi0, πi11 . . . , πi1m, πi21 . . . , πi2m, . . . , πiS1 . . . , πiSm)(i ≥ 0). The
performance measures of the system under steady state are

1) Expected inventory level,

EI =

∞∑
i=1

S∑
j=1

m∑
k=1

jπijk

2) Expected reorder rate,

ER =

∞∑
i=0

S∑
j=s+1

πij1 +

∞∑
i=0

m∑
j=1

βkbπi(s+1)k

3) Expected loss rate of customers

EL = a

∞∑
i=0

πi0

4) Expected number of customers waiting in the system when the inve-
tory level is zero,

EW =

∞∑
i=1

iyi0
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5) Expected perishable Quantity,

EPQ =

∞∑
i=1

S∑
j=1

jβ̄1πij1 +

∞∑
i=1

S∑
j=1

(j − 1)β1πij1 +

S∑
j=1

jπ0j1

5. Cost Analysis

Define the expected total cost of the system per unit time as

ETC = [co + Sc1](ER) + c2(EI) + c3(EW ) + c4(EL) + c5(EPQ)

where,
c0 : The fixed ordering cost
c1 : Procurement cost/unit
c2 : Holding cost of inventory/unit/unit time
c3 : Holding cost of customers/unit/unit time
c4 : Cost due to loss of customers/unit/unit time
c5 : Disposal cost/unit Perished

6. (s, S) Pair

For fixed parameter values, the optimal (s, S) pair is given in the follow-
ing table.

Table 1
a = 0.3, b = 0.8, c = 0.6,m = 15, c0 = 50, c1 = 15, c2 = 4, c3 = 3, c4 = 15, c5 = 1

s S 14 15 16 17 18
6 52.5199 52.2080 53.0113 54.9641 57.9154
7 58.8076 57.2699 56.7648 57.4316 59.2979
8 66.5386 63.8129 62.0200 61.3216 61.8519
9 75.8634 71.8685 68.8181 66.7700 65.8785
10 87.4268 81.6039 77.1983 73.8233 71.5200

Concluding Remarks

In this article, we studied a discrete (s, S) perishable inventory system
with positive service times and positive lead times. The primary demand
constitutes a geometric process. Service time follows a geometric distri-
bution. We analyzed the system using Matrix Analytic Method. Some
important system performance measures are derived. The expression for
expected total cost is also obtained. One can modify this model by allowing
backlog when the inventory level is zero.
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Federation

Shifted exponential distribution arises in many real-life cases in-
cluding point processes in vehicular traffic control problems. We
develop a new Goodness-of-Fit (GoF) test for composite hypothesis
of shifted exponential probability distribution. The test is based on
on the conditional distribution of the sample given sufficient statis-
tics. This approach was advicated by R.A. Fisher but is less used
than parameter estimation and Monte-Carlo technique to obtain p-
values, or searches for characterizations of parametric distribution
families and construction of test statistics from such a characteriza-
tion. We apply the developed GoF test to vehicular data and pro-
vide the limiting autocovariance finction for the empirical processes
involved. Keywords: goodness-of-fit test, exponential distribution
with shift, sufficient statistics, conditional distribution, empirical
process.

Introduction

One of important tasks of applied mathematical statistics is develop-
ment of goodness-of-fit tests for composite hypotheses of given parametric
family of probability distributions. When using parameters estimates in
place of unknown parameters, popular Pearson’s chi-square test and one-
sample Kolmogorov test suffer from spoiled distribution of its test statistics
under true null hypothesis (cf. e.g. [1]). To resolve this issue, specialized
goodness-of-fit tests have been developing for popular parametric families
of distribution, e.g. gaussian, exponential, poissonian etc.

Let us focus on the family of exponential distribution with a shift. For
example, one needs to test for exponentiality with a shift when composing
a non-local description for point processes on a line [2]. A useful hack is
recommended in [3]: the least sample value is subtracted from each sam-
pled value, and the zero result then excluded from the sample. Thus the
sample size is reduced by one. Then under the null hypothesis the remain-
ing differences remain i.i.d. and belong to a zero-shift exponential family
with the same rate parameter. Now, any of composite hypothesis tests for
exponentiality, e.g. collected in [4, 5, 6], can be applied.
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In the present work we construct a test based on the conditional dis-
tribution of the sample conditioned on sufficient statistics, and inverstigate
some of its asymptotic properties. Finally, the test is applied to vehicular
traffic data from [2].

1. The test

Let X1, X2, . . . , Xn be i.i.d. random variables with the probability
density

f(x) =

{
0 if x < θ,

λeλ(θ−x) if x ⩾ θ

with some λ > 0, −∞ < θ < θ. By the factorization criterion, statistics

T (x1, . . . , xn) = min{x1, . . . , xn},
S(x1, . . . , xn) = x1 + . . .+ xn

are sufficient statistics for the vector parameter (θ, λ).
Let us recall that the maximum likelihood estimators are

θ̂(x1, . . . , xn) = x(1),

λ̂(x1, . . . , xn) =
n

S(x1, . . . , xn)− nT (x1, . . . , xn)
.

We want to find a representation of the conditional distribution of the ran-
dom variables X1, . . . , Xn given T (X1, . . . , Xn) = t and S(X1, . . . , Xn) = s.

Let us assume in what follows that the sample size n ⩾ 3. No-
tice that there’s a unique with probability one index r such that Xr =
min{X1, . . . , Xn}. Let us introduce new random variables Y1, . . . , Yn−2 as
follows:

Yj =

{
Xj −Xr, Xr = min{X1, . . . , Xn}, j < r

Xj+1 −Xr, Xr = min{X1, . . . , Xn}, j ⩾ r.

Theorem 1. The joint density of (Y1, . . . , Yn−2, T, S) is

fY1,...,Yn−2,T,S(y1, . . . , yn−2, t, s) =

=


nλneλ(nθ−s) if y1 ⩾ 0, . . . , yn−2 ⩾ 0, t > θ,

y1 + . . .+ yn−2 + nt ⩽ s;

0 otherwise.
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The marginal density of (T, S) for t > θ, s > nt is

fT,S(t, s) =
nλn(s− nt)n−2

(n− 2)!
e−λ(nθ−s)

The conditional density of Y1, . . . , Yn−2 given T = t, S = s, t > θ, and
s > nt equals

fY1,...,Yn−2
(y1, . . . , yn−2 | T = t, S = s) =

=


(n− 2)!

(s− nt)n−2
if y1 > 0, . . . , yn−2 > 0, y1 + . . .+ yn−2 < s− nt;

0 otherwise.

We see that the conditional distribution of the vector (Y1, . . . , Yn−2)
coincides with the probability distribution of a vector

(U(1), U(2) − U(1), . . . , U(n−2) − U(n−3))

where U(1), . . . , U(n−2) are the order statistics from the (n − 2) values
sampled form the uniform distribution in the interval (0, s− nt).

A sampling algorithm is given in the followins theorem.

Theorem 2. Let T = t and S = s. Put, by definition, Y1 = U(1),
Y2 = U(2) − U(1), . . . , Yn−2 = U(n−2) − U(n−3) as above. Set (X ′

1, . . . , X
′
n)

equal to any of hk(Y1, . . . , Yn−2, T, S), k = 1, 2, . . . , n with equal proba-
bility 1/n. Then (X ′

1, . . . X
′
n) has the same joint probability distribution as

(X1, . . . , Xn) conditioned on T and S.

As usual, denote by F̂n(u;x1, x2, . . . , xn) the empirical cumulative dis-
tribution function from a sample x1, x2, . . . , xn, and let

F0(u; θ, λ) =

{
0, u < θ,

1− eλ(θ−u), u ⩾ θ

be the probability distribution function for the shifted exponential distribu-
tion with shift θ and rate λ.

To test for exponential distribution with a shift, let us consider the
Kolmogorov statistic

Dn(x1, . . . , xn) = sup
−∞<u<∞

∣∣F̂n(u;x1, . . . , xn)−

F0(u;T (x1, . . . , xn), (S(x1, . . . , xn)/n− T (x1, . . . , xn))
−1)
∣∣ (1)
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and build a test with critical domain Dn(x1, . . . , xn) > Dn,α where the
critical threshold Dn,α is selected to deliver the significance level α:

PH0

(
Dn(X1, . . . , Xn) > Dn,α

∣∣T (X1, . . . , Xn) = t, S(X1, . . . , Xn) = s
)
= α.

With respect to the conditional distribution, the random variables X1, . . . ,
Xn are statistically dependent, hence the probability distribution of Dn

under H0 differs from the Kolmogorov distribution. To determine the upper
quantile Dn,α (or to estimate the p-value) one needs to sample from the
conditional distribution in order to obtain a sample distribution of Dn.

2. Numerical example

In [2], another study of the Bartlett’s Traffic data [7] was conducted. The
stop line crossing times reported in [7], were grouped into vehicle batches
using a sophisticated algorithm, and the following time intervals between
’slow vehicles’ in the head of each batch were obtained (read along lines):

44.4, 112.9, 38.7, 53.9, 36.8, 40.1, 70.5, 73.5, 23.7, 23.8, 33.1, 72.2, 87.1,

32.4, 72.6, 119.8, 19.6, 46.6, 134.2, 22.8, 44.4, 51.5, 28.7, 45.2, 75.7, 55.7,

101, 33, 66.4, 58.1, 37.5, 19.4, 29.3, 34.9, 50.6, 29.7, 73.5.

The empirical cumulative distribution function is shown in Fig. 1 with an
shifted exponentila probability distribution function added. Here the sample
size is m = 37 and the sufficient statistics take on the values T = 19.4,
S = 1993.3. The Kolmogorov–Smirnov test statistics equals 0.61627 and
the Monte-Carlo estimate for p-value is 0.647. Hence, the null hypothesis
of exponential distribution with a shift must be accepted.

3. Asymptotic property of empirical process

The test statistic (1) can be written as

Dn(x1, . . . , xn) = sup
0<z<1

∣∣∣ 1
n

n∑
i=1

I
( xi − t

s− nt
< − ln(1− z)

n

)
− z
∣∣∣.

Let Y1, Y2, . . . , Yn−1 be the lengths of intervals obtained from dropping
at random of (n− 2) points on the unit interval (0, 1). Then the probabil-
ity distribution of the random variable Dn(X1, . . . , Xn) coincides with the
probability distribution of

sup
0<z<1

∣∣∣ 1
n
+

1

n

n−1∑
i=1

I
(
Yi < − ln(1− z)

n

)
− z
∣∣∣.
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Figure 1. Empirical cumulative distribution function for intervals between ‘slow’
vehicles (on the left) vs empirical density for the Kolmogorov–Smirnov test statis-
tic and its value for the discussed data (on the right)

Let us consider the empirical process

ζn(z) =
√
n
( 1
n

n−1∑
i=1

I
(
Yi < − ln(1− z)

n

)
− z
)
, 0 < z < 1.

Theorem 3. We have:

Eζn(z) =
√
n
(n− 1

n

(
1−

(
1 +

ln(1− z)

n

)n−2)
− z
)
,

Eζn(z1)ζn(z2) =
n− 1

n

(
1−

(
1 +

ln(1−min(z1, z2))

n

)n−2)
+

+
(n− 1)(n− 2)

n

(
1−

(
1 +

ln(1− z1)

n

)n−2

−
(
1 +

ln(1− z2)

n

)n−2

+

+
(
1 +

ln
(
(1− z1)(1− z2)

)
n

)n−2)
− z1(n− 1)

(
1−

(
1 +

ln(1− z2)

n

)n−2)
−

−z2(n− 1)
(
1−

(
1 +

ln(1− z1)

n

)n−2)
+ nz1z2.

The proof relies on complex integral representation for mathematical
expectation of functions of Y1, . . . , Yn−1 [8]. As a corollary, as n → ∞,
covariance cov(ζn(z1), ζn(z2)) tends to

min(z1, z2)− z1z2 − ((1− z1) ln(1− z1))((1− z2) ln(1− z2)),

and the limiting distribution of the empirical process ζn(z), 0 < z < 1
cannot be a Brownian bridge as in the classical Kolmogorov test.
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4. Conclusion

We have devepoled a test for the composite hypothesis of shifted expo-
nential distribution. So far its p-value can by found only by Monte-Carlo
simulation, since the limiting empirical process in not a Brownian bridge.
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In this paper, a MAP/PH(1), PH(2)/2 multiple vacations produc-
tion inventory model is considered in which time between successive
arrivals follow MAP, both the production facility and the two het-
erogeneous servers avail multiple vacations. Servers have a phase
type distributed service time and the time for producing an item
is exponentially distributed. Once the stock level of goods reaches
S, the production unit goes on vacation and if the stock level of
goods drops to s when returning after the vacation, the production
unit will start production until the inventory level reaches S. The
production unit will go back to another vacation if the stock level
of goods is greater than s, even after returning from vacation. The
algorithmic solution to the model is obtained by Matrix Geomet-
ric Method. Keywords: production inventory, multiple servers,
multiple vacations, cost analysis, production vacation.

Introduction

Production vacation is the cessation of production for a short period of
random length. In the production process, the strategy of most manufac-
turing companies is to produce products based on customer demand, stock
items at that level, and then start production based on demand. Servers
may take a vacation due to system outages or other tasks assigned to them.
Levy and Yechiali [5] were the first to study the queueing systems with
one or more vacations. Manna et.al [6] discussed a single item imperfect
production system in which the demands depend upon the rate of advertise-
ment and the rate of producing defective items depends on the production
rate. Goyal and Giri [2] analyzed a production–inventory problem in which
the demand, production, and deterioration rates vary with time, and short-
ages are allowed. A production inventory system with multiple servers and
varying production rate was discussed by Beena and Jose [1]. A produc-
tion control inventory model for deteriorating items in which two different
rates of production are discussed by Ajantha Roy and Samantha [8]. They
reached the conclusion that the two different production rates will yield
more profit and customer satisfaction than the single-production rate. Yue
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and Qin [9] analyzed a production inventory system with production time
and production vacation times exponentially distributed and service time
positive. Krishnamoorthy et al. [4] considered a production inventory sys-
tem in which the production time of each item and service time follow Erlang
distributions. Jose and Beena [3] studied production inventory model with
retrial and server vacations.

1. Description of the Model

Two heterogeneous server (s, S) production inventory model that pro-
duces a single type of product is considered, in which customers enter into a
system according to the Markovian arrival process (MAP ) with D0 and D1

as its parametric matrices having dimension l. The servers recommended
a heterogeneous phase type distributed service time with representation
(α, S)m and (β, T )n respectively. The time required for the machine to
build an item follows an exponential distribution with the rate η. The
server will go on multiple vacations when there are no customers in the sys-
tem or the stock runs out or there is no stock and customers in the system.
Servers returning after vacation will restart service only when the stock level
is positive and customers are waiting on the system. Otherwise, the servers
will go back to vacation and this pattern will continue until the customer
level and stock level are positive. The duration of the vacation time of both
servers is exponentially distributed with parameters θ1 and θ2. Once the
stock level of goods reaches S, the production unit goes on vacation with an
exponentially distributed rate θ. On return from the vacation, if the stock
level of goods drops to s, the production unit will start production until
the inventory level reaches S. The production unit will go back on another
vacation of random duration having the same distribution rate if the stock
level of goods is greater than s, even after returning from vacation.

2. Analysis

The notations and assumptions used in this model are
N(t) indicates the number of customers in the system at time t, I(t) describes
the level of stock at time t, C(t) indicates the status of servers 1 and 2,
F(t) denotes the production status, J0(t) indicates the phase of the arrival
process, J1(t) and J2(t) indicate the phases of the service processes of servers
1 and 2, e1,e2 and e3 are column vectors of appropriate dimensions.
The process {X(t) = (N(t), C(t), F (t), I(t), J0(t), J1(t), J2(t)), t ≥ 0} is a
continuous time Markov chain with state space

Ω = l(0) ∪ l(1) ∪ l(2) ∪ l(3),
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l(0) = (i, 0, 0, k, j0)|0 ≤ k ≤ S ∪ (i, 0, 1, k, j0)|0 ≤ k ≤ S − 1; i ≥ 0

l(1) = (i, 1, 0, k, j0, j1)|1 ≤ k ≤ S ∪ (i, 1, 1, k, j0, j1)|1 ≤ k ≤ S − 1; i ≥ 1

l(2) = (i, 2, 0, k, j0, j2)|1 ≤ k ≤ S ∪ (i, 2, 1, k, j0, j2)|1 ≤ k ≤ S − 1; i ≥ 1

l(3) = (i, 3, 0, k, j0, j1, j2)|2 ≤ k ≤ S ∪ (i, 3, 1, k, j0, j1, j2)|2 ≤ k ≤ S − 1; i ≥ 2

where 1 ≤ j0 ≤ l, 1 ≤ j1 ≤ m, 1 ≤ j2 ≤ n.
Now the infinitesimal generator of the process is

Q =


B00 B01 0 0 0 . . .
B10 B11 B12 0 0 . . .
0 B21 A1 A0 0 . . .
0 0 A2 A1 A0 . . .
...

...
...

...
...

. . .


where A0, A1, A2 are square matrices of order 8S − 4.

Stability Analysis and Steady state probability vector
To prove the stability of the system, define a transition rate matrix A = A0+
A1+A2. A is irreducible so there exists a steady state probability vector π =
(π[c], c = 0, 1, 2, 3) which confirms πA = 0 and πe = 1. The necessary and
sufficient condition required by the system to reach the stability condition
is πA0e < πA2e (refer Neuts [7]). The transition probability vector of Q
is
x = (x0, x1, . . . ). The sub vectors of x can be derived by using

xi = xi−1 ∗R, i = 3, 4, 5 . . . (1)

where R is the minimal non-negative solution to the matrix quadratic equa-
tion R2A2 +RA1 +A0 = 0. The vectors x0, x1, x2 and xi, i ≥ 3 can be
calculated using equations 1,2,3,4 and 5.

x0B00 + x1B10 = 0 (2)

x0B01 + x1B11 + x2B21 = 0 (3)

x1B12 + x2[A1 +RA2] = 0 (4)

and
x0e3 + x1e1 + x2(I −R)−1e2 = 1 (5)

3. Performance Measures

(i) Expected number of buyers in the system,

EEC = x1e2 + x2[2(I −R)−1 +R(I −R)−2]e1
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(ii) Expected inventory level,

EEI =

∞∑
i=0

S∑
k=1

l∑
j0=1

kyi,0,0,k,j0 +

∞∑
i=0

S−1∑
k=1

l∑
j0=1

kyi,0,1,k,j0

+

∞∑
i=1

S∑
k=1

l∑
j0=1

m∑
j1=1

kyi,1,0,k,j0,j1 +

∞∑
i=1

S−1∑
k=1

l∑
j0=1

m∑
j1=1

kyi,1,1,k,j0,j1

+

∞∑
i=1

S∑
k=1

l∑
j0=1

n∑
j2=1

kyi,2,0,k,j0,j2 +

∞∑
i=1

S−1∑
k=1

l∑
j0=1

n∑
j2=1

kyi,2,1,k,j0,j2

+

∞∑
i=2

l∑
j0=1

m∑
j1=1

n∑
j2=1

[ S∑
k=1

kyi,3,0,k,j0,j1,j2 +

S−1∑
k=2

kyi,3,1,k,j0,j1,j2

]

(iii) Expected number of departures after completing service,

EEDS =

∞∑
i=1

S∑
k=1

yi,1,0,k(Il ⊗ S0)e+

∞∑
i=1

S−1∑
k=1

yi,1,1,k(Il ⊗ S0)e+

+

∞∑
i=1

S∑
k=1

yi,2,0,k(Il ⊗ T 0)e+

∞∑
i=1

S−1∑
k=1

yi,2,1,k(Il ⊗ T 0)e

+

∞∑
i=2

[ S∑
k=1

yi,3,0,k +

S−1∑
k=2

yi,3,1,k

]
(Il ⊗ (S0 ⊕ T 0))e

(iv) Mean Production rate,

EEP = η

[ ∞∑
i=0

S−1∑
k=0

yi,0,1,k +

∞∑
i=1

S−1∑
k=1

[yi,1,1,k + yi,2,1,k] +

∞∑
i=2

S−1∑
k=2

yi,3,1,k

]

4. Cost Analysis

The expected total cost (Tcost) of the system per unit per unit time is
given by Tcost = c1EEC + c2EEDS + c3EEI + c4EEP where, c1= holding
cost of customers per unit per unit time, c2= cost due to service per unit
per unit time, c3= holding cost of inventory per unit per unit time, c4=
cost of manufacturing per unit per unit time.
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Different combinations of arrival processes are
1. Hyper- exponential of order 2 :

D0 =

[
−5.5 0
0 −0.55

]
, D1 =

[
4.67855 0.82145
0.467855 0.082145

]
2. Erlang of order 2 :

D0 =

[
−4.6924 4.6924

0 −4.6924

]
, D1 =

[
0 0

4.6924 0

]
3. Exponential : D0 = [−2.3462], D1 = [2.3462]
4. Map with negative correlation :

D0 =

−1.195 1.195 0
0 −128 0
0 0 −128

 , D1 =

 0 0 0
1.5 0 126.5
126.5 0 1.5


5. Map with positive correlation :

D0 =

−1.195 1.195 0
0 −128 0
0 0 −128

 , D1 =

 0 0 0
126.5 0 1.5
1.5 0 126.5


Three different Phase -type service processes are
1. Erlang distribution :

α =
[
1 0

]
, β =

[
1 0

]
, S =

[
−5.1613 5.1613

0 −5.1613

]
,

T =

[
−5.0746 5.0746

0 −5.0746

]
2. Hyper exponential :

α =
[
0.8 0.2

]
, β =

[
0.7 0.3

]
, S =

[
−4.2665 0

0 −1

]
,

T =

[
−7.437 0

0 −1

]
3. Exponential distribution :
α = [1], β = [1], S = [−2.5806], T = [−2.5373]

Concluding Remarks

In the present scenario, it is highly recommended to study the impact
of providing vacation to both production and servers. Further studies can
be made by introducing the Markovian Production Process and Phase type
distributed lead time.
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A retrial inventory system with an additional control policy for ser-
vice pattern is presented in this article. An arriving customer who
finds the server busy joins a buffer of finite size. The server only
starts to offer service when N customers have accumulated in the
buffer and it shuts down when the buffer is empty or the inventory
drops to zero. Using the Lyapunov test function and the Neuts-
Rao truncation approach, respectively, the stability of the system
and steady state probability vectors are determined. Several per-
formance measures and a suitable cost function were obtained.
Keywords: retrial inventory, N-Policy, Neuts-Rao truncation
method.

1. Introduction

Many real-world day-to-day, as well as industrial situations, involve re-
trial queueing problems. The most common issue involved in the retrial
queueing system is controlling the admission and service of the customers.
Control policies for queuing systems are widely applicable in wireless com-
munication networks, manufacturing systems, computer systems, produc-
tion systems, etc.

Artalejo, Krishnamoorthy, and Lopez-Herrero [1] were the first attempt
to study inventory policies with positive lead-time and retrial of customers.
Krishnamoorthy and Jose [3] analyzed and compared three production in-
ventory systems with positive service time and retrial of customers. Salini
and Jose [2] analyzed a MAP/PH/1 production inventory model with retrial
of customers and varying service rates.

The concept of N-policy was first introduced in 1963 by Yadin and
Naor [7] in queuing literature to minimize the total operational cost in a
cycle. Tao et.al [4] studied M/M/1 Retrial Queue with Working Vacation
Interruption and Feedback under N-Policy. Thresiamma and Jose [5] in-
troduced the N policy on production inventory system with positive service
time. They observed that introducing the N policy to production inventory
will reduce the total cost. In this paper, we introduce N-policy to a retrial
inventory system with a finite buffer.
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2. Mathematical Modelling and analysis of the problem

We Consider an (s, S) retrial inventory system with a finite buffer of size
S and orbit of infinite capacity. An arriving customer joins the buffer. The
server only starts to offer service when N customers have accumulated in the
buffer, and it shuts down when the buffer is empty or the inventory drops
to zero. When the buffer overflows, the customer either leaves the system
or enters the orbit. From the retrial orbit, the customers reattempt the
service. When the inventory level depletes to s, an order for replenishment
is placed. The following assumptions are made for modeling this problem.

• The Arrival of customers forms a Poisson distribution with rate λ and
the service pattern follows an exponential distribution with rate µ.

• The lead time follows an exponential distribution with rate β
• The inter retrial time is exponential distribution with linear rate iθ,

when there are i customers in the orbit.
• An arriving customer who finds the buffer full is directed to an orbit

with probability γ and is lost forever with probability (1− γ).
• A retrial customer in the orbit finds the buffer full returns to the orbit

with probability δ and is lost forever with probability (1− δ).

The following notations are used in this model.

N(t) : Number of customers in the orbit at time t.

M(t) : Number of customers in the buffer at time t.

I(t) : Inventory level at time t. C(t) :

{
0 if server is idle at time t,

1 if server 1 is busy at time t.

X(t) = {(N(t), C(t), I(t),M(t)) : t ≥ 0.}
Then X(t) is a CTMC on the state space {(i, 0, 0,m) : i ≥ 0;m = 0, 1, ...S.}⋃
{(i, 0, k,m) : i ≥ 0; k = 1, ..., S : m = 0, 1, ...N − 1.}

⋃
{(i, 1, k,m) : i ≥

0; 1 ≤ k ≤ S;m = 1, 2, ...S.}
The infinitesimal generator G of the process is a block tri-diagonal matrix
and has the form:

G =


A1,0 A0

A2,1 A1,1 A0

A2,2 A1,2 A0

A2,3 A1,3 A0

. . .
. . .

. . .


where the block matrices A0, A1,i and A2.i; (i ≥ 0.) are square matrices of
order S(N + S + 1) + 1 and has the following form.
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A2,i =

0, 0

0, 1

0, S

1, 1

1, S


V0

V 1 D.
.
.

.
.
.

V1 D
V2 .

.
.

V2

;

A0 =

0, 0

0, S

1, 1

1, S

[
B0

B1 .
.
.

B1

]

and A1,i =

0, 0

0, 1

0, s

0, s + 1

0, S

1, 1

1, 2

1, s

1, s + 1

1, S



G0 Co D0
G1 C1 K1

.
.
.

.

.

.
.
.
.

G1 C1 K1
G2 K1.

.
.

.
.
.

G2 K1

L1 G3 C2
L0 L2 G3 C2

.
.
.

.
.
.

.
.
.

.

.

.
L0 L2 G3 C2

L0 L2 G4
L0 L2 G4


System Stability

Define the test function φ(s) as, φ(s) = i, if s is a state in level i. Then
the mean drift ys for any s belonging to the level i ≥ 1, is given by
ys =

∑
p ̸=s qsp(φ(p)− φ(s))

ie, ys =

{
−iθ(1− δ) + λγ; if the buffer is full,

−iθ; otherwise.

Since (1 − δ) > 0, for any ε > 0, we can find n large enough that ys < −ε
for any s belonging the level i ≥ n. Hence by Tweedi’s [6] result, the system
under consideration is stable.

3. Steady state probability vector

As X(t) is a level dependent QBD process, we obtain a truncation level
n using Neuts-Rao truncation. So we choose n in such a way that

∥η(n)− η(n+ l)∥ < ε

where ε is an arbitrarily small value and η(n) is the spectral radius of R(n).
Let the steady state probability vector x of G be
(x(0), x(1), ..., x(n − 1), x(n), ...) The x(i)’s are given by x(n + r − 1) =
x(n − 1)Rr, (r ≥ 1) where R is the unique non negative solution of the
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equation R2A2 + RA1 + A0 = 0; for which the spectral radius is less than
1. The vectors x(0), x(1), ..., x(n− 1) are obtained by solving the equations

x(0)A1,0 + x(1)A2,1 = 0

x(i− 1)A0 + x(i)A1,i + x(i+ 1)A2,i+1 = 0; (1 ≤ i ≤ n− 2)

x(n− 2)A0 + x(n− 1)(A1,n−1 +RA2) = 0

subject to the normalizing condition [
∑n−2

i=0 x(i) + x(n− 1)(I −R)−1]e = 1
Partition x according to the levels as
x(i) = (xi,0,0,0, xi,0,0,1, ..., xi,0,0,S , xi,0,1,0, xi,0,1,1, ..., xi,0,1,N−1, ..., xi,0,S,0,

xi,0,S,1, ..., xi,0,S,N−1, xi,1,1,1, xi,1,1,2, ..., xi,1,1,S , xi,1,2,1, xi,1,2,2, ..., xi,1,2,S , ...,
xi,1,S,1, xi,1,S,2, ..., xi,1,S,S); x(i) contain S(N + S + 1) + 1 elements. Some
important performance measures are

(i) Expected inventory Level

EI =

∞∑
i=0

S∑
j=1

N−1∑
k=0

jxi,0,j,k +

∞∑
i=0

S∑
j=1

S∑
k=1

jxi,1,j,k

(ii) Expected Number of customers in the orbit

EC =

( ∞∑
i=1

ix(i)

)
e =

(
n−1∑
i=1

ix(i) + x(n)(n(I −R)−1 +R(I −R)−2)

)
e

(iii) Expected Number of customers in the buffer

EB =

∞∑
i=0

S∑
k=0

kxi,0,0,k +

∞∑
i=0

S∑
j=1

N−1∑
k=1

kxi,0,j,k +

∞∑
i=0

S∑
j=1

S∑
k=1

kxi,1,j,k

(iv) Expected number of departures after completing service

EDS = µ

∞∑
i=0

S∑
j=1

S∑
k=1

xi,1,j,k

(v) Expected Number of external customers lost before entering orbit.

EL1 = (1− γ)λ

 ∞∑
i=0

xi,0,0,S +

∞∑
i=0

S∑
j=1

xi,1,j,S
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(vi) Expected Number of customers lost due to retrials.

EL2 = θ(1− δ)

 ∞∑
i=1

ixi,0,0,S +

∞∑
i=1

S∑
j=1

ixi,1,j,S


(vii) Overall rate of retrials

ORR = θ

( ∞∑
i=1

ix(i)

)
e

(viii) Successful rate of retrials

SRR = θ

 ∞∑
i=1

S−1∑
k=0

ixi,0,0,k +

∞∑
i=1

S∑
j=0

N−1∑
k=0

ixi,0,j,k +

∞∑
i=1

S∑
j=1

S−1∑
k=1

ixi,1,j,k


(ix) Expected Re order rate

ERO = µ

∞∑
i=0

S∑
k=1

xi,1,s+1,k

Cost Function: The Expected total Cost is defined as
ETC = (C+(S−s)C1)ERO+C2EI+C3EC+C4EB+C5EL1+C6EL2+
(C7 − C8)EDS
where C = Fixed cost, C1 =procurement cost/unit, C2 = holding cost
of inventory /unit/unit time, C3 =holding cost of the customers in the
orbit/unit/unit time, C4 =holding cost of the customer in the buffer/u-
nit/unit time, C5 =cost due to loss of primary customers/unit/unit time,
C6 =cost due to loss of retrial customers/unit/unit time, C7 =cost due to
service/unit/unit time and C8 = Revenue from service/unit/unit time.

Graphical Illustrations
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Figure 1. N versus ETC

0 1 2 3 4 5 6 7 8

s

4

4.2

4.4

4.6

4.8

5

5.2

E
T

C

s versus Expected Total Cost

Figure 2. s versus ETC

S = 20 : s = 3 : λ = 1.5 : µ = 1.8 : β = 1.2 : δ = 0.9 : γ = 0.9 : θ = 0.6 :
C = 10 : C1 = 3 : C2 = 1 : C3 = C4 = C5 = C6 = 0.1 : C7 = 2 : C8 = 6

4. Conclusion

In this paper, we studied the incorporation of the N -policy into a retrial
inventory model with positive service time. The figure depicts the varia-
tion in expected total cost with respect to N and s. It can be seen from
the numerical experiments that implementing the N-policy minimizes the
expected total cost and achieves the minimum cost within the specified val-
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ues of the parameters. One can extend this model to a buffer of varying
capacity and to a retrial production inventory system.
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We consider a queuing system with a single server where inventory
is served. The inter arrival times as well as inter service times both
follow exponential distribution. Inventory is replenished according
to (s, S) policy, in the sense that when the inventory level drops to
s an order is placed, the order quantity being fixed as Q = S − s.
Here in this model lead time is taken as zero. In addition to reg-
ular arrival of customers we also consider an arrival of destructive
customers whose arrival completion results in the destruction of the
entire inventory in the system. The inter arrival times of destruc-
tive customers are also assumed to follow exponential distribution.
Stability of the above system is analyzed and steady state vector
is calculated explicitly. Keywords: (s,S) inventory model, positive
lead time, catastrophe to inventory, explicit solution.

Introduction

The pioneers in the study of queueing inventory models are Melikov and
Molchano [1] and Sigman and Simchi- Levi [2]. In Sigman and Simchi- Levi
customers are allowed to join even when there is no inventory in the system.
They also discuss the case of non exponential lead time distribution. Later
Berman and et.al [3] considered an inventory system where a processing
time is required for serving the inventory. Here they considered determin-
istic service time and the model was discussed as a dynamic programming
model. Berman and Kim [4] and Berman and Sapna [5] later discussed
inventory queueing systems with exponential service time distribution and
with arbitrary distribution.

There are several papers on inventory queueing models by Krishnamoor-
thy and his co-authors [6, 7, 8, 9]. They mainly used Matrix Analytic Meth-
ods to study these models. In most of the models service time for providing
the inventoried item is assumed. Schwarz etal considered a queueing inven-
tory model with Poisson arrivals and exponentially distributed service and



86 Smija Skaria, Sajeev S Nair, Sandhya E

lead times. Queueing models with disaster and repair have wide applica-
tions in modeling many practical situations .It has been studied by many
researchers in the past few decades (refer [17, 18, 21, 22, 14]).

1. Mathematical Model

The system under consideration is described as below. There is a single
server counter where inventory is served to which regular customers arrive
for service. The number of arrivals of regular customers by time t follows
a Poisson process with parameter λ. Inventory is replenished according
to (s, S) policy, replenishment being instantaneous. Service times follow
exponential distribution with parameter µ. In addition to regular customers
we also consider an arrival of destructive customer whose arrival completion
results in the destruction of entire inventory in the system.
We denote by N(t) the number of the customers in the system including
the one being served (if any) and L(t) be the inventory level. Then
Ω = X(t) = (N(t), L(t)) will be a Markov chain. The state space of this
Markov chain can be described as E = {(i, j) : i ≥ 0, s+ 1 ≤ j ≤ S}. The
above state space can be partitioned into levels L(i) where
L(i) = {(i, s+ 1), (i, s+ 2), . . . , (i, S); i ≥ 0}. The Markov chain described
above is a level independent quasi birth death process whose infinitesimal
generator matrix is given by

T =


B0 A0 0 0
A2 A1 A0 0 0
0 A2 A1 A0 0 0 0
0 0 A2 A1 A0 0

 .

Here all the matrices are of order Q × Q where Q = S − s. The different
transitions in the Markov chain Ω = X(t) = (N(t), L(t)) are given below.

i) Transitions due to arrival of regular customers

(i, j)
λ−→ (i+ 1, j); i ≥ 0, s+ 1 ≤ j ≤ S;

ii) Transitions due to service completion of customers

(i, j)
µ−→ (i− 1, j − 1); i > 0, s+ 1 ≤ j ≤ S;

iii) Transitions due to arrival of destructive customers

(i, j)
η−→ (i, Q); i ≥ 0.

The diagonal entries of B0 and A1 are such that each row sum of T is zero.
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2. Analysis of the Model

Stability condition
Define A = A0 +A1 +A2 and π = (πs+1, πs+2, . . . , πS) be the steady state
vector of A. We know the QBD process with generator matrix T is stable
if and only if πA0e < πA2e (see Neuts). The stability condition reduces to

λ[πs+1 + πs+2 + . . .+ πS ] < µ[πs+1 + πs+2 + . . .+ πS ],

that is λ < µ. Thus we have the following theorem for the stability of the
system under study.

Theorem 1. The Markov chain Ω is stable if and only if λ < µ.

Computation of steady state vector
We first consider a system identical to the above system expect for service
time is negligible. This system Ω̃ = X̃(t) = {L(t)} will be a Markov chain
where L(t) is as defined for the original system. The state space of this
Markov chain can be described as Ẽ = {s+1, s+2, . . . , S}. The infinitesimal

generator matrix of the process is given by T̃ = −(η+λ)IQ+ ηJ
(1)
Q +λJ

(2)
Q ,

where IQ is the identity matrix of order Q, J
(1)
Q is a square matrix of order

Q with

J
(1)
Q (i, j) =

{
1 , j = Q− s

0 , otherwise

and J
(2)
Q is a square matrix of order Q with

J
(2)
Q (i, j) =


1 , j = i− 1, i > 1

1 , j = Q, i = 1

0 , otherwise

.

Let x = (xs+1, xs+2, . . . , xS) be the steady state probability vector of the
process Ω̃. Then xT̃ = 0 gives

−(η + λ)xi + λxi+1 = 0 for all i ̸= Q,

−(η + λ)xS + λxs+1 = 0,

η[xs+1 + xs+2 + . . .+ xS−s+1 + xS−s+1 + . . .+ xS ] + λxQ+1 − λxQ = 0.

Let

(
η + λ

λ

)
= ζ. Solving the above set of equations and using

S∑
i=s+1

xi = 1

xs+1+i = ζixs+1, i = 1, 2, . . . , S − 2s− 1,
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xQ+i = −
(η
λ

)
ζi−1 + ζQ−s+i−1xs+1, i = 1, 2, . . . , s.

where xs+1 =
(η
λ

) ζs

ζQ − 1
.

Let π = (π0, π1, π2, . . .) be the steady state probability vector of the process
Ω, where πi = (π(i, s + 1), π(i, s + 2), . . . , π(i, S); i ≥ 0. Then π satisfies
πT = 0 and πe = 1. We have the equations

π0B0 + π1A2 = 0, πiA0 + πi+1A1 + πi+2A2 = 0; i ≥ 0 (1)

If we assume π(i, j) =
λ

µ
π(i − 1, j) for all j, each set of equations in (1)

reduces to the steady state equations xT̃ = 0. Also by adding all the

equations in π0B0 + π1A2 = 0, we get π(1) =
λ

µ
π(0). Similarly by adding

all the equations in πiA0 +πi+1A1 +πi+2A2 = 0 and using the previous set

of equations we get π(i) =
λ

µ
π(i − 1), where π(i) =

S∑
j=s+1

π(0, j). Thus we

have the following

π(0, s+ 1 + i) = ζiπ(0, s+ 1), i = 1, 2, . . . , S − 2s− 1,

π(0, Q+ i) = −
(η
λ

)
ζi−1 + ζQ−s+i−1π(0, s+ 1), i = 1, 2, . . . , s.

where

π(0, s+ 1) =
η

λ

(
ζs

ζQ − 1

)
π(0)

and π(0) =
µ− λ

µ

3. System Performance Measures

1) The expected number of customers in the system,

ENCS =
∞∑
i=1

iπ(i) =
λ

µ− λ
2) The expected inventory level in the system,

EIL =
∞∑
i=0

S∑
j=s+1

jπ(i, j)

3) The expected rate of ordering,

ERO =
∞∑
i=1

µπ(i, s+ 1) +
∞∑
i=0

S∑
j=s+1

ηπ(i, j)

4) The probability that the server is busy,

PSB =
∞∑
i=1

S∑
j=s+1

π(i, j)
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4. Numerical Illustration

Table 1
Effect of regular arrival rate on the various performance measures

µ = 9 η = 5 s = 8 S = 21

λ PSB EIL ENCS ERO

3 0.3333 18.7445 0.4999 5.1668

3.2 0.3555 19.3618 0.5517 5.1975

3.4 0.3777 20.0269 0.60714 5.2311

3.6 0.3999 20.7451 0.6666 5.2677

3.8 0.4222 21.5224 0.7307 5.3077

4 0.4444 22.3657 0.7999 5.3511

Table 2
Effect of service rate on the various performance measures

λ = 3 η = 5 s = 8 S = 21

µ PSB EIL ENCS ERO

7 0.4285 21.8686 0.7499 5.1514

7.2 0.4166 21.4223 0.7142 5.1525

7.4 0.4054 21.0166 0.6818 5.1538

7.6 0.3947 20.6462 0.6521 5.1551

7.8 0.3846 20.3066 0.6249 5.1566

8 0.3749 19.9942 0.5999 5.1582

8.2 0.3658 19.7058 0.5769 5.1598

8.4 0.3571 19.4388 0.5555 5.1615

Table 3
Effect of catastrophe rate on the various performance measures

λ = 3 µ = 9 s = 8 S = 21

η PSB EIL ENCS ERO

4 0.3333 18.6569 0.4999 4.2602

4.2 0.3333 18.6734 0.4999 4.4373

4.4 0.3333 18.6908 0.4999 4.6168

4.6 0.3333 18.7086 0.4999 4.7983

4.8 0.3333 18.7266 0.4999 4.9818

5 0.3333 18.7445 0.4999 5.1668

5.2 0.3333 18.7624 0.4999 5.3533

5.4 0.3333 18.7799 0.4999 5.5411



90 Smija Skaria, Sajeev S Nair, Sandhya E

Conclusion

In this paper we could derive an explicit expression for the steady state
probability vector for an inventory queuing model with catastrophes to in-
ventory. We wish to extend this paper by considering positive lead time
as well which may have several applications in real life situations. We also
intend to do the transient analysis of this model and its extensions.
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Customers enter into a single server queuing model in accordance
with a Poisson process where inventory is served. The inter ser-
vice time follows exponential distribution. Upon arrival, finding
the server busy the customers enter into an orbit from where they
retry for service at a constant retrial rate. While the server serves a
customer the service can be interrupted, the inter occurrence time
of interruption being exponentially distributed. Following a ser-
vice interruption the service restarts according to an exponentially
distributed time. Inventory is replenished according to (s, S) pol-
icy, replenishment being instantaneous. Explicit expression for the
steady state distribution is calculated and several performance mea-
sures are evaluated explicitly. Keywords: (s, S) inventory model,
positive lead time, retrial, server interruptions, explicit solution.

Introduction

The pioneers in the study of queueing inventory models are Melikov and
Molchano [1] and Sigman and Simchi- Levi [2]. In Sigman and Simchi- Levi
customers are allowed to join even when there is no inventory in the system.
They also discuss the case of non exponential lead time distribution. Later
Berman and et.al [3] considered an inventory system where a processing
time is required for serving the inventory. Here they considered determin-
istic service time and the model was discussed as a dynamic programming
model. Berman and Kim [4] and Berman and Sapna [5] later discussed
inventory queueing systems with exponential service time distribution and
with arbitrary distribution.

There are several papers on inventory queueing models by Krishnamoor-
thy and his co-authors [6, 7, 8, 9]. They mainly used Matrix Analytic Meth-
ods to study these models. In most of the models service time for providing
the inventoried item is assumed. Schwarz etal considered a queuing inven-
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tory model with Poisson arrivals and exponentially distributed service and
lead times. They could obtain a product form solution for the system steady
state. But they assumed that that no customers join the system when the
inventory level is zero. For a detailed description of papers in inventory
queuing models we refer to the papers [15, 16].

1. Mathematical Model

The system under consideration is described as below. We consider a
single server queuing model where inventory is served to which customers
arrive for service. The number of arrivals of by time t follows a Poisson
process with parameter λ. Inventory is replenished according to (s, S) pol-
icy ,replenishment being instantaneous. Service times follow exponential
distribution with parameter µ. Upon arrival, finding the server busy the
customers enter into an orbit from where they retry for service at a con-
stant retrial rate. The time between two successive retrials also follow expo-
nential distribution with parameter θ. While the server serves a customer
the service can be interrupted, the inter occurrence time of interruption
being exponentially distributed with parameter δ1. Following a service in-
terruption the service restarts after an exponentially distributed time with
parameter δ2. For the model under study the following assumptions are
made.

i) No inventory is lost due to server interruption.
ii) The customer being served when interruption occurs waits there until

his service is completed.
iii) No arrivals or retrials are entertained when the server is on interruption.
iv) An order placed if any is cancelled while the server is on interruption.

We denote by N(t) the number of the customers in the orbit, I(t) the
inventory level and S(t) the server status at time t. Let

S(t) = 0, 1, 2 if the server is idle, busy and on interruption respectively.

Then Ω = X(t) = (N(t), S(t), I(t)) will be a Markov chain .The state space
of this Markov chain can be described as E = {(i, j, k) : i ≥ 0; j =
0, 1, 2; s+1 ≤ k ≤ S}. The above state space can be partitioned into levels
L(i) where L(i) = ((i, j, k); j = 0, 1, 2; k = s+ 1, s+ 2, . . . , S) ; i ≥ 0 in
the lexicographic ordering. The Markov chain Ω described above is a level
independent quasi birth death process whose infinitesimal generator matrix
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is given by T =


B0 A0 0 0
A2 A1 A0 0 0
0 A2 A1 A0 0 0 0
0 0 A2 A1 A0 0

. Here all the matrices are

of order 3Q× 3Q where Q = S− s. The different transitions in the Markov
chain Ω = X(t) = (N(t), S(t), I(t)) are given below.

i) Transitions due to arrivals

(i, 0, k)
λ−→ (i, 1, k), (i, 1, k)

λ−→ (i+ 1, 1, k); i ≥ 0, s+ 1 ≤ k ≤ S
ii) Transitions due to service completion of customers

(i, 1, k)
µ−→ (i− 1, 0, k − 1); i ≥ 0, s+ 2 ≤ k ≤ S

(i, 1, s+ 1)
µ−→ (i− 1, 0, S); i ≥ 0

iii) Transitions due to retrials (i, 0, k)
θ−→ (i− 1, 1, k); i ≥ 1

iv) Transitions due to interruptions (i, 1, k)
δ1−→ (i, 2, k); i ≥ 0

v) Transitions due to repairs (i, 2, k)
δ1−→ (i, 1, k); i ≥ 0

2. Analysis of the Model

Stability condition
Define A = A0 + A1 + A2 and π = (π(0, s+ 1), . . . , π(0, S), π(1, s+ 1), . . . ,
π(1, S), π(2, s + 1), . . . , π(2, S)) be the steady state vector of A. We know
the QBD process with generator matrix T is stable if and only if πA0e <

πA2e (see Neuts). Since A0 =

0 0 0
0 λIQ 0
0 0 0

 and A2 =

0 θIQ 0
0 0 0
0 0 0

, the
stability condition reduces to
λ [π(1, s+ 1) + . . .+ π(1, S)] < θ [π(0, s+ 1) + . . .+ π(0, S)],

that is λ

(
λ+ θ

µ

)
< θ. Thus we have the following theorem for the stability

of the system under study.

Theorem 1. The Markov chain is stable if and only if
λ

θ

(
λ+ θ

µ

)
< 1

Computation of steady state vector
We compute the steady state vector of the model explicitly. Let π =
(π0, π1, π2, . . .) be the steady state probability vector of the process Ω, where
πi = (π(i, 0, s + 1), . . . , π(i, 0, S), π(i, 1, s + 1), . . . , π(i, 1, S), π(i, 2, s + 1),
. . . , π(i, 2, S)); i ≥ 0. Then π satisfies πT = 0 and πe = 1. We have the
equations π0B0 + π1A2 = 0, πiA0 + πi+1A1 + πi+2A2 = 0; i ≥ 0.
We first consider a system identical to the above system expect for
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no inventory is served. This system Ω̃ = X̃(t) = (N(t), S(t)) will
be a Markov chain where N(t) and S(t) is as defined for the origi-
nal system. The state space of this Markov chain can be described as
Ẽ = {(i, 0), (i, 1), (i, 2)}; i ≥ 0. The infinitesimal generator matrix

of the process is given by T̃ =



B̃0 Ã0 0 0

Ã2 Ã1 Ã0 0 0

0 Ã2 Ã1 Ã0 0 0 0

0 0 Ã2 Ã1 Ã0 0

, where

B̃0 =

−λ λ 0
µ −(λ+ µ+ δ1) δ1
0 δ2 −δ2

, Ã1 =

(λ+ θ) λ 0
µ −(λ+ µ+ δ1) δ1
0 δ2 −δ2

,
Ã0 =

0 0 0
0 λ 0
0 0 0

 and Ã2 =

0 θ 0
0 0 0
0 0 0

 Let x = (x0, x1, . . .), where

xi = (x(i, 0), x(i, 1), x(i, 2)) be the steady state probability vector of the
process Ω̃. The steady state equations are given by xT̃ = 0. We know that
xi = xi−1R; i ≥ 1, where the matrix R satisfies R2A2+RA1+A0 = 0. Since
the first and third rows of A0 are zeros, so are that of R. From R2A2+RA1+
A0 = 0, we obtain µr2 = (λ+θ)r1, δ1r2 = δ2r3, λr1−(λ+µ)r2+r1r2θ+λ =

0. Soving for r1, r2, r3 we get R =


0 0 0
λ

θ

λ(λ+ θ)

θµ

λ(λ+ θ)δ1
θµδ2

0 0 0

. Now

x0 = (x(0, 0), x(0, 1), x(0, 2)) =

(
1,
λ

µ
,
λδ1
µδ2

)
x(0, 0) and from the normal-

izing condition x0(I − R)−1e = 1, where I is the identity matrix of order

3 and e is column vector of ones we get x(0, 0) =

1− λ(λ+ θ)

θµ
δ1λ

δ2µ

. Now

the steady state equations of Ω are given by πT = 0. If we assume

π(i, j, k) =
1

Q
x(i, j); s + 1 ≤ k ≤ S, each of the Q equations in the set

πT = 0 reduces to that of xT̃ = 0. The intuition behind this is that since
the replenishment is instantaneous there is an equal probability for each
inventory level to be visited. It is verified that the above values satisfy
πT = 0.
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3. System Performance Measures

1) The probability that the server is busy PSB =

[
λθ

θµ− λ2 − λθ

]
x(0, 0)

2) The probability that the server is on interruption PSI =

(
δ1
δ2

)
PSB

3) The probability that the server is idle PIDL =

[
1 +

λ2

θµ− λ2 − λθ

]
x(0, 0)

4) The expected inventory level in the system EIL =
S + s+ 1

2
5) The expected number of customers in the orbit

ENCO =
∞∑
i=0

2∑
j=0

S∑
k=s+1

iπ(i, j, k)

6) The expected rate of ordering, ERO =
∞∑
i=1

µπ(i, s+ 1)

4. Numerical Illustration

Table 1
Effect of regular arrival rate on the various performance measures

µ = 9 θ = 5 δ1 = 2 δ2 = 3 s = 5 S = 11

λ PSB PINT PIDL EIL ENCO ERO

3 0.4545 0.1818 0.3637 8.5 0.8701 0.1928

3.2 0.479 0.1916 0.3294 8.5 1.1112 0.2143

3.4 0.5029 0.2011 0.296 8.5 1.4354 0.2364

3.6 0.5274 0.2109 0.2617 8.5 1.9167 0.2603

3.8 0.5562 0.2201 0.2237 8.5 2.6055 0.2837

4 0.5603 0.2241 0.2156 8.5 3.0369 0.2943
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Table 2
Effect of retrial rate on the various performance measures

λ = 3 µ = 9 δ1 = 2 δ2 = 3 s = 5 S = 11

θ PSB PINT PIDL EIL ENCO ERO

4 0.4545 0.1818 0.3637 8.5 1.1272 0.241

4.2 0.4545 0.1818 0.3637 8.5 1.0575 0.229

4.4 0.4545 0.1818 0.3637 8.5 1.0031 0.2191

4.6 0.4545 0.1818 0.3637 8.5 0.953 0.2096

4.8 0.4545 0.1818 0.3637 8.5 0.909 0.2008

5 0.4545 0.1818 0.3637 8.5 0.8701 0.1928

Table 3
Effect of interruption rate on the various performance measures

λ = 3 µ = 9 θ = 5 δ2 = 3 s = 5 S = 11

δ1 PSB PINT PIDL EIL ENCO ERO

1 0.3999 0.0999 0.5002 8.5 0.8429 0.2076

1.2 0.4117 0.1176 0.4707 8.5 0.8487 0.2045

1.4 0.423 0.1346 0.4424 8.5 0.8543 0.2014

1.6 0.4339 0.1509 0.4152 8.5 0.8598 0.1985

1.8 0.4444 0.1666 0.389 8.5 0.865 0.1956

2 0.4545 0.1818 0.3637 8.5 0.8701 0.1928

Conclusion

In this paper we could derive an explicit expression for the steady state
probability vector for an inventory queuing model with retrial and server
interruptions. We wish to extend this paper by considering positive lead
time as well which may have several applications in real life situations. We
also intend to do the transient analysis of this model and its extensions.
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ANALYSIS OF MULTI-SERVER PRIORITY
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RESERVATION AND DISASTERS
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Amulti-server queueing system with an infinite buffer and two types
of customers is considered. The flow of customers is described
by two Markovian arrival processes (MAP s). Type-1 (or HPT)
customers have the preemptive priority over type-2 (or LPT) cus-
tomers. To avoid frequent interruption of service of LPT customers,
reservation of a certain number of servers for HPT customers is as-
sumed. LPT customers, who are not accepted for service upon ar-
rival or service of which is interrupted, may decide to go to the buffer
of an infinite capacity or abandon the system. An HPT customer
who meets all servers busy by HPT customers is lost. The MAP
flow of disasters arrives. An arrival of a disaster causes instanta-
neous departure of all customers from the buffer. The behavior of
the system is described by the multi-dimensional continuous time
Markov chain. The form of the generator of this chain is highlighted
and the way for computation of the stationary distribution of this
chain is outlined. Keywords: priority queue, servers reservation,
disasters.

Introduction

Multi-server queueing systems with heterogeneous customers of two
types and preemptive priority of one of the types often arise as the adequate
mathematical model of various real-world systems. E.g., in cognitive radio
systems (see [1]) the primary (licensed) HPT users have the preemptive
priority over cognitive LPT users who can obtain service opportunistically
when some part of resource of the system is not used. Since arrival of an
HPT user may interrupt service of an LPT user, it is desirable to reduce
the frequency of such interruptions. One of the known opportunities to
reach it is to reserve some amount of servers exclusively for service of HPT
users. An LPT user can be rejected when not all servers are busy at the

The work of the first author has been supported by the RUDN University Strategic
Academic Leadership Program
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moment of his/her arrival, but the number of busy servers exceeds some
fixed threshold.

Such schemes of interruption avoidance are well known in the literature,
see, e.g., [2]. The overwhelming majority of the existing literature assumes
that arrival flows are defined by the stationary Poisson processes what is
not realistic, e.g., in modern telecommunication networks. As more realistic
model of such flows, the MAP flow is recommended, see for definition and
relevant research [3, 4, 5, 6]. Therefore, results for such a type of systems
with the MAP flows of users already exist, see, e.g., [7, 8, 9].

In this paper, we briefly show how the result of [9] can be extended to
more complicated system subject to so-called disasters. Here, we mean that
a disaster (see, e.g., [10, 11]) is the item, arrival of which implies instanta-
neous departure of all LPT users from the buffer. Servers are assumed to
be not affected by disasters.

1. Mathematical model

We consider an N -server queueing model providing service to two types
of customers. Type-k customers arrive according to the Markovian arrival
flow MAPk, k = 1, 2. The MAPk is defined by the underlying process

ν
(k)
t , t ≥ 0, which is an irreducible continuous-time Markov chain with the
state space {0, 1, . . . ,Wk}. Arrivals occur only at the epochs of jumps in

the underlying process ν
(k)
t , t ≥ 0. The intensities of transitions of the

process ν
(k)
t , t ≥ 0, that are accompanied (not accompanied) by the arrival

of a type-k customer are defined by the square matrix D
(k)
1 (D

(k)
0 ) of size

W̄k = Wk + 1, k = 1, 2. The matrix D(k) = D
(k)
0 +D

(k)
1 is an infinitesimal

generator of the process ν
(k)
t . The invariant probability vector χ(k) of this

process satisfies the system of equations χ(k)D(k) = 0, χ(k)e = 1. Here and
throughout this paper, 0 is a zero row vector, and e denotes a unit column
vector of an appropriate size. The average intensity λk (fundamental rate)

of the MAPk is defined by λk = χ(k)D
(k)
1 e.

The service times of type k customers have an exponential distribution
with the parameter µk, k = 1, 2.

We assume that there is no buffer for type-1 customers and an infinite
buffer for type-2 customers. Type-1 customers have the preemptive priority
over type-2 customers. If there is a free server during a type-1 customer
arrival epoch, this customer starts service immediately. If all servers are
busy during a type-1 customer arrival epoch and there are type-2 customers
in service, service of one type-2 customer is interrupted and type-1 customer
occupies the corresponding server. The type-2 customer whose service is
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interrupted moves to the buffer with probability p and departs with the
complimentary probability 1−p. If all servers are busy by type-1 customers
during the type-1 customer arrival epoch, this customer is dropped (lost).

To reduce the probability of interruption of service, we assume reserva-
tion of servers defined as follows. A threshold is fixed. We denote it as M,
0 < M ≤ N. A type-2 customer is accepted to the system if the number of
busy servers at the arrival moment is less thanM. Otherwise, this customer
moves to the buffer with probability q, and abandons the system with the
complimentary probability.

The described queueing model exactly corresponds to the model anal-
ysed in [9]. Here, we suggest additionally, that the flow of disasters arrive to
the system. This flow is described by the MAP defined by the underlying
process ηt with the state space {1, . . . , z} and matrices Z0 and Z1. Transi-
tions of the process ηt with intensities given by the entries of the matrix Z1

lead to emptying the buffer.
The goal of this paper is the analysis of the system with disasters based

on the results of the analysis of the system without disasters.

2. The process describing behavior of the system

Let it, it ≥ 0, be the number of type-2 customers in the buffer, nt, nt =
0, N, be the number of busy servers, lt, lt = 0,min{nt,M}, be the number of

type-2 customers in service, ν
(k)
t , ν

(k)
t = 0,Wk, be the state of the directing

process of the MAPk, k = 1, 2, ηt, ηt = 1, z, be the state of the directing
process of the MAP flow of disasters at the epoch t, t ≥ 0.

The behavior of the system under study in [9] was described by the
regular irreducible continuous-time Markov chain

ξt = {it, nt, lt, ν(1)t , ν
(2)
t }, t ≥ 0.

The behavior of the system considered in our paper is described by the
regular irreducible continuous-time Markov chain

ξt = {it, nt, lt, ν(1)t , ν
(2)
t , ηt}, t ≥ 0.

The generator Q of the Markov chain ξt was obtained in [9] in the block
form

Q =


Q0,0 Q0,1 O O . . .
Q1,0 Q1,1 Q1,2 O . . .
O Q2,1 Q2,2 Q2,3 . . .
...

...
...

...
. . .

 (1)
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where the blocks (Qi,j)n,n′ , n, n′ = 0, N, max{0, i−1} ≤ j ≤ i+1, contain
intensities of transition of the chain ξt from the states having the value (i, n)
of the first two components to the states having the value (j, n′) of these
components listed in the lexicographic order. The size of the blocks Qi,j is
equal to KW̄ where K = (M + 1)(N + 1 −M/2) and W̄ = W̄1W̄2. The
explicit form of these blocks is presented in [9] if the parameter α, which
characterizes the impatience of customers in the buffer that is not suggested
in the model under study here, is set to be equal to 0.

When α = 0, then Qi,i = Q0, Qi,i+1 = Q+, Qi,i−1 = Q−, for
i ≥ 1 and the Markov chain with the generator Q is the level independent
Quasi-Birth-and-Death process which can be easily analysed via the use of
well-known results by M. Neuts, see, e.g., [5], [12]. Therefore, the stationary
distribution vectors of this chain has the matrix geometric form.

Let now Q be the generator of the Markov chain ξt.

3. Relation of generators Q and Q

Theorem 1. The generator Q of the Markov chain ξt has the follow-
ing form

Q =



Q0,0 Q0,1 O O O . . .
Q1,0 Q1,1 Q1,2 O O . . .
Q2,0 Q2,1 Q2,2 Q2,3 O . . .
Q3,0 O Q3,2 Q3,3 Q3,4 . . .
Q4,0 O O Q4,3 Q4,4 . . .
...

...
...

...
...

. . .


(2)

where the blocks (Qi,j)n,n′ , n, n′ = 0, N, j = 0 andmax{0, i − 1} ≤ j ≤
i+1, contain intensities of transition of the chain ξt from the states having
the value (i, n) of the first two components to the states having the value
(j, n′) of these components listed in the lexicographic order.

The relations between the blocks Qi,j andQi,j are given by the formulas:

Qi,i+1 = Qi,i+1 ⊗ Iz, i ≥ 0,

Q0,0 = Q0,0 ⊕ (Z0 + Z1), Qi,i = Qi,i ⊕ Z0, i ≥ 1, (3)

Q1,0 = Q1,0 ⊗ Iz +
(
OK×(K1−K) | IK

)
⊗ Z1,

Qi,i−1 = Qi,i−1 ⊗ Iz, i ≥ 2,

Qi,0 =
(
OK×(K1−K) | IK

)
⊗ Z1, i ≥ 2.

where Oa×b denotes a zero matrix of size a × b, Ia denotes an identity
matrix of size a, ⊗ and ⊕ are symbols of Kronecker product and sum of
matrices, see [13].
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Proof evidently follows from the fact that the Markov chain ξt is obtained
from the Markov chain ξt by supplementing it by the additional compo-
nent ηt that is independent of the rest of the components and properties of
Kronecker product and sum of matrices.

The principal difference between the generators having structures (1)
and (2) is that (1) is a three-block diagonal matrix while matrix (2) has
additional non-zero blocks Qi,0, i ≥ 0. The Markov chains with the struc-
ture of type (2) of the generator are investigated in much less extent than
Markov chains with the structure of type (1) of the generator. However, the
algorithms for computation of the stationary distribution of discrete-time
Markov chains with the structure of type (2) of the one-step transition prob-
ability matrices exist. The algorithm based on the use of the property of
analyticity of the vector generating function in the unit disc was elaborated
in [10]. In [11], more numerically stable algorithm based on the idea similar
to M. Neuts approach via the use of the matrix S was elaborated and its ad-
vantage is illustrated. Using the notion of the jump Markov chain, analogs
of algorithms from [10, 11] can be obtained and used for computation of
the stationary distribution of the Markov chain ξt and key performance
measures of the considered system.

4. Conclusion

In this paper, possibility of analysis of a multi-server queueing system
with preemptive priority of one of the two types of customers and reser-
vation of servers for service of high priority customers in presence of the
flow of disasters based on the results of analysis of analogous system with-
out disasters is demonstrated. Results can be extended to the cases when
the arrival of a disaster causes instantaneous removal of all customers from
service (with instantaneous or non-instantaneous recovering of servers) or
complete emptying the system.
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In this paper we apply numerical methods for analysis of the time-
scale queueing systems (TSQS) evolution dynamics under the the
assumption that the number of single-services tends to infinity. We
suppose that TSQS implements a service discipline so that for each
incoming request is provided a random selection a server from ran-
dom selected m-set servers that has the s-th shortest queue size.
The evolution dynamics TSQS can be describe using the function
that can be found by solving a system of differential equations in-
finite degree. We formulate the singularly perturbed Cauchy prob-
lem for this system of differential equations with a small parame-
ter. We use the truncation procedure for this singularly perturbed
Cauchy problem and formulate the finite order system of differ-
ential equations. We apply a high-order non-uniform grid scheme
for numerical solving of the truncated Cauchy problem. We use
different sets of small parameters for time-scaling processes anal-
ysis for TSQS. The grid scheme demonstrates good convergence
of solutions of the singularly perturbed Cauchy problem when a
small parameter tend to zero. The results of the numerical simu-
lation show that this TSQS can hold with a high incoming flow of
requests. Keywords: shortest queue problem, countable Markov
chains, time-scale network analysis, singular perturbed infinite sys-
tems of differential equations, stability analysis for infinite systems
of differential equations with a small parameter, numerical analysis
of the Cauchy problem, layer-adapted piecewise uniform Shishkin-
type meshes.

Introduction

The research of time-scale queueing systems (TSQS) with a lager number
of servers is extremely important because of the development of 5G/6G
networks and Internet of Things (IoT) sets the problem of using not only
analytical methods but also numerical ones [1], [4]. The modern research of

Supported by the RUDN University Strategic Academic Leadership Program.
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TSQS with complex routing discipline focused on the problems of stability
analysis of infinite servers TSQS [2], [3].

In this paper we use Dobrushin approach for TSQS [5]. We apply numer-
ical methods for analysis of the time-scale evolution of TSQS shortest queue
dynamics with n → ∞ single-services, each with its own exponentially dis-
tributed service times of mean t̄ = 1/µ, where µ is a service intensity. We
use a Poisson incoming flow of requests with the intensity nλ. TSQS imple-
ments the service discipline so that each input request provides a randomly
selection from any m-set servers such server that has the s-th shortest (or
equivalently, the (m − s)-th longest) queue length, where 1 ≤ s ≤ m. The
evolution of the shortest queue dynamics TSQS can be describe using the
function us,mk (t) (k = 0, 1, 2, . . . ; s,m = 1, 2, . . . ; 1 ≤ s ≤ m). The function
us,mk (t) can be found by solving a system of differential equations infinite
degree which can be obtained using the Markov chains approach. We formu-
late the singularly perturbed Cauchy problem for this system of differential
equations with a small parameter. We use the truncation procedure for this
singularly perturbed Cauchy problem and formulate the finite order system
of differential equations. We apply a high-order non-uniform grid scheme of
the Shishkin-type for numerical solving of the truncated Cauchy problem.
We use different sets of small parameters for time-scaling processes analysis
for TSQS. The grid scheme demonstrates good convergence of solutions of
the singularly perturbed Cauchy problem when a small parameter ε → 0.
The results of the numerical simulation show that this TSQS can hold with
a high incoming flow of requests.

1. Time-scale queueing systems model with a small parameter

We consider TSQS with n → ∞ infinite-buffer FCFS single-services,
each with its own exponentially distributed service times of mean t̄ = 1/µ.
We suppose that there is Poisson arrivals of requests with rate ρ = nλ,
where 0 < λ < µ.

Assuming that we can select m servers for each request upon it arrival
randomly and immediately and we can choose one server among the selected
m servers that has the s-th shortest ((m − s)-th longest) queue length in
the choice moment, where 1 ≤ s ≤ m. If there happen to be more than one
server with the s-th shortest queue size, we select one of them randomly.
The request is sent to the chosen server after this server selection procedure
immediately.

Let us,m = {us,mk (t)}∞
k=0

be shares of the servers that have the queues
lengths with not less than k, where 1 ≥ us,m0 (t) ≥ us,m1 (t) ≥ . . . ≥ us,mk (t) ≥
. . ., us,mk (t) = ζs,mk /n (k ∈ Z+, Z+ = {0, 1, 2, . . .}, s,m ∈ N , N =



Numerical analysis of shortest queue problem 107

{1, 2, . . .}), 0 ≤ ζs,mk ≤ n are non-negative integers and
∑∞

k=1 u
s,m
k (t) < ∞

for any t ≥ 0.
As was shown [5], the elements of the sequences {us,mk (t)}∞

k=0
becomes

deterministic in the infinite limit n → ∞ and the evolution of this large-
scale system is described by solutions of an infinite system of differential
equations 

u̇s,mk (t) = µ
(
us,mk+1(t)− us,mk (t)

)
+

+λ
(
hs,m(us,mk−1(t))− hs,m(us,mk (t))

)
, k ≥ 1, t ≥ 0,

us,m0 (t) = 1, us,mk (0) = gk ≥ 0, k ≥ 1,

(1)

where g = {gk}∞k=0 (g0 = 1, gk ≥ gk+1) is non-increasing non-negative
sequences and the function hs,m(us,mk (t)) has the form for 1 ≤ s ≤ m

(s,m ∈ N ) hs,m(us,mk (t)) =
∑s−1

l=0 C
l
m(1− us,mk (t))l(us,mk (t))m−l.

When we study scale invariance in time (i.e. scales transformation of
time intervals change), we can analyze the transformation properties of
solutions of differential equations. Scaling transformations are similarity
transformations and form a group of scale transformations.

We can investigate scaling properties of solutions for Cauchy problem of
infinite system of differential equations with small parameter such form

εbk u̇s,mk (t) = µ
(
us,mk+1(t)− us,mk (t)

)
+

+λ(hs,m(us,mk−1(t))− hs,m(us,mk (t)),

k ≥ 1, t ≥ 0,

us,m0 (t) = 1, us,mk (0) = gk ≥ 0, k ≥ 1, gk ≥ gk+1,

(2)

where ε > 0 is a small parameter and b = {bk}∞k=1 (bk ≥ 0) is a numerical
sequence of real numbers. Thus, the system (1) is the singular perturbation
system and we can describe processes of rapid changes of the solutions of
this system with scaling transformations this form t̄k = ε−bkt.

This Cauchy problem (2) can be transformed into a Tikhonov problem,
if we assume bk = 0, k = 1, 2, . . . , l, bk > 0, k = l + 1, l + 2, . . . (l ≥ 2).

2. Truncation time-scale network model and numerical analysis

We can write Tikhonov problem for the truncation system of differential
equations (2)

ẇs,m
k (t) = ε−bk [µ

(
ws,m

k+1(t)− ws,m
k (t)

)
+

+λ(hs,m(ws,m
k−1(t))− hs,m(ws,m

k (t))], 1 ≤ k ≤ n, 0 ≤ t ≤ T,

ws,m
0 (t) = 1, ws,m

n+1(t) = 0, ws,m
k (0) = gk ≥ 0,

1 ≤ k ≤ n, gk ≥ gk+1,

(3)
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where bk = 0, k = 1, 2, . . . , l, bk > 0, k = l + 1, l + 2, . . . , n (2 ≤ l ≤ n)
and the parameter T is the right border of the time interval for Tikhonov
problem.

We apply a piecewise-uniform grid Ω̄t (0 = t0 < t1 < ... < tN =
T ) for numerical analysis of this Tikhonov problem (4) Ω̄t = (ti|ti = iτ1;
i = 0, 1, 2, . . . ,K; ti = tK + (i − K)τ2; i = K + 1, . . . , N), τ1 = δ/K,
τ2 = (T − δ)/(N −K), δ = C̄ε ln(ε−1)), where a parameter C̄ is determined
by the coefficients of singularly perturbed system of differential equations.
Thus, this piecewise-uniform grid Ω̄t has K small steps τ1 and (N −K) big
steps τ2 on the segment [0, T ].

We can consider a finite-difference approximation of the system (2) in
the following form hi = ti−ti−1, w

s,m
k+1,i = ws,m

k+1(ti), where a vector notation
for this numerical scheme has the form: wi+1 = F(wi, ti), i = 0, 1, . . . , N,

0 ≤ ti ≤ T, ws,m
0 = g, wi =

{
ws,m

k,i

}n

k=1
, F(wi, ti) = {Fk(wi, ti)}nk=1 ,

Fk(wi, ti) = ws,m
k,i + hiε

−bk [µ
(
ws,m

k+1,i − ws,m
k,i

)
+λ(hs,m(ws,m

k−1,i)−hs,m(ws,m
k,i )],

1 ≤ k ≤ n, ws,m
0 =

{
ws,m

k,0

}n

k=1
, ws,m

0,i = 1, ws,m
n+1,i = 0, g = {gk}nk=1 (gk ≥

gk+1).
We use the the fourth-order Runge-Kutta method to calculate a nu-

merical solution for this problem and use the following formulas: q1
i =

F(wi, ti),q
2
i = F(wi +

hi

2 q
1
i , ti + hi/2), q3

i = F(wi +
hi

2 q
2
i , ti + hi/2),

q4
i = F(wi + hiq

3
i , ti + hi), wi+1 = wi +

hi

6 (q
1
i + 2q2

i + 2q3
i + q4

i ), where

qj
i ∈ Rn (i = 0, N, j = 1, 4) are vectors.
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Figure 1. The evolution of the function w1,2
k , λ = 4 for the left graph, λ = 6 for

the right graph, µ = 5, ε = 0.1 solid line, ε = 0.01 long dash line, ε = 0.001 short
dash line
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Figure 2. The evolution of the function w2,2
k , λ = 4 for the left graph, λ = 6 for

the right graph, µ = 5, ε = 0.1 solid line, ε = 0.01 long dash line, ε = 0.001 short
dash line

The numerical analysis of the solutions ws,m
k (t) (k = 1, 5, 10, 15, 20, 25;

m = 2; s = 1, 2) is presented in the figures (see Fig. 1-2). For numerical
simulation we used the following parameters: the arrival request rates are
λ = 4 (the low incoming mode) and λ = 6 (the high incoming mode), the
service intensity is µ = 5, the dimension of the system of the differential
equations is n = 25, the number of the differential equations without a small
parameters is l = 9 (i.e. 1 ≤ k ≤ 9), the number of the differential equations
with a small parameters is n − l = 16 (i.e. 10 ≤ k ≤ 25), the degrees of
a small parameter are bk = 0, 1 ≤ k ≤ 9 and bk = 1/k, 10 ≤ k ≤ 25, the
number of steps of the grid is N = 104, the permissible error is δ = 10−5.
The values of the initial conditions are presented as the set of the numbers
z0 = 1, zk = (28 − 9k)/30, k = 1, 25. The values of the parameters s,m, ε
are presented in the captions under the figures (see Fig. 1-2). In the Fig. 1
we can see the results of the numerical stimulation of the solution w1,2

k . It is
shown that TSQS has an unstable service mode under overload conditions.
There are the left and inner transition layers. The transitions become more
sharper when ε → 0. In the Fig. 2 we can see the results of the numerical
stimulation of the solution w2,2

k . It is shown that TSQS has a stable service
mode under overload conditions. Thus, an increase in the parameter s
leads to the stably service. There are only the left transition layers. The
left transitions become more sharper when ε→ 0.

3. Conclusion

In this paper we show how numerical methods may be applied for anal-
ysis of the evolution of TSQS dynamics. The results of the numerical simu-
lation show that this TSQS can hold with a high incoming flow of requests
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and there are time-scale effects in the behavior of the solutions ws,m
k (t). It

is demonstrate the appearance of boundary layers solution of the equation
with a small parameter. We suppose that it is possible to formulate an op-
timal control problem for such TSQS and successfully solve it. Our ability
to solve such problems is very important because it will save technical and
financial resources for 5G/6G networks implementation.

This paper has been supported by the RUDN University Strategic Aca-
demic Leadership Program (recipient S.A. Vasilyev, mathematical model
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There is a wide range of such queuing systems in which the service
time is deterministic. In this paper, the dependence of the param-
eter of the Poisson distribution of the number of customers in the
system with the deterministic service time and infinite number of
servers in the presence of a peak in the intensity of the input flow is
investigated. This dependence is investigated analytically and nu-
merically and it is shown how reducing the service time smooths out
the peak in the number of customers in the system. Keywords:
multi-server queuing system, deterministic service time, smoothing
of pike load.

Introduction

Stationary multi-server queuing systems are usually investigated un-
der the assumption of no queue, i.e. with an infinite number of servers.
Such models appear in computer program testing systems [1] – [3]. They
are closely adjacent to systems with failures or to systems with unreliable
servers. When analysing such systems, it is assumed that there is some
functional relationship between the intensity of the input flow and the ser-
vice.

However, systems with no queue (an infinite number of servers) and non-
stationary Poisson input flow can also be investigated with a deterministic
service time. Of particular interest in the analysis of such systems are peak
lode modes and ways of smoothing them. In this paper, the study is based
on the relationship between the intensity of the Poisson input flow and the
parameter of the Poisson distribution of the number of customers in the
system at a given time [4]. Non-stationary queuing systems are widely used
in modelling of computing systems (see, for example, [5]). But algorithms
of their analysis and numerical investigation are very complicated even in
simple versions.

However, the abundance of practical applications: production processes
and communications, trade processes and consumer services. raises the
question of the development of these models, despite their large analytical
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and computational complexity. In this regard, it should be noted such
important practical research programs as ”Smart city ”Digital economy etc.,
which require the development of analysis and calculation methods for non-
stationary queuing systems [6] – [8]).

In this paper, such service systems are presented as continuous networks
with deterministic service times and with no queues at the nodes. A spe-
cial mathematical technique is being developed for them, combining both
probabilistic calculations and elements of graph theory.

1. Queuing systems with an infinite number of servers and
deterministic service time

The mathematical model of such a service system can serve as a non-
stationary Poisson flow with intensity λ(t), t ≥ 0, of the moments of users
arrivals, stationary time a of service and hence the user’s stay in the system,
as well as the number of users n(t) in the system at the time t ≥ 0. Queuing
systems with an infinite number of servers have been repeatedly investigated
from both theoretical and applied points of view . However, all these models
were built under the assumption of stationary input flow and service process.

This paper focuses on a model with non-stationary input flow. There-
fore, the paper [1] can be considered the closest to this model, in which the
intensity of Poisson input flow and the intensity of the service process are
non-stationary and connected by some relation. As already noted, this is a
special assumption about the input flow and service intensities. However,
the mathematical technique of studying such a model is not quite suitable
for systems with deterministic service time. In turn, such systems are often
found in applications, for example, in models of sport complexes or cine-
mas, in which the user immediately goes to service having the character of
a certain session with a deterministic duration.

At the first stage, we assume that the intensity of the Poisson flow
λ(t), 0 ≤ t ≤ T is a continuous function of time t. However, for conve-
nience of calculations, it should be assumed that for t < 0 and for t > T ,
the function λ(t) = 0. In this case, the number of users n(t) has a Poisson

distribution with the parameter Λ(t) =

∫ t

t−α

λ(τ)dτ. As an example, cus-

tomers may be considered as visitors to a swimming pool in regime of free
swimming mode.

The mathematical model of the continuous service system proposed in
this section is based on observations of a really functioning sports complex.
The transition in this complex to a continuous service system significantly
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improved the quality of service, smoothed the load on the system in real
time and allowed users to not depend on the changeable transport situation
in the city. This model may be used for the ”Smart city”program.

The elementary technique of the theory of random sets is more suitable
here, in which the number of points of a Poisson flow on a certain segment
is determined by the integral of the intensity of the flow on this segment [?]
– [?]. Indeed, let the deterministic customer service time be a, and the
intensity of the Poisson input flow is a continuously differentiable function
λ(t) ≥ 0, t ≥ 0. Then the random number of customers in the system at
time t coincides with the random number of points of Poisson intensity flow
λ(t) on the segment [max(0, t−a), t] and therefore has a Poisson distribution
with the parameter

Λ(t) =

∫ t

max(0,t−a)

λ(u)du.

2. Peak loads in a system with infinite number of servers and
deterministic service time

Suppose that the intensity of the Poisson input flow λ(t) ≥ 0, t ≥ 0,
at the point t∗ has a single extremum-maximum and the equality λ(t∗) = λ∗

is satisfied. Our task is to derive the point t∗, at which function Λ(t∗) = Λ∗

has a maximum.
To do this, first write out the value of the continuous function Λ(t) t ≥

0 :

Λ(t) =

∫ t

0

λ(u)du 0 ≤ t ≤ a, Λ(t) =

∫ t

t−a

λ(u)du a ≤ t. (1)

To use the maximum condition of function Λ(t), we calculate from formula
(1) its derivative for 0 ≤ t ̸= a, which is a continuously differentiable func-
tion

dΛ(t)

dt
= λ(t) 0 ≤ t < a,

dΛ(t)

dt
= λ(t)− λ(t− a) a < t. (2)

(1) Consider the case 0 < t∗ < a, λ(0) > λ(a), when, due to formulas
(1), (2), the following relations are fulfilled

dΛ(t)

dt
> 0 0 ≤ t < a,

dΛ(t)

dt
< 0 a < t. (3)

Then it follows from formula (3) that function Λ(t) has a single extramum-
maximum and

Λ∗ =

∫ a

0

λ(u)du, t∗ = a.
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This statement is not difficult to obtain using formulas (1), (2) and piecewise

continuity of function
dΛ(t)

dt
.

(2) In turn, for 0 < t∗ < a, λ(0) < λ(a), function Λ(t) has a single
extremum-maximum at some point t∗, t∗ ≤ t∗ ≤ t∗+a. This statement may

be easily obtained because function
dΛ

dt
, t > a, is continuously differentiable

and the following inequalities are true

dΛ(t)

dt
> 0 0 ≤ t < a,

dΛ(t)

dt
|t=a+0> 0,

dΛ(t)

dt
|t=t∗+a< 0.

(3) Now let‘s move on to the case a < t∗ <∞, then function Λ(t) has a
single extremum-maximum at some point t∗, t∗ < t∗ < t∗ + a. This state-

ment may be easily obtained because function
dΛ

dt
, t > a, is continuously

differentiable and the following inequalities are true

dΛ(t)

dt
> 0 0 ≤ t < a,

dΛ(t)

dt
> 0 a < t ≤ t∗,

dΛ(t)

dt
|t=t∗+a< 0.

3. Smoothing of peak load by parameter a decreasing

If one of the conditions (1), (2), (3) is met the following inequality is
true

Λ∗ =

∫ t∗

t∗−a

≤ aλ∗. (4)

Thus, reducing the parameter a allows to decrease the value Λ∗.
In turn, the lower estimate for the value Λ∗ may be obtained, for exam-

ple, under the following condition∫ a

0

λ(u)du ≥ λ∗ ⇒ Λ∗ ≥ Λ(a) ≥ λ∗. (5)

This relation can also be obtained by replacing the inequality (5) with the
condition λ(t) ≥ λ∗, 0 ≤ t ≤ a, aλ∗ ≥ λ∗. Figure 1 shows that as a
increases, the maximum Λ∗ of function Λ(t) also increases, and the point
t∗, at which function Λ(t) reaches a maximum, shifts to the right relative
to the point t∗.
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Figure 1. Graphs of functions λ(t) (dotted line), Λ(t) (solid line) for T = 10, b =
5, c = 1

4. Discussion

Analytical analysis showed that function Λ(t) depends on the parameter
a significantly. If a decreases then function Λ(t) is smoothed out. Otherwise,
the magnitude Λ∗ of the peak increases, and the peak itself shifts to the left.
This means that parameter a, which characterizes the deterministic service
time, significantly affects the number of customers in the system.
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Conclusion

The properties of the queuing model with the infinite number of servers
and deterministic service time and computational experiments shows de-
pendence of the system behaviour on deterministic service time. This de-
pendence makes it possible to control the system in the peak load mode,
determined by the intensity of the input Poisson flow, and smooth out the
peak load.
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This article deals with sensitivity analysis using analytical methods,
as well as a numerical study. On the example of a repairable k-out-
of-n system, which is one of the most common ways to improve
reliability, it is shown that under rare failures condition and a fixed
average repair time, the steady-state characteristics of the system
are insensitive to the shape of the repair time distribution as well
as its coefficient of variation. Keywords: system reliability, k-
out-of-n system, steady-state probabilities, sensitivity analysis, rare
failures.

Introduction

The study of sensitivity is an important issue in both theoretical and
practical problems. The theory of sensitivity (or invariance) of stochastic
systems arose in the middle of the last century. Many authors have dealt
with this problem, for example, B. Sevastyanov, I. Kovalenko, B. Gnedenko,
A. Soloviev. An overview of some earliest works can be found in [1].

Nowadays, the problem of sensitivity has been investigated to various
mathematical models which prove conclusions of the previous works. In the
current paper, a k-out-of-n system is considered as a new example which, in
addition to theoretical aspects, requires research in the field of sensitivity.
k-out-of-n systems have been a popular object of research for many years.
These systems are a simple example of redundancy, which is considered as
a method of increasing reliability.

The paper is organized as follows. In the next section, some notations,
assumptions as well as problem setting will be done. Section 2 deals with
analytical results for steady state system reliability characteristics with the
help of markovization method. Section 3 provides sensitivity analysis of a
3-out-of-6 system, which is proved by numerical example in Section 4. The
paper ends with the conclusion.

Supported by RFBR according to the research project No. 20–01–00575A and the
RUDN University Strategic Academic Leadership Program, as well as funded by RSF
according to the research project No. 22–49–02023
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1. Notations and Assumptions

Consider a repairable k-out-of-n (k < n) system. A repairable system is
one that is repaired not only after a component failure (partial repair), but
also after the failure of the entire system (full repair). Suppose that there is
one unit for repair procedure. Introduce some assumptions about the shape
of components life and repair time distributions. Suppose that

— the lifetimes of system components are exponentially distributed with
parameter α and mean time a = α−1;

— the repair times for any failed components (partial repair) are indepen-
dent identically distributed (i.i.d.) random variables (r.v.’s) Bi (i =
1, 2, . . . ) with common cumulative distribution function (c.d.f.) B(x) =
P{Bi ≤ x} which is absolute continuous with its probability density
function (p.d.f.) b(x);

— the repair times for failed system (full repair) are also i.i.d. r.v.’s Fi (i =
1, 2, . . . ) with corresponding c.d.f. F (x) = P{Fi ≤ x}, its p.d.f. is f(x);

— the instantaneous repairs are impossible, their mean times are finite,

B(0) = F (0) = 0, b =
∞∫
0

(1−B(x))dx <∞, f =
∞∫
0

(1− F (x))dx <∞;

— corresponding Laplace transforms (LTs) of p.d.f.’s b(t) and f(t) are

b̃(s) =
∞∫
0

e−stb(t)dt, f̃(s) =
∞∫
0

e−stf(t)dt,

— given elapsed repair time x the conditional intensities of partial and full

repair are, respectively, β(x) = b(x)
1−B(x) , φ(x) = f(x)

1−F (x) .

Denote the system state space as E = {0, 1, ...k}, where 0 – all n elements
operate; j – j elements out of n (j = 1, k − 1) have failed, one of them is
being repaired, and others (n − k) operate; and k – k elements have failed
which means the system failure and its restoration.

To perform reliability analysis, introduce a random process J =
{J(t), t ≥ 0} on a space set E as a description of the system behav-
ior, J(t) = j, j ∈ E, if the system is in state j at time t. Suppose that
J(0) = 0. The paper is devoted to time-dependent system state probabilities
(t.d.s.s.p.’s) πj(t) and steady-state probabilities (s.s.p.’s) πj calculation,

πj(t) = P{J(t) = j}, πj = lim
t→∞

P{J(t) = j}, j ∈ E,

as well as properties of their asymptotic sensitivity to the shapes of system
components’ repair time distribution.

2. Markovization Method and Steady-State Probabilities

Present analytical results of the s.s.p.’s calculation of a k-out-of-n sys-
tem with the help of the method of supplementary variables (one of the
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markovization methods) [2]. In the case under consideration, as a supple-
mentary variable, the elapsed repair time of the failed component is used.
Thus, denote by

Z(t) = {J(t), X(t)}t≥0

a two-dimensional Markov process with extended states’ space Ē =
{0, (i, x) | i = 1, k}. In this notation J(t) is defined as above, and X(t)
means the elapsed repair time of the failed component or the whole sys-
tem. Figure 1 represents the states’ transition graph of the process Z(t).
Here λi = (n − i)α, (i = 0, k − 1) is the system failure intensity, when i

0

( )x

( 2,0)k 

(1, )x ( 1, )k x

(2,0)

( )x ( )x

(2, )x
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0
1k 

2 2k 

(1,0) ( ,0)k

( , )k x
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Figure 1. Transition graph of the process Z(t)

components out of n fail.
Denote by

— π0(t) = P{J(t) = 0} – the probability of a working state of all system
components at time t;

— πi(t;x) = P{J(t) = i; x < X(t) ≤ x+dx} – the joint probability that at
time t there are i failed components, among which one is repaired with
the elapsed repair time in the interval x and x+ dx, i = 1, k.

From the graph 1 as well as by comparing the process Z(t) in the closed
interval t and t + δ, the Kolmogorov forward system of partial differential
equations for the t.d.s.s.p.’s calculation can be obtained [3]

The process Z(t) is a Harris one, so according to the Harris Markov
processes theory, it has a stationary regime. Thus, as t −→ ∞ the following
expressions hold,
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λ0π0 =

∫ ∞

0

β(x)π1(x)dx+

∞∫
0

φ(x)πk(x)dx,

π̇1(x) = −(λ1 + β(x))π1(x),

π̇i(x) = −(λi + β(x))πi(x) + λi−1πi−1(x), i = 2, k − 1,

π̇k(x) = −φ(x)πk(x),

jointly with the initial π0(0) = 1 and boundary conditions

π1(0) = λ0π0 +

∫ ∞

0

β(x)π2(x)dx,

πi(0) =

∫ ∞

0

β(x)πi+1(x)dx, i = 2, k − 2,

πk−1(0) = 0,

πk(0) = λk−1

∫ ∞

0

πk−1(x)dx,

the solution of which can be found with the help of the method of constants
variation [4].

3. Sensitivity Analysis

Consider a 3-out-of-6 system as an example. The s.s.p.’s and the avail-
ability coefficient Kav have the following form,

π1 =
6

5
· 1− b̃(5α)

1 + 5b̃(5α)− 5b̃(4α)
π0, π2 =

3

2
· 1 + 4b̃(5α)− 5b̃(4α)

1 + 5b̃(5α)− 5b̃(4α)
π0,

π3 =
6αf(1 + 4b̃(5α)− 5b̃(4α))

1 + 5b̃(5α)− 5b̃(4α)
π0, π0 = 1−

∑
i=1,3

πi, (1)

Kav = 1− π3 =
37 + 58b̃(5α)− 75b̃(4α)

60αf(1 + 4b̃(5α)− 5b̃(4α)) + 37 + 58b̃(5α)− 75b̃(4α)
.

The formulas (1) are presented in terms of LT of partial repair time
distribution of the system components. Full repair time is defined only as a
mean value. The obvious dependence of s.s.p.’s on the shape of repair time
distribution is observed. On the other hand, some papers, for example [5],
show that with “rare” failures, the shape of such a distribution does not
affect the reliability measures. In stochastic systems, this property is called
insensitivity.
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So, consider the behavior of the s.s.p.’s under the rare failures condition.
Suppose that q = max(λi) → 0. Applying Taylor series up to the second
order of q,

b̃(λi) ≈ 1− bλi +
b2λ2i
2

, i = 1, 2,

with substitution ρ1 = αb and ρ2 = αf from (1) the following ones can find,

π1 ≈ 6ρ1(2− 5ρ1)

2− 5ρ1(2− 9ρ1)
π0, π2 ≈ 30ρ2

2− 5ρ1(2− 9ρ1)
π0, (2)

π3 ≈ 120ρ21ρ2
2− 5ρ1(2− 9ρ1)

π0, π0 ≈ 2− 5ρ1(2− 9ρ1)

2 + ρ1(2 + 15ρ1(3 + 8ρ2))
,

Kav ≈ 2 + 2ρ1 + 45ρ21
2 + ρ1(2 + 15ρ1(3 + 8ρ2))

.

4. Numerical Example

Consider further some numerical example to show the rate of conver-
gence of the availability coefficient Kav in case of rare failures, different
distributions of repair time as well as different values of its coefficient of
variation v. The following distributions are used for the repair time:

— Erlang (Erl(l, θ)) with b = l · θ−1, v =
√
l/l,

— Gnedenko-Weibull (GW (k, λ)) with b = λ · Γ
(
1 + 1

k

)
,

v =

√
λ2·Γ(1+2/k)−b2

b ,

— Uniform (U(â, b̂)) with b =
â+ b̂

2
, v = 1

â+b̂
·
√

(b̂−â)2

3 .

Suppose b = 1, v = 0.5, 1, 2, mean full repair time f = 2. Mean lifetime
of system elements a = 0.1, 20, so the failure intensity α = a−1. Fig. 2 shows
the dependence of the coefficient of availability Kav from the mean lifetime
of system elements for different repair time distributions, as well as the case
of rare failures (in the legend it defines as Approx.). Other notations of the
legend is defined as in [4].

5. Conclusion

Fig. 2 shows that over the entire interval a all curves become very close
to each other despite the different values of v. As a ≈ 10, the asymptotic
expression (2) shows the absolute accuracy in comparison with the obtained
expression (1) for each value v with Erl and GW , and U with v = 1. The
results provided indicate the presence of asymptotic insensitivity of the sys-
tem’s stationary characteristics to the shape of the repair time distribution
and its coefficient of variation at its fixed mean and α→ 0.
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Figure 2. Kav of a 3-out-of-6 system under rare failures condition
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The focus of interest in the paper is a data network consisting of
terminal devices connected by routing devices and communication
channels. The problem of mathematical modeling of such a data
network is solved using a closed exponential G-network of single-
server queueing nodes with positive requests and signals. The model
is studied under the critical assumption of a large number of requests
being processed. The mathematical approach used make it possible
to calculate the main statistical characteristics of a Markov process
describing the model state, as well as to reconstruct analytically its
normal probability density function based on the Gaussian approx-
imation method. The results of the study allow us to analyze the
data network performance measures in both transient and steady
state. Keywords: G-network, data network, mathematical model,
queueing network, asymptotic analysis, Gaussian approximation.

Introduction

To date, the development of technology has led to the widespread use of
systems that provide parallel and decentralized information processing. A
feature of these systems is the set of incoming tasks that are quite simple
to process. These tasks come to the system nodes, requesting resources for
processing. Due to the peculiarities of such systems, it is necessary to create
new and modify existing methods for their analysis, and for solving problems
of increasing their efficiency. Queueing networks are effective mathemati-
cal models for studying discrete probabilistic systems with a network-like
structure. The G-networks were first introduced by Erol Gelenbe and have
been studied in a steady state [1, 2, 3]. The study of G-network models
in a transient state is presented in the articles [4, 5]. Other applications of
G-networks with signals have been discussed in [6, 7].

The purpose of this paper is mathematical modeling and efficiency anal-
ysis of the data network using a closed exponential G-network with signals.
An asymptotic analysis of the model is performed, which implies an approx-
imation method of queueing network study under the assumption of a large
but limited number of requests [8, 9, 10, 11]. The mathematical approach
used in this paper is based on a discrete model of a continuous Markov pro-
cess and the theory of diffusion approximation of a Markov process [11, 12].
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1. Model description. Problem formulation

The focus of this paper is the data network consisting of terminal devices,
connected by routing devices and communication channels (data links). The
terminal devices function is the transfer and reception of data, they are
communication endpoints. Each terminal or routing device has many inputs
and outputs. Each of the communication channels has one input and one
output, which are connected to the inputs and outputs of the devices, they
provide data transfer. Data is transmitted over the network in the form of
discrete packets. The bandwidth of data links is limited. Network devices
and channels process information packets at a limited rate.

In general, a payload (information useful to the user), a malicious code
(malware) and a service information can be transmitted over data networks.
By service information we mean commands that provide load balancing
between devices. The load balancing is the process of distributing a set
of packets over a set network units, with the aim of making their overall
processing more efficient and avoiding overloading some units.

The problem of mathematical modeling of such a data network can be
solved using a G-network with signals. As a model of a data network we will
use a closed exponential G-network, consisting of n queueing nodes (queues)
and an external environment. We set K is the total number of requests
circulating in the G-network. The requests in the G-network correspond
to data packets transmitted over the data network, positive requests are
assigned to payload, signals are assigned to malware and service information.
All terminal and routing devices, as well as data links, are represented in
the form of queueing nodes with ·/M/1 structure.

Each data packet can be in one of following states corresponding G-
network nodes with the same number: S0 – in the external environment, Si

– in one of the devices or data lines (in the i-th G-network node), i = 1, n.
The transition of a request from the state S0 to Si corresponds to the arrival
of a packet in the network. The arrival requests flow is divided into a flow
of positive requests and signals. Requests arrive from outside following a
Poisson process with rate λ0. The probability of a payload arriving at time
interval [t, t+∆t] is λ0p

+
0i∆t+ o(∆t), a malicious or service packet arrival

probability is λ0p
−
0i∆t + o(∆t), i = 1, n,

n∑
i=1

(p+0i + p−0i) = 1. A payload

packet transfers from Si to Sj without modification with probability p+ij ,
transfers from Si to Sj as a packet containing malicious code or service
information with probability p−ij , or leaves the network with probability

pi0 = 1−
n∑

j=1

(
p+ij + p−ij

)
, i, j = 1, n.
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All queueing nodes Si are single-server, the waiting buffer is unlimited.
The service time of positive requests is exponentially distributed with the
service rate µi, i = 1, n. Requests are served according to FIFO rule. Signals
arriving at a node are not served by the node servers. A signal arriving at
node Si either instantly moves a positive request from the system Si to the
system Sj with a probability of qij , note that in this case the signal is called
a trigger, or destroys a positive request located at the same node Si with a

probability of qi0 = 1−
n∑

j=1

qij and immediately leaves the network.

The state of this network at time t is represented by a random process

k(t) = (k1(t), k2(t), ..., kn(t)), (1)

where ki(t) is the number of requests (packets) in the state Si at the time
t, 0 ≤ ki(t) ≤ K, i = 1, n. It is obvious that the number of requests serving

in the G-network at the time t is
n∑

i=1

ki(t) = K − k0(t). The allocation of

data packets according to possible states at time t fully describes the state
of the data network at that time. Accordingly, the allocation of requests
by queueing nodes completely determines the state of the G-network. Tak-
ing into account the above-described, the process k(t) is a continuous-time
Markov chain with a finite state space.

2. Asymptotic analysis of the G-network

Asymptotic analysis implies an approximation method of queueing net-
work study under the critical assumption of a large number of requests K.
Using the technique described in [8, 9, 10, 11], it is possible to derive a set
of ordinary differential equations for the main statistical characteristics of
a random process k(t).

Data networks typically handle a large number of information packets.
In connection with this, we proceed to the limit from the Markov chain

k(t) to the continuous Markov process ξ(t) =
(

k1(t)
K , k2(t)

K , ..., kn(t)
K

)
when

K tends to be very large. The state space of relative vector ξ(t) is X ={
x = (x1, x2, ..., xn) : xi ≥ 0, i = 1, n,

∑n
i=1 xi ≤ 1

}
. The increment of ξi(t)

in the short time ∆t → 0 is ∆xi = ε, where ε = 1/K. As K → ∞, the
increment of ξi(t) decreases, and in any small time interval ∆t → 0 the
process ξi(t) has some small change in the state ∆xi → 0. We can assume
that the limiting distribution of ξi(t) is continuous. The vector ξ(t) will
be continuous-time continuous-state Markov processes with a probability
density function p(x, t).
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Similarly to [8, 9, 11], it was proved that the density p(x, t) satisfies the
following Fokker–Planck–Kolmogorov equation

∂p(x, t)

∂t
= −

n∑
i=1

∂

∂xi
(Ai(x, t)p(x, t)) +

ε

2

n∑
i,j=1

∂2

∂xi∂xj
(Bij(x, t)p(x, t)),

(2)

Ai(x, t) = λ0

(
1−

n∑
i=1

xi

)
(p+0i − p−0i) +

n∑
j=1

λ0

(
1−

n∑
i=1

xi

)
p−0jqji−

−µi min (xi, ε)

n∑
j=1

p−ij(1− θ(xj)) +

n∑
j=1

µj min (xj , ε) (p
+
ji − p−ji − δji)+

+

n∑
j,s=1

µj min (xj , ε) p
−
jsqsi,

where the drift coefficients Ai(x, t) characterize the rate of change of the
process ξ(t), δji is the Kronecker delta, θ(x) is the Heaviside step function.
The diffusion coefficients Bij(x, t), i, j = 1, n, are also linear in x, their
form is not given because of paper size limitation.

The probability distribution of the vector ξ(t) given by the density
p(x, t) is a complete and exhaustive characteristic of the G-network state
at time t. However, such an exhaustive characteristic cannot be found,
since equation (2) is not explicitly solvable. Therefore, instead of the den-
sity p(x, t), we will use an incomplete approximate description of a random
process ξ(t) using its moments. It is often enough to know what ”average
value”of ξ(t) is, how far from this average value the values of ξ(t) typically
are, and how the statistical relationship between its components ξi(t) and
ξj(t) is characterized. The minimum number of parameters by which an
n-dimensional random process can be characterized is as follows: the ex-
pected values Eξi(t), the variances Dξi(t) and the mixed raw moments of
the second order E(ξi(t)ξj(t)), i, j = 1, n.

It was found [10] that the set of ordinary differential equations for the
first-order and second-order raw moments of the state vector elements ξi(t)
with an accuracy of O(1/K2) is

dνi(t)

dt
=
dE (ξi(t))

dt
= Ai(ν

(1)(t)), i = 1, n; (3)

dνij(t)

dt
=
dE (ξi(t)ξj(t))

dt
= E (ξi(t)Aj(ξ(t)))+

+E (ξj(t)Ai(ξ(t))) + εBij(ν
(1)(t)), i, j = 1, n.



Stochastic data network model 127

Solution of (3) with a certain initial condition, firstly, makes it possible
to predict the mean and the dispersion of the number of data packets at
each model state with time, and, secondly, draw a conclusion about the cor-
relation of the number of packets at different data network units with time.
These results are useful in decision making and network load analysis. They
are applicable with a specified accuracy in both the transient and steady
state, this is a fundamental advantage of the used asymptotic method.

In this paper, we restrict ourselves to considering only the set of differ-
ential equations for expected values νi(t), i = 1, n, of the defined form

dνi(t)

dt
= λ0

(
1−

n∑
i=1

νi(t)

)
(p+0i − p−0i)+

+

n∑
j=1

λ0

(
1−

n∑
i=1

νi(t)

)
p−0jqji − µi min (νi(t), ε)

n∑
j=1

p−ij(1− θ(xj))+

+

n∑
j=1

µj min (νj(t), ε) (p
+
ji − p−ji − δji) +

n∑
j,s=1

µj min (νj(t), ε) p
−
jsqsi.

(4)

In the asymptotic case of large K under study, the Gaussian approx-
imation method [12] can be used to reconstruct analytically the normal
probability density function p(x, t) from the found moments of the process
ξ(t) and to analyze this process using normal density properties [13].

Conclusion

In this paper, the G-network with signals was presented as a stochastic
data network model. Requests in the G-network correspond to data packets
transmitted over the data network, positive requests are assigned to payload,
signals are assigned to malware and service information. The model was
studied in the asymptotic case of a large number of requests. As a result, the
main statistical characteristics of the number of requests at each network
unit were found in both the transient and steady state. The presented
technique allows us to reconstruct the normal density of the state process
ξ(t) based on the Gaussian approximation method.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈ-ÄÈÔÔÓÇÈÎÍÍÛÉ
ÀÍÀËÈÇ RQ-ÑÈÑÒÅÌÛ M/M/1 Ñ
ÍÅÒÅÐÏÅËÈÂÛÌÈ ÇÀßÂÊÀÌÈ,

ÊÎËËÈÇÈßÌÈ È ÍÅÍÀÄ�ÆÍÛÌ ÏÐÈÁÎÐÎÌ

Å.Þ. Äàíèëþê, À.C. Ïëåõàíîâ, Ñ.Ï. Ìîèñååâà

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Ðàññìîòðåíà ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíû-
ìè âûçîâàìè òèïà M/Ì/1. Êëàññè÷åñêàÿ ìîäåëü RQ-ñèñòåìû
óñëîæíåíà íàëè÷èåì êîíôëèêòîâ çàÿâîê â ñèñòåìå, ¾íåòåð-
ïåëèâûõ¿ çàÿâîê íà îðáèòå, à òàêæå ¾íåíàä¼æíûì¿ ïðèáî-
ðîì, êîòîðûé âûõîäèò èç ñòðîÿ è ðåìîíòèðóåòñÿ â ôóíê-
öèîíèðóþùåé ñèñòåìå ìàññîâîãî îáñëóæèâàíèÿ. Ðåøåíà çà-
äà÷à íàõîæäåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàÿâîê
íà îðáèòå ìåòîäîì àñèìïòîòè÷åñêè-äèôôóçèîííîãî àíàëèçà â
óñëîâèè äîëãîé ¾òåðïåëèâîñòè¿ çàÿâîê íà îðáèòå. Ïðèâåäå-
íû ÷èñëåííûå ðåçóëüòàòû, äåìîíñòðèðóþùèå îáëàñòü ïðèìå-
íåíèÿ ïîëó÷åííûõ òåîðåòè÷åñêèõ âûâîäîâ, à òàêæå äàí ñðàâ-
íèòåëüíûé àíàëèç ìåòîäà àñèìïòîòè÷åñêîãî àíàëèçà è ìåòîäà
àñèìïòîòè÷åñêè-äèôôóçèîííîãî àíàëèçà äëÿ ðàññìîòðåííîé çà-
äà÷è. Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêè-äèôôóçèîííûé àíà-
ëèç, RQ-ñèñòåìà, êîëëèçèè, íåòåðïåëèâûå çàÿâêè, íåíàä¼æ-
íûé ïðèáîð.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ âîñòðåáîâàíû èññëåäîâàíèÿ ñèñòåì ìàññîâîãî îá-
ñëóæèâàíèÿ ñ ïîâòîðíûìè âûçîâàìè, î ÷åì ñâèäåòåëüñòâóþò ìíîãî÷èñ-
ëåííûå ðàáîòû â ýòîé îáëàñòè è ãðàíòîâàÿ ïîääåðæêà. Ýòè ñèñòåìû
êàê ìàòåìàòè÷åñêèå ìîäåëè î÷åíü ïîäõîäÿò äëÿ îïèñàíèÿ ñîâðåìåí-
íûõ òåëåêîììóíèêàöèîííûõ ñèñòåì, ñåòåé, ìîáèëüíûõ ñåòåé. Íàðÿäó
ñ ïîñòðîåíèåì ìàòåìàòè÷åñêèõ ìîäåëåé RQ-ñèñòåì ðàçðàáàòûâàþòñÿ
íîâûå ìåòîäû èõ èññëåäîâàíèÿ. Äîñòàòî÷íî íîâûì ìåòîäîì ÿâëÿåòñÿ
ìåòîä àñèìïòîòè÷åñêè-äèôôóçèîííîãî àíàëèçà. Êàê è ìåòîä àñèìïòî-
òè÷åñêîãî àíàëèçà, îí àêòèâíî ðàçðàáàòûâàåòñÿ òîìñêîé íàó÷íîé øêî-
ëîé, è åñòü èíòåðåñíûå ðàáîòû [1, 2, 4, 3], â êîòîðûõ èñïîëüçóåòñÿ ìå-
òîä àñèìïòîòè÷åñêè-äèôôóçèîííîãî àíàëèçà. Ïðèìåíåíèå äèôôóçèîí-
íîé àïïðîêñèìàöèè äëÿ ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ ïðåäñòàâëåíû,
íàïðèìåð, â [6], [7].
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Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà ðàçðàáîòêå ìåòîäà àñèìïòîòè÷åñêè-
äèôôóçèîííîãî àíàëèçà íà ïðèìåðå RQ-ñèñòåìû M/M/1 ñ íåòåðïåëè-
âûìè çàÿâêàìè, êîëëèçèÿìè è íåíàä¼æíûì ïðèáîðîì, äëÿ êîòîðîé àâ-
òîðàìè â [5] ðåøåíà çàäà÷à íàõîæäåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé
÷èñëà çàÿâîê íà îðáèòå àñìïòîòè÷åñêèì ìåòîäîì. Îáà ìåòîäà ïðèìåíÿ-
þòñÿ â óñëîâèè äîëãîé ¾òåðïåëèâîñòè¿ çàÿâîê íà îðáèòå, ÷òî ïîçâîëÿåò
ñðàâíèòü îáëàñòè èõ ïðèìåíèìîñòè äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåò-
ðîâ ñèñòåìû.

1. Ïîñòàíîâêà çàäà÷è è ïðåäâàðèòåëüíûå ðåçóëüòàòû

Ïîäðîáíîå îïèñàíèå ìàòåìàòè÷åñêîé ìîäåëè èññëåäóåìîé RQ-
ñèñòåìû äàíî àâòîðàìè â ïåðâîì ðàçäåëå [5]. ×òîáû ïîëó÷èòü ðàñ-
ïðåäåëåíèå âåðîÿòíîñòåé P {k(t) = k, i(t) = i} = Pk(i, t), k = 0, 1, 2,
i = 0, 1, 2, . . . , ÷èñëà çàÿâîê íà îðáèòå â ìîìåíò âðåìåíè t ìåòîäîì
àñèìïòîòè÷åñêè-äèôôóçèîííîãî àíàëèçà, çàïèøåì ñèñòåìó äèôôåðåí-
öèàëüíûõ óðàâíåíèé Êîëìîãîðîâà (1) [5] â òåðìèíàõ ÷àñòè÷íûõ õàðàê-
òåðèñòè÷åñêèõ ôóíêöèé (1)

Hk(u, t) =

∞∑
i=0

ejuiPk(i, t), k = 0, 1, 2, (1)

ãäå j =
√
−1. Î÷åâèäíî, ÷òî H(u, t) = H0(u, t) +H1(u, t) +H2(u, t).

Òîãäà ñèñòåìà (1) [5] ïðèìåò âèä (2) è áóäåò ÿâëÿòüñÿ îñíîâíîé ñè-
ñòåìîé äëÿ èññëåäîâàíèÿ RQ-ñèñòåìû ñ íåòåðïåëèâûìè çàÿâêàìè, êîë-
ëèçèÿìè è íåíàä¼æíûì ïðèáîðîì.



∂H0(u, t)

∂t
=− (λ+γ0)H0(u, t)+

(
µ+λe2ju

)
H1(u, t)+γ2H2(u, t)

+j
(
σ + α− αe−ju

)
H ′

0(u, t)− jσejuH ′
1(u, t),

∂H1(u, t)

∂t
= λH0(u, t)− (λ+ µ+ γ1)H1(u, t)− jσe−juH ′

0(u, t)

+j
(
σ + α− αe−ju

)
H ′

1(u, t),
∂H2(u, t)

∂t
=γ0H0(u, t)+γ1e

juH1(u, t)−
(
λ+ γ2−λeju

)
H2(u, t)

+jα
(
1− e−ju

)
H ′

2(u, t),

(2)

ãäå H ′
k(u, t) =

∂Hk(u, t)

∂u
= j

∞∑
i=0

iejuiPk(i, t), k = 0, 1, 2.
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Ñêëàäûâàÿ óðàâíåíèÿ ñèñòåìû (2), ïîëó÷àåì äîïîëíèòåëüíîå óðàâ-
íåíèå (3)

∂H(u, t)

∂t
=
(
1− e−ju

) {[
λ
(
eju + 1

)
+ γ1

]
H1(u, t) + λH2(u, t)

+je−ju (σ+α)H ′
0(u, t)+j

(
αe−ju−σ

)
H ′

1(u, t)+jαe
−juH ′

2(u, t)
}
.

(3)

2. Îñíîâíûå ðåçóëüòàòû

Äëÿ ïîëó÷åíèÿ äèôôóçèîííîé àïïðîêñèìàöèè ðàñïðåäåëåíèÿ âå-
ðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå èññëåäóåìîé ñèñòåìû ìåòîäîì
àñèìïòîòè÷åñêè-äèôôóçèîííîãî àíàëèçà ñëåäóåò ïîñëåäîâàòåëüíî ðåà-
ëèçîâàòü ýòàïû: ïîëó÷åíèå êîýôôèöèåíòà ñíîñà, öåíòðèðîâàíèå ñòîõà-
ñòè÷åñêîãî ïðîöåññà, ïîëó÷åíèå êîýôôèöèåíòà äèôôóçèè, � â óñëîâèè
äîëãîé ¾òåðïåëèâîñòè¿ çàÿâîê íà îðáèòå (σ → 0, α → 0). Ðåçóëüòàòû
èññëåäîâàíèÿ ïðèâåäåíû â Òåîðåìå 1.

Òåîðåìà 1. Äèôôóçèîííàÿ àïïðîêñèìàöèÿ ðàñïðåäåëíåèÿ âåðî-
ÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå RQ-ñèñòåìû M/M/1 ñ íåòåðïåëèâûìè
çàÿâêàìè, êîëëèçèÿìè è íåíàä¼æíûì ïðèáîðîì (ñ âõîäÿùèì ïðîñòåé-
øèì ïîòîêîì çàÿâîê èíòåíñèâíîñòè λ, ýêñïîíåíöèàëüíûì çàêîíîì ðàñ-
ïðåäåëåíèÿ îáñëóæèâàíèÿ çàÿâêè ïðèáîðîì ñ ïàðàìåòðîì µ, ýêñïîíåí-
öèàëüíûì çàêîíîì ðàñïðåäåëåíèÿ ñëó÷àéíîé çàäåðæêè çàÿâêè íà îðáè-
òå ñ ïàðàìåòðîì σ, ýêñïîíåíöèàëüíûì çàêîíîì ðàñïðåäåëåíèÿ íåòåðïå-
ëèâîñòè çàÿâêè ñ ïàðàìåòðîì α = qσ, ãäå q > 0 � êîíñòàíòà, ýêñïîíåí-
öèàëüíûì çàêîíîì ðàñïðåäåëåíèÿ âðåìåíè, â òå÷åíèå êîòîðîãî ñåðâåð
íàõîäèòñÿ â ðàáî÷åì ñîñòîÿíèè (åñëè ïðèáîð çàíÿò - ñ ïàðìåòðîì γ1,
åñëè ñâîáîäåí - ñ ïàðìåòðîì γ0); ýêñïîíåíöèàëüíûì çàêîíîì ðàñïðåäå-
ëåíèÿ âðåìåíè, â òå÷åíèå êîòîðîãî äëèòñÿ ðåìîíò âûøåäøåãî èç ñòðîÿ
ñåðâåðà, ñ ïàðàìåòðîì γ2) â óñëîâèè äîëãîé ¾òåðïåëèâîñòè¿ çàÿâîê íà
îðáèòå èìååò âèä

Pdiffusion(i) =
Π(iσ)

∞∑
k=0

Π(kσ)
, (4)

ãäå

Π(z) =
C

b(z)
exp

 2

σ

z∫
0

a(x)

b(x)
dx

 , C � êîíñòàíòà, (5)

êîýôôèöèåíòû ñíîñà è äèôôóçèè ñîîòâåòñòâåííî îïðåäåëÿþòñÿ ðàâåí-
ñòâàìè

a(x) = (2λ+γ1+x)R1(x)+λR2(x)−xR0(x)−qx, (6)
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b(x) = a(x) + 2
(
(2λ+ γ1 + x) g1(x) + λg2(x)

−xg0(x) + xR0(x) + λR1(x) + qx
)
,

(7)

âåðîÿòíîñòè

R0(x) =
γ2 (λ+ µ+ γ1 + x)

(γ0 + γ2) (λ+ µ+ γ1 + x) + (γ1 + γ2) (λ+ x)
,

R1(x) =
γ2 (λ+ x)

(γ0 + γ2) (λ+ µ+ γ1 + x) + (γ1 + γ2) (λ+ x)
,

R2(x) = 1−R0(x)−R1(x),

(8)



g0(x) =
∆0

(γ0 + γ2) (λ+ µ+ γ1 + x) + (γ1 + γ2) (λ+ x)
,

g1(x) =
∆1

(γ0 + γ2) (λ+ µ+ γ1 + x) + (γ1 + γ2) (λ+ x)
,

g2(x) = −g0(x)− g1(x),

∆0 = (γ1 + γ2)
[
xR0(x) + (a(x) + qx)R1(x)

]
+(λ+µ+γ1+x)

[
(a(x)+qx−λ)R2(x)−γ1R1(x)

]
,

∆1 = (λ+ x)
[
(a(x) + qx− λ)R2(x)− γ1R1(x)

]
− (γ0 + γ2)

[
xR0(x) + (a(x) + qx)R1(x)

]
.

(9)

3. ×èñëåííûå ðåçóëüòàòû

Ïîëîæèì µ = 1, γ0 = 0.1, γ1 = 0.2, γ2 = 1, α = 2σ.
Äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ ñèñòåìû σ è λ ïîñòðîèì

Pasympt (i) è Pdiffusion (i) � àïïðîêñèìàöèè ðàñïðåäåëåíèÿ âåðîÿòíî-
ñòåé ÷èñëà çàÿâîê íà îðáèòå, ïîëó÷åííûå ìåòîäîì àñèìïòîòè÷åñêîãî
àíàëèçà è ìåòîäîì àñèìïòîòè÷åñêè-äèôôóçèîííîãî àíàëèçà ñîîòâåñò-
âåííî, è ñðàâíèì èõ ñ äîïðåäåëüíûì Pmatrix (i), ïîëó÷åííûì íåïîñðåä-
ñòâåííûì ðåøåíèåì ñèñòåìû óðàâíåíèé (1) [5] äëÿ i = 0, 1, 2, . . . , N ,
N = 500.
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Ðèñ. 1. Ñðàâíåíèå äîïðåäåëüíîãî (ñïëîøíàÿ), àñèìïòîòè÷åñêîãî ( − − −) è
äèôôóçèîííîãî (· · · ) ðàñïðåäåëåíèé äëÿ σ = 0.1, λ = 0.9

Ðèñ. 2. Ñðàâíåíèå äîïðåäåëüíîãî (ñïëîøíàÿ), àñèìïòîòè÷åñêîãî ( − − −) è
äèôôóçèîííîãî (· · · ) ðàñïðåäåëåíèé äëÿ σ = 0.01, λ = 0.7

Â êà÷åñòâå êðèòåðèÿ áëèçîñòè ðàñïðåäåëåíèé Pmatrix (i) è Pdiffusion (i)
áóäåì èñïîëüçîâàòü ðàññòîÿíèå Êîëìîãîðîâà

∆ADA = max
0≤i≤N

∣∣∣ i∑
k=0

Pmatrix (i)−
i∑

k=0

Pdiffusion (i)
∣∣∣,

ðàññòîÿíèå Êîëìîãîðîâà∆AA äëÿ ðàñïðåäåëåíèé Pmatrix (i) è Pasympt (i)
íàéäåíî â [5].

Â Òàáëèöå 1 ïðèâåäåíû çíà÷åíèÿ ∆AA, ∆ADA, àíàëèç êîòîðûõ ñ
ó÷åòîì ðèñóíêîâ ïîçâîëÿåò ñäåëàòü ñëåäóþùèå âûâîäû:
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1) ïðè ôèêñèðîâàííîì çíà÷åíèè çàãðóçêè ñèñòåìû λ/µ ñ óìåíüøåíèåì
σ ðàññòîÿíèå Êîëìîãîðîâà ∆ óìåíüøàåòñÿ;

2) ïðè ôèêñèðîâàííîì çíà÷åíèè ïàðàìåòðà âðåìåíè çàäåðæêè çàÿâêè
íà îðáèòå σ è α ñ ðîñòîì çíà÷åíèÿ çàãðóçêè ñèñòåìû λ/µ ðàññòîÿíèå
Êîëìîãîðîâà ∆AA óìåíüøàåòñÿ äëÿ σ ≥ 0.1 è óâåëè÷èâàåòñÿ äëÿ
σ ≤ 0.01 (òàêîå ïîâåäåíèå ∆ õàðàêòåðíî äëÿ ñèñòåì ñ êîëëèçèÿìè),
ðàññòîÿíèå Êîëìîãîðîâà ∆ADA óìåíüøàåòñÿ;

3) ïðè îäèíàêîâûõ çíà÷åíèÿõ ïàðàìåòðîâ ñèñòåìû ìåòîä àñèìïòîòè÷åñêè-
äèôôóçèîííîãî àíàëèçà òî÷íåå â ñìûñëå ðàññòîÿíèÿ Êîëìîãîðîâà.

Òàáëèöà 1
Çíà÷åíèå ðàññòîÿíèé Êîëìîãîðîâà äëÿ àñèìïòîòè÷åñêîãî ∆AA è
àñèìïòîòè÷åñêè-äèôôóçèîííîãî ∆ADA ìåòîäîâ

λ/µ
σ = 0.1 σ = 0.01 σ = 0.005

∆AA ∆ADA ∆AA ∆ADA ∆AA ∆ADA

0.5 0.161 0.082 0.0230 0.0057 0.0160 0.0039
0.7 0.117 0.049 0.0200 0.0041 0.0160 0.0028
0.9 0.092 0.026 0.0210 0.0031 0.0200 0.0021
1.5 0.055 0.009 0.0300 0.0017 0.0290 0.0012

Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíà RQ-ñèñòåìà M/M/1 ñ íåòåðïåëèâûìè çàÿâ-
êàìè, êîëëèçèÿìè è íåíàä¼æíûì ïðèáîðîì ìåòîäîì àñèìïòîòè÷åñêè-
äèôôóçèîííîãî àíàëèçà â óñëîâèè â óñëîâèè äîëãîé ¾òåðïåëèâîñòè¿
çàÿâîê íà îðáèòå. Ïîëó÷åíà äèôôóçèîííàÿ àïïðîêñèìàöèÿ ðàñïðå-
äåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå è ïðîâåäåí ñðàâíè-
òåëüíûé àíàëèç ñ ðåçóëüòàòàìè ïðèìåíåíèÿ ìåòîäà àñèìïòîòè÷åñêî-
ãî àíàëèçà, ïîêàçàíà áîëåå âûñîêàÿ òî÷íîñòü ìåòîäà àñèìïòîòè÷åñêè-
äèôôóçèîííîãî àíàëèçà. Äîïîëíèòåëüíî ïëàíèðóåòñÿ íàéòè çíà÷å-
íèÿ âåðîÿòíîñòíûõ õàðàêòåðèñòèê ñèñòåìû, êîìïëåêñíî îòðàæàþùèõ
åå ôóíêöèîíèðîâàíèå, è ïîêàçàòü ÷óâñòâèòåëüíîñòü ðàñïðåäåëåíèÿ ê
ïàðàìåòðàì ñèñòåìû. Àíàëèç ïðåäëîæåííîé ìàòåìàòè÷åñêîé ìîäåëè
ìîæåò áûòü èñïîëüçîâàí äëÿ îöåíêè ïðîèçâîäèòåëüíîñòè ðåàëüíûõ
ñèñòåì è äàëüíåéøåé èõ ìîäèôèêàöèè, â òîì ÷èñëå èíôîðìàöèîí-
íî�êîììóíèêàöèîííûõ ñåòåé, à òàêæå â äðóãèõ èçâåñòíûõ ïðèëîæåíèÿõ
òåîðèè ìàññîâîãî îáñëóæèâàíèÿ.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ RQ-ÑÈÑÒÅÌÛ
M|M|1 Ñ ÊÎËËÈÇÈßÌÈ È H1, H2

ÍÀÑÒÎÉ×ÈÂÛÌÈ ÇÀßÂÊÀÌÈ

À.Â. Ïîëõîâñêàÿ, Ñ.Ï. Ìîèñååâà

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ñòàòüå ðàññìàòðèâàåòñÿ RQ-ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ
òèïà M/M/1 ñ îäíèì îáñëóæèâàþùèì ïðèáîðîì, êîëëèçèÿìè
(êîíôëèêòàìè) çàÿâîê è îòêàçàìè. Íîâèçíà çàêëþ÷àåòñÿ â òîì,
÷òî â ïðåäûäóùåå èññëåäîâàíèå áûëè äîáàâëåíû âåðîÿòíîñòè
îòêàçà çàÿâîê H1, H2. Íà âõîä ñèñòåìû ïîñòóïàåò ïðîñòåéøèé
ïîòîê, ïðîäîëæèòåëüíîñòü îáñëóæèâàíèÿ è ñëó÷àéíàÿ çàäåðæ-
êà, êîòîðóþ îñóùåñòâëÿåò çàÿâêà íà îðáèòå â ñëó÷àå âîçíèêíî-
âåíèÿ êîíôëèêòà ýêñïîíåíöèàëüíî ðàñïðåäåëåíû. Äëÿ íàõîæ-
äåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå èñ-
ïîëüçóåòñÿ ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà. Â êà÷åñòâå àñèìï-
òîòè÷åñêîãî óñëîâèÿ èñïîëüçóåòñÿ áîëüøàÿ çàäåðæêà íà îðáèòå.
Ñôîðìóëèðîâàíà è äîêàçàíà òåîðåìà î ãàóññîâîé ôîðìå àñèìï-
òîòè÷åñêîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáè-
òå. Êëþ÷åâûå ñëîâà: RQ-ñèñòåìà, êîëëèçèè, íåòåðïåëèâûå
çàÿâêè, àñèìïòîòè÷åñêèé àíàëèç.

Ââåäåíèå

Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ RQ-ñèñòåìû ñ îäíèì îá-
ñëóæèâàþùèì ïðèáîðîì, êîëëèçèÿìè è H1, H2 íàñòîé÷èâûìè çàÿâêà-
ìè. Ðàññìîòðåíèå RQ-ñèñòåì ñ ñèòóàöèåé êîíôëèêòà çàÿâîê ïîäðàçó-
ìåâàåò, ÷òî çàÿâêà, íàøåäøàÿ ïðèáîð çàíÿòûì â ìîìåíò ïðèáûòèÿ åå â
ñèñòåìó, è çàÿâêà, íàõîäÿùàÿñÿ íà îáñëóæèâàíèè, âñòóïàþò â êîíôëèêò
[1-8]. RQ-ñèñòåìû ñ êîíôëèêòàìè çàÿâîê èìèòèðóþò ïîâåäåíèå ìíîãèõ
ðåàëüíûõ ñèòóàöèé, íàïðèìåð, â òåëåêîììóíèêàöèîííûõ ñåòÿõ, ãäå ïå-
ðåäà÷à äàííûõ äîëæíà áûòü ãàðàíòèðîâàíà áåçîøèáî÷íîé òî÷íîñòüþ ñ
íåêîòîðîé çàäàííîé âåðîÿòíîñòüþ.

Â ðåàëüíîé æèçíè íåòåðïåëèâîñòü ê îæèäàíèþ ÿâëÿåòñÿ íàèáîëåå
çàìåòíîé îñîáåííîñòüþ ëþäåé, êîãäà îíè õîòÿò ïîëó÷èòü îáñëóæèâà-
íèå. Äëÿ õàðàêòåðèñòèêè ïîâåäåíèÿ íåòåðïåëèâûõ êëèåíòîâ ïîìèìî
òåðìèíîâ ¾íåòåðïåëèâîñòü¿, ¾íåíàñòîé÷èâîñòü¿, èñïîëüçóþòñÿ òåðìèí
¾îòêàç¿, ïîíèìàåìûé êàê ðåøåíèå íå ïðèñîåäèíÿòüñÿ ê ëèíèè (ïðèáî-
ðó) ïîñëå íåóäà÷íîé ïîïûòêè ïîëó÷èòü îáñëóæèâàíèå ñ ïîñëåäóþùèì
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óõîäîì èç ñèñòåìû [7,8]. Â äàííîé ðàáîòå èñïîëüçóåòñÿ ïîíÿòèå îòêà-
çà â ñìûñëå íåòåðïåëèâîñòè ñ ôèêñèðîâàííîé âåðîÿòíîñòüþ è â ñìûñëå
îñòàâëåíèÿ çàÿâêè áåç îáñëóæèâàíèÿ ïîñëå ïðèñîåäèíåíèÿ åå ê ëèíèè.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü ñèñòåìû

Ðàññìîòðèì îäíîëèíåéíóþ RQ-ñèñòåìó ñ êîíôëèêòàìè çàÿâîê è îò-
êàçàìè, èçîáðàæåííóþ íà ðèñóíêå 3.

Ðèñ. 1. RQ-ñèñòåìà M/M/1 ñ êîëëèçèÿìè è H1, H2 íàñòîé÷èâûìè çàÿâêàìè

Çàÿâêà, çàñòàâøàÿ ïðèáîð ñâîáîäíûì, çàíèìàåò åãî è íà÷èíàåò îá-
ñëóæèâàíèå, êîòîðîå çàêàí÷èâàåòñÿ óñïåøíî, åñëè âî âðåìÿ íåãî äðó-
ãèå çàÿâêè íå ïîñòóïàëè. Åñëè ïðèáîð çàíÿò, òî ïîñòóïèâøàÿ è îáñëó-
æèâàåìàÿ çàÿâêè âñòóïàþò â êîíôëèêò. Ïðè ýòîì, áóäåì ñ÷èòàòü, ÷òî
çàÿâêà ñ ïðèáîðà óõîäèò íà îðáèòó ñ âåðîÿòíîñòüþ H1, çàÿâêà, âûçâàâ-
øàÿ êîíôëèêò, óõîäèò íà îðáèòó ñ âåðîÿòíîñòüþ H2, à ñ âåðîÿòíîñòüþ
1−Hi ïîêèäàåò ñèñòåìó. Íà âõîä ñèñòåìû ïîñòóïàåò ïðîñòåéøèé ïîòîê
çàÿâîê ñ èíòåíñèâíîñòüþ λ. Ïðîäîëæèòåëüíîñòü îáñëóæèâàíèÿ èìååò
ýêñïîíåíöèàëüíóþ ôóíêöèþ ðàñïðåäåëåíèÿ ñ ïàðàìåòðîì µ. Ñëó÷àéíàÿ
çàäåðæêà, êîòîðóþ îñóùåñòâëÿåò çàÿâêà íà îðáèòå â ñëó÷àå âîçíèêíî-
âåíèÿ êîíôëèêòà, ýêñïîíåíöèàëüíî ðàñïðåäåëåíà ñ ïàðàìåòðîì σ.
Ïóñòü i(t) � ÷èñëî çàÿâîê íà îðáèòå â ìîìåíò âðåìåíè t, l(t) áóäåò îïðå-
äåëÿòü ñîñòîÿíèå ïðèáîðà ñëåäóþùèì îáðàçîì:

l =

{
0, åñëè ïðèáîð ñâîáîäåí,

1, åñëè ïðèáîð çàíÿò.

P (l(t) = l, i(t) = i) = Pl(i, t) � âåðîÿòíîñòü òîãî, ÷òî ïðèáîð â ìîìåíò
âðåìåíè íàõîäèòñÿ â ñîñòîÿíèè l, è â èñòî÷íèêå ïîâòîðíûõ âûçîâîâ i
çàÿâîê.

Ñòàâèòñÿ çàäà÷à èññëåäîâàíèÿ ñëó÷àéíîãî ïðîöåññà l(t), i(t).
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Ñèñòåìà óðàâíåíèé Êîëìîãîðîâà

Äëÿ ïîëó÷åíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé P (l(t) = l, i(t) = i) =
Pl(i, t) ñîñòîÿíèé ðàññìàòðèâàåìîé RQ-ñèñòåìû âûâåäåì ñèñòåìó äèô-
ôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà:

i = 0:
∂P0(0,t)

∂t = −λP0(0, t) + µP1(0, t) + λ(1−H1)(1−H2)P1(0, t)+

+σ(1−H1)(1−H2)P1(1, t),
∂P1(0,t)

∂t = −(µ+ λ)P1(0, t) + λP0(0, t) + σP0(1, t).

i = 1:
∂P0(1,t)

∂t = −(λ+ σ)P0(1, t) + µP1(1, t) + λ(1−H2)H1P1(0, t)+

+λ(1−H1)H2P1(0, t) + λ(1−H1)(1−H2)P1(0, t) + σ(1−H2)·
·H1P1(1, t) + σ(1−H1)H2P1(1, t) + 2σ(1−H1)(1−H2)P1(2, t),
∂P1(1,t)

∂t = −(µ+ λ+ σ)P1(1, t) + λP0(1, t) + 2σP0(2, t).

i ⩾ 2:

∂P0(i,t)
∂t = −(λ+ iσ)P0(i, t) + µP1(i, t) + λH1H2P1(i− 2, t)+

+λ(1−H2)H1P1(i− 1, t) + λ(1−H1)H2P1(i− 1, t)+

+λ(1−H1)(1−H2)P1(i, t) + (i− 1)σH1H2P1(i− 1, t)+

+iσ(1−H2)H1P1(i, t) + iσ(1−H1)H2P1(i, t) + (i+ 1)σ·
·(1−H1)(1−H2)P1(i+ 1, t),
∂P1(i,t)

∂t = −(µ+ λ+ σ)P1(i, t) + λP0(i, t) + (i+ 1)σP0(i, t).

(1)

Çàïèøåì ñèñòåìó (1) â ñòàöèîíàðíîì ðåæèìå lim
t→∞

Pl(i, t) = Πl(x):

i = 0:
0 = −λΠ0(0) + µΠ1(0) + λ(1−H1)(1−H2)Π1(0) + σ(1−H1)·
·(1−H2)Π1(1),

0 = −(µ+ λ)Π1(0) + λΠ0(0) + σΠ0(1).

i = 1:
0 = −(λ+ σ)Π0(1) + µΠ1(1) + λ(1−H2)H1Π1(0) + λ(1−H1)·
·H2Π1(0) + λ(1−H1)(1−H2)Π1(0) + σ(1−H2)H1Π1(1)+

+σ(1−H1)H2Π1(1) + 2σ(1−H1)(1−H2)Π1(2),

0 = −(µ+ λ+ σ)Π1(1) + λΠ0(1) + 2σΠ0(2).
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i ⩾ 2:

0 = −(λ+ iσ)Π0(i) + µΠ1(i) + λH1H2Π1(i− 2) + λ(1−H2)·
·H1Π1(i− 1) + λ(1−H1)H2Π1(i− 1) + λ(1−H1)(1−H2)·
·Π1(i) + (i− 1)σH1H2Π1(i− 1) + iσ(1−H2)H1Π1(i)+

+iσ(1−H1)H2Π1(i) + (i+ 1)σ(1−H1)(1−H2)Π1(i+ 1),

0 = −(µ+ λ+ σ)Π1(i) + λΠ0(i) + (i+ 1)σΠ0(i).

(2)

2. Àñèìïòîòè÷åñêèé àíàëèç

Ââåäåì ÷àñòè÷íûå õàðàòåðèñòè÷åñêèå ôóíêöèè:

hl(u) =

∞∑
i=0

ejuiΠl(i), l = {0,1},

−j ∂hl(u)
∂u

=

∞∑
i=0

iejuiΠl(i),

ãäå j =
√
−1 - ìíèìàÿ åäèíèöà.

Òîãäà èç ñèñòåìû (2) ïîëó÷èì ñèñòåìó äâóõ óðàâíåíèé îòíîñèòåëüíî
ôóíêöèé hl(u):

−λh0(u) + jσ ∂h0(u)
∂u + µh1(u) + λH1H2e

2juh1(u) + λ(H1(1−H2)+

+H2(1−H1))e
juh1(u) + λ(1−H1)(1−H2)h1(u)− jσH1H2·

·eju ∂h1(u)
∂u − jσ(H1(1−H2) +H2(1−H1))

∂h1(u)
∂u − jσ(1−H1)·

·(1−H2)e
−ju ∂h1(u)

∂u = 0,

0 = −µh1(u) + λh1(u) + jσ ∂h1(u)
∂u + λh0(u)− jσe−ju ∂h0(u)

∂u = 0.

(3)

Ñóììèðóÿ ïåðâîå óðàâíåíèå ñèñòåìû ñî âòîðûì óðàâíåíèåì, óìíî-
æåííûì íà eju, ïîëó÷èì:

− λh0(u) + µh1(u) + λeju(A− Ce−ju)h1(u)−

− jσ(A+ Ce−ju − 1)
∂h1(u)

∂u
= 0, (4)

ãäå A = H1H2, B = H1(1−H2) +H2(1−H1), C = (1−H1)(1−H2).

Ïîëó÷åííîå óðàâíåíèå (4) áóäåì ðåøàòü ìåòîäîì àñèìïòîòè÷åñêîãî
àíàëèçà â ïðåäåëüíîì óñëîâèè σ → 0.
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2.1 Àñèìïòîòèêà ïåðâîãî ïîðÿäêà

Äëÿ íàõîæäåíèÿ àñèìïòîòèêè ïåðâîãî ïîðÿäêà â ñèñòåìå âûïîëíèì
ñëåäóþùèå çàìåíû:

σ = ε, u = εw, hl(u) = fl(ε, w).

Òîãäà ñèñòåìà óðàâíåíèé (3) è óðàâíåíèå (4) ïðèìóò âèä:

−λf0(ε, w) + µf1(ε, w) + λ(Aee
2jεw

+Bejεw + C)f1(ε, w) + j ∂f0(ε,w)
∂w −

−j(Aeejεw +B + Ce−jεw)∂f1(ε,w)
∂w = 0,

λf0(ε, w)− µf1(ε, w)− λf1(ε, w) + je−jεw ∂f0(ε,w)
∂w + j ∂f1(ε,w)

∂w = 0,

λf0(ε, w)− µf1(ε, w) + λejεw(A− Ce−jεw)f1(ε, w)− jσ(A+ Ce−jεw−
−1)∂f1(ε,w)

∂w = 0.

(5)

Òåîðåìà 1. Ïðåäåëüíîå çíà÷åíèå ôóíêöèè fl(ε, w) ïðè ε→ 0 èìå-
åò âèä:

fl(w) = rle
jwκ1 ,

ãäå

κ1 =
µr1

1− 2r1
− λ,

è r0, r1 îïðåäåëÿþòñÿ ñèñòåìîé óðàâíåíèé:{
− λ−µr1

(1−A−C)r1
+ λ = λ− µr1

1−2r1
,

r1 + r0 = 1,

Ïîëó÷åííàÿ âåëè÷èíà κ1 îïðåäåëÿåò àñèìïòîòè÷åñêîå ñðåäíåå çíà-
÷åíèå κ1

σ ÷èñëà çàÿâîê íà îðáèòå â ñèñòåìå ñîâìåñòíîãî äîñòóïà ñ íåíà-
ñòîé÷èâûìè çàÿâêàìè, êîíôëèêòàìè è îòêàçàìè. Äëÿ ïîñòðîåíèÿ ãàóñ-
ñîâñêîé àïïðîêñèìàöèè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà i(t) çàÿâîê
íà îðáèòå ðàññìîòðèì àñèìïòîòèêó âòîðîãî ïîðÿäêà.

2.2 Àñèìïòîòèêà âòîðîãî ïîðÿäêà

Âûïîëíèâ â ñèñòåìå (5) çàìåíû

hl(u) = e
juκ1

σ h
(2)
l (u),
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ïîëó÷èì

−(λ+ κ1)h
(2)
0 (u) + (µ+ λ(Ae2ju +Beju + C) + (Aeju +B+

+Ce−ju)κ1)h
(2)
1 (u) + jσ

∂h
(2)
0 (u)
∂u − jσ(Aeju +B + Ce−ju)·

·∂h
(2)
1 (u)
∂u = 0,

(λ+ e−juκ1)h
(2)
0 (u)− (µ+ λ+ κ1)h

(2)
1 (u)− jσe−ju ∂h

(2)
0 (u)
∂u +

+jσ
∂h

(2)
1 (u)
∂u = 0,

λh
(2)
0 (u) + (λeju(A− Ce−ju)− µ+ (A+ Ce−ju − 1)κ1)h

(2)
1 (u)−

−jσ(A+ Ce−ju − 1)
∂h

(2)
1 (u)
∂u = 0.

(6)

Ñäåëàåì çàìåíû:

σ = ε2, u = εw, h
(2)
l (u) = f

(2)
l (ε, w),

òîãäà (6) ïðèìåò âèä

−(λ+ κ1)f
(2)
0 (ε, w) + (µ+ λ(Ae2jεw +Bejεw + C) + (Aejεw+

+B + Ce−jεw)κ1)f
(2)
1 (ε, w) + jε

∂h
(2)
0 (ε,w)
∂w − jε(Aejεw +B+

+Ce−jεw)·
·∂f

(2)
1 (ε,w)
∂w = 0,

(λ+ e−jεwκ1)f
(2)
0 (ε, w)− (µ+ λ+ κ1)f

(2)
1 (ε, w)− jεe−jεw·

·∂f
(2)
0 (ε,w)
∂w + jε

∂f
(2)
1 (ε,w)
∂w = 0,

λf
(2)
0 (ε, w) + (λejεw(A− Ce−jεw)− µ+ (A+ Ce−jεw − 1)κ1)·

·f (2)1 (ε, w)− jε(A+ Ce−jεw − 1)
∂f

(2)
1 (ε,w)
∂w = 0.

(7)

Òåîðåìà 2. Ïðåäåëüíîå ïðè ε→ 0 ôóíêöèé fl(w) ðåøåíèÿ èìååò
âèä:

fl(w) = rle
(jw)2

2! κ2 ,

ãäå r0, r1 îïðåäåëåí â òåîðåìå 1, à ñêàëÿðíàÿ âåëè÷èíà κ1 îïðåäåëÿåòñÿ
ôîðìóëîé

κ2 =
(λ+ κ1)g0 − κ1R0 − (λ+ µ+ κ1)g1

R1 −R0
,

â êîòîðîé g0, g1 ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû óðàâíåíèé:
(λ+κ1)g0−κ1R0−(λ+µ+κ1)g1

R1−R0
=

= λg0+R1(λA−λC−Cκ1)+g1(λA−λC−µ−(1−A−C)κ1)
(A−1)R1

,

g0 + g1 = 0.



142 À.Â. Ïîëõîâñêàÿ, Ñ. Ï. Ìîèñååâà

Òàêèì îáðàçîì, íàéäåííàÿ àñèìïòîòèêà âòîðîãî ïîðÿäêà ïîêàçûâà-
åò, ÷òî àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà i(t) çàÿâîê
íà îðáèòå â ðàññìàòðèâàåìîé ñèñòåìå ÿâëÿåòñÿ ãàóññîâñêèì ñ àñèìïòî-
òè÷åñêèì ñðåäíèì κ1

σ è äèñïåðñèåé κ2

σ .
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ÎÁÑËÓÆÈÂÀÍÈß

Å.À. Ô¼äîðîâà, Í.Ï.Ìåëîøíèêîâà, Ä.À. Ïëàêñèí

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ïðîâîäèòñÿ èññëåäîâàíèå ìíîãîëèíåéíîé RQ-ñèñòåìû
ñ îòðèöàòåëüíûìè çàÿâêàìè êàê ìàòåìàòè÷åñêîé ìîäåëè ñåð-
âèñà îáëà÷íûõ âû÷èñëåíèé. Âõîäÿùèé ïîòîê ïîëîæèòåëüíûõ
çàÿâîê ïðîñòåéøèé, âðåìÿ îáñëóæèâàíèÿ íà ïðèáîðå ðàñïðåäå-
ëåíî ýêñïîíåíöèàëüíî. Çàÿâêè, íå ïîëó÷èâøèå îáñëóæèâàíèå,
íàõîäÿòñÿ íà îðáèòå ñëó÷àéíîå âðåìÿ, ðàñïðåäåëåííîå ýêñïî-
íåíöèàëüíî, ïîñëå êîòîðîãî îáðàùàþòñÿ ê áëîêó îáñëóæèâàíèÿ
ñîãëàñíî ïðîòîêîëó ñëó÷àéíîãî ìíîæåñòâåííîãî äîñòóïà. Êàòà-
ñòðîôû îïèñûâàþòñÿ ïîòîêîì îòðèöàòåëüíûõ, êîòîðûå îêàçû-
âàþò äåéñòâèå íà áëîê îáñëóæèâàíèÿ, îáíóëÿÿ âñå ïðèáîðû. Â
ðàáîòå íàéäåíî ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà
çàÿâîê íà îðáèòå ìåòîäîì àñèìïòîòè÷åñêîãî àíàëèçà â óñëîâèè
áîëüøîé çàäåðæêè. Êëþ÷åâûå ñëîâà: RQ-ñèñòåìû, îòðèöà-
òåëüíûå çàÿâêè, îðáèòà, àñèìïòîòè÷åñêèé àíàëèç, áîëüøàÿ
çàäåðæêà, êàòàñòðîôû

Ââåäåíèå

RQ-ñèñòåìû [1, 2] (ñèñòåìû ñ ïîâòîðíûìè âûçîâàìè) ýòî íîâûå ìàòå-
ìàòè÷åñêèå ìîäåëè ÒÌÎ, êîòîðûå ÷àñòî ïðèìåíÿþòñÿ äëÿ àíàëèçà, èñ-
ñëåäîâàíèÿ è îïòèìèçàöèè ðàçíûõ òåõíè÷åñêèõ ñèñòåì: ñîòîâîé ñâÿçè,
ñèñòåì ïåðåäà÷è èíôîðìàöèè, call-öåíòðîâ, öåíòðîâ îáëà÷íûõ âû÷èñ-
ëåíèé è äð [5]. Îñîáåííîñòüþ RQ-ñèñòåì ÿâëÿåòñÿ íàëè÷èå îðáèòû äëÿ
õðàíåíèÿ íåîáñëóæåííûõ çàÿâîê, êîòîðûå ìîãóò ïîâòîðíî îáðàòèòüñÿ ê
îáñëóæèâàþùåìó óñòðîéñòâó (èëè áëîêó ïðèáîðîâ). RQ-ñèñòåìû ñ îò-
ðèöàòåëüíûìè çàÿâêàìè [3, 4] ïðåäñòàâëÿþò îñîáûé èíòåðåñ, ò.ê. äëÿ
èíôî-êîììóíèêàöèîííûõ ñèñòåì õàðàêòåðíî íàëè÷èå íåãàòèâíûõ âîç-
äåéñòâèé - âèðóñîâ, õàêåðñêèõ àòàê, ïîëîìîê, ñáîåâ è äð.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ïðîãðàììû ðàçâèòèÿ Òîìñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà (Ïðèîðèòåò-2030).
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1. Îïèñàíèå ìîäåëè

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìíîãîëèíåéíàÿ RQ-ñèñòåìà, íà
âõîä êîòîðîé ïîñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê ñ ïàðàìåòðîì λ, áó-
äåì íàçûâàòü ýòè çàÿâêè ïîëîæèòåëüíûìè. Ïîëîæèòåëüíûå çàÿâêè ïî-
ñòóïàþò íà îáñëóæèâàþùèå ïðèáîðû (ñåðâåðû), äî ìîìåíòà, êîãäà âñå
N ïðèáîðîâ áóäóò çàíÿòû, áóäåì ñ÷èòàòü âñå ïðèáîðû ýêâèâàëåíòûìè.
Âðåìÿ îáñëóæèâàíèÿ êàæäîé çàÿâêè ðàñïðåäåëåíî ïî ýêñïîíåíöèàëü-
íîìó çàêîíó ñ ïàðàìåòðîì µ. Åñëè âñå ïðèáîðû çàíÿòû, òî âõîäÿùàÿ
çàÿâêà èäåò íà îðáèòó, ãäå îñóùåñòâëÿåò ñëó÷àéíóþ çàäåðæêó, ïðîäîë-
æèòåëüíîñòü êîòîðîé èìååò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðà-
ìåòðîì σ. Ñ îðáèòû ïîñëå ñëó÷àéíîãî âðåìåíè çàäåðæêè çàÿâêà âíîâü
îáðàùàåòñÿ ê îáñëóæèâàþùèì ïðèáîðàì ñ ïîâòîðíîé ïîïûòêîé ïîëó-
÷èòü îáñëóæèâàíèå.

Òàêæå íà âõîä ïîñòóïàåò ïîòîê îòðèöàòåëüíûìè çàÿâêàìè, ñ ïàðà-
ìåòðîì γ. Îòðèöàòåëüíàÿ çàÿâêà íå íóæäàåòñÿ â îáñëóæèâàíèè. Ïðè
ïîñòóïëåíèè â ñèñòåìó, îòðèöàòåëüíàÿ çàÿâêà "îáíóëÿåò" âñå ïðèáîðû,
òî åñòü âñå îáñëóæèâàåìûå çàÿâêè ïîêèäàþò ñèñòåìó è áëîê îáñëóæè-
âàíèÿ ñòàíîâèòñÿ ñâîáîäíûì. Áóäåì íàçûâàòü îïèñàííóþ ìîäåëü (Ðè-
ñóíîê 3) RQ-ñèñòåìîé ñ êàòàñòðîôàìè [5] â áëîêå îáñëóæèâàíèÿ.

Ðèñ. 1. RQ-ñèñòåìà M|M|N ñ îòðèöàòåëüíûìè çàÿâêàìè
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Ïóñòü i(t) � ñëó÷àéíûé ïðîöåññ, õàðàêòåðèçóþùèé ÷èñëî çàÿâîê íà
îðáèòå, à k(t) � îïðåäåëÿåò ñîñòîÿíèå ïðèáîðà ñëåäóþùèì îáðàçîì:

k(t) =



0, âñå ïðèáîðû ñâîáîäíû,

1, îäèí ïðèáîð çàíÿò,

...

k, k ïðèáîðîâ çàíÿòû,

...

K, âñå ïðèáîðû çàíÿòû.

Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿò-
íîñòåé ÷èñëà çàÿâîê íà îðáèòå.

Îáîçíà÷èì P{k(t) = k, i(i) = i} = P (k, i) � ñòàöèîíàðíûå âåðîÿòíî-
ñòè òîãî, ÷òî ïðèáîð íàõîäèòñÿ â ñîñòîÿíèè k, à íà îðáèòå i çàÿâîê. Î÷å-
âèäíî, ÷òî äâóìåðíûé ïðîöåññ {k(t), i(t)} ÿâëÿåòñÿ Ìàðêîâñêèì. Äëÿ
ðàñïðåäåëåíèÿ âåðîÿòíîñòåé P (k, i, t) ñîñòîÿíèé ðàññìàòðèâàåìîé RQ-
ñèñòåìû ñîñòàâèì ñèñòåìó óðàâíåíèé Êîëìîãîðîâà, êîòîðàÿ â ñòàöèî-
íàðíîì ðåæèìå èìååò âèä:

−P (0, i)(λ+ iσ) + P (1, i)µ+
K∑

k=1

P (n, i)γ = 0,

−P (k, i)(λ+ kµ+ iσ + γ) + P (k − 1, i)λ+ P (k − 1, i+ 1)σ(i+ 1)+
+P (k + 1, i)(k + 1)µ = 0, ãäå 1 ≤ k ≤ K − 1,

−P (N, i)(λ+Nµ+ γ) + P (K − 1, i)λ+ P (N, i− 1)λ+
+P (N − 1, i+ 1)σ(i+ 1) = 0.

(1)
Äëÿ íàõîæäåíèÿ âåðîÿòíîñòåé P (k, i) ê ñèñòåìå óðàâíåíèé (1) íåîá-

õîäèìî òàêæå äîáàâèòü óñëîâèå íîðìèðîâêè:

K∑
k=0

∞∑
i=0

P (k, i) = 1. (2)

Ñîñòàâèì ñèñòåìó óðàâíåíèé, îïðåäåëÿþùèõ ÷àñòè÷íûå õàðàêòåðè-
ñòè÷åñêèå ôóíêöèè

H(k, u) =

∞∑
i=0

ejuiP (k, i).
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Ïåðåïèøåì ñèñòåìó (1):

−jσ ∂H(0, u)

∂u
= −λH(0, u) + µH(1, u) +

K∑
k=1

γH(n, u),

jσe−ju ∂H(k − 1, u)

∂u
− jσ

∂H(k, u)

∂u
= −(λ+ kµ+ γ)H(k, u)+

+λH(k − 1, u) + (k + 1)µH(k + 1, u), ãäå 1 ≤ k ≤ K − 1,

jσe−ju ∂H(N − 1, u)

∂u
= −(λ(1− eju) +Nµ+ γ)H(N, u)+

+λH(N − 1, u).

Ïåðåïèøåì ñèñòåìó â ìàòðè÷íîì âèäå:

jσ
∂H(u)

∂u
(A0 + e−juA1) = H(u)(B0 + ejuB1), (3)

H(0)e = 1, (4)

ãäå H(u) = {H(0, u), H(1, u), ...,H(k, u), ...,H(N, u)} � âåêòîð-ñòðîêà ÷à-
ñòè÷íûõ õàðàêòåðèñòè÷åñêèõ ôóíêöèé, à ìàòðèöû A0, A1, B0 è B1

ñëåäóþùèå:

A0 =



−1 0 · · · 0 · · · 0 0
0 −1 · · · 0 · · · 0 0
...

...
...

...
...

...
...

0 0 · · · 0 · · · 0 0
0 0 · · · −1 · · · 0 0
...

...
...

...
...

...
...

0 0 · · · 0 · · · −1 0
0 0 · · · 0 · · · 0 0


,

A1 =



0 1 · · · 0 · · · 0 0
0 0 · · · 0 · · · 0 0
...

...
...

...
...

...
...

0 0 · · · 1 · · · 0 0
0 0 · · · 0 · · · 0 0
...

...
...

...
...

...
...

0 0 · · · 0 · · · 0 1
0 0 · · · 0 · · · 0 0


,
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B0 =

=



−λ λ · · · 0 · · · 0
µ+ γ −(λ+ µ+ γ) · · · 0 · · · 0
γ 2µ · · · 0 · · · 0
...

...
...

...
...

...
γ 0 · · · λ · · · 0
γ 0 · · · −(λ+ kµ+ γ) · · · 0
γ 0 · · · (k + 1)µ · · · 0
...

...
...

...
...

...
γ 0 · · · 0 · · · λ
γ 0 · · · 0 · · · −(λ+Kµ+ γ)



B1 =



0 0 · · · 0 · · · 0
0 0 · · · 0 · · · 0
...

...
...

...
...

...
0 0 · · · 0 · · · 0
0 0 · · · 0 · · · 0
...

...
...

...
...

...
0 0 · · · 0 · · · 0
0 0 · · · 0 · · · λ


.

Äëÿ ðåøåíèÿ ñèñòåìû (3)-(4) â ðàáîòå ïðåäëàãàåòñÿ ìåòîä àñèìï-
òîòè÷åñêîãî àíàëèçà â óñëîâèè áîëüøîé çàäåðæêè çàÿâîê íà îðáèòå
(σ → 0).

2. Àñèìïòîòè÷åñêèé àíàëèç

Îáîçíà÷èì:
σ = ε, u = εw,H(u) = F(w, ε).

Òîãäà óðàâíåíèÿ (3)-(4) èìåþò âèä:

j
∂F(w, ε)

∂w
(A0 + e−jεwA1) = F(w, ε)(B0 + ejεwB1), (5)

F(0)e = 1.

Â õîäå ðåøåíèÿ ñèñòåìû (5) áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñëà çà-

ÿâîê i(t) íà îðáèòå â RQ-ñèñòåìå M|M|N ñ êàòàñòðîôàìè â áëîêå îáñëó-

æèâàíèÿ h(u) =
N∑

n=0
H(n, v) â óñëîâèè áîëüøîé çàäåðæêè σ → 0 èìååò
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ôîðìó õàðàêòåðèñòè÷åñêîé ôóíêöèè ãàóññîâñêîãî ðàñïðåäåëåíèÿ

h(u) = exp
{
ju
k1
σ

+
(ju)2

2

k2
σ

}
,

ãäå k1 îïðåäåëÿåòñÿ óðàâíåíèåì:

R(B1 − k1A1)e = 0,

k2 âû÷èñëÿåòñÿ ïî ôîðìóëå:

k2 =
g1(B1 − k1A1)e+

1
2R(B1 + k1A1)e

−g2(B1 − k1A1)e+RA1e
,

ãäå e-åäèíè÷íûé âåêòîð, âåêòîð R = R(k1) îïðåäåëÿåòñÿ ñèñòåìîé{
R((B0 +B1) + k1(A0 +A1)) = 0,
Re = 1,

à g1 è g2 îïðåäåëÿþòñÿ ñèñòåìîé:

g1((B0 +B1) + k1(A0 +A1)) +R(A0 +A1) = 0,

g2((B0 +B1) + k1(A0 +A1)) +R(B1 − k1A1) = 0.

Çàêëþ÷åíèå

Â õîäå èññëåäîâàíèÿ áûë ïðîâåäåí àñèìïòîòè÷åñêèé àíàëèç ìíî-
ãîëèíåéíîé RQ-ñèñòåìû ñ îòðèöàòåëüíûìè çàÿâêàìè è êàòàñòðîôàìè
â áëîêå îáñëóæèâàíèÿ â óñëîâèè áîëüøîé çàäåðæêè. Áûëà äîêàçàíà
òåîðåìà, êîòîðàÿ ïîêàçûâàåò, ÷òî àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ ÷èñëà çàÿâîê íà îðáèòå èìååò âèä Ãàóñîâñêîãî ðàñïðåäåëåíèÿ
ñ ïîëó÷åííûìè ïàðàìåòðàìè.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ RQ-ÑÈÑÒÅÌÛ
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ÓÑËÎÂÈÈ ÁÎËÜØÎÉ ÇÀÃÐÓÇÊÈ

Ê.Ð. Õàäæè-Îãëû, Å.À. Ô¼äîðîâà

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ñòàòüå èññëåäóåòñÿ îäíîëèíåéíàÿ RQ-ñèñòåìà ñ ïåðåêëþ÷åíè-
åì ïðèáîðà, ãäå èíòåíñèâíîñòü îáñëóæèâàíèÿ çàâèñèò îò ÷èñëà
çàÿâîê íà îðáèòå (èìååò äâà çíà÷åíèÿ). Âõîäÿùèé ïîòîê çàÿâîê
� ÌÌÐÐ, âðåìÿ çàäåðæêè íà îðáèòå ðàñïðåäåëåíî ýêñïîíåíöè-
àëüíî. Äëÿ íàõîæäåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÷èñëà çà-
ÿâîê íà îðáèòå ïðåäëàãàåòñÿ ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà â
óñëîâèè áîëüøîé çàãðóçêè. Â ñòàòüå ïðèâîäèòñÿ ôîðìóëèðîâêà
äîêàçàííîé òåîðåìû î òîì, ÷òî â àñèìïòîòè÷åñêàÿ õàðàêòåðè-
ñòè÷åñêàÿ ôóíêöèÿ èññëåäóåìîãî ïðîöåññà èìååò ôîðìó ãàììà-
ðàñïðåäåëåíèÿ. Êëþ÷åâûå ñëîâà: RQ-ñèñòåìà, ïåðåêëþ÷åíèå
ïðèáîðà, MMPP-ïîòîê, àñèìïòîòè÷åñêèé àíàëèç, áîëüøàÿ çà-
ãðóçêà.

RQ-ñèñòåìû (Retrial Queue) � ýòî ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ
ñ ïîâòîðíûìè âûçîâàìè. Ãëàâíîå îòëè÷èå òàêèõ ñèñòåì â òîì, ÷òî çà-
ÿâêè, êîòîðûå ïðèøëè â ñèñòåìó è îáíàðóæèëè, ÷òî ïðèáîð çàíÿò, íå
ïîêèäàþò ñèñòåìó, à èäóò íà îðáèòó. Ïîñëå ñëó÷àéíîé çàäåðæêè îíè
ñíîâà ïûòàþòñÿ äîáèòüñÿ îáñëóæèâàíèÿ. Òàêèå ìîäåëè èìåþò øèðîêîå
ïðèìåíåíèÿ â ðàçëè÷íûõ òåëåêîììóíèêàöèîííûõ ñåòÿõ, â òîì ÷èñëå ñå-
òÿõ ñîòîâîé ñâÿçè, FANET è äð.

Â ðàáîòàõ [1] è [2] ðàññìîòðåíû îñíîâíûå òèïû RQ-ñèñòåì è ðàçíî-
îáðàçíûå ìåòîäû èññëåäîâàíèÿ.

RQ-ñèñòåìû ñ ïåðåìåííîé èíòåíñèâíîñòüþ îáñëóæèâàíèÿ ðàññìîò-
ðåíû â ðàáîòàõ [3, 4]. Îäíàêî â óêàçàííûõ ðàáîòàõ êëèåíòû ïîñòóïàþò
â ñèñòåìó â ñîîòâåòñòâèè ñ ïóàññîíîâñêèì ïðîöåññîì, ÷òî äàëåêî íå âñå-
ãäà õîðîøî îïèñûâàåò ðåàëüíûå èíôîðìàöèîííûå ïîòîêè.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ïðîãðàììû ðàçâèòèÿ Òîìñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà (Ïðèîðèòåò-2030)
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1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ðàññìîòðèì RQ-ñèñòåìó (ðèñóíîê 1) ñ îäíèì îáñëóæèâàþùèì ïðè-
áîðîì è âõîäÿùèì MMPP-ïîòîêîì çàÿâîê (Markov Modulated Poisson
Process), êîòîðûé îïèñûâàåòñÿ ìàòðèöàìè D0 è D1.

Ðèñ. 1. RQ-ñèñòåìà MMPP|Ì|1 ñ ïåðåêëþ÷åíèåì ïðèáîðà

Îáîçíà÷èì öåïü Ìàðêîâà ÌÌÐÐ-ïîòîêà n(t) (ãäå n = 1, 2, . . . , N).
Ìàòðèöà èíôèíèòåçèìàëüíûõ õàðàêòåðèñòèê óïðàâëÿþùåãî ïðîöåññà
n(t) ðàâíà Q = D0 + D1 è èìååò ýëåìåíòû Q = {qnν}, ãäå n, ν = 1, 2,
. . . , N . Ìàòðèöà D1 = diag{ρλn}, ýëåìåíòû êîòîðîé èìåþò ñëåäóþùèé
ñìûñë: λn � óñëîâíûå èíòåíñèâíîñòè MMPP-ïîòîêà, ρ � çàãðóçêà ñè-
ñòåìû (îïðåäåëèì åãî íèæå). Òîãäà îáîçíà÷èâ Λ = diag{λn}, ìîæíî
çàïèñàòü: D1 = ρΛ.

r � âåêòîð-ñòðîêà ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñîñòî-
ÿíèé ïðîöåññà n(t): {

rQ = 0,
re = 1.

(1)

Íåòðóäíî ïîêàçàòü, ÷òî èíòåíñèâíîñòü âõîäÿùåãî ïîòîêà ðàâíà λ = r
ρΛe, ãäå e � åäèíè÷íûé âåêòîð ñòîëáåö.

Åñëè âõîäÿùàÿ çàÿâêà âèäèò ïðèáîð ñâîáîäíûì, òî îíà çàíèìàåò åãî
äëÿ îáñëóæèâàíèÿ â òå÷åíèå ñëó÷àéíîãî âðåìåíè, ðàñïðåäåëåííîãî ïî
ýêñïîíåíöèàëüíîìó çàêîíó ñ èíòåíñèâíîñòüþ µ1 èëè µ2, ãäå ïàðàìåòð
îáñëóæèâàíèÿ áóäåò çàâèñåòü îò êîëè÷åñòâà çàÿâîê íà îðáèòå â äàííûé
ìîìåíò. Ïóñòü I � íåêîòîðàÿ çàäàííàÿ ãðàíèöà ÷èñëà çàÿâîê íà îðáè-
òå, ïðè äîñòèæåíèè êîòîðîé ìåíÿåòñÿ èíòåíñèâíîñòü îáñëóæèâàíèÿ. Òî
åñòü, åñëè íà îðáèòå çàÿâîê ìåíüøå, ÷åì çàäàííàÿ ãðàíèöà I, òî ïðèáîð
áóäåò îáñëóæèâàòü çàÿâêè ñ ïàðàìåòðîì µ1, è ñîîòâåòñòâåííî, åñëè íà
îðáèòå íàõîäèòñÿ áîëüøå èëè ðàâíî I çàÿâîê, òî îáñëóæèâàíèå áóäåò
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ïðîèñõîäèòü ñ ïàðàìåòðîì µ2. Åñëè ïîñòóïèâøàÿ çàÿâêà âèäèò, ÷òî ïðè-
áîð çàíÿò, òî îíà ïåðåõîäèò íà îðáèòó, ãäå íàõîäèòñÿ ñëó÷àéíîå âðåìÿ,
èìåþùåå ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì σ. Ñ îðáèòû
çàÿâêà åùå ðàç îáðàùàåòñÿ ê îáñëóæèâàþùåìó óñòðîéñòâó. Åñëè ïðè-
áîð ñâîáîäåí, òî çàÿâêà íà÷èíàåò îáñëóæèâàíèå, åñëè æå îí çàíÿò, òî
çàÿâêà ìãíîâåííî âîçâðàùàåòñÿ íà îðáèòó äëÿ ðåàëèçàöèè ñëåäóþùåé
çàäåðæêè ñëó÷àéíîé ïðîäîëæèòåëüíîñòè.

Ïóñòü âûïîëíÿåòñÿ: rρΛe = µ2, òîãäà çàãðóçêà ñèñòåìû îïðåäåëÿåò-
ñÿ êàê

ρ = λ/µ2.

Îáîçíà÷èì

� i(t) � ñëó÷àéíûé ïðîöåññ ÷èñëà çàÿâîê íà îðáèòå;
� n(t) � öåïü Ìàðêîâà, óïðàâëÿþùàÿ ÌÌÐP-ïîòîêîì;
� k(t) îïðåäåëÿåò ñîñòîÿíèå ïðèáîðà êàê:

k(t) =

{
0, åñëè ïðèáîð ñâîáîäåí,
1, åñëè ïðèáîð çàíÿò.

Î÷åâèäíî, ÷òî òð¼õìåðíûé ñëó÷àéíûé ïðîöåññ {k(t), n(t), i(t)} ÿâëÿ-
åòñÿ Ìàðêîâñêèì. Ñòàâèòñÿ çàäà÷à íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå
âåðîÿòíîñòåé ÷èñëà çàÿâîê â èñòî÷íèêå ïîâòîðíûõ âûçîâîâ òàêîé ñè-
ñòåìû.

2. Ñèñòåìà óðàâíåíèé Êîëìîãîðîâà

Îáîçíà÷èì P (k, n, i, t) = P{k(t) = k, n(t) = n, i(t) = i} � âåðîÿòíîñòü
òîãî, ÷òî ïðèáîð â ìîìåíò âðåìåíè t íàõîäèòñÿ â ñîñòîÿíèè k, óïðàâ-
ëÿþùàÿ ÌÌÐP-ïîòîêîì öåïü Ìàðêîâà � â ñîñòîÿíèè n, è íà îðáèòå
íàõîäèòñÿ i çàÿâîê. Ñîñòàâèì äèôôåðåíöèàëüíûå óðàâíåíèÿ Êîëìîãî-
ðîâà:

i < I

∂P (0, n, i, t)

∂t
= −(ρλn + iσ − qnn)P (0, n, i, t) + µ1P (1, n, i, t)+

+
∑
v ̸=n

P (0, v, i, t)qvn,

∂P (1, n, i, t)

∂t
= −(ρλn + µ1 − qnn)P (1, n, i, t)+

+ρλnP (0, n, i, t) + (i+ 1)σP (0, n, i+ 1, t)+

+ρλnP (1, n, i− 1, t) +
∑
v ̸=n

P (1, v, i, t)qvn.

(2)
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i ≥ I



∂P (0, n, i, t)

∂t
= −(ρλn + iσ − qnn)P (0, n, i, t) + µ2P (1, n, i, t)+

+
∑
v ̸=n

P (0, v, i, t)qvn,

∂P (1, n, i, t)

∂t
= −(ρλn + µ2 − qnn)P (1, n, i, t)+

+ρλnP (0, n, i, t) + (i+ 1)σP (0, n, i+ 1, t)+

+ρλnP (1, n, i− 1, t) +
∑
v ̸=n

P (1, v, i, t)qvn.

(3)

Îáîçíà÷èì âåêòîð-ñòðîêè:P(k, i) = {P (k, 1, i), P (k, 2, i), . . . , P (k,N, i)},
ãäå P (k, n, i) - ñòàöèîíàðíûå âåðîÿòíîñòè ïðîöåññà {k(t), n(t), i(t)}. Òî-
ãäà â ñòàöèîíàðíîì ðåæèìå â ìàòðè÷íîé ôîðìå ñèñòåìà (1)�(2) ïðèìåò
âèä:

i < I  P(0, i)(Q− ρΛ− iσI) + µ1P(1, i) = 0,
P(1, i)(Q− ρΛ− µ1I) +P(0, i)ρΛ+
+σ(i+ 1)P(0, i+ 1) +P(1, i− 1)ρΛ = 0,

(4)

i ≥ I  P(0, i)(Q− ρΛ− iσI) + µ2P(1, i) = 0,
P(1, i)(Q− ρΛ− µ2I) +P(0, i)ρΛ+
+σ(i+ 1)P(0, i+ 1) +P(1, i− 1)ρΛ = 0,

(5)

ãäå I � åäèíè÷íàÿ ìàòðèöà.
Ïåðåéäåì ê ÷àñòè÷íûì õàðàêòåðèñòè÷åñêèì ôóíêöèÿì:

H(k, u) =

∞∑
i=0

ejuiP(k, i),

ãäå j =
√
−1 � ìíèìàÿ åäèíèöà.

Òàêèì îáðàçîì, èç ñèñòåìû (4)�(5) èìååì ñëåäóþùóþ ñèñòåìó óðàâ-
íåíèé äëÿ õàðàêòåðèñòè÷åñêèõ ôóíêöèé:


H(0, u)(Q− ρΛ) + jσ

∂H(0, u)

∂u
+ µ1S1(u) + µ2S2(u) = 0,

H(1, u)(Q− ρΛ)− µ1S1(u)− µ2S2(u) +H(0, u)ρΛ−

−jσe−ju ∂H(0, u)

∂u
+ ejuH(1, u)ρΛ = 0.

(6)
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ãäå

¯S1(u) =

I−1∑
i=0

P(1, i)ejui,

¯S2(u) =

∞∑
I−1

P(1, i)ejui.

Î÷åâèäíî, ÷òî S1(u) + S2(u) = H(1, u)

3. Ìåòîä Àñèìïòîòè÷åñêîãî àíàëèçà â óñëîâèè áîëüøîé
çàãðóçêè

Áóäåì ðåøàòü ñèñòåìó (6) ìåòîäîì àñèìïòîòè÷åñêîãî àíàëèçà â
óñëîâèè áîëüøîé çàãðóçêè ρ → 1 [5]. Â ðåçóëüòàòå èññëåäîâàíèé áû-
ëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñ-
ëà çàÿâîê íà îðáèòå â óñëîâèè áîëüøîé çàãðóçêè â RQ-ñèñòåìå
MMPP|M|1 ñ ïåðåêëþ÷åíðèåì ïðèáîðà èìååò âèä õàðàêòåðèñòè÷åñêîé
ôóíêöèè ãàììà-ðàñïðåäåëåíèÿ.

h(u) =

(
1− ju

(1− ρ)β

)−α

(7)

ñ ïàðàìåòðàìè

α = 1 +
µ2

σ
β, β =

µ2

µ2 + vΛe− µ2ve
,

ãäå âåêòîð v ÿâëÿåòñÿ ðåøåíèåì íåîäíîðîäíîé ñèñòåìû vQ = r(µ2I−Λ).

Çàêëþ÷åíèå

Òàêèì îáðàçîì, â ðàáîòå èññëåäîâàíà îäíîëèíåéíàÿ RQ-ñèñòåìà ñ
âõîäÿùèì MMPP-ïîòîêîì çàÿâîê ñ ïåðåêëþ÷åíèåì ïðèáîðà, ãäå èí-
òåíñèâíîñòü îáñëóæèâàíèÿ çàâèñèò îò ÷èñëà çàÿâîê íà îðáèòå (èìååò
äâà çíà÷åíèÿ). Áûëî äîêàçàíî, ÷òî àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷å-
ñêàÿ ôóíêöèÿ ÷èñëà çàÿâîê íà îðáèòå â óñëîâèè áîëüøîé çàãðóçêè èìå-
åò âèä ãàììà-ðàñïðåäåëåíèÿ (7) ñ íàéäåííûìè ïàðàìåòðàìè. ×èñëåí-
íûé àíàëèç ðåçóëüòàòîâ ïîêàçàë îãðàíè÷åííóþ îáëàñòü ïðèìåíèìîñòè
ïðåäëîæåííîãî ìåòîäà, â ñâÿçè ñ ÷åì â áóäóþùèõ èññëåäîâàíèÿõ ïëàíè-
ðóåòñÿ ðàçðàáîòàòü íîâûå ìîäèôèêàöèè ìåòîäà àñèìïòîòè÷åñêîãî àíà-
ëèçà [6] äëÿ RQ-ñèñòåì ñ ïåðåêëþ÷åíèåì ïðèáîðà.
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ÎÁÐÀÒÍÛÌÈ ÑÂßÇßÌÈ

Ñ.Â. Ðîæêîâà1,2, Å.Þ. Òèòàðåíêî1,2

1Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

2Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ïîëèòåõíè÷åñêèé

óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â ðàáîòå èññëåäîâàíà RQ-ñèñòåìà Ì/Ì/1/N�1 ñ ìãíîâåííîé è
îòëîæåííîé îáðàòíûìè ñâÿçÿìè. Ïðèîðèòåòíûå çàÿâêè ïðèõî-
äÿò ñ íåêîòîðîé âåðîÿòíîñòüþ è ïîïàäàþò íà îáñëóæèâàíèå, åñ-
ëè îáñëóæèâàþùèé ïðèáîð ñâîáîäåí, à åñëè ïðèáîð çàíÿò, òî
ñòàíîâÿòñÿ â î÷åðåäü. Åñëè áóôåð çàïîëíåí, òî çàÿâêà ïîïàäàåò
íà îðáèòó, ãäå îæèäàåò ñëó÷àéíîå âðåìÿ è ïîâòîðÿåò ïîïûòêó
ïîïàñòü íà îáñëóæèâàíèå èëè â î÷åðåäü. Íå ïðèîðèòåòíûå çàÿâ-
êè ñðàçó ïîïàäàþò íà îðáèòó. Ïîñëå îáñëóæèâàíèÿ çàÿâêà ëèáî
ïîêèäàåò ñèñòåìó, ëèáî ïîâòîðíî ïîñòóïàåò íà îáñëóæèâàíèå,
ëèáî ïåðåõîäèò íà îðáèòó. Â ðàáîòå ïîêàçàíî, ÷òî àñèìïòîòè-
÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå ïðè
óñëîâèè ðàñòóùåãî ñðåäíåãî âðåìåíè îæèäàíèÿ íà îðáèòå ÿâëÿ-
åòñÿ ãàóññîâñêèì. Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêèé àíà-
ëèç, RQ-ñèñòåìà, îáðàòíàÿ ñâÿçü, ïðèîðèòåòíûå çàÿâêè.

Ââåäåíèå

Â ñîâðåìåííûõ ñåòÿõ ê ãåòåðîãåííîìó òðàôèêó (ãîëîñ, âèäåî, êîì-
ïüþòåðíûå äàííûå è ò.ä.) ïðåäúÿâëÿþòñÿ ðàçëè÷íûå òðåáîâàíèÿ ê ïîêà-
çàòåëÿì êà÷åñòâà îáñëóæèâàíèÿ. Ýôôåêòèâíûì ñïîñîáîì óäîâëåòâîðå-
íèÿ ïðîòèâîðå÷èâûõ òðåáîâàíèé ðàçíîðîäíûõ âûçîâîâ (ïàêåòîâ) ÿâëÿ-
åòñÿ èñïîëüçîâàíèå ñõåì ïðèîðèòåòîâ. Ðàçëè÷íûå òèïû ñõåì ïðèîðèòå-
òîâ â ìîäåëÿõ ìàññîâîãî îáñëóæèâàíèÿ óæå èññëåäîâàíû [1]. Â ïîñëåä-
íåå âðåìÿ èíòåíñèâíî èññëåäóþòñÿ íîâûå òèïû ñõåì ïðèîðèòåòîâ [2, 3].
Ïîëåçíûìè èíñòðóìåíòàìè äëÿ ìîäåëèðîâàíèÿ ñòîõàñòè÷åñêèõ ïðîöåñ-
ñîâ, âîçíèêàþùèõ â ñåòÿõ ñâÿçè, êîëë-öåíòðàõ, ñèñòåìàõ î÷åðåäåé ÿâ-
ëÿþòñÿ î÷åðåäè ñ ïîâòîðíûìè âûçîâàìè è îáðàòíîé ñâÿçüþ [4].

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ñèñòåìà ñ ïîâòîðíûìè âûçîâàìè,
èìåþùàÿ îäèí îáñëóæèâàþùèé ïðèáîð è áóôåð, ñîäåðæàùèé N − 1
ìåñò äëÿ îæèäàíèÿ. Ïðèîðèòåòíàÿ âõîäÿùàÿ çàÿâêà ñðàçó ïîñòóïàåò
íà îáñëóæèâàíèå, à çàñòàâ ïðèáîð çàíÿòûì, ïîïàäàåò â î÷åðåäü. Åñëè
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áóôåð çàïîëíåí, òî çàÿâêà ïîïàäàåò íà îðáèòó, ãäå îæèäàåò ñëó÷àéíîå
âðåìÿ è ïîâòîðÿåò ïîïûòêó ïîïàñòü íà îáñëóæèâàíèå èëè â î÷åðåäü. Íå
ïðèîðèòåòíàÿ âõîäÿùàÿ çàÿâêà ñíà÷àëà ïîïàäàåò íà îðáèòó. Â ñèñòåìå
ó÷èòûâàåòñÿ âîçìîæíîñòü ïîâòîðíîãî îáñëóæèâàíèÿ â âèäå ìãíîâåííîé
è îòñðî÷åííîé îáðàòíîé ñâÿçè. Ñèñòåìà èññëåäóåòñÿ ìåòîäîì àñèìïòî-
òè÷åñêîãî àíàëèçà ïðè óñëîâèè ðàñòóùåãî ñðåäíåãî âðåìåíè îæèäàíèÿ
çàÿâîê íà îðáèòå.

1. Îïèñàíèå ìîäåëè è ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì RQ-ñèñòåìó Ì/Ì/1/N�1 (ðèñ. 1). Íà âõîä ïîñòóïàåò
ïðîñòåéøèé ïîòîê çàÿâîê ñ èíòåíñèâíîñòüþ λ. Ñ âåðîÿòíîñòüþ p ïðè-
õîäèò ïðèîðèòåòíàÿ çàÿâêà è ïîñòóïàåò íà îáñëóæèâàíèå, åñëè ïðèáîð
ñâîáîäåí. Èíà÷å çàÿâêà ñòàíîâèòñÿ â î÷åðåäü, à ïðè îòñóòñòâèè ìåñò â
áóôåðå ïîïàäàåò íà îðáèòó. Íå ïðèîðèòåòíàÿ çàÿâêà ñðàçó ïîïàäàåò íà
îðáèòó. Âðåìÿ îáñëóæèâàíèÿ ðàñïðåäåëåíî ïî ýêñïîíåíöèàëüíîìó çàêî-
íó ñ ïàðàìåòðîì µ. Çàÿâêà, îáñëóæèâàíèå êîòîðîé çàâåðøåíî, ïîêèäàåò
ñèñòåìó ñ âåðîÿòíîñòüþ r0, ìãíîâåííî ïîñòóïàåò íà ïîâòîðíîå îáñëóæè-
âàíèå ñ âåðîÿòíîñòüþ r1 èëè ïåðåõîäèò íà îðáèòó ñ âåðîÿòíîñòüþ r2, ò.å.
r0+ r1+ r2 = 1. Íà îðáèòå çàÿâêè îæèäàþò ïîâòîðíîãî îáñëóæèâàíèÿ â
òå÷åíèå âðåìåíè, ðàñïðåäåëåííîãî ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðà-
ìåòðîì σ, ïîñëå ÷åãî äåëàþò ïîïûòêó âñòàòü â î÷åðåäü.Ïðè îòñóòñòâèè
ìåñò â áóôåðå çàÿâêè îñòàþòñÿ íà îðáèòå.

Ðèñ. 1. Ñõåìà ñèñòåìû

Îáîçíà÷èì i(t) � ÷èñëî çàÿâîê íà îðáèòå â ìîìåíò âðåìåíè t, ïðî-
öåññ n(t) îïðåäåëÿåò ñîñòîÿíèå ïðèáîðà è áóôåðà äëÿ îæèäàíèÿ ñëåäó-
þùèì îáðàçîì: n(t) = 0, åñëè ïðèáîð ñâîáîäåí; n(t) = n, åñëè ïðè-
áîð çàíÿò è â î÷åðåäè n − 1 çàÿâêà, n = 1, N . Äâóìåðíûé ïðîöåññ
{i(t), n(t)} ÿâëÿåòñÿ öåïüþ Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì. Îáîçíà-
÷èì âåðîÿòíîñòè ÷èñëà çàÿâîê íà îðáèòå c ó÷åòîì ñîñòîÿíèÿ ïðèáîðà
Pn(i, t) = P {i(t) = i, n(t) = n} , n = 0, N ; i = 0,∞. Òðåáóåòñÿ íàéòè
ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå.
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2. Óðàâíåíèÿ Êîëìîãîðîâà

Äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé Pn(i) ≡ Pn(i, t), çà-
ïèøåì ñèñòåìó óðàâíåíèé

− (λ+ iσ)P0(i) + λ(1− p)P0(i− 1) + µr0P1(i) + µr2P1(i− 1) = 0;

λpPn−1(i) + (i+ 1)σPn−1(i+ 1) + λ(1− p)Pn(i− 1)− (λ+ µr0 + µr2+

+ iσ)Pn(i) + µr0Pn+1(i) + µr2Pn+1(i− 1) = 0, n = 1, N − 1;

(i+ 1)σPN−1(i+ 1)− (λ+ µr0 + µr2)PN (i) + λpPN−1(i)+

+ λPN (i− 1) = 0.

Ââåäåì ÷àñòè÷íûå õàðàêòåðèñòè÷åñêèå ôóíêöèè ÷èñëà çàÿâîê íà îð-
áèòå Hn(u) =

∑∞
i=0 e

juiPn(i) è ïðåîáðàçóåì ñèñòåìó ê âèäó

− λH0(u) + jσ
∂H0(u)

∂u
+ λ(1− p)ejuH0(u) +

(
µr0 + µr2e

ju
)
H1(u) = 0;

λpHn−1(u)− jσe−ju ∂Hn−1(u)

∂u
+ λ(1− p)ejuHn(u) + jσ

∂Hn(u)

∂u
− (1)

− (λ+ µr0 + µr2)Hn(u) +
(
µr0 + µr2e

ju
)
Hn+1(u) = 0, n = 1, N − 1;

λpHN−1(u)− jσe−ju ∂HN−1(u)

∂u
−
(
λ− λeju + µr0 + µr2

)
HN (u) = 0.

Ïîëíàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàÿâîê íà îðáèòå èìååò
âèä H(u) =

∑N
n=0Hn(u). Ñëîæèì óðàâíåíèÿ ñèñòåìû (2), ïîëó÷èì

µr2

N∑
n=1

Hn(u) + (1− p)λ

N−1∑
n=0

Hn(u) + jσe−ju
N−1∑
n=0

∂Hn(u)

∂u
+ λHN (u) = 0.

(2)

3. Àñèìïòîòèêà ïåðâîãî ïîðÿäêà

Ðåøèì óðàâíåíèÿ äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè (2), (3) ïðè
àñèìïòîòè÷åñêîì óñëîâèè ðàñòóùåãî ñðåäíåãî âðåìåíè îæèäàíèÿ íà îð-
áèòå, òî åñòü áóäåì ïîëàãàòü, ÷òî σ → 0.

Òåîðåìà 1. Ïóñòü i(t) � ÷èñëî çàÿâîê íà îðáèòå â RQ-ñèñòåìå
M/M/1/N − 1 ñ ïðèîðèòåòàìè è îáðàòíûìè ñâÿçÿìè, òîãäà äëÿ ïî-
ñëåäîâàòåëüíîñòè õàðàêòåðèñòè÷åñêèõ ôóíêöèé âûïîëíÿåòñÿ ðàâåíñòâî
lim
σ→0

M
{
ejwi(t)σ

}
= ejwκ1 , ãäå κ1 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

dN − 1

d− 1
κ1 = (λ− λp+ µr2)

dN+1 − 1

d− 1
− µr2 + λpdN , d(κ) =

λp+ κ1

µr0 + µr2
.

(3)
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Äîêàçàòåëüñòâî. Îáîçíà÷èì σ = ε è ñäåëàåì â ñèñòåìå (2), (3)
çàìåíû: u = εw, Hn(u) = Fn(w, ε), n = 0, N . Â ïîëó÷åííîé ñèñòå-
ìå óðàâíåíèé âûïîëíèì ïðåäåëüíûé ïåðåõîä ïðè ε → 0 è îáîçíà÷èì
Fn(w) = lim

ε→0
Fn(w, ε). Áóäåì èñêàòü ðåøåíèå ñèñòåìû â âèäå Fn(w) =

RnΦ(w) +O(ε). Ïîñëå ïðåîáðàçîâàíèé ïîëó÷èì ñèñòåìó

− λR0 + jR0
Φ′(w)

Φ(w)
+ λ(1− p)R0 + (µr0 + µr2)R1 = 0;

λpRn−1 − jRn−1
Φ′(w)

Φ(w)
+ λ(1− p)Rn + jRn

Φ′(w)

Φ(w)
−

− (λ+ µr0 + µr2)Rn + (µr0 + µr2)Rn+1 = 0, n = 1, N − 1; (4)

λpRN−1 − jRN−1
Φ′(w)

Φ(w)
− (µr0 + µr2)RN = 0;

µr2

N∑
n=1

Rn + (1− p)λ

N−1∑
n=0

Rn + j
Φ′(w)

Φ(w)

N−1∑
n=0

Rn + λRN = 0.

Èç ñèñòåìû (7) âèäíî, ÷òî Φ′(w)/Φ(w) íå çàâèñèò îò w, òîãäà ìîæ-
íî îáîçíà÷èòü Φ′(w)/Φ(w) = jκ1 è çàïèñàòü Φ(w) â âèäå Φ(w) =
exp {jwκ1}, ÷òî è óòâåðæäàåòñÿ â ôîðìóëèðîâêå òåîðåìû. Ðåøàÿ ïåð-

âûå N +1 óðàâíåíèé ñèñòåìû (7) ñ ó÷åòîì óñëîâèÿ
∑N

n=0Rn = 1, ïîëó-

÷èì Rn = dn(d−1)
dN+1−1

, à èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû ïîëó÷èì àëãåáðà-
è÷åñêîå óðàâíåíèå (3) äëÿ κ1. Â îáùåì ñëó÷àå àëãåáðàè÷åñêîå óðàâíåíèå
N ñòåïåíè èìååò N êîðíåé. Ìíîãî÷èñëåííûå ÷èñëåííûå ýêñïåðèìåíòû
ïîêàçàëè, ÷òî ñðåäè êîðíåé òîëüêî îäèí äåéñòâèòåëüíûé ïîëîæèòåëü-
íûé êîðåíü, êîòîðûé è áóäåò çíà÷åíèåì κ1.

Èç òåîðåìû 1 ñëåäóåò, ÷òî Fn(w) = Rne
jκ1w, n = 0, N , òîãäà àñèìï-

òîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàÿâîê íà îðáèòå èìååò

âèä H(u) =
N∑

n=0
Fn(w, ε) ≈

N∑
n=0

Fn(w) = exp{jκ1w} = exp
{
j κ1

σ u
}
.

4. Àñèìïòîòèêà âòîðîãî ïîðÿäêà

Òåîðåìà 2. Ïóñòü i(t) � ÷èñëî çàÿâîê íà îðáèòå â RQ-ñèñòåìå
M/M/1/N − 1 ñ ïðèîðèòåòàìè è îáðàòíûìè ñâÿçÿìè, òîãäà äëÿ ïî-
ñëåäîâàòåëüíîñòè õàðàêòåðèñòè÷åñêèõ ôóíêöèé âûïîëíÿåòñÿ ðàâåíñòâî

lim
σ→0

M
{
ejw

√
σ(i(t)−κ1/σ)

}
= exp

{
(jw)

2κ2/2
}
, ãäå

κ2 =
κ1 (1−RN )− µr2g0 + (λp+ κ1) gN
1−RN + µr2φ0 − (λp+ κ1)φN

, (5)



160 Ñ.Â. Ðîæêîâà, Å.Þ. Òèòàðåíêî

φn =
(n−N)dn+N+1 + (N − n+ 1)dn+N − (n+ 1)dn + ndn−1

(dN+1 − 1)
2
(µr0 + µr2)

, n = 0, N,

à ôóíêöèè g0 è gN ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé

− (λp+ κ1)g0 + (µr0 + µr2) g1 = −λ (1− p)R0 − µr2R1;

(λp+ κ1) gn−1 − (λp+ κ1 + µr0 + µr2)gn + (µr0 + µr2) gn+1 =

= κ1Rn−1 − λ (1− p)Rn − µr2Rn+1, n = 1, N − 1;

(λp+ κ1) gN−1 − (µr0 + µr2) gN = κ1RN−1 − λRN .

Äîêàçàòåëüñòâî. Â ñèñòåìå óðàâíåíèé (2), (3) âûïîëíèì çàìå-

íó Hn(u) = H
(2)
n (u)ejuκ1/σ, n = 0, N . Çäåñü H

(2)
n (u) � õàðàêòåðèñòè-

÷åñêàÿ ôóíêöèÿ öåíòðèðîâàííîé ñëó÷àéíîé âåëè÷èíû i(t) − κ1/σ. Çà-

òåì îáîçíà÷èì σ = ε2 è ââåäåì çàìåíó u = εw, H
(2)
n (u) = F

(2)
n (w, ε),

n = 0, N . Ðåøåíèå ïîëó÷åííîé ñèñòåìû çàïèøåì â âèäå ðàçëîæåíèÿ

F
(2)
n (w, ε) = Φ2(w) (Rn + jεwfn) + O(ε2). Ïîñëå ïðåîáðàçîâàíèé, àíàëî-

ãè÷íûõ ïðîâåäåííûì ïðè äîêàçàòåëüñòâå òåîðåìû 1, ìîæíî îáîçíà÷èòü
Φ′

2(w)
wΦ2(w) = −κ2 è çàïèñàòü Φ2(w) = exp

{
(jw)2

2 κ2

}
. Òîãäà ïîñëå çàìåíû

fn = C ·Rn + gn + κ2φn, n = 0, N ïîëó÷èì (5).

Òåîðåìà 2 ïîêàçûâàåò, ÷òî àñèìïòîòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàÿâîê
íà îðáèòå â RQ-ñèñòåìû M/M/1/N − 1 c ïðèîðèòåòàìè è îáðàòíûìè
ñâÿçÿìè ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêîé ôóíêöèåé ãàóññîâñêîé ñëó÷àé-
íîé âåëè÷èíû ñ ìàòåìàòè÷åñêèì îæèäàíèåì κ1/σ è äèñïåðñèåé κ2/σ,
÷òî ïîçâîëÿåò äëÿ ðàñïðåäåëåíèÿ P (i) ïîñòðîèòü àïïðîêñèìàöèþ âèäà

Pasimp(i) = G(i+0.5)−G(i−0.5)
1−G(−0.5) , ãäå G(x) � ôóíêöèÿ íîðìàëüíîãî ðàñïðå-

äåëåíèÿ.

5. ×èñëåííûå ðåçóëüòàòû

Ðàññìîòðèì ñèñòåìó ñ ïàðàìåòðàìè λ = 2, r0 = 0.5, r1 = 0.3, r2 = 0.2.
Îïðåäåëèì òî÷íîñòü àïïðîêñèìàöèè ñ ïîìîùüþ ðàññòîÿíèÿ Êîëìîãî-

ðîâà ∆ = max
0≤k≤N

∣∣∣∣ k∑
i=0

(Pasimp(i)− P (i))

∣∣∣∣. Çäåñü ðàñïðåäåëåíèå P (i) ïîëó-
÷åíî â ðåçóëüòàòå èìèòàöèîííîãî ìîäåëèðîâàíèÿ. Â òàáëèöå 1 ïðèâå-
äåíû ðàññòîÿíèÿ ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà p, σ è çàãðóçêå
ñèñòåìû ρ = λ/(µr0).

Èç òàáëèöû âèäíî, ÷òî àñèìïòîòè÷åñêèé ìåòîä ìîæíî ïðèìåíÿòü
ïðè σ < 0.1 èëè σ < 0.01 â çàâèñèìîñòè îò çàãðóçêè ñèñòåìû.
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Òàáëèöà 1
Ðàññòîÿíèÿ Êîëìîãîðîâà

p ρ σ = 1 σ = 0.1 σ = 0, 01
0.8 0.5 0.122 0.019 0.017

0.9 0.167 0.075 0.029
0.2 0.5 0.065 0.012 0.007

0.9 0.163 0.093 0.044

Çàêëþ÷åíèå

Â ðàáîòå ïðîâåäåíî èññëåäîâàíèå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ
M/M/1/N−1 ñ ïðèîðèòåòàìè, îáðàòíûìè ñâÿçÿìè è ïîâòîðíûìè âûçî-
âàìè. Ïîêàçàíî, ÷òî àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñ-
ëà çàÿâîê íà îðáèòå ïðè óñëîâèè ðàñòóùåãî ñðåäíåãî âðåìåíè îæèäàíèÿ
íà îðáèòå ÿâëÿåòñÿ ãàóññîâñêèì ñ ïàðàìåòðàìè κ1/σ è

√
κ2/σ. Ïîëó÷å-

íû óðàâíåíèÿ äëÿ íàõîæäåíèÿ ïàðàìåòðîâ ðàñïðåäåëåíèÿ.
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1Ïèçàíñêèé óíèâåðñèòåò, ã. Ïèçà, Èòàëèÿ
2Ñàðàòîâñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò èìåíè Í. Ã. ×åðíûøåâñêîãî, ã. Ñàðàòîâ, Ðîññèÿ

Ðàññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ îäíèì îá-
ñëóæèâàþùèì ïðèáîðîì, î÷åðåäüþ áåñêîíå÷íîé äëèíû è ïóàñ-
ñîíîâñêèì âõîäÿùèì ïîòîêîì. Ïðèáîð îáñëóæèâàåò òðåáîâàíèÿ
ãðóïïàìè ôèêñèðîâàííîãî ðàçìåðà. Äëèòåëüíîñòü îáñëóæèâà-
íèÿ ãðóïïû òðåáîâàíèé ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé, èìåþ-
ùåé ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå. Ïîëó÷åíî ïðèáëèæåííîå
âûðàæåíèå äëÿ âû÷èñëåíèÿ îïòèìàëüíîé èíòåíñèâíîñòè âõîäÿ-
ùåãî ïîòîêà, ïðè êîòîðîé îáåñïå÷èâàåòñÿ ìèíèìóì ìàòåìàòè-
÷åñêîãî îæèäàíèÿ äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé â ñè-
ñòåìå. Êëþ÷åâûå ñëîâà: ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ,
ãðóïïîâîå îáñëóæèâàíèå, èíòåíñèâíîñòü âõîäÿùåãî ïîòîêà,
îïòèìèçàöèÿ.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ñèñòåìû è ñåòè ìàññîâîãî îáñëóæèâàíèÿ øèðîêî
ïðèìåíÿþòñÿ â êà÷åñòâå ìàòåìàòè÷åñêèõ ìîäåëåé ìíîãèõ äèñêðåòíûõ
ñòîõàñòè÷åñêèõ ñèñòåì. Â ñâÿçè ñ ïðàêòè÷åñêîé çíà÷èìîñòüþ òàêèõ ìî-
äåëåé èíòåðåñ ïðåäñòâàâëÿåò ðåøåíèå çàäà÷ îïòèìèçàöèè è óïðàâëå-
íèÿ [1, 2, 3], êîòîðîå îáåñïå÷èâàåò ýêîíîìè÷åñêè âûãîäíîå ôóíêöèî-
íèîâàíèå ðåàëüíûõ ñèñòåì. Îäíèì èç àêòóàëüíûõ è àêòèâíî ðàçâèâàþ-
ùèõñÿ íàïðàâëåíèé òåîðèè ìàññîâîãî îáñëóæèâàíèÿ ÿâëÿåòñÿ àíàëèç,
îïòèìèçàöèÿ è èññëåäîâàíèå ñèñòåì è ñåòåé ñ ãðóïïîâûì îáñëóæèâàíè-
åì òðåáîâàíèé [4, 5, 6]. Â ðàáîòå [6] äëÿ îòêðûòîé ñåòè ìàññîâîãî îáñëó-
æèâàíèÿ ñ ãðóïïîâûì îáñëóæèâàíèåì òðåáîâàíèé íàéäåí îïòèìàëüíûå
ðàçìåð ãðóïï òðåáîâàíèé, êîòîðûå äîëæíû îáñëóæèâàòüñÿ â ñèñòåìàõ
ñåòè, ÷òîáû ì. î. äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé â ñåòè áûëî ìè-
íèìàëüíûì. Â äàííîé ðàáîòå äëÿ ñèñòåì îáñëóæèâàíèÿ, âõîäÿùèõ â

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ âûïîëíåíèÿ
ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò �FSRR-2020-0006)
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ñîñòàâ ñåòè, ðàññìîòðåííîé â [6], ïîëó÷åíî ïðèáëèæåííîå âûðàæåíèå
äëÿ âû÷èñëåíèÿ èíòåíñèâíîñòè âõîäÿùåãî ïîòîêà, ïðè êîòîðîì ìàòå-
ìàòè÷åñêîå îæèäàíèÿ (ì. î.) äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé â
ñèñòåìå ìèíèìàëüíî.

Îïèñàíèå ñèñòåìû

Ðàññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ, â êîòîðóþ ïîñòóïàåò
ïóàññîíîâñêèé ïîòîê òðåáîâàíèé ñ èíòåíñèâíîñòüþ λ. Ñèñòåìà âêëþ-
÷àåò îäèí îáñëóæèâàþùèé ïðèáîð, êîòîðûé îáñëóæèâàåò òðåáîâàíèÿ
ãðóïïàìè ôèêñèðîâàííîãî ðàçìåðà b, à òàêæå î÷åðåäü áåñêîíå÷íîé äëè-
íû. Åñëè ïðèáîð çàêîí÷èë îáñëóæèâàíèå ãðóïïû òðåáîâàíèé è â î÷åðå-
äè â ýòîò ìîìåíò íàõîäèòñÿ ìåíüøå ÷åì b òðåáîâàíèé, òî ïðèáîð áóäåò
ïðîñòàèâàòü äî òåõ ïîð, ïîêà â ñèñòåìå íàêîïèòñÿ b òðåáîâàíèé, èíà÷å
íà îáñëóæèâàíèå âûáèðàåòñÿ ðîâíî b òðåáîâàíèé. Äëèòåëüíîñòü îáñëó-
æèâàíèÿ ãðóïïû òðåáîâàíèé ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé, êîòîðàÿ
èìååò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì µ.

Ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà ôóíêöèîíèðóåò â ñòàöèîíàðíîì ðåæè-
ìå, ïîýòîìó êîýôôèöèåíò èñïîëüçîâàíèÿ

ρ =
λ

bµ
< 1.

Â ðàáîòå [5] ïîêàçàíî, ÷òî èíòåíñèâíîñòè îáñëóæèâàíèÿ µ̃(n) ýêâè-
âàëåíòíîãî ïðîöåññà ðàçìíîæåíèÿ è ãèáåëè, çàâèñÿùèå îò ñîñòîÿíèÿ n,
îïðåäåëÿþòñÿ ñèñòåìîé

µ̃(n) = λ− µ
λb

µ̃(n+ 1) · . . . · µ̃(b+ n)
, 1 ⩽ n ⩽ b− 1,

µ̃(n) = λ+ µ− µ
λb

µ̃(n+ 1) · . . . · µ̃(b+ n)
, n ⩾ b.

(1)

Îáîçíà÷èì M = lim
n→∞

µ̃(n). Ïîñëå óïðîùåíèÿ ñèñòåìà óðàâíåíèé (1)

ñâîäèòñÿ ê óðàâíåíèþ, ïîëó÷åííîìó â ðàáîòå [5],

M b+1 − (λ+ µ)M b + λbµ = 0, (2)

èìåþùåìó ïðè ëþáûõ b òîëüêî îäèí êîðåíü, óäîâëåòâîðÿþùèé óñëî-
âèþ ñòàáèëüíîñòè. Êàê ïîêàçàíî â ðàáîòå [5], ýòîò êîðåíü ïðèíàäëåæèò
èíòåðâàëó (

b(λ+ µ)

b+ 1
,
(λ+ µ)b+1 − λbµ

(λ+ µ)b

)
, (3)

îòêóäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî M > λ.
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Ìàòåìàòè÷åñêîå îæèäàíèå äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé â
ñèñòåìå M |M b|1 ïîëó÷åíî â ðàáîòå [6]

ū =
b− 1

2λ
+

1

M − λ
. (4)

Èñïîëüçóÿ ôîðìóëû ïðîèçâîäíûõ ñëîæíûõ è íåÿâíûõ ôóíêöèé [7]
äëÿ (2) è (3), ïîëó÷àåì

dM

dλ
= −bλ

b−1µ−M b

M b − bλbµ
M

, (5)

è
du

dλ
= −b− 1

2λ2
+

1

(M − λ)2

(
1− dM

dλ

)
. (6)

Íàøà öåëü íàéòè èíòåíñèâíîñòü âõîäÿùåãî ïîòîêà, ïðè êîòîðîé
ì.î. äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé â ñèñòåìå ū ìèíèìàëüíî. Äëÿ
ýòîãî ðàññìîòðèì óðàâíåíèå

du

dλ
= 0. (7)

Ïîäñòàâèâ âûðàæåíèÿ (4) è (5) â óðàâíåíèå (7), ïîëó÷èì

−b− 1

2λ2
+

1

(M − λ2)

(
1 +

bλb−1µ−M b

M b − bλbµ
M

)
= 0. (8)

Ïîñëå óïðîùåíèÿ, âûðàæåíèå (6) ïðèíèìàåò âèä

M b+1 −Mλb(1 + b) +
b(3− b)

1− b
λb+1 = 0, (9)

ãäå M ïðèíàäëåæèò èíòåðâàëó (3).
Åñëè b = 2 è b = 3, òî óðàâíåíèå (7) èìååò êîðíè λopt = M/2 è

λopt =
1
3√4
M , óäîâëåòâîðÿþùèå óñëîâèþ ñòàáèëüíîñòè, ñîîòâåòñâåííî, à

äëÿ îñòàëüíûõ çíà÷åíèé b íàéòè êîðåíü â ÿâíîì âèäå íå ïðåäñòàâëÿåòñÿ
âîçìîæíûì.

Íàéäåì ïðèáëèæåííûå çíà÷åíèÿ êîðíÿ óðàâíåíèÿ (7) äëÿ b > 3.
Îáîçíà÷èì M

λ = x è ïåðåïèøåì óðàâíåíèå (7) â âèäå

xb+1 − (1 + b)x+
b(3− b)

1− b
= 0 äëÿ x > 1.
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Ðàññìîòðèì ôóíêöèþ

f(x) = xb+1 − (1 + b)x+
b(3− b)

1− b
ïðè b > 3.

Íàéäåì ïðîèçâîäíóþ

f ′(x) = (b+ 1)(xb − 1).

Ïðîèçâîäíàÿ f ′(x) > 0 ïðè x > 1, òî åñòü âîçðàñòàåò ïðè âñåõ çíà÷åíèÿõ
M , ïðèíàäëåæàùèõ èíòåðâàëó (3). Ëåãêî ïðîâåðèòü, ÷òî f(1) < 0 è
f(2) > 0, à òàê êàê f(x) âîçðàñòàåò ïðè x > 1, òî ïðè x ∈ (1, 2) óðàâíåíèå
f(x) = 0 èìååò îäèí êîðåíü. Ñëåäîâàòåëüíî, (7) òîæå èìååò îäèí êîðåíü,
ÿâëÿþùèéñÿ òî÷êîé ìèíèìóìà äëÿ (3).

Ïðåäñòàâèì x â âèäå

x(b) = 1 +
α

b
+ o

(
1

b

)
,

òîãäà

(1 +
α

b
)b+1 − (b+ 1)

(
1 +

α

b

)
+
b(3− b)

1− b
+ o

(
1

b

)
= 0

èëè
eα − b− α− 1 + b− 2 + o(1) = 0,

eα − (α+ 3) = 0.

Ðåøàÿ ÷èñëåííî ýòî óðàâíåíèå, ïîëó÷àåì äâà êîðíÿ α1 = −2, 9475 è
α2 = 1, 5052. Òàê êàê x > 1, à çíà÷èò è α > 0, ïîëó÷àåì

x(b) = 1 +
1, 5052

b
. (10)

Òàêèì îáðàçîì,

M =
λ(b+ 1, 5052)

b
. (11)

Ïîäñòàâëÿÿ (11) â (3), ïîëó÷àåì ïðèáëèæåííîå çíà÷åíèå ì. î. äëèòåëü-
íîñòè ïðåáûâàíèÿ òðåáîâàíèé â ñèñòåìå

ūmin =
b− 1

2λ
+

b

λ(b+ 0, 5052)
.

Ðàçäåëèì óðàâíåíèå (2) íà λb+1

M b+1

λb+1
−
(
1 +

µ

λ

)M b

λb
+
µ

λ
= 0.
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Èñïîëüçóÿ ââåäåííîå âûøå îáîçíà÷åíèå M
λ = x, ïîëó÷èì

λ = µ
xb(b)− 1

xb+1(b)− xb(b)
,

êîòîðîå ÿâëÿåòñÿ îïòèìàëüíîé èíòåíñèâíîñòüþ âõîäÿùåãî ïîòîêà, îáåñ-
ïå÷èâàþùåé ìèíèìóì ū.

×èñëåííûé ïðèìåð

Â òàáë. 1 ïðèâåäåíû ÷èñëåííûå çíà÷åíèÿ è ïðèáëèæåííûå çíà÷å-
íèÿ îïòèìàëüíûõ èíòåíñèâíîñòè âõîäÿùåãî ïîòîêà è ì. î. äëèòåëüíîñòè
ïðåáûâàíèÿ òðåáîâàíèé â ñèñòåìå, à òàêæå ñîîòâåòñâóþùèå îòíîñèòåëü-
íûå ïîãðåøíîñòè âû÷èñëåíèé äëÿ b > 3. Èç òàáë. 1 âèäíî, ÷òî íàèáîëü-

Òàáëèöà 1
Òàáëèöà òî÷íûõ è ïðèáëèæåííûõ çíà÷åíèé λ è ū

b λopt λappr RE (%) ūmin ūappr RE (%)
4 1.7965 1.9168 6.6928 2.1617 2.1689 0.3371
5 2.3146 2.4307 5.0175 2.1850 2.1894 0.2008
6 2.8320 2.9455 4.0094 2.1991 2.2020 0.1332
7 3.3491 3.4609 3.3371 2.2084 2.2105 0.0947
8 3.8662 3.9766 2.8572 2.2151 2.2166 0.0708
9 4.3831 4.4926 2.4976 2.2200 2.2212 0.0549
10 4.9001 5.0088 2.2182 2.2238 2.2248 0.0439
20 10.0689 10.1742 1.0460 2.2394 2.2397 0.0103
40 20.4064 20.5101 0.5083 2.2463 2.2464 0.0025
70 35.9129 36.0159 0.2869 2.2491 2.2491 0.0008
100 51.4193 51.5222 0.1999 2.2502 2.2502 0.0004

øàÿ îòíîñèòåëüíàÿ ïîãðåøíîñòü ñîñòàâëÿåò îêîëî 7 % ïðè âû÷èñëåíèè
ïðèáëèæåííîãî çíà÷åíèÿ èíòåíñèâíîñòè âõîäÿùåãî ïîòîêà äëÿ b = 4,
à ïðè óâåëè÷åíèè ðàçìåðà ãðóïïû òðåáîâàíèé îòíîñèòåëüíàÿ ïîãðåø-
íîñòü ñòðåìèòñÿ ê íóëþ. Îòíîñèòåëüíàÿ ïîãðåøíîñòü ïðè âû÷èñëåíèè
ïðèáëèæåííîãî çíà÷åíèÿ ì. î. äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé â
ñèñòåìå ìåíüøå 1 % ïðè ëþáûõ b.

Çàêëþ÷åíèå

Ïîëó÷åííûå ïðèáëèæåííûå âûðàæåíèÿ ïîçâîëÿþò âû÷èñëÿòü ìèíè-
ìàëüíîå çíà÷åíèå ì. î. äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé äëÿ ðàç-
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ëè÷íûõ èíòåíñèâíîñòåé âõîäÿùèõ ïîòîêîâ è ðàçìåðîâ ãðóïï òðåáîâà-
íèé. Ðåçóëüòàò ðàáîòû ìîæåò áûòü èñïîëüçîâàí äëÿ àíàëèçà ñèñòåì ñ
ãðóïïîâîé îáðàáîòêîé áîëüøîãî ÷èñëà îáúåêòîâ.
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Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò èì. Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä, Ðîññèÿ

Ðàáîòà ïîñâÿùåíà èçó÷åíèþ ñïåöèàëüíîãî êëàññà àëãîðèòìîâ ñ
îáðàòíîé ñâÿçüþ ïðèìåíèòåëüíî ê óïðàâëåíèþ ïîòîêàìè òðàíñ-
ïîðòà è ïåøåõîäîâ íà ïåðåêð¼ñòêå. Èçìåíåíèå èíòåíñèâíîñòè
è âåðîÿòíîñòíîé ñòðóêòóðû âõîäíûõ ïîòîêîâ ÿâëÿåòñÿ îòëè÷è-
òåëüíîé ÷åðòîé ñèñòåì óïðàâëåíèÿ äîðîæíûì äâèæåíèåì. Ðàñ-
ñìîòðåí ðÿä ïîêàçàòåëåé îïòèìàëüíîñòè ðàáîòû äàííîãî àëãî-
ðèòìà, à èìåííî, ñðåäíèå çàäåðæêè ïðîèçâîëüíîãî òðåáîâàíèÿ
íà ïåðåêð¼ñòêå è ñðåäíåå çíà÷åíèå î÷åðåäè ïî ïîòîêàì. Èçó÷åíà
çàâèñèìîñòü ïàðàìåòðîâ óïðàâëåíèÿ, ïîëó÷åííûõ ïðè ïîìîùè
äàííûõ êðèòåðèåâ îïòèìàëüíîñòè, îò ïàðàìåòðîâ ïîòîêîâ Áàðò-
ëåòòà. Ïðîâåäåíî ñðàâíåíèå ðàññìîòðåííûõ ïîêàçàòåëåé êà÷å-
ñòâà ðàáîòû ñèñòåìû â çàâèñèìîñòè îò êîíêðåòíîé ñèòóàöèè.
Êëþ÷åâûå ñëîâà: cðåäíèå çàäåðæêè, ñðåäíÿÿ äëèíà î÷åðåäè,
ïîòîê Áàðòëåòòà, ïîòîê Ïóàññîíà, òðàíñïîðòíûé ïîòîê, ïå-
øåõîäíûé ïîòîê, òðàíñïîðòíàÿ ïà÷êà.

Ââåäåíèå

Çàäà÷è ðåãóëèðîâàíèÿ ïåðåêð¼ñòêîâ ïðåäñòàâëÿþò çíà÷èòåëüíûé
èíòåðåñ. Ýôôåêòèâíîå óïðàâëåíèå ïîòîêàìè ìàøèí è ïåøåõîäîâ áëàãî-
òâîðíî ñêàçûâàåòñÿ íà ýêîëîãè÷åñêîé ñèòóàöèè è áåçîïàñíîñòè ëþäåé.
Ñïåöèôè÷åñêîé îñîáåííîñòüþ òðàíñïîðòíûõ ñèñòåì ÿâëÿþòñÿ èçìåíå-
íèÿ âåðîÿòíîñòíîé ñòðóêòóðû âõîäíûõ ïîòîêîâ ïîä âëèÿíèåì ñëó÷àé-
íûõ óñëîâèé, òàêèõ êàê àâàðèè, óõóäøåíèå ïîãîäíûõ óñëîâèé è äðóãèå.
Ýòè ôàêòîðû ïðèâîäÿò ê îãðàíè÷åíèþ âîçìîæíîñòåé ìàíåâðèðîâàíèÿ.
Çà ìàøèíàìè, äâèæóùèìèñÿ ñ ìàëûìè ñêîðîñòÿìè, ñêàïëèâàþòñÿ áûñò-
ðûå, îæèäàþùèå áëàãîïðèÿòíîãî ìîìåíòà äëÿ îáãîíà, è ýòî ïðèâîäèò
ê îáðàçîâàíèþ òðàíñïîðòíûõ ïà÷åê [1]. Îòìåòèì, ÷òî â ðàññìàòðèâà-
åìîé ñèñòåìå ïðåäóñìîòðåíû ñïåöèàëüíûå ïåðèîäû äëÿ îáñëóæèâàíèÿ
ïîòîêà ïåøåõîäîâ. Ýòî àêòóàëüíî, íàïðèìåð, äëÿ ïåðåêð¼ñòêîâ, ðàñïî-
ëîæåííûõ âáëèçè øêîë. Äàííàÿ ñòàòüÿ ïîñâÿùåíà èçó÷åíèþ îñíîâíûõ
êðèòåðèåâ ýôôåêòèâíîñòè ðàáîòû òàêèõ ñèñòåì.



Ñðàâíåíèå îñíîâíûõ êðèòåðèåâ îïòèìàëüíîñòè óïðàâëåíèÿ ñèñòåìû 169

1. Ïîñòàíîâêà çàäà÷è

Â ñòàòüå ðàññìàòðèâàåòñÿ ðàáîòà ïåðåêð¼ñòêà, êîòîðûé ïðåäñòàâëåí
êàê ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ îæèäàíèåì. Â ñèñòåìó ïîñòó-
ïàåò òðè íåçàâèñèìûõ êîíôëèêòíûõ ïîòîêà Π1,Π2 è Π3, ãäå Π1 è Π2

ÿâëÿþòñÿ ïîòîêàìè ìàøèí, à Π3 � ïîòîêîì ïåøåõîäîâ. Ïðè ýòîì âñå
îíè îáñëóæèâàþòñÿ â íåïåðåñåêàþùèåñÿ ïðîìåæóòêè âðåìåíè.

Îáñëóæèâàþùåå óñòðîéñòâî (ÎÓ) èìååò âîñåìü ñîñòîÿíèé Γ(1),
Γ(2), . . . ,Γ(8). Â ñîñòîÿíèè Γ(2j−1) ïðîèñõîäèò îáñëóæèâàíèå ïîòî-
êà Πj , j = 1, 3. Êðîìå òîãî, ïåøåõîäíûé ïîòîê Π3 äîïîëíèòåëüíî îá-
ñëóæèâàåòñÿ â ñîñòîÿíèè Γ(7). Ïåðåõîä â ñîñòîÿíèÿ Γ(5) è Γ(7) ïðîèñõî-
äèò ëèøü â ñëó÷àå, åñëè î÷åðåäü ïî ïîòîêó Π3 ïðåâûøàåò êðèòè÷åñêèå
çíà÷åíèÿ N1 è N2 ñîîòâåòñòâåííî. Ñîñòîÿíèÿ Γ(2),Γ(4),Γ(6) è Γ(8) ñîîò-
âåòñòâóþò æ¼ëòîìó ñâåòó. Â êàæäîì ñîñòîÿíèè Γ(r) ÎÓ íàõîäèòñÿ íåêî-
òîðîå ôèêñèðîâàííîå âðåìÿ Tr, ïðè÷¼ì äëèòåëüíîñòè æ¼ëòîãî ñâåòà è
äëèòåëüíîñòè T5 è T7 îáñëóæèâàíèÿ ïåøåõîäîâ ÿâëÿþòñÿ êîíñòàíòàìè
è âûáèðàþòñÿ èç óñëîâèé áåçîïàñíîñòè äâèæåíèÿ íà äàííîì ïåðåêð¼ñò-
êå [2]. Óïðàâëÿþùèìè ïàðàìåòðàìè ñèñòåìû ÿâëÿþòñÿ âðåìåíà ïðåáû-
âàíèÿ ÎÓ â ñîñòîÿíèÿõ Γ(1) è Γ(3). Ñìåíà ñîñòîÿíèé ÎÓ ïðîèñõîäèò â
ñîîòâåòñòâèè ñ íàïðàâëåííûì ãðàôîì, ïðèâåä¼ííîì íà ðèñ. 2.

Ðèñ. 1. Ãðàô ñìåíû ñîñòîÿíèé ðàáîòû ÎÓ

Ïåøåõîäíûé ïîòîê Π3 ïîëàãàåòñÿ ïóàññîíîâñêèì, òàê êàê äâèæåíèå
ïåøåõîäîâ ïðîèñõîäèò ñ îòíîñèòåëüíî ìàëîé ñêîðîñòüþ è íå çàâèñèò îò
âíåøíèõ óñëîâèé. Ïîòîêè Π1 è Π2 ïîëàãàþòñÿ ïîòîêàìè Áàðòëåòòà, êî-
òîðûå ÿâëÿþòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ ïîòîêîâ òðàíñïîðòíûõ ïà÷åê
è îïèñûâàþòñÿ íåëîêàëüíî ñ ïîìîùüþ âåêòîðíîé ñëó÷àéíîé ïîñëåäî-
âàòåëüíîñòè {(τi, η1,i, η2,i), i ⩾ 0} [3, 4]. Â êà÷åñòâå ìîìåíòîâ íàáëþäå-
íèÿ τi, i ⩾ 0 âûáèðàþòñÿ ìîìåíòû ïîñòóïëåíèÿ ïåðâûõ òðåáîâàíèé â
ïà÷êàõ. Ñëó÷àéíûå âåëè÷èíû ηj,i îïèñûâàþò ÷èñëî çàÿâîê, ïîñòóïèâ-
øèõ ïî ïîòîêó Πj çà i-ûé òàêò íàáëþäåíèÿ [τi τi+1), òî åñòü ÷èñëî çàÿâîê
â i-îé ïà÷êå ïîòîêà Πj , è èìåþò ñëåäóþùåå ðàñïðåäåëåíèå:{

P (ηj,i = 1) = 1− rj

P (ηj,i = k) = rj · (1− gj) · gjk−2, k ⩾ 2,
(1)
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ãäå rj ,gj � ïàðàìåòðû ðàñïðåäåëåíèÿ, 0 < rj , gj < 1, j = 1, 2.
Ïàðàìåòð gj ñâÿçàí ñî ñðåäíåé äëèíîé ïà÷êè èëè, äðóãèìè ñëîâàìè,

ñðåäíèì êîëè÷åñòâîì çàÿâîê â ïà÷êå Mηj,i. Ïàðàìåòð rj � ýòî âåðî-
ÿòíîñòü òîãî, ÷òî â ñèñòåìó ïîñòóïàåò ïà÷êà èç äâóõ è áîëåå çàÿâîê,
j = 1, 2. Íèæå ïðèâåäåíà ôîðìóëà, îïèñûâàþùàÿ èõ ñîîòíîøåíèå:

rj = (Mηj,i − 1) · (1− gj), j = 1, 2 (2)

Äëÿ ñèñòåìû ñ îæèäàíèåì ìîæíî âûäåëèòü äâå âàæíåéøèå õàðàêòå-
ðèñòèêè, êîòîðûå îïðåäåëÿþò êà÷åñòâî å¼ ðàáîòû. Ïåðâîé èç íèõ ÿâëÿ-
þòñÿ ñðåäíèå çàäåðæêè γ ïðîèçâîëüíîãî òðåáîâàíèÿ íà ïåðåêð¼ñòêå [5],
êîòîðûå âû÷èñëÿþòñÿ ïî ñëåäóþùåé ôîðìóëå:

γ = (λ1 · γ1 + λ2 · γ2 · λ3 · γ3)/(λ1 + λ2 + λ3), (3)

ãäå λj � èíòåíñèâíîñòü Πj , à γj � ñðåäíèå çàäåðæêè ïðîèçâîëüíîé
çàÿâêè â ñèñòåìå ïî ïîòîêó Πj , j = 1, 3.

Â êà÷åñòâå âòîðîãî êðèòåðèÿ ðàáîòû ñèñòåìû â äàííîé ñòàòüå ðàñ-
ñìàòðèâàåòñÿ ñðåäíÿÿ î÷åðåäü O, êîòîðàÿ âû÷èñëÿåòñÿ ñëåäóþùèì îá-
ðàçîì:

O = (λ1 ·O1 + λ2 ·O2 + λ2 ·O2)/(λ1 + λ2 + λ3), (4)

ãäå Oj � ñðåäíèå î÷åðåäè ïî êàæäîìó èç ïîòîêîâ Πj , j = 1, 3.
Áóäåì ïðåäïîëàãàòü, ÷òî îïòèìàëüíûìè ïàðàìåòðàìè óïðàâëÿþ-

ùåãî àëãîðèòìà ÿâëÿþòñÿ òå, ïðè êîòîðûõ äîñòèãàþòñÿ ìèíèìàëüíûå
ñðåäíèå çàäåðæêè γ â ïåðâîì ñëó÷àå, è ìèíèìàëüíàÿ ñðåäíÿÿ î÷å-
ðåäü O � âî âòîðîì. Â äàííîé ðàáîòå çàäà÷à îïðåäåëåíèÿ îïòèìàëüíûõ
ïàðàìåòðîâ ðåøàåòñÿ ÷èñëåííî ñ èñïîëüçîâàíèåì ìåòîäà èìèòàöèîííî-
ãî ìîäåëèðîâàíèÿ íà ÿçûêå ïðîãðàììèðîâàíèÿ C++.

2. ×èñëåííûå èññëåäîâàíèÿ

Â ñòàòüå èññëåäîâàíî ïîâåäåíèå äâóõ êðèòåðèåâ êà÷åñòâà ðàáîòû
äàííîé ñèñòåìû. ×èñëåííûå ýêñïåðèìåíòû ïîêàçàëè íàëè÷èå ïîäîáíûõ,
íî, òåì íå ìåíåå, ðàçëè÷íûõ çàâèñèìîñòåé äàííûõ õàðàêòåðèñòèê îò
ïàðàìåòðîâ gj ïðè íåèçìåííîé ñðåäíåé äëèíå ïà÷åê, j = 1, 2. Òàêæå
óñòàíîâëåíî, ÷òî ïåðâûé ïîäõîä â îïðåäåëåíèè îïòèìàëüíîé ðàáîòû
ñèñòåìû äà¼ò, â ñðåäíåì, ìåíüøèå çíà÷åíèÿ îïòèìàëüíûõ ïàðàìåòðîâ
óïðàâëåíèÿ. Äëÿ èëëþñòðàöèè äàííîãî ïîëîæåíèÿ ðàññìîòðèì ñëåäó-
þùèé ïðèìåð.

Ïðèìåð 1. Ïóñòü äëèòåëüíîñòè æ¼ëòîãî ñâåòà T2 = T4 = T6 =
T8 = 3 (ñ), à äëèòåëüíîñòè îáñëóæèâàíèÿ ïåøåõîäîâ T5 = T7 = 30 (ñ).
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Êðèòè÷åñêèå çíà÷åíèÿ äëÿ î÷åðåäåé ïî ïîòîêó ïåøåõîäîâ N1 = N2 = 0
(çàÿâîê). Ïóñòü èíòåíñèâíîñòè ïîòîêîâ Π1,Π2 è Π3 ñîâïàäàþò: λ1 =
λ2 = λ3 = 0, 1 (çàÿâîê â ñåêóíäó). Ïîòîê ïåøåõîäîâ Π3 ïðåäïîëàãà-
åòñÿ ïóàññîíîâñêèì, à ïîòîêè Π1 è Π2 � ïîòîêàìè Áàðòëåòòà ñ îäè-
íàêîâîé ñðåäíåé äëèíîé ïà÷êè Mη1,i = Mη2,i = 2 (çàÿâîê). Ïàðàìåò-
ðû gj , j = 1, 2 ìåíÿþòñÿ â ïðåäåëàõ îò 0, 1 äî 0, 9 ñ øàãîì â 0, 1 è â
ïðåäåëàõ îò 0, 9 äî 0, 99 ñ øàãîì â 0, 01. Ïàðàìåòðû rj , j = 1, 2 ìåíÿþò-
ñÿ ñîãëàñíî ôîðìóëå (2). Ñðåäíèå çíà÷åíèÿ î÷åðåäåé Oj â ôîðìóëå (4)
îïðåäåëÿþòñÿ â ìîìåíòû îêîí÷àíèÿ îáñëóæèâàíèÿ ïîòîêîâ Πj , j = 1, 3.

Äëÿ çàäàííûõ ïàðàìåòðîâ gj , j = 1, 2 â ðàáîòå ïîñ÷èòàíû çíà÷åíèÿ
ìèíèìàëüíûõ ñðåäíèõ çàäåðæåê γ è ìèíèìàëüíîé ñðåäíåé î÷åðåäè O.
Òåì íå ìåíåå, ñðàâíèòü äàííûå õàðàêòåðèñòèêè ìåæäó ñîáîé íàïðÿìóþ
íå ïðåäñòàâëÿåòñÿ âîçìîæíûì. Äåëî â òîì, ÷òî çíà÷åíèÿ çàäåðæåê γ
âàðüèðóþòñÿ îò 34, 7 (ñ) äî 168, 64 (ñ), à çíà÷åíèÿ î÷åðåäè O �� îò 0, 23
(çàÿâîê) äî 10, 64 (çàÿâîê). Íîðìàëèçóåì äàííûå ñ ïîìîùüþ ñëåäóþùåé
ôîðìóëû:

x̃ = (x− xmin)/(xmax − xmin), (5)

ãäå x è x̃ � èñõîäíîå è íîðìàëèçîâàííîå çíà÷åíèÿ îäíîé èç äâóõ äàí-
íûõ õàðàêòåðèñòèê ñîîòâåòñòâåííî, à xmin è xmax �� èõ ìèíèìàëüíîå è
ìàêñèìàëüíîå çíà÷åíèÿ ñîîòâåòñòâåííî [6].

Äàííîå ïðåîáðàçîâàíèå ïîçâîëÿåò âûïîëíèòü ñðàâíèòåëüíûé àíàëèç
çàâèñèìîñòåé ðàññìàòðèâàåìûõ õàðàêòåðèñòèê îò ïàðàìåòðîâ gj , j =
1, 2. Ïîëó÷åííûå êðèâûå ïðåäñòàâëåíû íà ðèñ. 2:
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Ðèñ. 2. Çàâèñèìîñòè íîðìàëèçîâàííûõ çàäåðæåê γ è î÷åðåäè O îò gj , j = 1, 2
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Èç ðèñ. 2 âèäíî, ÷òî êðèâàÿ I ëåæèò âûøå êðèâîé II. Ýòî ãîâî-
ðèò î òîì, ÷òî ñ ðîñòîì ïàðàìåòðîâ gj , j = 1, 2 ìèíèìàëüíûå ñðåäíèå
çàäåðæêè γ ðàñòóò áûñòðåå, ÷åì ìèíèìàëüíàÿ ñðåäíÿÿ î÷åðåäü O.

Íà ñëåäóþùåì ðèñóíêå ïðåäñòàâëåíû ãðàôèêè çàâèñèìîñòè ñðåäíå-
ãî çíà÷åíèÿ îïòèìàëüíûõ ïàðàìåòðîâ óïðàâëåíèÿ T1 è T3 îò ïàðàìåòðîâ
gj , j = 1, 2, êîòîðûå áûëè ïîëó÷åíû ñ ïîìîùüþ äâóõ ðàññìàòðèâàåìûõ
êðèòåðèåâ. Îòìåòèì, ÷òî â äàííîì ñëó÷àå ðàññìàòðèâàåòñÿ ïîëóñóì-
ìà ïàðàìåòðîâ óïðàâëåíèÿ T1 è T3, ïîñêîëüêó â ïðèâåä¼ííîì ïðèìåðå
ñèñòåìà ñèììåòðè÷íà îòíîñèòåëüíî âõîäíûõ ïîòîêîâ Π1 è Π2.
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Ðèñ. 3. Ãðàôèêè çàâèñèìîñòè ñðåäíèõ çíà÷åíèé ïàðàìåòðîâ óïðàâëåíèÿ îò
gj , j = 1, 2, ïîñ÷èòàííûõ äëÿ ðàçëè÷íûõ êðèòåðèåâ îïòèìàëüíîñòè

Èç ðèñ. 3 âèäíî, ÷òî êðèòåðèé îïòèìàëüíîñòè ðàáîòû ñèñòåìû, îñíî-
âàííûé íà ìèíèìàëüíûõ ñðåäíèõ çàäåðæêàõ γ, ïðàêòè÷åñêè âñåãäà äà¼ò
ìåíüøèå çíà÷åíèÿ ïàðàìåòðîâ óïðàâëåíèÿ, ÷åì òå, ÷òî áûëè ïîëó÷åíû
ñ ïîìîùüþ ìèíèìàëüíîé ñðåäíåé î÷åðåäè O. Èñêëþ÷åíèåì ÿâëÿåòñÿ
êðàéíÿÿ ïðàâàÿ òî÷êà ïðè êðèòè÷åñêè âûñîêîì çíà÷åíèè ïàðàìåòðîâ
gj = 0, 99, j = 1, 2 �� â íåé çíà÷åíèÿ ïàðàìåòðîâ óïðàâëåíèÿ ñîâïà-
äàþò. Äàííûé ðåçóëüòàò ïîêàçûâàåò, ÷òî âûáèðàòü ïðèîðèòåòíûé êðè-
òåðèé äëÿ îïðåäåëåíèÿ îïòèìàëüíîé ðàáîòû ñèñòåìû ñòîèò èñõîäÿ èç
êîíêðåòíîé ñèòóàöèè. Ê ïðèìåðó, â ñëó÷àå ìàëîãî ðàññòîÿíèÿ ìåæäó
ïåðåêð¼ñòêàìè ïðåäïî÷òèòåëüíåå ìèíèìèçèðîâàòü ñðåäíþþ î÷åðåäü O.
Â ïðîòèâíîì ñëó÷àå, ëó÷øèì êðèòåðèåì áóäåò ìèíèìèçàöèÿ ñðåäíèõ
çàäåðæåê γ ïðîèçâîëüíîé çàÿâêè íà ïåðåêð¼ñòêå.
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Çàêëþ÷åíèå

Â ñòàòüå ðàññìîòðåíû äâà âàæíåéøèõ êðèòåðèÿ ðàáîòû ñèñòåìû ��
ñðåäíèå çàäåðæêè γ ïðîèçâîëüíîãî òðåáîâàíèÿ íà ïåðåêð¼ñòêå è ñðåä-
íÿÿ î÷åðåäü O. Ïîêàçàíî, ÷òî äàííûå õàðàêòåðèñòèêè èìåþò ñõîæóþ,
íî, òåì íå ìåíåå, ðàçëè÷íóþ çàâèñèìîñòü îò ïàðàìåòðîâ ïîòîêîâ Áàðò-
ëåòòà. Âûÿñíåíî, ÷òî ìèíèìèçàöèÿ çàäåðæåê γ äà¼ò, â ñðåäíåì, ìåíüøèå
çíà÷åíèÿ îïòèìàëüíûõ ïàðàìåòðîâ óïðàâëåíèÿ, ÷åì ìèíèìèçàöèÿ î÷å-
ðåäè O. Òàêèì îáðàçîì, äàííîå èññëåäîâàíèå ïîçâîëÿåò ñäåëàòü âûâîä
î òîì, ÷òî îïðåäåëÿòü îïòèìàëüíóþ ðàáîòó ñèñòåìû ïî òîìó èëè èíîìó
êðèòåðèþ ìîæåò áûòü öåëåñîîáðàçíî â çàâèñèìîñòè îò êîíêðåòíîé ñè-
òóàöèè. Ïðè ýòîì ñðåäíèå çàäåðæêè γ è ñðåäíÿÿ î÷åðåäü O â íåêîòîðîì
ñìûñëå ìîãóò áûòü âçàèìîçàìåíÿåìûìè õàðàêòåðèñòèêàìè.
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ÏÐÈÁÎÐÎÌ

Í.Ì. Âîðîíèíà1, Ñ. Â. Ðîæêîâà,1,2, Ñ.Ï. Ìîèñååâà2

1Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ïîëèòåõíè÷åñêèé
óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

2Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ îäíîëèíåéíàÿ RQ-ñèñòåìà ìàññîâîãî
îáñëóæèâàíèÿ ñ íåíàäåæíûì ïðèáîðîì, óïðàâëÿåìàÿ äèíàìè-
÷åñêèì ïðîòîêîëîì ñëó÷àéíîãî ìíîæåñòâåííîãî äîñòóïà. Ïðîâå-
äåíî èññëåäîâàíèå äîïðåäåëüíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé
÷èñëà çàÿâîê íà îðáèòå. Äëÿ èññëåäîâàíèÿ ýòîé ñèñòåìû èñïîëü-
çóåòñÿ ìåòîä ïðîèçâîäÿùèõ ôóíêöèé. Êëþ÷åâûå ñëîâà: RQ
ñèñòåìà, äèíàìè÷åñêèé ïðîòîêîë äîñòóïà, íåíàäåæíûé ïðè-
áîð.

Ââåäåíèå

Èññëåäîâàíèþ ìîäåëåé ñåòåé ïåðåäà÷è äàííûõ ñ ðàçëè÷íûìè ïðî-
òîêîëàìè äîñòóïà ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò. Äëÿ ðåøåíèÿ
ïðîáëåì ïîâòîðíûõ îáðàùåíèé çàÿâîê ïðåäëàãàþòñÿ ðàçëè÷íûå ìîäè-
ôèêàöèè ïðîòîêîëîâ äîñòóïà. Â [1, 2] ðàññìàòðèâàþòñÿ àäàïòèâíûå
ïðîòîêîëû äîñòóïà. Â ðàáîòàõ [3, 4, 5] ðàññìàòðèâàåòñÿ èññëåäîâàíèå
ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ ñ äèíàìè÷åñêèì ïðîòîêîëîì äîñòóïà.
Â äàííîé ðàáîòå èññëåäóåòñÿ îäíîêàíàëüíàÿ RQ-ñèñòåìà ñ íåíàäåæ-
íûì ïðèáîðîì, óïðàâëÿåìàÿ äèíàìè÷åñêèì ïðîòîêîëîì äîñòóïà. Ïðè-
áîð ñ÷èòàåòñÿ íåíàäåæíûì, åñëè îí âðåìÿ îò âðåìåíè âûõîäèò èç ñòðîÿ
è òðåáóåò âîññòàíîâëåíèÿ (ðåìîíòà). Òîëüêî ïîñëå ýòîãî ïðèáîð âîçîá-
íîâëÿåò îáñëóæèâàíèå âíîâü ïîñòóïàþùèõ çàÿâîê.

1. Ïîñòàíîâêà çàäà÷è

Ëþáàÿ ñåòü ïåðåäà÷è äàííûõ, ñôîðìèðîâàâ çàÿâêè, îòïðàâëÿåò èõ
íà îáùèé ðåñóðñ (ïðèáîð). Åñëè ïðèáîð ñâîáîäåí, òî çàÿâêà îáñëóæèâà-
åòñÿ. Åñëè âî âðåìÿ îáñëóæèâàíèÿ çàÿâêè ïðèáîð âûøåë èç ñòðîÿ, òî îí
îòïðàâëÿåòñÿ íà ðåìîíò, à çàÿâêà ïåðåõîäèò íà îðáèòó. Äëÿ èññëåäîâà-
íèÿ òàêèõ ñèñòåì ðàññìîòðèì îäíîëèíåéíóþ RQ-ñèñòåìó ñ íåíàäåæíûì
ïðèáîðîì, óïðàâëÿåìóþ äèíàìè÷åñêèì ïðîòîêîëîì äîñòóïà. Öåëüþ ðà-
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áîòû ÿâëÿåòñÿ èññëåäîâàíèå òàêîé ñèñòåìû, à òàêæå íàõîæäåíèå åå îñ-
íîâíûõ õàðàêòåðèñòèê.

2. Îïèñàíèå ìîäåëè

Íà âõîä ñèñòåìû ñ äèíàìè÷åñêèì ïðîòîêîëîì äîñòóïà ïîñòóïàåò
ïðîñòåéøèé ïîòîê çàÿâîê ñ ïàðàìåòðîì λ. Çàÿâêà îáñëóæèâàåòñÿ ïðè-
áîðîì ñëó÷àéíîå âðåìÿ, ðàñïðåäåëåííîå ïî ýêñïîíåíöèàëüíîìó çàêîíó
ñ ïàðàìåòðîì µ1.

Íåíàäåæíûé ïðèáîð ìîæåò áûòü â îäíîì èç ñîñòîÿíèé: ñâîáîäåí,
çàíÿò îáñëóæèâàíèåì èëè íà ðåìîíòå. Åñëè ïðèáîð ñâîáîäåí, è íà âõîä
ïîñòóïàåò çàÿâêà, òî ïðèáîð ñðàçó æå íà÷èíàåò îáñëóæèâàíèå ïîñòó-
ïèâøåé çàÿâêè. Åñëè çàÿâêà ïîñòóïàåò â ìîìåíò, êîãäà ïðèáîð çàíÿò,
òî ïîñòóïèâøàÿ çàÿâêà ïåðåõîäèò íà îðáèòó è îæèäàåò âîçìîæíîñòè
çàíÿòü ïðèáîð ïðè ñëåäóþùåé ïîïûòêå.

Ïîñëå ñëó÷àéíîãî èíòåðâàëà âðåìåíè çàÿâêà ñ èíòåíñèâíîñòüþ σ/i
âíîâü ïûòàåòñÿ çàíÿòü ïðèáîð íà îáñëóæèâàíèå, ãäå i - ÷èñëî çàÿâîê íà
îðáèòå â ìîìåíò âðåìåíè t (ðèñ. 1). Âðåìÿ áåñïåðåáîéíîé ðàáîòû ñåð-
âåðà ðàñïðåäåëåíî ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì γ1, åñëè
îí ïðîñòàèâàåò, è ñ ïàðàìåòðîì γ2, åñëè ñåðâåð çàíÿò îáñëóæèâàíèåì.

Êàê òîëüêî ïðîèñõîäèò ïîëîìêà, ñåðâåð îòïðàâëÿåòñÿ íà ðåìîíò. Âñå
ïîñòóïàþùèå çàÿâêè ïåðåõîäÿò íà îðáèòó. Âðåìÿ âîññòàíîâëåíèÿ ïîñëå
ðåìîíòà ðàñïðåäåëåíî ýêñïîíåíöèàëüíî ñ ïàðàìåòðîì µ2.

Ðèñ. 1. Ìîäåëü ñèñòåìû

Ïóñòü i(t) - ÷èñëî çàÿâîê íà îðáèòå, à k(t) îïðåäåëÿåò ñîñòîÿíèå
îáñëóæèâàþùåãî ïðèáîðà: k(t) = 0, åñëè ïðèáîð ñâîáîäåí, k(t) = 1,
åñëè ïðèáîð çàíÿò, k(t) = 2, åñëè ïðèáîð íà ðåìîíòå.

3. Ìåòîä ïðîèçâîäÿùèõ ôóíêöèé

Îáîçíà÷èì P {i(t) = i, k(t) = k} = P (k, i, t) - âåðîÿòíîñòü òîãî, ÷òî â
äàííûé ìîìåíò âðåìåíè t ïðèáîð íàõîäèòñÿ â ñîñòîÿíèè k è íà îðáèòå
i çàÿâîê.
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Ñîñòàâèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà äëÿ
i ≥ 1 :

∂P (0, i, t) /∂t = − (λ+ σ + γ1)P (0, i, t) + µ1P (1, i, t)+

+ µ2P (2, i, t) ,

∂P (1, i, t) /∂t = − (λ+ µ1 + γ2)P (1, i, t) + λP (0, i, t)+

+ σP (0, i+ 1, t) + λP (1, i− 1, t) ,

∂P (2, i, t) /∂t = − (λ+ µ2)P (2, i, t) + γ1P (0, i, t)+

+ γ2P (1, i− 1, t) + λP (2, i− 1, t) .

(1)

Áóäåì ñ÷èòàòü, ÷òî ñèñòåìà ôóíêöèîíèðóåò â ñòàöèîíàðíîì ðåæèìå,
ò.å.

P (k, i, t) ≡ P (k, t)

Çàïèøåì ñèñòåìó (1) äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ:

− (λ+ γ1)P (0, 0) + µ1P (1, 0) + µ2P (2, 0) = 0, i = 0,

− (λ+ µ1 + γ2)P (1, 0) + λP (0, 0) + σP (0, 1) = 0, i = 0,

− (λ+ µ2)P (2, 0) + γ1P (0, 0) = 0, i = 0,

− (λ+ σ + γ1)P (0, i) + µ1P (1, i) + µ2P (2, i) = 0, i ≥ 1,

− (λ+ µ1 + γ2)P (1, i) + λP (0, i) + σP (0, i+ 1)+

+ λP (0, i− 1) = 0, i ≥ 1,

− (λ+ µ2)P (2, i) + γ1P (0, i) + γ2P (1, i− 1)+

+ λP (2, i− 1) = 0, i ≥ 1.

(2)

×òîáû ðåøèòü ñèñòåìó (2), íåîáõîäèìî îïðåäåëèòü ïðîèçâîäÿùèå
ôóíêöèè

G (k, x) =

∞∑
i=0

xiP (k, i) .

Òîãäà ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:
− (λ+ σ + γ1)G (0, x) + µ1G (1, x) + µ2G (2, x) = −σP (0, 0) ,(
λ+

σ

x

)
G (0, x) + (λx− λ− µ1 − γ2)G (1, x) =

σ

x
P (0, 0) ,

γ1G (0, x) + γ2xG (1, x) + (λx− λ− µ2)G (2, x) = 0.

(3)

Ðåøåíèå ïîëó÷åííîé ñèñòåìû (3) áóäåì èñêàòü, îáîçíà÷èâ

G (x) = G (0, x) +G (1, x) +G (2, x) .
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Òîãäà ïîëó÷èì:

G(x) = P (0, 0)σ((x− 1)λ− γ1 − µ2)((x− 1)λ− γ2 − µ1)/((x
2 − x)∗

∗ λ3 + x((σ + γ1)x− σ − γ1 − γ2 − µ2)λ
2 + (((−γ2 − µ1 − µ2)σ−

− γ1(γ2 + µ1))x+ σµ1)λ+ σµ2(γ2 + µ1)).

(4)

Ó÷èòûâàÿ óñëîâèå íîðìèðîâêè G (1) = 1, ïîëó÷àåì âûðàæåíèå äëÿ
P (0, 0) :

P (0, 0) =
(−γ2 − µ2)λ

2 − (σµ2 + (σ + γ1)γ2 + γ1µ1)λ+ σµ2(γ2 + µ1)

σ(γ1 + µ2)(γ2 + µ1)
.

Ïîäñòàâëÿÿ P (0, 0) â ðàâåíñòâî (5), ïîëó÷èì âûðàæåíèå äëÿ ïðîèç-
âîäÿùåé ôóíêöèè:

G(x) = ((−γ2 − µ2)λ
2 − ((γ2 + µ2)σ + γ1(γ2 + µ1))λ+ σµ2(γ2 + µ1))∗

∗ ((x− 1)λ− γ1 − µ2)((x− 1)λ− γ2 − µ1)/((γ1 + µ2)((x
2 − x)λ3+

+ x((σ + γ1)x− σ − γ1 − γ2 − µ2)λ
2 + (((−γ2 − µ1 − µ2)σ−

− γ1(γ2 + µ1))x+ σµ1)λ+ σµ2(γ2 + µ1))(γ2 + µ1)).

Çíà÷åíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ Rk áóäóò èìåòü ñëåäóþùèé
âèä:

R0 = G(0, 1) =
(−λ+ γ2 + µ1)µ2 − λγ2

(γ2 + µ1)(γ1 + µ2)
, R1 = G(1, 1) =

λ

γ2 + µ1
,

R2 = G(2, 1) =
(−λ+ γ2 + µ1)γ1 + λγ2

(γ2 + µ1)(γ1 + µ2)
.

×òîáû âåðîÿòíîñòü áûëà ïîëîæèòåëüíà äîëæíî âûïîëíÿòüñÿ ñëåäó-
þùåå íåðàâåíñòâî:

λ

µ1
≤ σµ2(γ2 + µ1)

(λ+ σ)(γ2µ1 + µ2µ1) + γ1µ1(γ2 + µ1)
= S, (5)

ãäå S - ïðîïóñêíàÿ ñïîñîáíîñòü ðàññìàòðèâàåìîé ñèñòåìû.
Ïðîïóñêíàÿ ñïîñîáíîñòü � ýòî âåðõíÿÿ ãðàíèöà òåõ çíà÷åíèé çàãðóç-

êè ρ = λ
µ1
, äëÿ êîòîðûõ ñóùåñòâóåò ñòàöèîíàðíûé ðåæèì.

Íåðàâåíñòâî (6) îïðåäåëÿåò óñëîâèå ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî
ðåæèìà äëÿ ðàññìàòðèâàåìîé äèíàìè÷åñêîé ñèñòåìû.



178 Í.Ì. Âîðîíèíà, Ñ. Â. Ðîæêîâà, Ñ. Ï. Ìîèñååâà

4. ×èñëåííûå ðåçóëüòàòû

Äëÿ òîãî, ÷òîáû íàéòè ðàñïðåäåëåíèå âåðîÿòíîñòåé P (i), äîñòàòî÷-
íî ê õàðàêòåðèñòè÷åñêîé ôóíêöèè ïðèìåíèòü îáðàòíîå ïðåîáðàçîâàíèå
Ôóðüå.

P (i) =
1

2π

π∫
−π

e−juiH(u)du,

ãäå H(u) = G(eju), j =
√
−1 - ìíèìàÿ åäèíèöà.

Ðàññìîòðèì ñèñòåìó ñ ïàðàìåòðàìè: µ1 = 5, µ2 = 2, γ1 = 0.03, γ2 =
0.03, λ = 1, σ = 1. Â òàáë. 2 è íà ðèñ. 2 ïîêàçàíî ðàñïðåäåëåíèå ÷èñëà
çàÿâîê íà îðáèòå äëÿ äàííîé ñèñòåìû.

Òàáëèöà 1
Ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå

i 0 1 2 3 4 5
P (i) 0,48213 0,19421 0,12012 0,07523 0,04734 0,02985
i 6 7 8 9 10 11

P (i) 0,01883 0,01188 0,00750 0,00473 0,00299 0,00189
i 12 13 14 15 16 ...

P (i) 0,00119 0,00075 0,00047 0,00030 0,00019 ...

Ðèñ. 2. Ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå
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Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïðîâåäåíî èññëåäîâàíèå äèíàìè÷åñêîé RQ-ñèñòåìû
M/M/1 ñ íåíàäåæíûì ïðèáîðîì. Â ðåçóëüòàòå èññëåäîâàíèÿ ïîëó÷åíû
ïðîèçâîäÿùàÿ è õàðàêòåðèñòè÷åñêèå ôóíêöèè äëÿ ðàñïðåäåëåíèÿ âåðî-
ÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå. Íàéäåíî ñòàöèîíàðíîå ðàñïðåäåëåíèå
ñîñòîÿíèé ïðèáîðà è ïðîïóñêíàÿ ñïîñîáíîñòü ðàññìàòðèâàåìîé ñèñòå-
ìû.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÖÈÊËÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÛ
Ñ ÏÎÂÒÎÐÍÛÌÈ ÂÛÇÎÂÀÌÈ M2|M2|1

À.À. Íàçàðîâ, Ñ.Â. Ïàóëü, Ê.Ñ. Øóëüãèíà, Ð. Ð. Ñàëèìçÿíîâ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ðàáîòå âûïîëíåíî èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè öèê-
ëè÷åñêîé ñèñòåìû â âèäå îäíîëèíåéíîé ñèñòåìû ñ ïîâòîðíûìè
âûçîâàìè, íà âõîä êîòîðîé ïîñòóïàåò äâà ïðîñòåéøèõ ïîòîêà
çàÿâîê, ïðîäîëæèòåëüíîñòè îáñëóæèâàíèÿ êîòîðûõ èìåþò ýêñ-
ïîíåíöèàëüíóþ ôóíêöèþ ðàñïðåäåëåíèÿ. Ïàðó ïîòîê è ñîîòâåò-
ñòâóþùóþ åìó îðáèòó íàçîâåì RQ-ñèñòåìîé. Ïðèáîð ïîñåùàåò
RQ-ñèñòåìû â öèêëè÷åñêîì ïîðÿäêå, âðåìÿ íàõîæäåíèÿ ïðèáî-
ðà ó òàêîé ñèñòåìû ñ ïîâòîðíûìè âûçîâàìè èìååò ýêñïîíåíöè-
àëüíóþ ôóíêöèþ ðàñïðåäåëåíèÿ. Ïðèìåíÿÿ ìåòîä àñèìïòîòè÷å-
ñêîãî àíàëèçà íàéäåíî ïðåäåëüíîå ñòàöèîíàðíîå ðàñïðåäåëåíèå
âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòàõ â öèêëè÷åñêîé ñèñòåìå
ñ äâóìÿ âõîäÿùèìè ïîòîêàìè. Êëþ÷åâûå ñëîâà: öèêëè÷åñêàÿ
ñèñòåìà ñ ïîâòîðíûìè âûçîâàìè, RQ-ñèñòåìà, àñèìïòîòè÷å-
ñêèé àíàëèç.

Ââåäåíèå

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ öèêëè÷åñêàÿ ñèñòåìà ñ ïîâòîðíû-
ìè âûçîâàìè [1, 2, 3], â êîòîðîé öèêë îïðåäåëÿåòñÿ ñóììîé èíòåðâà-
ëîâ ïîäêëþ÷åíèÿ îáñëóæèâàþùåãî ïðèáîðà ê RQ-ñèñòåìàì (ñèñòåìû
ñ ïîâòîðíûìè âûçîâàìè) [4, 5, 6, 7]. Îñîáåííîñòüþ òàêîé ñèñòåìû ÿâ-
ëÿåòñÿ òî, ÷òî ïðîäîëæèòåëüíîñòè òàêèõ èíòåðâàëîâ ñëó÷àéíûå è íå
çàâèñÿò íå òîëüêî ìåæäó ñîáîé, íî è îò âõîäÿùèõ ïîòîêîâ çàÿâîê è
ïðîäîëæèòåëüíîñòåé èõ îáñëóæèâàíèÿ. Íà âõîä ïðåäëàãàåìîé öèêëè-
÷åñêîé ñèñòåìû ïîñòóïàþò äâà ïðîñòåéøèõ ïîòîêà çàÿâîê, èíòåðâàëû
ïîäêëþ÷åíèÿ ïðèáîðà ê RQ-ñèñòåìàì (âõîäÿùèé ïîòîê è ñîîòâåòñòâó-
þùàÿ åìó îðáèòà) èìåþò ýêñïîíåíöèàëüíóþ ôóíêöèþ ðàñïðåäåëåíèÿ.
Äëÿ èññëåäîâàíèÿ èñïîëüçóåòñÿ ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà [8, 9]
â àñèìïòîòè÷åñêîì óñëîâèè áîëüøîé çàäåðæêè çàÿâîê íà îðáèòàõ.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü è ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì öèêëè÷åñêóþ ñèñòåìó ñ ïîâòîðíûìè âûçîâàìè (ðèñóíîê
1), íà âõîä êîòîðîé ïîñòóïàþò äâà ïðîñòåéøèõ ïîòîêà ñîáûòèé ñ èí-
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òåíñèâíîñòüþ λ1 è λ2. Çàÿâêè êàæäîãî ïîòîêà ôîðìèðóþò ñâîþ îðáèòó
íåîãðàíè÷åííîãî îáúåìà.

Áóäåì íàçûâàòü ïàðó n-ãî ïîòîêà è ñîîòâåòñòâóþùóþ åìó îðáèòó
¾n-îé RQ-ñèñòåìîé¿, n = 1, 2. Ïðèáîð ïîñåùàåò RQ-ñèñòåìû â öèêëè-
÷åñêîì ïîðÿäêå, íà÷èíàÿ ñ ïåðâîé è çàêàí÷èâàÿ âòîðîé, ïîòîì öèêë
ïîâòîðÿåòñÿ. Âðåìÿ íàõîæäåíèÿ ïðèáîðà ó n-îé ñèñòåìû ñ ïîâòîðíûìè
âûçîâàìè èìååò ýêñïîíåíöèàëüíóþ ôóíêöèþ ðàñïðåäåëåíèÿ ñ ïàðàìåò-
ðîì αn, n = 1, 2. Â òå÷åíèå ýòîãî âðåìåíè ïðèáîð îáñëóæèâàåò çàÿâêè,
êîòîðûå ïîñòóïàþò èç n-îãî âõîäÿùåãî ïîòîêà è ñ îðáèòû. Âðåìÿ îá-
ñëóæèâàíèÿ çàÿâîê èìååò ýêñïîíåíöèàëüíóþ ôóíêöèþ ðàñïðåäåëåíèÿ ñ
ïàðàìåòðàìè µn, n = 1, 2. Åñëè ïîñòóïèâøàÿ çàÿâêà âõîäÿùåãî ïîòîêà
îáíàðóæèâàåò ïðèáîð çàíÿòûì èëè íå ïîäêëþ÷åííûì, îíà ìãíîâåííî
óõîäèò íà ñîîòâåòñòâóþùóþ îðáèòó, ãäå îñóùåñòâëÿåò ñëó÷àéíóþ çà-
äåðæêó â òå÷åíèå ýêñïîíåíöèàëüíîãî âðåìåíè ñ ïàðàìåòðîì σn, n = 1, 2
ïîñëå êîòîðîé âíîâü îáðàùàåòñÿ ê ïðèáîðó. Áóäåì ðàññìàòðèâàòü öèê-
ëè÷åñêóþ RQ-ñèñòåìó, êîãäà ïîñëå èñòå÷åíèÿ âðåìåíè ïîäêëþ÷åíèÿ ê
n-îé RQ-ñèñòåìå çàÿâêà óõîäèò íà ñîîòâåòñòâóþùóþ îðáèòó.

Ðèñ. 1. Öèêëè÷åñêàÿ ñèñòåìà ñ ïîâòîðíûìè âûçîâàìè

Îáîçíà÷èì ïðîöåññ k(t) � ñîñòîÿíèå ïðèáîðà â ìîìåíò âðåìåíè t.
Ýòîò ïðîöåññ ìîæåò ïðèíèìàòü ñëåäóþùèå çíà÷åíèÿ: 0 � ïðèáîð ïîä-
êëþ÷åí ê ïåðâîé RQ-ñèñòåìå è ñâîáîäåí, 1 � ïðèáîð ïîäêëþ÷åí ê ïåð-
âîé RQ-ñèñòåìå è çàíÿò, 2 � ïðèáîð ïîäêëþ÷åí êî âòîðîé RQ-ñèñòåìå è
ñâîáîäåí, 3 � ïðèáîð ïîäêëþ÷åí êî âòîðîé RQ-ñèñòåìå è çàíÿò.

Òàêæå ââåäåì ñëó÷àéíûå ïðîöåññû: i1(t) � ÷èñëî çàÿâîê íà ïåðâîé
îðáèòå â ìîìåíò âðåìåíè t, i2(t) � ÷èñëî çàÿâîê íà âòîðîé îðáèòå â
ìîìåíò âðåìåíè t.

Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ ñòàöèîíàðíîãî òðåõìåðíîãî ðàñïðåäå-
ëåíèÿ ÷èñëà çàÿâîê íà ïåðâîé è âòîðîé îðáèòàõ. Äëÿ ýòîãî ðàññìîòðèì
òðåõìåðíûé ìàðêîâñêèé ïðîöåññ {k(t), i1(t), i2(t)}. Äëÿ ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé P{k(t) = k, i1(t) = i1, i2(t) = i2} = Pk(i1, i2, t), ñîñòàâèì
ñèñòåìó Êîëìîãîðîâà.

Ââåäåì ÷àñòè÷íûå õàðàêòåðèñòè÷åñêèå ôóíêöèè, îáîçíà÷èâ
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j =
√
−1: Hk(u1, u2) =

∞∑
i1=0

∞∑
i2=0

eju1i1eju2i2Pk(i1, i2), k = 0, 3. Ñèñòå-

ìó äëÿ ÷àñòè÷íûõ õàðàêòåðèñòè÷åñêèõ ôóíêöèé çàïèøåì â ìàòðè÷íîé
ôîðìå, îáîçíà÷èâ

A =

[−(λ1+λ2+α1) λ1 α1 0
µ1 −(λ1+λ2+µ1+α1) 0 0
α2 0 −(λ1+λ2+α2) λ2

0 0 µ2 −(λ1+λ2+µ2+α2)

]
,

B =

[ 0 0 0 0
0 λ1 α1 0
0 0 λ1 0
0 0 0 λ1

]
,C =

[ λ2 0 0 0
0 λ2 0 0
0 0 0 0
α2 0 0 λ2

]
,

I0 =

[
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]
, I1 =

[
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]
, I2 =

[
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

]
, I3 =

[
0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

]
.

Ïîëó÷èì ñèñòåìó, â êîòîðîé ñêàëÿðíîå óðàâíåíèå ïîëó÷åíî ïóòåì
óìíîæåíèÿ ìàòðè÷íîãî óðàâíåíèÿ íà âåêòîð åäèíè÷íîãî ñòîëáöà e

H(u1, u2)(A+ eju1B+ eju2C) + jσ1
∂H(u1, u2)

∂u1
(I0 − eju1I1)+

+jσ2
∂H(u1, u2)

∂u2
(I2 − eju2I3) = 0,

(eju1 − 1)(H(u1, u2)B+ jσ1e
−ju1

∂H(u1, u2)

∂u1
I1)e+

(eju2 − 1)(H(u1, u2)C+ jσ2e
−ju2

∂H(u1, u2)

∂u2
I3)e = 0. (1)

Cèñòåìà (1) óðàâíåíèé ÿâëÿåòñÿ îñíîâîé äëÿ äàëüíåéøèõ èññëåäî-
âàíèé. Ìû ðåøèì åå ìåòîäîì àñèìïòîòè÷åñêîãî àíàëèçà â ïðåäåëüíîì
óñëîâèè ñîãëàñîâàííî áîëüøîé çàäåðæêè çàÿâîê íà îðáèòàõ (σ1 → 0 è
σ2 → 0).

2. Àñèìïòîòè÷åñêèé àíàëèç ïåðâîãî ïîðÿäêà

Òåîðåìà 1. Ïóñòü i1(t) è i2(t) - ÷èñëî çàÿâîê íà ïåðâîé è âòîðîé
îðáèòàõ ñîîòâåòñòâåííî, òîãäà âûïîëíÿåòñÿ ñëåäóþùåå ïðåäåëüíîå ðà-
âåíñòâî

lim
σ→0

Mejw1σγ1i1(t)+jw2σγ2i2(t) = ejw1a1+jw2a2 ,

ãäå âåêòîð âåðîÿòíîñòåé ñîñòîÿíèé ïðèáîðà r ÿâëÿåòñÿ êîðíåì óðàâíå-
íèÿ

r(A+B+C)− γ1a1r(I0 − I1)− γ2a2r(I2 − I3) = 0. (2)
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a1 è a2 ÿâëÿþòñÿ êîðíÿìè ìàòðè÷íûõ óðàâíåíèé

r(B− γ1a1I1)e = 0,

r(C− γ2a2I3)e = 0,

ãäå γ1, γ2, w1 è w2 ÿâëÿþòñÿ ïàðàìåòðàìè ìåòîäà àñèìïòîòè÷åñêîãî
àíàëèçà.

Òàêèì îáðàçîì, ïîëó÷èëè ñèñòåìû óðàâíåíèé, ðåøåíèå êîòîðûõ ïîç-
âîëèò íàì íàéòè âåëè÷èíû a1 è a2 - àñèìïòîòè÷åñêèå ñðåäíèå ÷èñëà
çàÿâîê íà ïåðâîé è âòîðîé îðáèòàõ ñîîòâåòñâåííî è r - âåêòîð âåðîÿò-
íîñòåé ñîñòîÿíèé ïðèáîðà.

3. Àñèìïòîòè÷åñêèé àíàëèç âòîðîãî ïîðÿäêà

Òåîðåìà 2. Â êîíòåêñòå Òåîðåìû 1 âåðíî ñëåäóþùåå ïðåäåëüíîå
ðàâåíñòâî

lim
σ→0

M ·ejw1
√
σγ1(i1(t)− a1

σγ1
)+jw2

√
σγ2(i2(t)− a2

σγ2
) = e

jw2
1

2 K11+
jw2

2
2 K22+jw1jw2K12 ,

ãäå K11,K12,K22 - êîððåëÿöèîííûå ìîìåíòû, êîòîðûå îïðåäåëÿþòñÿ
ðàâåíñòâàìè

K11 =
((g11 + g12 − z1)(B− a1γ1I1) + a1γ1rI1)e

(γ1rI1)e
,

K12 =
((g21 + g22 − z2)(B− a1γ1I1) + (g11 + g12 − z1)(C− a2γ2I3))e

(r(γ1I1 + γ2I3))e
,

K22 =
((g21 + g22 − z2)(C− a2γ2I3) + a2γ2rI3)e

(γ2rI3)e
. (3)

Çäåñü âåêòîð âåðîÿòíîñòåé ñîñòîÿíèé ïðèáîðà r ÿâëÿåòñÿ ðåøåíèåì
óðàâíåíèÿ (2), à âåêòîðû g11, g12, g21, g22, z1, z2 ÿâëÿþòñÿ ÷àñòíûìè
ðåøåíèÿìè íåîäíîðîäíûõ ñèñòåì

g11(A+B+C− a1γ1(I0 − I1)− a2γ2(I2 − I3)) = γ1r(I0 − I1),

g12(A+B+C− a1γ1(I0 − I1)− a2γ2(I2 − I3)) = γ2r(I2 − I3),

z1(A+B+C− a1γ1(I0 − I1)− a2γ2(I2 − I3)) = r(B− a1γ1I1),

g11e = 0,g12e = 0, z1e = 0.

g21(A+B+C− a1γ1(I0 − I1)− a2γ2(I2 − I3)) = γ1r(I0 − I1),

g22(A+B+C− a1γ1(I0 − I1)− a2γ2(I2 − I3)) = γ2r(I2 − I3),

z2(A+B+C− a1γ1(I0 − I1)− a2γ2(I2 − I3)) = r(C− a2γ2I3),

g21e = 0,g22e = 0, z2e = 0.
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Âòîðàÿ àñèìïòîòèêà ïîêàçûâàåò, ÷òî àñèìïòîòè÷åñêîå äâóìåðíîå
ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà i1(t) è i2(t) çàÿâîê íà ïåðâîé è âòî-
ðîé îðáèòàõ ÿâëÿåòñÿ íîðìàëüíûì ðàñïðåäåëåíèåì ñ àñèìïòîòè÷åñêèìè
ñðåäíèìè: a1/γ1σ, a2/γ2σ, äèñïåðñèÿìè:K11/γ1σ,K22/γ2σ, è êîýôôèöè-
åíòîì êîððåëÿöèè ÷èñëà çàÿâîê íà ïåðâîé è âòîðîé îðáèòàõ K12/γ1γ2σ.

4. ×èñëåííûé àíàëèç

Äëÿ ïîñòðîåíèÿ ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé äâóìåðíîãî
íîðìàëüíîãî ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê íà ïåðâîé è âòîðîé îðáèòàõ
áûëà èñïîëüçîâàíà ñèñòåìà ìàòåìàòè÷åñêèõ âû÷èñëåíèé Mathcad. Çà-
äàâ íåîáõîäèìûå íà÷àëüíûå ïàðàìåòðû: λ1 = 0.2, λ2 = 0.4, µ1 = 1, µ2 =
2, α1 = 0.7, α2 = 0.6, γ1 = 1, γ2 = 2, σ = 0.01, σ1 = γ1σ, σ2 = γ2σ, ïî-
ñòðîèì ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåé äâóìåðíîãî íîðìàëüíî-
ãî ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê íà ïåðâîé è âòîðîé îðáèòàõ

f1(x1, x2) =
1

2πs1s2
√

1− ρ2
e
− 1

2(1−ρ2)
·
(

(x1−κ1)2

s21
− 2ρ(x1−κ1)(x2−κ2)

s1s2
+

(x2−κ2)2

s22

)
,

ãäå κ1 = a1

σ1
,κ2 = a2

σ2
, s1 =

√
K11

σ1
, s2 =

√
K22

σ2
, ρ = K12

γ1γ2σ
, à êîýôôè-

öèåíòû a1, a2,K11,K12,K22 áûëè íàéäåíû ñ ïîìîùüþ ïåðâîé è âòîðîé
àñèìïòîòèêè â (2) è (3).

Ðèñ. 2. Ãðàôèê ïëîòíîñòè àñèìïòîòè÷åñêîãî äâóìåðíîãî íîðìàëüíîãî ðàñïðå-
äåëåíèÿ ÷èñëà çàÿâîê íà ïåðâîé è âòîðîé îðáèòàõ
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Äëÿ îïðåäåëåíèÿ òî÷íîñòè ïîëó÷åííûõ àíàëèòè÷åñêèõ ðåçóëüòàòîâ,
ñðàâíèì àñèìïòîòè÷åñêèå ðåçóëüòàòû ñ ýìïèðè÷åñêèì ðàñïðåäåëåíè-
åì, ïîëó÷åííûì â ðåçóëüòàòå ðàáîòû èìèòàöèîííîé ìîäåëè. Òî÷íîñòü
àñèìïòîòè÷åñêèõ ðåçóëüòàòîâ áóäåì îöåíèâàòü ñ ïîìîùüþ ðàññòîÿíèÿ
Êîëìîãîðîâà ìåæäó àíàëèòè÷åñêèì è ýìïèðè÷åñêèì ðàñïðåäåëåíèÿìè.
Â òàáëèöå 2 ïðèâåäåíû çíà÷åíèÿ ýòèõ ðàññòîÿíèé äëÿ ðàçëè÷íûõ ïàðà-
ìåòðîâ σ äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàÿâîê íà ïåðâîé (∆1)
è âòîðîé (∆2) îðáèòå.

Òàáëèöà 1
Ðàññòîÿíèå Êîëìîãîðîâà ∆1 è ∆2

σ = 1 σ = 0.1 σ = 0.01 σ = 0.001
∆1 0.0701 0.0129 0.0029 0.0011
∆2 0.1533 0.0194 0.0027 0.0006

Àíàëèçèðóÿ äàííûå òàáëèöû 2, ìîæíî ñäåëàòü âûâîä, ÷òî òî÷íîñòü
àïïðîêñèìàöèè ðàñòåò ñ óìåíüøåíèåì ïàðàìåòðà σ. Ïîëóæèðíûì â òàá-
ëèöå 2 âûäåëåíû òå çíà÷åíèÿ, ïðè êîòîðûõ áóäåì ñ÷èòàòü òî÷íîñòü
àïïðîêñèìàöèé óäîâëåòâîðèòåëüíîé. Èç ïîëó÷åííûõ çíà÷åíèé ìîæíî
ñäåëàòü âûâîä, ÷òî àïïðîêñèìàöèÿ, ïîëó÷åííàÿ ñ ïîìîùüþ àñèìïòîòè-
÷åñêîãî àíàëèçà, äàåò õîðîøèå ðåçóëüòàòû ïðè íèçêîé èíòåíñèâíîñòè
ïîâòîðíîãî îáñëóæèâàíèÿ (σ ≤ 0.1) îáðàùåíèÿ ñ îðáèòû.

Çàêëþ÷åíèå

Òàêèì îáðàçîì, íàéäåííàÿ àñèìïòîòèêà ïåðâîãî è âòîðîãî ïîðÿä-
êà ïîêàçûâàåò, ÷òî àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñ-
ëà i1(t) è i2(t) çàÿâîê íà ïåðâîé è âòîðîé îðáèòàõ â ðàññìàòðèâàåìîé
öèêëè÷åñêîé ñèñòåìå ÿâëÿåòñÿ äâóìåðíûì íîðìàëüíûì ñ àñèìïòîòè-
÷åñêèìè ñðåäíèìè: a1/γ1σ, a2/γ2σ, äèñïåðñèÿìè: K11/γ1σ, K22/γ2σ, è
êîýôôèöèåíòîì êîððåëÿöèè ÷èñëà çàÿâîê íà ïåðâîé è âòîðîé îðáèòàõ
K12/γ1γ2σ.
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ÈÑÑËÅÄÎÂÀÍÈÅ ×ÈÑËÀ ÏÎÂÒÎÐÍÛÕ
ÎÁÐÀÙÅÍÈÉ Â ÑÈÑÒÅÌÅ M(i)|M|∞ Ñ

ÎÁÐÀÒÍÎÉ ÑÂßÇÜÞ

Å. Ã. ×åãîäàåâà1, À. Ç. Ìåëèêîâ2, Ñ.Ï. Ìîèñååâà1 Å.Ï. Ïîëèí1

1Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

2Èíñòèòóò ñèñòåì óïðàâëåíèÿ ÍÀÍ Àçåðáàéäæàíà,

ã. Áàêó, Àçåðáàéäæàí

Â ðàáîòå ïðîâîäèòñÿ èññëåäîâàíèå ïîòîêà ïîâòîðíûõ îáðàùå-
íèé â áåñêîíå÷íîëèíåéíîé ÑÌÎ ñ îáðàòíîé ñâÿçüþ è èíòåí-
ñèâíîñòüþ âõîäÿùåãî ïîòîêà, çàâèñÿùåé îò ñîñòîÿíèÿ ñèñòåìû.
Êëþ÷åâûå ñëîâà: ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, ïîòîê
ïîâòîðíûõ îáðàùåíèé, ÑÌÎ ñ îáðàòíîé ñâÿçüþ.

Ââåäåíèå

Ñ óâåëè÷åíèåì âû÷èñëèòåëüíîé ìîùíîñòè ñîâðåìåííîé òåõíèêè âîç-
ðîñëî âíèìàíèå ê âàæíîìó ðàçäåëó òåîðèè âåðîÿòíîñòè � òåîðèÿ ìàññî-
âîãî îáñëóæèâàíèÿ. Â íàñòîÿùåå âðåìÿ íàèáîëüøèé èíòåðåñ íàáëþäàåò-
ñÿ ê èññëåäîâàíèþ ñîöèàëüíî-ýêîíîìè÷åñêèõ ñèñòåì [4, 5]. Èçâåñòíî, ÷òî
äëÿ òàêèõ ñèñòåì êëàññè÷åñêèå ìîäåëè ïîòîêîâ (òàêèå, êàê ïóàññîíîâ-
ñêèå) èñêàæåííî îïèñûâàþò ïîâåäåíèå ðåàëüíûõ, ïî ýòîé ïðè÷èíå áûëî
ðåøåíî îñòàíîâèòüñÿ íà èññëåäîâàíèè ïîòîêà ñ ïåðåìåííîé èíòåíñèâ-
íîñòüþ [1]. Ãëàâíûìè îñîáåííîñòÿìè ðàññìàòðèâàåìîé ìîäåëè ÿâëÿåòñÿ
çàâèñèìîñòü âõîäÿùåãî ïîòîêà îò êîëè÷åñòâà çàíÿòûõ ïðèáîðîâ ñèñòå-
ìû è íàëè÷èå îáðàòíîé ñâÿçè. Ïîäîáíûå ÑÌÎ ïðåäñòàâëÿþò îãðîìíûé
èíòåðåñ â ñîâðåìåííûõ èññëåäîâàíèÿõ [3].

1. Ìàòåìàòè÷åñêàÿ ìîäåëü è ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ÑÌÎ ñ íåîãðàíè÷åííûì ÷èñëîì îáñëóæèâàþùèõ ïðè-
áîðîâ, íà âõîä êîòîðîé ïîñòóïàåò ïîòîê, èìåþùèé èíòåíñèâíîñòü λ(i) =
a+ bi, ãäå a ÿâëÿåòñÿ ïîñòîÿííîé, âûðàæàþùåé íåçàâèñèìóþ ñêîðîñòü
ïîñòóïëåíèÿ çàÿâîê; b èìååò ñìûñë âåðîÿòíîñòè, ñ êîòîðîé êàæäàÿ çà-
ÿâêà, ñîäåðæàùàÿñÿ â ñèñòåìå, âëå÷åò çà ñîáîé ïîÿâëåíèå íîâîé, i(t) �
ïðîöåññ èçìåíåíèÿ ÷èñëà çàíÿòûõ ïðèáîðîâ â ñèñòåìå â ìîìåíò âðåìåíè
t. Âðåìÿ îáñëóæèâàíèÿ áóäåì ñ÷èòàòü ñëó÷àéíîé âåëè÷èíîé, èìåþùåé
ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì µ. ×èñëî ïîâòîðíûõ îá-
ðàùåíèé, ðåàëèçîâàííûõ çà âðåìÿ t îáîçíà÷èì çà n(t).
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Ðèñ. 1. Ìàòåìàòè÷åñêàÿ ìîäåëü ÑÌÎ âèäà M(i)|M |∞

Ïîñòàâèì çàäà÷ó íàõîæäåíèÿ ïðîèçâîäÿùåé ôóíêöèè ðàñïðåäåëå-
íèÿ âåðîÿòíîñòåé P (n, t) ÷èñëà ïîâòîðíûõ îáðàùåíèé çà âðåìÿ t

F (y, t) =

∞∑
n=0

ynP (n, t).

Äëÿ ýòîãî ââåäåì äâóìåðíûé ìàðêîâñêèé ïðîöåññ {i(t), n(t)}, ðàñïðåäå-
ëåíèå âåðîÿòíîñòåé êîòîðîãî èìååò âèä:

P (i, n, t) = P{i(t) = i, n(t) = n}.

2. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà

Äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ðàññìàòðèâàåìîãî ñëó÷àéíîãî ïðî-
öåññà ñîñòàâèì ∆t � ìåòîäîì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé
Êîëìîãîðîâà [1]. Çàïèøåì äîïðåäåëüíûå ðàâåíñòâà, èñïîëüçóÿ ôîðìó-
ëó ïîëíîé âåðîÿòíîñòè:

P (0, n, t+∆t) = P (0, n, t)(1− a∆t) + P (1, n, t)(1− r)µ∆t+ o(∆t),

P (i, n, t+∆t) = P (i, n, t)(1− (a+ bi)∆t)(1− iµ∆t) + P (i, n− 1, t)iµr∆t+

+P (i− 1, n, t)(a+ (i− 1)b)∆t+ P (i+ 1, n, t)(i+ 1)(1− r)µ∆t+ o(∆t), i ≥ 1.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà ïðèìåò âèä:

∂P (0, n, t)

∂t
= −aP (0, n, t) + µ(1− r)P (1, n, t),

∂P (i, n, t)

∂t
= −(a+ bi+ iµ)P (i, n, t) + iµrP (i, n− 1, t)+

+(a+ b(i− 1))P (i− 1, n, t) + (i+ 1)µ(1− r)P (i+ 1, n, t), i ≥ 1.

(1)

Íà÷àëüíûå óñëîâèÿ: P (i, n, 0) =

{
1, åñëè i = 0,

0, åñëè i > 0.
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3. Ïðîèçâîäÿùàÿ ôóíêöèÿ îáùåãî ÷èñëà çàÿâîê â ñèñòåìå

Ïðîèçâîäÿùàÿ ôóíêöèÿ îïðåäåëÿåòñÿ êàê

G(x, y, t) =

∞∑
i=0

∞∑
n=0

xiynP (i, n, t).

Èç ñèñòåìû (1) äëÿ ôóíêöèè G(x, y, t) ïîëó÷àåì ëèíåéíîå äèôôå-
ðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ 1-ãî ïîðÿäêà

∂G(x, y, t)

∂t
+
[
(b+ µ)x− bx2 − µ(1− r)− µrxy

] ∂G(x, y, t)
∂x

=

= a(x− 1)G(x, y, t).
(2)

Äëÿ (2) çàïèøåì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

dt

1
=

dx

(b+ µ)x− bx2 − µ(1− r)− µrxy
=

dG(x, y, t)

a(x− 1)G(x, y, t)
.

Íàéäåì äâà ïåðâûõ èíòåãðàëà ñèñòåìû. Ïåðâûé èç óðàâíåíèÿ:

dt

1
=

dx

(b+ µ)x− bx2 − µ(1− r)− µrxy
.

Ðàçëîæèì íà ìíîæèòåëè ìíîãî÷ëåí â çíàìåíàòåëå:

dt

1
=

dx

(x− x1(y))(x− x2(y))
=

Adx

x− x1(y)
+

Bdx

x− x2(y)
,

ãäå

x1,2(y) =
−(b+ µ(1− ry))±

√
(b− µ(1− ry))2 + 4bµr(1− y)

−2b
,

D(y) = (b− µ(1− ry))2 + 4bµr(1− y).

Âû÷èñëèâ êîýôôèöèåíòû A, B ìåòîäîì âû÷åðêèâàíèÿ è ïðîèíòå-
ãðèðîâàâ ïîëó÷åííîå âûðàæåíèå, èìååì:

−
√
D(y)

b
t = ln

x− x1(y)

x− x2(y)
− lnC1.

Îòñþäà

C1 = exp

{√
D(y)

b
t

}
x− x1(y)

x− x2(y)
. (3)



190 Å. Ã. ×åãîäàåâà, À. Ç. Ìåëèêîâ, Ñ. Ï. Ìîèñååâà, Å. Ï. Ïîëèí

Äðóãîé èíòåãðàë íàéäåì èç óðàâíåíèÿ:

a(x− 1)dt =
dG(x, y, t)

G(x, y, t)
. (4)

Âûíåñåì èç (3) x− 1:

x− 1 =

√
D(y)

b t

C1 exp

{√
D(y)

b t

}
− 1

+ x2(y)− 1.

Ïîäñòàâèì ýòî âûðàæåíèå â (4) è ïðîèíòåãðèðóåì:

G(x, y, t) =
exp {a(x2(y)− 1)t}C2(
C1 − exp

{√
D(y)

b t

})a .

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ (2) ìîæíî çàïèñàòü ñëå-
äóþùèì îáðàçîì

G(x, y, t) = Φ(C1)
exp {a(x2(y)− 1)t}(
C1 − exp

{√
D(y)

b t

})a ,

ãäå C2 = Φ(C1) � ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ, à C1 îïðå-
äåëÿåòñÿ ðàâåíñòâîì (3).

Îáùåå ðåøåíèå G(x, y, t) ïåðåïèøåì â âèäå

G(x, y, t) = Φ

(
exp

{√
D(y)

b
t

}
x− x1(y)

x− x2(y)

) exp {(x2(y)− 1)t}

exp

{√
D(y)

b
t

}(
x−x1(y)
x−x2(y)

− 1
)


a

.

(5)

Îïðåäåëèì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (5) ïðè íà÷àëüíîì óñëîâèè:

G(x, y, 0) = g(x) =

(
1− b

µ(1−r)

1− b
µ(1−r)x

) a
b

.

ãäå g(x) � ïðîèçâîäÿùàÿ ôóíêöèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðî-
ÿòíîñòåé ÷èñëà çàíÿòûõ ïðèáîðîâ â äàííîé ñèñòåìå.

Èìååì (
1− b

µ(1−r)

1− b
µ(1−r)x

) a
b

=
Φ
(

x−x1(y)
x−x2(y)

)
(

x−x1(y)
x−x2(y)

− 1
)a .
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Ïîëàãàÿ, ÷òî x−x1(y)
x−x2(y)

= z, ïîëó÷èì

Φ(z) = (z − 1)a

 µ(1−r)
b − 1

µ(1−r)
b −

√
D(y)

b(z−1) − x2(y)


a
b

.

Ïîäñòàâëÿÿ ýòî âûðàæåíèå äëÿ ôóíêöèè Φ(z) â (5), èìååì

G(x, y, t) =


µ(1−r)

b
− 1

µ(1−r)
b

−
√

D(y)

b(exp

{√
D(y)
b

t

}
x−x1(y)
x−x2(y)

−1)
− x2(y)


a
b

×

×

exp {(x2(y)− 1)t}(x− x1(y))− exp {(x1(y)− 1)t}(x− x2(y))√
D(y)

b

a

,

(6)

ãäå

x1,2(y) =
−(b+ µ(1− ry))±

√
D(y)

−2b
,

D(y) = (b− µ(1− ry))2 + 4bµr(1− y).

4. Ïðîèçâîäÿùàÿ ôóíêöèÿ ÷èñëà ïîâòîðíûõ îáðàùåíèé â
ñèñòåìå

Èç âèäà ïðîèçâîäÿùåé ôóíêöèè äâóìåðíîãî ðàñïðåäåëåíèÿ ìîæåì
íàéòè ïðîèçâîäÿùèå ôóíêöèè ëþáîãî èç îäíîìåðíûõ ìàðãèíàëüíûõ
ðàñïðåäåëåíèé [2]. Äëÿ (6) èìååì:

F (y, t) = G(1, y, t).

Íàéäåì åå âèä:

F (y, t) = G(1, y, t) =


µ(1−r)

b
− 1

µ(1−r)
b

−
√

D(y)

b(exp

{√
D(y)
b

t

}
1−x1(y)
1−x2(y)

−1)
− x2(y)


a
b

×

×

exp {(x2(y)− 1)t}(1− x1(y))− exp {(x1(y)− 1)t}(1− x2(y))√
D(y)

b

a

.

(7)
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Çàêëþ÷åíèå

Â íàñòîÿùåé ñòàòüå ïðîâåäåíî èññëåäîâàíèå ñëó÷àéíîãî ïðîöåññà,
õàðàêòåðèçóþùåãî èçìåíåíèå ÷èñëà ïîâòîðíûõ îáðàùåíèé â ñèñòåìó
âèäàM(i)|M |∞ ñ èíòåíñèâíîñòüþ âõîäÿùåãî ïîòîêà, çàâèñÿùåé îò ÷èñ-
ëà çàÿâîê â ñèñòåìå. Ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå äëÿ ñîâìåñò-
íîé ïðîèçâîäÿùåé ôóíêöèè ÷èñëà çàíÿòûõ ïðèáîðîâ è ÷èñëà ïîâòîðíûõ
îáðàùåíèé â ñèñòåìó.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÈÇÌÅÍÅÍÈß
ÊÎËÈ×ÅÑÒÂÀ ÒÎÂÀÐÀ Â ÂÈÄÅ ÑÌÎ

M (n)|M1|M2|...|Mn|∞
Ä.À. Êîðîëåâ, Ò.Â. Áóøêîâà, Ñ.Ï. Ìîèñååâà

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü èçìåíåíèÿ
÷èñëåííîñòè åäèíèö òîâàðîâ â âèäå ñèñòåìû ìàññîâîãî îáñëó-
æèâàíèÿ ñ âõîäÿùèì ïóàññîíîâñêèì ïîòîêîì òðåáîâàíèé íà ðå-
ñóðñû ñëó÷àéíîãî îáúåìà. Ïîëó÷åí âèä ìíîãîìåðíîé ïðîèçâîäÿ-
ùåé ôóíêöèè äëÿ ñòàöèîíàðíîãî ìíîãîìåðíîãî ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé êîëè÷åñòâà çàíÿòûõ ðåñóðñîâ. Êëþ÷åâûå ñëîâà:
ÑÌÎ, ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, ïîòîêè îòðèöàòåëü-
íûõ çàÿâîê, ìåòîä ïðîèçâîäÿùåé ôóíêöèè.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ âíèìàíèå ê òåîðèè ìàññîâîãî îáñëóæèâàíèÿ â
çíà÷èòåëüíîé ñòåïåíè ñòèìóëèðóåòñÿ íåîáõîäèìîñòüþ ïðèìåíåíèÿ å¼
ðåçóëüòàòîâ äëÿ âàæíûõ ïðàêòè÷åñêèõ çàäà÷, âîçíèêàþùèõ â æèçíå-
äåÿòåëüíîñòè ÷åëîâåêà.

Ñèñòåìû ñ íåîãðàíè÷åííûì ÷èñëîì ïðèáîðîâ ÿâëÿþòñÿ íàèáîëåå
ïðèáëèæåííûìè ê ðåàëüíûì ñèñòåìàì. Ïåðâûå ðåçóëüòàòû äëÿ áåñêî-
íå÷íîëèíåéíûõ ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ áûëè ïîëó÷åíû åùå â
ñåðåäèíå ïðîøëîãî âåêà, îäíàêî, èíòåðåñ ê òàêèì ñèñòåìàì ñîõðàíÿåòñÿ
è â íàøè äíè. Ñèñòåìû ñ áåñêîíå÷íûì ÷èñëîì îáñëóæèâàþùèõ ïðèáî-
ðîâ ïðèìåíÿþòñÿ â ïðîöåññàõ èììèãðàöèè, â áèîëîãè÷åñêèõ ñèñòåìàõ,
â ôèíàíñîâûõ ìîäåëÿõ, â íàäåæíîñòè áîëüøèõ ñèñòåì [1, 2, 3, 4].

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñêëàä ïðîäîâîëüñòâåííûõ òîâàðîâ. Áóäåì ñ÷èòàòü, ÷òî
ïîñòàâêè ïðîäîâîëüñòâåííûõ òîâàðîâ ïðîèñõîäÿò â ñëó÷àéíûå ìîìåí-
òû âðåìåíè, êîòîðûå îáðàçóþò ïóàññîíîâñêèé ïðîñòåéøèé ïîòîê ñ èí-
òåíñèâíîñòüþ λ. Êàæäàÿ ïîñòàâêà ìîæåò âêëþ÷àòü â ñåáÿ íåñêîëüêî
ãðóïï òîâàðîâ. Òàê êàê òîâàðû ïðîäóêòîâûå, òî îíè èìåþò ñðîê ðåà-
ëèçàöèè. Áóäåì ñ÷èòàòü, ÷òî ñðîê ðåàëèçàöèè � ýòî ýêñïîíåíöèàëüíî
ðàñïðåäåëåííàÿ ñëó÷àéíàÿ âåëè÷èíà ñ ïàðàìåòðàìè µk, k = 1, 2, . . . , n.
Ïîñëå îêîí÷àíèÿ ñðîêà ãîäíîñòè òîâàð ¾óíè÷òîæàåòñÿ¿. Êðîìå òîãî, ïî-
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òîêè ïîêóïàòåëåé, ïîñòóïàþùèå çà îïðåäåë¼ííûìè âèäàìè òîâàðîâ òî-
æå áóäåì ñ÷èòàòü ïóàññîíîâñêèìè ñ èíòåíñèâíîñòÿìè αk, k = 1, 2, . . . , n.
Òîãäà, ïðèøåäøèé ïîêóïàòåëü îñóùåñòâëÿåò ïîêóïêó ëþáîé åäèíèöû
òîâàðà îïðåäåëåííîãî òèïà è ïîêèäàåò ñèñòåìó. Ñòàâèòñÿ çàäà÷à íàõîæ-
äåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé åäèíèö òîâàðà êàæäîãî òèïà, íàõî-
äÿùèõñÿ íà ñêëàäå.

Ðàññìàòðèâàåòñÿ ñèñòåìà ñ n áëîêàìè îáñëóæèâàíèÿ, êàæäûé èç
êîòîðûõ ñîäåðæèò íåîãðàíè÷åííîå ÷èñëî ïðèáîðîâ. Ìîìåíòû ïðèõîäà
ïîñòàâîê îáðàçóþò ïîñòóïàåò ïðîñòåéøèé ñ ïàðàìåòðîì λ. Â ìîìåíò
íàñòóïëåíèÿ ñîáûòèÿ â ðàññìàòðèâàåìîì ïîòîêå â ñèñòåìó îäíîâðåìåí-
íî ïîñòóïàþò n ðàçëè÷àþùèõñÿ ïî òèïó òðåáîâàíèé (ãðóïï òîâàðîâ).
Äèñöèïëèíà îáñëóæèâàíèÿ îïðåäåëÿåòñÿ òåì, ÷òî êàæäàÿ ãðóïïà òîâà-
ðîâ îòëè÷àåòñÿ ñðîêîì ðåàëèçàöèè. Áóäåì ñ÷èòàòü, ÷òî ýòîò ñðîê ðåà-
ëèçàöèè îïèñûâàåòñÿ ñëó÷àéíîé âåëè÷èíîé, ðàñïðåäåë¼ííîé ïî ýêñïî-
íåíöèàëüíîìó çàêîíó ñ ïàðàìåòðàìè µ1, µ2, ..., µn äëÿ êàæäîé ãðóïïû
ñîîòâåòñòâåííî. Êðîìå òîãî, â ñèñòåìó ïîñòóïàþò n ïóàññîíîâñêèõ ïî-
òîêà îòðèöàòåëüíûõ çàÿâîê ñ çàäàííûìè èíòåíñèâíîñòÿìè α1, α2, ..., αn,
èìåþùèõ ñìûñë èíòåíñèâíîñòè ïîñòóïëåíèÿ çàïðîñîâ íà îïðåäåë¼ííûå
ãðóïïû òîâàðîâ.

Çàÿâêà ñîîòâåòñòâóþùåãî ïîòîêà óíè÷òîæàåò îäíó çàÿâêó â áëîêå
(îñóùåñòâëÿåò ïîêóïêó åäèíèöû òîâàðà). Åñëè â áëîêå íåò çàÿâîê, òî
íà ñîñòîÿíèå ñèñòåìû íå âëèÿåò, êëèåíò óõîäèò íåóäîâëåòâîð¼ííûé.

Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ðàññìîòðèì ñèñòåìó ìàññîâîãî
îáñëóæèâàíèÿ M (n)|M1|M2|...|Mn|∞ (ðèñóíîê 1), ãäå òîâàðû îáúåäè-
íåíû â áëîêè ïî ñâîåìó òèïó, è ïðîâåäåì èññëåäîâàíèå ÷èñëà åäèíèö
òîâàðîâ, íàõîäÿùèõñÿ íà ñêëàäå.
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Ðèñ. 1. ÑÌÎ M (n)|M1|M2|...|Mn|∞ ñ ïàðàëëåëüíûì îáñëóæèâàíèåì è n ïîòî-
êàìè îòðèöàòåëüíûõ çàÿâîê

Îáîçíà÷èì ik(t) � ÷èñëî åäèíèö òîâàðà k-îãî òèïà , k = 1, . . . , n.
Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ìíîãîìåðíîé
öåïè Ìàðêîâà {i1(t), i2(t), . . . , in(t)}.

2. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà

Îáîçíà÷èì
P (i1, i2, . . . , in, t) = P{i1(t) = i1, i2(t) = i2, . . . , in(t) = in} � ðàñïðå-

äåëåíèå âåðîÿòíîñòåé ñîñòîÿíèé ìíîãîìåðíîé öåïè Ìàðêîâà, õàðàêòå-
ðèçóþùåé ÷èñëî åäèíèö òîâàðà â êàæäîì áëîêå â ìîìåíò âðåìåíè t.
Ñîñòàâèì ïðÿìóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðî-
âà:

∂P (i1, i2, . . . , in, t)

∂t
= −(λ+ i1(µ1 + α1) + i2(µ2 + α2) + · · ·+

in(µn + αn)) + λP (i1 − 1, i2 − 1, . . . , in − 1, t)+

(i1 + 1)(µ1 + α1)P (i1 + 1, i2, . . . , in, t)+

(i2 + 1)(µ2 + α2)P (i1, i2 + 1, . . . , in, t) + · · ·+
(in + 1)(µn + αn)P (i1, i2, . . . , in−1, in + 1, t),

(1)

ñ íà÷àëüíûìè óñëîâèÿìè

P (i1, i2, . . . , in, 0) =

{
1, åñëè i1 = i2 = · · · = in = 0

0, èíà÷å
.
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3. Ìåòîä ïðîèçâîäÿùèõ ôóíêöèé

Îïðåäåëèì ïðîèçâîäÿùóþ ôóíêöèþ ìíîãîìåðíîãî ðàñïðåäåëåíèÿ
P (i1, i2, . . . , in, t) â âèäå

F (x1, x2, . . . , xn, t) =

∞∑
i1=0

∞∑
i2=0

· · ·
∞∑

in=0

xi11 x
i2
2 . . . x

in
n P (i1, i2, . . . , in, t)

Äëÿ ìíîãîìåðíîé ïðîèçâîäÿùåé ôóíêöèè ïîëó÷àåì ëèíåéíîå äèô-
ôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà:

∂F (x1, x2, . . . , xn, t)

∂t
+ (µ1 + α1)(x1 − 1)

∂F (x1, x2, . . . , xn, t)

∂x1
+

(µ2 + α2)(x2 − 1)
∂F (x1, x2, . . . , xn, t)

∂x2
+ · · ·+

(µn + αn)(xn − 1)
∂F (x1, x2, . . . , xn, t)

∂xn
=

λ(x1x2 . . . xn − 1)F (x1, x2, . . . , xn, t)

(2)

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:

dt

1
=

dx1
(µ1 + α1)(x1 − 1)

=
dx2

(µ2 + α2)(x2 − 1)
= · · · =

dxn
(µn + αn)(xn − 1)

=
dF (x1, x2, . . . , xn, t)

λ(x1x2 . . . xn − 1)F (x1, x2, . . . , xn, t)
,

(3)

ðåøåíèå êîòîðîé èìååò âèä

F (x1, x2, . . . , xn, t) =

φ[e−(µ1+α1)t(x1 − 1), e−(µ2+α2)t(x2 − 1), . . . , e−(µn+αn)t(xn − 1)]×

exp


λ

n∏
s=1

(xs − 1)

n∑
s=1

µs + αs

+

n∑
l=1

λ
n∏

s=1,s ̸=l

(xs − 1)

n∑
s=1,s̸=l

µs + αs

+ · · ·+
n∑

l=1

λ(xl − 1)

µl + αl

×

exp

{
n−2∑
l=1

n−1∑
s=l

n∑
n=s

λ(xl − 1)(xs − 1)(xn − 1)

(µl + αl) + (µs + αs) + (µn + αn)

}
×

exp

{
n−1∑
l=1

n∑
s=l

λ(xl − 1)(xs − 1)

(µl + αl) + (µs + αs)
+

n∑
l=1

λ(xl − 1)

µl + αl

}
.
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Èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ è óñòðåìëÿÿ t → ∞ ìîæíî çàïèñàòü
âûðàæåíèå äëÿ ñòàöèîíàðíîé ïðîèçâîäÿùåé ôóíêöèè ôèíàëüíîãî ðàñ-
ïðåäåëåíèÿ âåðîÿòíîñòåé:

F (x1, x2, . . . , xn) =

exp


λ

n∏
s=1

(xs − 1)

n∑
s=1

µs + αs

+

n∑
l=1

λ
n∏

s=1,s̸=l

(xs − 1)

n∑
s=1,s̸=l

µs + αs

+ · · ·+
n∑

l=1

λ(xl − 1)

µl + αl

 .

Èç âèäà ïðîèçâîäÿùåé ôóíêöèè, î÷åâèäíî, ñëåäóåò, ÷òî îäíîìåð-
íûå ìàðãèíàëüíûå ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàÿâîê â êàæäîì
áëîêå îáñëóæèâàíèÿ ÿâëÿþòñÿ ïóàññîíîâñêèìè è èìåþò âèä:

fk(xk) =
∑
ik

xikk P{ik(t) = ik} = exp

{
λ

µk + αk
(xk − 1)

}
,

k = 1, . . . , n,

ïîýòîìó ìíîãîìåðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé P (i1, i2, . . . , in), îïðå-
äåëÿåìîå ïðîèçâîäÿùåé ôóíêöèåé F (x1, x2, . . . , xn), áóäåì íàçûâàòü
ìíîãîìåðíûì ïóàññîíîâñêèì ðàñïðåäåëåíèåì âåðîÿòíîñòåé çàâèñèìûõ
ñëó÷àéíûõ âåëè÷èí.

Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ ÷èñëà çàÿâîê â êàæäîì áëî-
êå (ïîäñèñòåìå) áóäóò ðàâíû ñîîòâåòñòâåííî:

M{il} =
∂F (x1, x2, . . . , xn)

∂xl

∣∣∣∣
x1=···=xn=1

=
λ

µl + αl
, l = 1, 2, . . . , n

D{il} =
λ

µl + αl
, l = 1, 2, . . . , n.

Â òîì ñëó÷àå, êîãäà íåîáõîäèìî îïðåäåëèòü õàðàêòåðèñòèêè ñóì-
ìàðíî çàíèìàåìûõ ðåñóðñîâ íà ñêëàäå â âûðàæåíèè äëÿ ïðîèçâîäÿùåé
ôóíêöèè íàäî ïîëîæèòü x1 = x2 = · · · = xn = u. Èìååì

F (u) = exp


λ(u− 1)n

n∑
s=1

µs + αs

+

n∑
l=1

λ(u− 1)n−1

n∑
s=1,s ̸=l

µs + αs

+ · · ·+
n∑

l=1

λ(u− 1)

µl + αl

 .

×àñòíûé ñëó÷àé ïðè n = 2:

F (x1, x2) = exp

{
λ(x1 − 1)(x2 − 1)

µ1 + µ2 + α1 + α2
+
λ(x1 − 1)

µ1 + α1
+
λ(x2 − 1)

µ2 + α2

}
.
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Åñëè òîâàðû õðàíÿòñÿ íà îäíîì ñêëàäå, òî äëÿ òîãî, ÷òîáû ðàññ÷èòàòü
îáú¼ì ýòîãî ñêëàäà äîñòàòî÷íî èç äâóìåðíîé ôóíêöèè ïåðåéòè ê îäíî-
ìåðíîé, ïîëîæèâ x1 = x2 = u:

F (u) = exp

{
λ(u− 1)2

µ1 + µ2 + α1 + α2
+
λ(u− 1)

µ1 + α1
+
λ(u− 1)

µ2 + α2

}
.

Çàêëþ÷åíèå

Â äàííîé ðàáîòå áûëà ïîñòðîåíà è èññëåäîâàíà ìàòåìàòè÷åñêàÿ ìî-
äåëü èçìåíåíèÿ ÷èñëåííîñòè åäèíèö òîâàðîâ ñ ïîòîêàìè îòðèöàòåëüíûõ
çàÿâîê. Áûë íàéäåí âèä ïðîèçâîäÿùåé ôóíêöèè ÷èñëî ãðóïï òîâàðîâ â
óêàçàííîé ñèñòåìå.
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Î ÏÎÄÕÎÄÅ Ê ÎÁÐÀÙÅÍÈÞ
ÕÀÐÀÊÒÅÐÈÑÒÈ×ÅÑÊÎÉ ÔÓÍÊÖÈÈ

À.Ë. Áëàãèíèí, È.Ë. Ëàïàòèí

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìåòîä äèñêðåòèçàöèè õàðàê-
òåðèñòè÷åñêèõ ôóíêöèé èíñòðóìåíòàìè Ôóðüå-àíàëèçà. Ââèäó
èñïîëüçîâàíèÿ õàðàêòåðèñòè÷åñêèõ ôóíêöèé â êà÷åñòâå èíñòðó-
ìåíòà àíàëèçà â òåîðèè ìàññîâîãî îáñëóæèâàíèÿ è òåîðèè ñëó-
÷àéíûõ ïðîöåññîâ, èõ ïðåîáðàçîâàíèå ÿâëÿåòñÿ âàæíûì ýòà-
ïîì èññëåäîâàíèÿ. Àíàëèòè÷åñêè ñëîæíîñòü õàðàêòåðèñòè÷å-
ñêîé ôóíêöèè íå èãðàåò áîëüøîé ðîëè, îäíàêî ïðè ïðîâåäåíèè
÷èñëåííûõ ýêñïåðèìåíòîâ èíòåãðèðîâàíèå ñòàíîâèòñÿ òðóäîåì-
êîé çàäà÷åé, ëèáî âîâñå íåâîçìîæíîé. Ïî ýòîé ïðè÷èíå â ðà-
áîòå ïðåäëàãàåòñÿ èñïîëüçîâàíèå äèñêðåòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå äëÿ îáðàùåíèÿ õàðàêòåðèñòè÷åñêèõ ôóíêöèé, à òàêæå
ïðîâîäèòñÿ îöåíêà ýôôåêòèâíîñòè âû÷èñëåíèÿ â ñðàâíåíèè ñ
èíòåãðàëüíûì ïðåîáðàçîâàíèåì. Êëþ÷åâûå ñëîâà: õàðàêòå-
ðèñòè÷åñêàÿ ôóíêöèÿ, ðÿä Ôóðüå, äèñêðåòíîå ïðåîáðàçîâàíèå
Ôóðüå, äèñêðåòíûå ðàñïðåäåëåíèÿ, òåîðèÿ ìàññîâîãî îáñëóæè-
âàíèÿ.

Ââåäåíèå

Êàê èçâåñòíî, ëþáàÿ ñëó÷àéíàÿ âåëè÷èíà ìîæåò áûòü îäíîçíà÷íî
îïðåäåëåíà ôóíêöèåé ðàñïðåäåëåíèÿ âåðîÿòíîñòåé èëè õàðàêòåðèñòè÷å-
ñêîé ôóíêöèåé [1]. Ïðè ýòîì õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìîæåò áûòü
îïðåäåëåíà äëÿ ëþáîé ñëó÷àéíîé âåëè÷èíû (äèñêðåòíîé èëè íåïðåðûâ-
íîé).

Îáúåêòîì èññëåäîâàíèÿ òåîðèè ìàññîâîãî îáñëóæèâàíèÿ ÿâëÿþòñÿ
ñëó÷àéíûå âåëè÷èíû è ñëó÷àéíûå ïðîöåññû, êîòîðûå ìîãóò áûòü êàê
íåïðåðûâíûìè (íàïðèìåð, âðåìÿ îæèäàíèÿ çàÿâêè äî íà÷àëà îáñëó-
æèâàíèÿ, ïåðèîä çàíÿòîñòè ñèñòåìû, îáúåì çàíÿòîãî ðåñóðñà), òàê è
äèñêðåòíûìè (íàïðèìåð, ÷èñëî çàÿâîê â î÷åðåäè, ÷èñëî ñîáûòèé, íà-
ñòóïèâøèõ â ïîòîêå çà íåêîòîðûé ïðîìåæóòîê âðåìåíè, ÷èñëî çàíÿòûõ
êàíàëîâ îáñëóæèâàíèÿ). Ïðè ýòîì ýòè âåëè÷èíû ïî ñâîåé ïðèðîäå ïðè-
íèìàþò â îñíîâíîì íåîòðèöàòåëüíûå çíà÷åíèÿ.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ïðîãðàììû ðàçâèòèÿ Òîìñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà (Ïðèîðèòåò-2030)
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Äëÿ íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí õàðàêòåðèñòè÷åñêàÿ ôóíê-
öèÿ ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ïðåîáðàçîâàíèÿ Ëàïëàñà-Ñòèëòüåñà îò
ôóíêöèè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñ ìíèìûì àðãóìåíòîì. Ñîîòâåò-
ñòâåííî, õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ îáëàäàåò ñâîéñòâàìè ïðåîáðàçî-
âàíèÿ Ëàïëàñà-Ñòèëòüåñà. Ñ äðóãîé ñòîðîíû, â îáùåì ñëó÷àå âçàèìíîå
ñîîòâåòñòâèå õàðàêòåðèñòè÷åñêîé ôóíêöèè è ôóíêöèè ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé ñîîòâåòñòâóåò òåîðèè Ôóðüå-àíàëèçà, áåçóñëîâíûì ïðå-
èìóùåñòâîì êîòîðîãî ÿâëÿåòñÿ ñâîéñòâî äâîéñòâåííîñòè, òî åñòü ñõî-
æåñòü ïåðåõîäîâ îò îäíîé ôóíêöèè ê äðóãîé. Ýòî ïîçâîëÿåò, ðåøàÿ
çàäà÷ó äëÿ õàðàêòåðèñòè÷åñêèõ ôóíêöèé, â ïîñëåäñòâèè ïî ÿâíûì èí-
òåãðàëüíûì ôîðìóëàì ïåðåõîäèòü ê ôóíêöèÿì ðàñïðåäåëåíèÿ.

Äëÿ äèñêðåòíûõ ðàñïðåäåëåíèé ïðèíÿòî èñïîëüçîâàòü íå õàðàêòåðè-
ñòè÷åñêóþ ôóíêöèþ, à ïðîèçâîäÿùóþ [2], íî âî ìíîãèõ ðàáîòàõ [3, 4, 5]
äëÿ äèñêðåòíûõ ðàñïðåäåëåíèé èñïîëüçóåòñÿ òîæå õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ. Ýòî ïîçâîëÿåò ïîëó÷àòü ôîðìóëû ïåðåõîäà ê ðàñïðåäåëå-
íèþ â òåðìèíàõ ðÿäîâ Ôóðüå ÷åðåç èíòåãðèðîâàíèå õàðàêòåðèñòè÷åñêîé
ôóíêöèè ïî ïåðèîäó 2π. Ñ òî÷êè çðåíèÿ çàïèñè ôîðìóë íèêàêèõ ïðî-
áëåì íå âîçíèêàåò, íî ïðè ïðîâåäåíèè ÷èñëåííûõ ýêñïåðèìåíòîâ, â çà-
âèñèìîñòè îò ñëîæíîñòè âèäà õàðàêòåðèñòè÷åñêîé ôóíêöèè, ÷èñëåííîå
èíòåãðèðîâàíèå ÿâëÿåòñÿ çàäà÷åé ëèáî î÷åíü òðóäîåìêîé, ëèáî âîîáùå
íåâîçìîæíîé.

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ èñïîëüçîâàòü òåîðèþ Ôóðüå-àíàëèçà
ñèãíàëîâ äëÿ îáðàùåíèÿ õàðàêòåðèñòè÷åñêèõ ôóíêöèé äèñêðåòíûõ ðàñ-
ïðåäåëåíèé. Èäåÿ çàêëþ÷àåòñÿ â ïðèìåíåíèè ïðèíöèïîâ òåîðåìû Êî-
òåëüíèêîâà [6, 7] äëÿ äèñêðåòèçàöèè õàðàêòåðèñòè÷åñêèõ ôóíêöèé è
ïðèìåíåíèè äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå, êîòîðîå âìåñòî èíòå-
ãðèðîâàíèÿ èñïîëüçóåò ñóììèðîâàíèå è óìíîæåíèå.

1. Ñâÿçü õàðàêòåðèñòè÷åñêèõ ôóíêöèé ñ ñèãíàëàìè è èõ
ñïåêòðàìè

Õàðàêòåðèñòè÷åñêîé ôóíêöèåé h(u) ñëó÷àéíîé âåëè÷èíû ξ íàçûâà-
åòñÿ

h(u) =M{ejuξ}. (1)

Õàðàêòåðèñòè÷åñêîé ôóíêöèåé h(u) äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû ξ
c ðàñïðåäåëåíèåì âåðîÿòíîñòåé pi íàçûâàåòñÿ

h(u) =M{ejuξ} =

∞∑
i=−∞

ejuξipi. (2)

Õàðàêòåðèñòè÷åñêîé ôóíêöèåé h(u) äèñêðåòíîé íåîòðèöàòåëüíîé öå-
ëî÷èñëåííîé ñëó÷àéíîé âåëè÷èíû ξ(ξ = 0, 1, 2, . . . ) c ðàñïðåäåëåíèåì
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âåðîÿòíîñòåé pi(i = 0, 1, 2, . . . ) íàçûâàåòñÿ

h(u) =M{ejuξ} =

∞∑
i=0

ejuipi. (3)

Ïðè ýòîì äëÿ íàõîæäåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé pi(i = 0, 1, 2, . . . )
ïî õàðàêòåðèñòè÷åñêîé ôóíêöèè h(u) èñïîëüçóåòñÿ ôîðìóëà îáðàùåíèÿ

pi =
1

2π

∫ π

−π

e−juih(u)du. (4)

Ìîæíî çàìåòèòü, ÷òî ôîðìóëû (2) è (3) ÿâëÿþòñÿ ôîðìóëàìè ðàç-
ëîæåíèÿ ñèãíàëà h(u) â ðÿä Ôóðüå â êîìïëåêñíîé ôîðìå [9], à ôîð-
ìóëà (4) íàõîæäåíèÿ âåðîÿòíîñòåé pi ñîâïàäàåò ñ ôîðìóëîé âû÷èñëå-
íèÿ êîýôôèöèåíòîâ ðÿäà Ôóðüå [9]. Òàêèì îáðàçîì, â òåðìèíàõ òåîðèè
ñèãíàëîâ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ (3) ÿâëÿåòñÿ íåïðåðûâíûì êîì-
ïëåêñíîçíà÷íûì ïåðèîäè÷åñêèì ñèãíàëîì, à ðàñïðåäåëåíèå âåðîÿòíî-
ñòåé pi(i = 0, 1, 2, . . . ) ÿâëÿåòñÿ ñïåêòðîì ýòîãî ñèãíàëà.

2. Äèñêðåòèçàöèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè

Îñíîâíûå âû÷èñëèòåëüíûå ñëîæíîñòè â çàäà÷àõ òåîðèè ìàññîâîãî
îáñëóæèâàíèÿ âîçíèêàþò êàê ðàç ïðè èíòåãðèðîâàíèè ïî ôîðìóëå (4)
äëÿ íàõîæäåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé pi. Ïðè óñëîæíåíèè âèäà
ïîëó÷åííîé õàðàêòåðèñòè÷åñêîé ôóíêöèè h(u) â çàâèñèìîñòè îò âû÷èñ-
ëèòåëüíûõ ðåñóðñîâ êîìïüþòåðà âåðîÿòíîñòè pi ëèáî ñ÷èòàþòñÿ äîëãî,
ëèáî èõ âîâñå íå óäàåòñÿ âû÷èñëèòü.

Äëÿ óìåíüøåíèÿ âû÷èñëèòåëüíîé ñëîæíîñòè íàõîæäåíèÿ âåðîÿòíî-
ñòåé ïðåäëàãàåòñÿ âîñïîëüçîâàòüñÿ àïïàðàòîì Äèñêðåòíîãî ïðåîáðàçî-
âàíèÿ Ôóðüå [10], êîòîðîå â ñîîòâåòñòâèå äèñêðåòíîìó ñèãíàëó hk (ïî-
ñëåäîâàòåëüíîñòü N çíà÷åíèé) ñòàâèò â ñîîòâåòñòâèå åãî ñïåêòðàëüíûå
îòñ÷åòû p∗i (ïîñëåäîâàòåëüíîñòü N çíà÷åíèé)

p∗i =

∣∣∣∣ 1N
N−1∑
k=0

hk · e−j·i· 2πN k

∣∣∣∣, i = 0, 1, . . . , (N − 1). (5)

Òàêèì îáðàçîì, íåîáõîäèìî äèñêðåòèçèðîâàòü õàðàêòåðèñòè÷åñêóþ
ôóíêöèþ h(u) íà ïåðèîäå 2π òàêèì îáðàçîì, ÷òîáû äèñêðåòíîå ïðå-
îáðàçîâàíèå Ôóðüå p∗i îò íåãî áûëî ìàêñèìàëüíî áëèçêî ê pi

∆u =
2π

N
, hk = h(k ∗∆u), k = 0, 1, . . . , N − 1. (6)
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Ïðè äèñêðåòèçàöèè ñèãíàëà (õàðàêòåðèñòè÷åñêîé ôóíêöèè h(u)) ñ øà-
ãîì ∆u åãî ñïåêòð (ðàñïðåäåëåíèå âåðîÿòíîñòåé p∗i ) íà÷èíàåò äóáëèðî-
âàòüñÿ ñ ïåðèîäîì Ω

Ω =
2π

∆u
= N. (7)

Â ýòîì ñëó÷àå, åñëè ðàñïðåäåëåíèå âåðîÿòíîñòåé pi íà èíòåðâàëå îò 0
äî N ðàâíî èëè áëèçêî ê 1, òî ïåðèîäèçàöèÿ ñïåêòðà íå âíåñåò â íåãî
çíà÷èìûõ èçìåíåíèé íà ïåðèîäå N . Åñëè æå èíòåðâàë îò 0 äî N íå
ñîäåðæèò âñåé èëè ïî÷òè âñåé èíôîðìàöèè î ðàñïðåäåëåíèè, òî ïðè
äèñêðåòèçàöèè õàðàêòåðèñòè÷åñêîé ôóíêöèè è ïåðèîäèçàöèè ñïåêòðà
áóäåò ïðîèñõîäèòü íàëîæåíèå êîïèé c ïåðèîäîì N , ÷òî ïðèâåäåò ê ðàñ-
õîæäåíèþ âû÷èñëåííîãî p∗i è èñòèííîãî pi. Ôàêò äóáëèðîâàíèÿ ñïåêòðà
ïðè ïåðèîäèçàöèè ñèãíàëà è âîçìîæíîãî åãî íàëîæåíèÿ ëåæèò â îñíîâå
òåîðåìû Êîòåëüíèêîâà, êîòîðàÿ îïðåäåëÿåò âûáîð ÷àñòîòû äèñêðåòè-
çàöèè, ïîçâîëÿþùåå èçáåæàòü òàêîãî íàëîæåíèÿ ñïåêòðîâ.

3. Èëëþñòðàöèÿ ðàáîòû ïîäõîäà íà áèíîìèàëüíîì
ðàñïðåäåëåíèè

Ðàññìîòðèì ïðèìåð äèñêðåòèçàöèè õàðàêòåðèñòè÷åñêîé ôóíêöèè íà
ïðèìåðå áèíîìèàëüíîãî ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè n (êîëè÷åñòâî
èñïûòàíèé) è p (âåðîÿòíîñòü íàñòóïëåíèÿ ñîáûòèÿ).

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ áóäåò èìåòü âèä

h(u) = (q + peiu)n. (8)

Ïðîäåìîíñòðèðóåì, ÷òî îáðàùåíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè ìîæ-
íî ïðîâåñòè êàê ïðè ïîìîùè èíòåãðàëüíîãî îáðàòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå äëÿ äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí (4), òàê è ïðè ïîìîùè äèñ-
êðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå (5). Ðåçóëüòàò âû÷èñëåíèé ïðåäñòàâëåí
íà ãðàôèêå
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Ðèñ. 1. Îáðàùåíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè

Âû÷èñëåíèå áûëî ïðîèçâåäåíî íà ÿçûêå Python ñ çàäàííûìè ïàðà-
ìåòðàìè

n = 20, p = 0.7, N = {20, 12}.

Èç ðèñóíêà 1 âèäíî, ÷òî òåîðåòè÷åñêîå áèíîìèàëüíîå ðàñïðåäåëåíèå P ,
ðåçóëüòàò îáðàòíîãî èíòåãðàëüíîãî p (4) è äèñêðåòíîãî p∗ (5) ïðåîáðà-
çîâàíèé ñîâïàäàþò ïðè N = 20. Îäíàêî, êàê ïîêàçûâàåò ãðàôèê, ïðè
íåâåðíîì âûáîðå øàãà äèñêðåòèçàöèè (â äàííîì ñëó÷àå N < n,N = 12)
ðàñïðåäåëåíèå íà÷èíàåò èñêàæàòüñÿ, òàê êàê óñëîâèå òåîðåìû Êîòåëü-
íèêîâà [6] íå âûïîëíÿåòñÿ.

4. Èëëþñòðàöèÿ ðàáîòû ïîäõîäà íà çàäà÷å òåîðèè ìàññîâîãî
îáñëóæèâàíèÿ

Â äàííîì ðàçäåëå ïðîäåìîíñòðèðóåì ýôôåêòèâíîñòü ïðåäëàãàåìîãî
ïîäõîäà ïðè ðåàëèçàöèè ÷èñëåííûõ ðàñ÷åòîâ â çàäà÷å èç [11]. Â äàí-
íîé ðàáîòå ïîëó÷åíî àñèìïòîòè÷åñêîå ïðèáëèæåíèå õàðàêòåðèñòè÷å-
ñêîé ôóíêöèè h(u, t) ÷èñëà îáñëóæåííûõ çàÿâîê â ñèñòåìå ñ ïîâòîðíûìè
îáðàùåíèÿìè è âûçûâàåìûìè çàÿâêàìè

h(u, t) = ReG(u)tE, (9)

êîòîðàÿ ïðè ôèêñèðîâàííîì t ÿâëÿåòñÿ ôóíêöèåé òîëüêî îò u.
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Çäåñü ìàòðèöà G(u) ñîäåðæèò êîýôôèöèåíòû ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé Êîëìîãîðîâà. Åå ýëåìåíòû âûðàæàþòñÿ ÷åðåç ïà-
ðàìåòðû ìîäåëè. R � âåêòîð-ñòðîêà, E � åäèíè÷íûé âåêòîð-ñòîëáåö.

Äëÿ âû÷èñëåíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè íåîáõîäèìî âû÷èñ-
ëÿòü ìàòðè÷íóþ ýêñïîíåíòó eG(u) , ÷òî áåçóñëîâíî äåëàåò çàäà÷ó òðó-
äîåìêîé. Çäåñü ìàòðè÷íóþ ýêñïîíåíòó âû÷èñëÿåì ïðè ïîìîùè ïðåîá-
ðàçîâàíèÿ ïîäîáèÿ ìàòðèö [8]:

eG(u) = T (u) ·GJ(u) · T (u)−1,

ãäå T (u) � ìàòðèöà ñîáñòâåííûõ âåêòîðîâG(u),GJ(u) � äèàãîíàëüíàÿ
ìàòðèöà ñîáñòâåííûõ ÷èñåë Λn ìàòðèöû G(u).

Âû÷èñëåíèå ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà îáñëóæåííûõ çàÿâîê
â ñèñòåìå çà íåêîòîðîå ôèêñèðîâàííîå âðåìÿ t ÷åðåç èíòåãðèðîâàíèå ñ
ïîìîùüþ ôîðìóëû (4) ÿâëÿåòñÿ, êàê óæå áûëî óïîìÿíóòî, äîñòàòî÷-
íî òðóäîåìêîé âû÷èñëèòåëüíîé çàäà÷åé. Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû
ïðåäëàãàåòñÿ âîñïîëüçîâàòüñÿ ôîðìóëîé (5) ÄÏÔ.

Íà ðèñóíêå 2 âèäíî, ÷òî ðåçóëüòàò äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôó-
ðüå (p∗) ïîëíîñòüþ ñîâïàäàåò ñ ðåçóëüòàòîì âû÷èñëåíèÿ ïðè ïîìîùè
èíòåãðèðîâàíèÿ (p)

Ðèñ. 2. Ñðàâíåíèå ðàñïðåäåëåíèé âåðîÿòíîñòåé, ïîëó÷åííûõ ñ ïîìîùüþ èíòå-
ãðèðîâàíèÿ è ÄÏÔ
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Äëÿ ïðîâåðêè ñêîðîñòè ðàáîòû äàííîãî ïîäõîäà ê âû÷èñëåíèþ áûë
ïðîâåäåí ðÿä òåñòîâ (400 çàïóñêîâ) ñî ñðàâíåíèåì ñêîðîñòè ðàáîòû àëãî-
ðèòìîâ è òî÷íîñòè ïîëó÷àåìîãî ðàñïðåäåëåíèÿ ïðè ïîìîùè ðàññòîÿíèÿ
Êîëìîãîðîâà

∆ = max
0<i<∞

∣∣∣∣ i∑
v=0

(P0(v)− P1(v))

∣∣∣∣.
Â ñðåäíåì ÄÏÔ áûñòðåå èíòåãðèðîâàíèÿ áîëåå, ÷åì â 100 ðàç, à ñðåäíåå
ðàññòîÿíèå Êîëìîãîðîâà � 4.16 · 10−6.

Çàêëþ÷åíèå

Òàê, ìîæíî çàêëþ÷èòü, ÷òî ìåòîä îáðàùåíèÿ ñ ïðèìåíåíèåì äèñ-
êðåòíîãî ïðåîáðàçîâàíèå Ôóðüå íå ïðîèãðûâàåò â òî÷íîñòè è, â òî æå
âðåìÿ, ñóùåñòâåííî ýôôåêòèâíåå, ÷òî ïîçâîëÿåò åãî ïðèìåíÿòü íà ðå-
àëüíûõ çàäà÷àõ, ñîäåðæàùèõ îáðàùåíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè
è òðåáóþùèõ ìàñøòàáíûõ âû÷èñëåíèé.

Ðåàëèçàöèÿ äàííîãî ïîäõîäà ïîçâîëÿåò ñóùåñòâåííî îïòèìèçèðî-
âàòü ïðîöåññ ïðîâåäåíèÿ ýêñïåðèìåíòîâ äëÿ ðåøåíèÿ çàäà÷ òåîðèè ìàñ-
ñîâîãî îáñëóæèâàíèÿ è ñëó÷àéíûõ ïðîöåññîâ, à òàêæå äðóãèõ îáëàñòåé
èññëåäîâàíèÿ, ãäå ôèãóðèðóþò õàðàêòåðèñòè÷åñêèå ôóíêöèè, òàê êàê
âðåìÿ âû÷èñëåíèÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå âî ìíîãî ðàç
ìåíüøå.
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Ãðîäíåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè ßíêè Êóïàëû, ã. Ãðîäíî,

Ðåñïóáëèêà Áåëàðóñü

Ñòàòüÿ ïîñâÿùåííà àíàëèçó ìàòåìàòè÷åñêîé ìîäåëè èíôîðìàöèîííî-
òåëåêîììóíèêàöèîííîé ñåòè (ÈÒÑ), â êîòîðîì ìíîãîïðîöåññîð-
íîì óñòðîéñòâå êîòîðîé óñòàíîâëåíî àíòèâèðóñíîå ïðîãðàììíîå
îáåñïå÷åíèå (ÀÏÎ) - G-ñåòè ñ ñèñòåìàìè ñ êîíòðîëüíûìè è êà-
ðàíòèííûìè î÷åðåäÿìè. Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ïîëó÷å-
íèå âûðàæåíèÿ äëÿ îæèäàåìûõ äîõîäîâ ñèñòåì ñåòè è íàõîæäå-
íèå îïòèìàëüíîãî êîëè÷åñòâà ÿäåð â êàæäîì êîìïüþòåðå ÊÑ.
Âíà÷àëå ñòàòüè ïðèâåäåíî îïèñàíèå âûøåóêàçàííîé âåðîÿòíîñò-
íîé ìîäåëü ñåòè â ñëó÷àå, êîãäà çàÿâêè, ïîñòóïèâøèå â ñèñòåìû
ñåòè, ïåðåõîäÿò íà îáñëóæèâàíèå â ñëó÷àå óñïåøíîñòè ïðîâåð-
êè íà ñòàíäàðòíîñòü, à â ïðîòèâíîì ñëó÷àå ïðîõîäÿò ëå÷åíèå
â êàðàíòèíå. Ïðîâåðêà çàÿâîê íà îáñëóæèâàíèå ÿâëÿåòñÿ íåíà-
ä¼æíîé: ñ íåíóëåâîé âåðîÿòíîñòüþ îòðèöàòåëüíàÿ çàÿâêà ïîïà-
äàåò â î÷åðåäü íà îáñëóæèâàíèå è óäàëÿåò îäíó ïîëîæèòåëüíóþ
çàÿâêó. Âî âòîðîé ÷àñòè ïîëó÷åíû âûðàæåíèÿ äëÿ îæèäàåìûõ
äîõîäîâ ñèñòåì ñåòè è ïðèâåäåíà çàäà÷à îïòèìèçàöèè òàêîé ñå-
òè. Êëþ÷åâûå ñëîâà: Îæèäàåìûå äîõîäû, îïòèìèçàöèÿ G-
ñåòè ñ ñèñòåìàìè ñ êàðàíòèííûìè è êîíòðîëüíûìè î÷åðåäÿ-
ìè, êîìïüþòåðíàÿ ñåòü

Ââåäåíèå

Ïåðâàÿ ìîäåëü ïîâåäåíèÿ èíôîðìàöèîííûõ ñèñòåì è ñåòåé (ÈÑÑ) ñ
ó÷åòîì ïîïàäàíèÿ â íèõ êîìïüþòåðíûõ âèðóñîâ â ñòàöèîíàðíîì ðåæè-
ìå áûëà èññëåäîâàíà â ñòàòüå [1], à ìîäåëèðîâàíèå òåêóùåãî ïîâåäåíèÿ
G-ñåòåé c òå÷åíèåì âðåìåíè èññëåäîâàëîñü â ñòàòüå [2]. Ìàòåìàòè÷åñêèå
ìîäåëè ÈÑÑ ñ ó÷¼òîì óñòàíîâêè â íèõ ÀÏÎ, íî áåç ó÷åòà ïîâåäåíèÿ âè-
ðóñîâ ñ ïîìîùüþ ñåòåé ìàññîâîãî îáñëóæèâàíèÿ (ÑåÌÎ) âïåðâûå áûëè
èññëåäîâàíû òîëüêî â ñòàòüå [3] ÷åðåç 26 ëåò ïîñëå âûõîäà â ñâåò ñòàòüè
[1]. Còàòüÿ áûëà ïîñâÿùåíà [4] ïîëó÷åíèþ âûðàæåíèé äëÿ îæèäàåìûõ
äîõîäâ G-ñåòè ñ ñèñòåìàìè ñ êàðàíòèííûìè è êîíòðîëüíûìè î÷åðåäÿ-
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ìè â ñëó÷àå ôóíêöèîíèðîâàíèÿ â ñåòè îäíîïðîöåññîðíûõ êîìïüþòåðîâ.
Äàííàÿ ñòàòüÿ îáîáùàåò ðåçóëüòàòû ñòàòüè [4] íà ñëó÷àé íàëè÷èÿ â
ñåòè ìíîãîïðîöåññîðíûõ óñòðîéñòâ, è çàâèñèìîñòè îò âðåìåíè ïàðàìåò-
ðîâ îáñëóæèâàíèÿ ñåòè ñ ïðèåìñòâåííîñòüþ ïîâåäåíèÿ îòðèöàòåëüíûõ
çàÿâîê ñî ñòàòü¼é [1].

1. Îïèñàíèå ñòîõàñòè÷åñêîé ìîäåëè ÈÑÑ ñ ÀÏÎ

Ïðèâåäåì îïèñàíèå ìíîãîëèíåéíîé G-ñåòè, ñîñòîÿùóþ èç n ñèñòåì
ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ). Ñèñòåìà Si, i = 1, n, ñîñòîèò èç mi +1
ëèíèé îáñëóæèâàíèé (ËÎ). Äàííàÿ ñåòü ÿâëÿåòñÿ ñòîõàñòè÷åñêîé ìî-
äåëüþ ÈÑÑ ñ àíòèâèðóñíûì ÏÎ, ñîñòîÿùåé èç ìíîãîïðîöåññîðíûõ
óñòðîéñòâ. Â ÈÑÑ ïîñòóïàþò ïðîñòåéøèå ïîòîêè ïîëîæèòåëüíûõ çà-
ÿâîê (íåîïàñíûõ ôàéëîâ) è îòðèöàòåëüíûõ (ôàéëû ïðåäñòàâëÿþùèå
óãðîçó äëÿ êîìïüþòåðà) çàÿâîê ñ èíòåíñèâíîñòÿìè λ+0i(t), λ

−
0i(t), i = 1, n,

ñîîòâåòñòâåííî.
Ïåðåä ïîñòóïëåíèåì íà îáñëóæèâàíèå çàÿâêà, ïîñòóïèâøàÿ â i-þ ÑÌÎ,
ñòàíîâèòñÿ â êîíòðîëüíóþ î÷åðåäü äëÿ ïðîâåðêè íà ñòàíäàðòíîñòü, ÷òî
ñîîòâåòñòâóåò ïðîâåðêå ôàéëà íà íàëè÷èå âèðóñà. Ïîñëå çàâåðøåíèÿ
îæèäàíèÿ çàÿâêè â î÷åðåäè îíà ïðîâåðÿåòñÿ íà ñòàíäàðòíîñòü â òå÷å-
íèè âðåìåíè, èìåþùåãî ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì

µ
(v)
i (t), i = 1, n . Ïîä êîíòðîëüíîé î÷åðåäüþ áóäåì ïîíèìàòü ÷àñòü ìå-

ñòà RAM îäíîãî ÿäðà ïðîöåññîðà, îòâåäåííîå äëÿ àíòèâèðóñíîãî ÏÎ.
Ïî ðåçóëüòàòàì ïðîâåðêè íà ñòàíäàðòíîñòü â êîíòðîëüíîé î÷åðåäè i-é
ÑÌÎ ïîëîæèòåëüíàÿ çàÿâêà ïðèçíàåòñÿ òàêîâîé ñ âåðîÿòíîñòüþ p+i è
ïåðåõîäèò â î÷åðåäü ýòîé ñèñòåìû äëÿ îáðàáîòêè; à ñ ïðîòèâîïîëîæíîé
âåðîÿòíîñòüþ 1−p+i ïîëîæèòåëüíàÿ çàÿâêà áóäåò ïðèçíàíà îòðèöàòåëü-
íîé (ñîîòâåòñòâóåò òîìó, ÷òî ôàéë áóäåò ïðèçíàí âðåäîíîñíûì) è îò-
ïðàâèòñÿ â êàðàíòèí íà ëå÷åíèå. Ñ âåðîÿòíîñòüþ p−i îòðèöàòåëüíàÿ çà-
ÿâêà ïîñëå ïðîâåðêè íà ñòàíäàðòíîñòü â êîíòðîëüíîé î÷åðåäè i-é ÑÌÎ
ïðèçíàåòñÿ òàêîâîé è ïåðåõîäèò â êàðàíòèííóþ î÷åðåäü íà ëå÷åíèå; ñ
âåðîÿòíîñòüþ 1− p−i îòðèöàòåëüíàÿ çàÿâêà ïðèçíàåòñÿ ïîëîæèòåëüíîé
è ïîñòóïèò â î÷åðåäü i-é ÑÌÎ íà îáðàáîòêó, ãäå îíà àêòèâèçèðóåòñÿ
íåìåäëåííî óíè÷òîæàåò ïîëîæèòåëüíóþ çàÿâêó â íåïóñòîé ñèñòåìå èëè
ïîêèäàåò ñåòü â ïðîòèâíîì ñëó÷àå.
Ïîñëå óñïåøíîé ïðîâåðêè íà ñòàíäàðòíîñòü â ñèñòåìå Si, i = 1, n, ïî-
ëîæèòåëüíàÿ çàÿâêà, ïîñëå çàâåðøåíèÿ îæèäàíèÿ â î÷åðåäè íà îáñëó-
æèâàíèå, îáðàáàòûâàåòñÿ îäíîé èç ñâîáîäíûõ ËÎ â òå÷åíèè âðåìåíè
ðàñïðåäåëåííîãî ýêñïîíåíöèàëüíî ñ ïàðàìåòðîì µi(t), i = 1, n è ïî çà-
âåðøåíèè îáñëóæèâàíèÿ ñ âåðîÿòíîñòüþ p+ij ïåðåõîäèò â êîíòðîëüíóþ

î÷åðåäü ñèñòåìû Sj êàê ïîëîæèòåëüíàÿ çàÿâêà, ñ âåðîÿòíîñòüþ p−ij �
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êàê îòðèöàòåëüíàÿ çàÿâêà è ñ âåðîÿòíîñòüþ pi0 = 1 −
n∑

j=1

(p+ij + p−ij) ïî-

êèäàåò ñåòü, i, j = 1, n.
Çàÿâêè, íå ïðîøåäøèå ïðîâåðêó íà ñòàíäàðòíîñòü, ñòàíîâÿòñÿ â î÷å-
ðåäü íà ëå÷åíèå â êàðàíòèíå. Ïðåäïîëîæèì, ÷òî äëèòåëüíîñòü ëå÷åíèÿ
çàÿâêè â êàðàíòèíå i-é ÑÌÎ - ýòî ÑÂ ýêñïîíåíöèàëüíî ðàñïðåäåëåííàÿ

ñ ïàðàìåòðîì µ
(c)
i (t), i = 1, n. Ïðè ëå÷åíèè ôàéë äîñòà¼òñÿ èç ïàïêè ïî

äèñöèïëèíå FIFO. Îïðåäåëèì âåðîÿòíîñòü p
(s)
i , i = 1, n , ÷òî çàÿâêà â

êàðàíòèíå áóäåò âûëå÷åíà, ïîñëå ÷åãî îíà íàïðàâëÿåòñÿ íà îáñëóæèâà-

íèå â î÷åðåäü i-é ÑÌÎ. Òîãäà ñ âåðîÿòíîñòüþ 1− p
(s)
i , i = 1, n çàÿâêà èç

êàðàíòèíà óäàëÿåòñÿ èç ñåòè. Ñîñòîÿíèå îïèñàííîé ñåòè îïðåäåëÿåòñÿ
âåêòîðîì ðàçìåðíîñòè 4n:

(k, l, t) = (k1, ...,kn, l1, ..., ln, t) (1)

ãäå ki = (k
(p)
i , k

(s)
i ), li = (l

(n)
i , l

(c)
i ), k

(p)
i , k

(s)
i - ýòî êîëè÷åñòâî ïîëîæè-

òåëüíûõ çàÿâîê â î÷åðåäè íà ïðîâåðêó ñòàíäàðòíîñòè è íà îáñëóæèâà-

íèè i-é ÑÌÎ ñîîòâåòñòâåííî, à l
(n)
i , l

(c)
i - ÷èñëî îòðèöàòåëüíûõ çàÿâîê â

êîíòðîëüíîé î÷åðåäè i-é ÑÌÎ è ÷èñëî çàÿâîê â êàðàíòèíå i-é ÑÌÎ ñî-
îòâåòñòâåííî. Ïóñòü çàÿâêè âûáèðàþòñÿ íà ïðîâåðêó íà ñòàíäàðòíîñòü
èç î÷åðåäè ñëó÷àéíûì îáðàçîì. Òîãäà âåðîÿòíîñòü òîãî, ÷òî áóäåò ïðî-
âåðåíà íà ñòàíäàðòíîñòü ïîëîæèòåëüíàÿ çàÿâêà ìîæåò áûòü àïïðîê-
ñèìèðîâàíà îòíîøåíèåì îæèäàåìîãî ÷èñëà ïîëîæèòåëüíûõ çàÿâîê â
êîíòðîëüíîé î÷åðåäè ê îæèäàåìîìó ÷èñëó âñåõ çàÿâîê â êîíòðîëüíîé

î÷åðåäè: qi =
E[k

(p)
i ]

E[k
(p)
i +l

(n)
i ]

.

2. Íàõîæäåíèå îæèäàåìûõ äîõîäîâ ñèñòåì ñåòè

Ðàññìîòðèì äèíàìèêó èçìåíåíèÿ äîõîäîâ íåêîòîðîé ñèñòåìû Si ñå-
òè. Âîñïîëüçóåìñÿ ìåòîäèêîé, îïèñàííîé â [9]. Îáîçíà÷èì ÷åðåç Vi(t) åå
äîõîä â ìîìåíò âðåìåíè t. Ïóñòü â íà÷àëüíûé ìîìåíò âðåìåíè äîõîä
ñèñòåìû ðàâåí Vi(0) = vi0. Äîõîä ýòîé ÑÌÎ â ìîìåíò âðåìåíè t + ∆t
ìîæíî ïðåäñòàâèòü â âèäå

Vi(t+∆t) = Vi(t) + ∆Vi(t,∆t), (2)

ãäå ∆Vi(t,∆t) � èçìåíåíèå äîõîäà ñèñòåìû Si íà èíòåðâàëå âðåìåíè
[t, t + ∆t). Ââåäÿ îáîçíà÷åíèå vi(t) = E{Vi(t)}, èñïîëüçóÿ îïðåäåëåíèå
ïðîèçâîäíîé è ëèíåéíîñòü ìàòåìàòè÷åñêîãî îæèäàíèÿ (ì.î.), ïîëó÷èì:

dvi(t)

dt
= lim

∆t→0

E{∆Vi(t,∆t)}
∆t

, (3)
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Çàïèøåì âîçìîæíûå èçìåíåíèÿ äîõîäà ñèñòåìû Si íà èíòåðâàëå âðåìå-
íè [t, t+∆t) è èõ âåðîÿòíîñòè:
1) â êîíòðîëüíóþ î÷åðåäü ñèñòåìû Si ïîñòóïàåò ïîëîæèòåëüíàÿ çàÿâ-
êà èç âíåøíåé ñðåäû è ïðèíîñèò ñèñòåìå äîõîä R+

0i ñ âåðîÿòíîñòüþ
λ+0i(t)∆t + o(∆), ãäå R+

0i � ÑÂ ñ ìàòåìàòè÷åñêèì îæèäàíèåì (ì.î.)
E{R+

0i} = a+0i, i = 1, n, õàðàêòåðèçóþùàÿ öåííîñòü ïîñòóïèâøåé èíôîð-
ìàöèè;
2) â êîíòðîëüíóþ î÷åðåäü i-é ÑÌÎ çà âðåìÿ ∆t ïîñòóïèò îòðèöàòåëü-
íûé ôàéë è äîõîä ñèñòåìû óìåíüøèòñÿ íà âåëè÷èíó R−

0i ñ âåðîÿòíîñòüþ
λ−0i(t)∆t + o(∆) , ãäå R−

0i � ÑÂ ñ ì.î. E{R−
0i} = a−0i , õàðàêòåðèçóþùàÿ

ïîòåíöèàëüíóþ îïàñíîñòü çàðàæåíèÿ óçëà ñåòè;
3) ïîëîæèòåëüíûé ôàéë ïîñëå ïðîâåðêè íà ñòàíäàðòíîñòü â i-é ÑÌÎ
áóäåò ïðèçíàíà òàêîâûì è ïåðåéäåò â î÷åðåäü äëÿ îáñëóæèâàíèÿ, ïðè

ýòîì äîõîä ñèñòåìû ñîñòàâèò−r+i ñ âåðîÿòíîñòüþ µ
(v)
i (t)q+i p

+
i u(k

(p)
i )∆t+

o(∆t), ãäå −r+i � ÑÂ ñ ì.î. E{−r+i } = b+i ñîîòâåòñòâóåò ñíèæåíèþ ïðî-
èçâîäèòåëüíîñòè ñèñòåìû âî âðåìÿ ïðîâåðêè ôàéëà;
4) îòðèöàòåëüíàÿ çàÿâêà ïîñëå ïðîâåðêè íà ñòàíäàðòíîñòü â i-îé ÑÌÎ
áóäåò ïðèçíàíà ïîëîæèòåëüíîé, ïåðåéäåò â î÷åðåäü íà îáñëóæèâàíèå
è óäàëèò 1 ïîëîæèòåëüíóþ çàÿâêó, äîõîä ñèñòåìû ñîñòàâèò −R+

i ñ âå-

ðîÿòíîñòüþ µ
(v)
i (t)q+i (1 − p+i )u(l

(c)
i )u(k

(p)
i )∆t + o(∆t) , ãäå −R+

i � ÑÂ
ñ ì.î. E{R+

i } = a+i , ñîîòâåòñòâóåò èíôèöèðîâàíèþ ôàéëà â óçëå ñå-
òè, çà ñ÷åò ÷åãî îí ñòàíîâèòüñÿ íåäîñòóïíûì äëÿ îáðàáîòêè. Åñëè â
ñèñòåìå â ýòîò ìîìåíò âðåìåíè íåò çàÿâîê íà îáñëóæèâàíèè, òî îòðè-
öàòåëüíûé ôàéë ïîêèäàåò ñåòü è äîõîä ñèñòåìû ñîñòàâèò r−i ñ âåðîÿò-

íîñòüþ µ
(v)
i (t)q+i (1−p

+
i )u(l

(c)
i )(1−u(k(p)i ))∆t+o(∆t) , ãäå r−i � ÑÂ ñ ì.î.

E{r−i } = b−i , i = 1, n, ñîîòâåòñòâóåò óñòðàíåíèþ ïîòåíöèàëüíîé óãðîçû
èíôèöèðîâàíèÿ âñåé ñåòè;
5) ïîëîæèòåëüíûé ôàéë ïîñëå ïðîâåðêè íà ñòàíäàðòíîñòü â i-é ÑÌÎ
áóäåò ïðèçíàí îòðèöàòåëüíûì è ïåðåéäåò â êàðàíòèí äëÿ ëå÷åíèÿ äîõîä

ñèñòåìû ñîñòàâèò−R(c)
i ñ âåðîÿòíîñòüþ µ

(v)
i (t)q+i (1−p

+
i )u(l

(c)
i )∆t+o(∆t),

ãäå R
(c)
i � ÑÂ ñ ì.î. E{R(c)

i } = a
(c)
i , i = 1, n, õàðàêòåðèçóåò óáûòêè ñâÿ-

çàííûå ñ áëîêèðîâàíèåì àíòèâèðóñîì ëåãèòèìíîãî ÏÎ;
6) îòðèöàòåëüíûé ôàéë ïîñëå ïðîâåðêè íà ñòàíäàðòíîñòü â i-é ÑÌÎ áó-
äåò ïðèçíàí îòðèöàòåëüíûì è ïåðåéäåò â êàðàíòèí äëÿ ëå÷åíèÿ, äîõîä

ñèñòåìû ñîñòàâèò r−i ñ âåðîÿòíîñòüþ µ
(v)
i (t)(1− q+i )p

−
i u(l

(n)
i )∆t+ o(∆t),

ãäå r−i � ÑÂ ñ ì.î. E{r−i } = b−i , i = 1, n, ñîîòâåòñòâóåò óñòðàíåíèþ ïî-
òåíöèàëüíîé óãðîçû èíôèöèðîâàíèÿ âñåé ñåòè;
7) êàðàíòèííîìó óçëó i-é ÑÌÎ óäàñòñÿ âûëå÷èòü çàðàæåííûé ôàéë
è îíà îòïðàâëÿåòñÿ â î÷åðåäü íà îáñëóæèâàíèå â i-þ ÑÌÎ ñ âåðî-
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ÿòíîñòüþ µ
(c)
i (t)p

(s)
i u(k

(s)
i )∆t + o(∆t) , äîõîä ñèñòåìû áóäåò ðàâåí êî-

ëè÷åñòâó âîññòàíîâëåííîé èíôîðìàöèè è ñîñòàâèò R+
i , i = 1, n; â

ïðîòèâíîì ñëó÷àå çàðàæåííûé ôàéë ïîêèäàåò ñåòü ñ âåðîÿòíîñòüþ

µ
(c)
i (t)(1 − p

(s)
i )u(k

(s)
i )∆t + o(∆t) , íå ïðèíåñÿ åé âðåäà, ðàñõîä ñèñòå-

ìû áóäåò ðàâåí êîëè÷åñòâó ïîòåðÿííîé èíôîðìàöèè è ñîñòàâèò −R+
i ,

i = 1, n;
8) âðåìÿ îáñëóæèâàíèÿ ôàéëà â j-é ÑÌÎ çàêîí÷èëîñü è îí íàïðàâèòñÿ
â êîíòðîëüíóþ î÷åðåäü i-é ÑÌÎ êàê ïîëîæèòåëüíûé ôàéë, äîõîä ñè-

ñòåìû ñîñòàâèò R+
ji ñ âåðîÿòíîñòüþ

n∑
j=1

µj(t)min(k
(s)
j ,mj)p

+
jiu(k

(s)
i )∆t +

o(∆t) , ãäå R+
ji � ÑÂ ñ ì.î. E{R+

ji} = a+ij , i, j = 1, n , õàðàêòåðèçóþ-
ùàÿ öåííîñòü ïîñòóïèâøåé èíôîðìàöèè; ïðè ýòîì äîõîä ñèñòåìû Sj íå
óìåíüøèòüñÿ, òàê êàê âñå ïðîöåññû, ñâÿçàííûå ñ îáðàáîòêîé ýòîãî ôàé-
ëà â ñèñòåìå, áóäóò óæå âûïîëíåíû;
9) âðåìÿ îáñëóæèâàíèÿ çàÿâêè â j-é ÑÌÎ çàêîí÷èëîñü è îíà íàïðàâ-
ëÿåòñÿ â êîíòðîëüíóþ î÷åðåäü i-é ÑÌÎ êàê îòðèöàòåëüíûé ôàéë, äîõîä

ñèñòåìû ñîñòàâèòR−
ji ñ âåðîÿòíîñòüþ

n∑
j=1

µj(t)min(k
(s)
j ,mj)p

−
jiu(k

(s)
i )∆t+

o(∆t), ãäå R−
ji � ÑÂ ñ ì.î. E{R−

ji} = a−ij , i, j = 1, n , õàðàêòåðèçóþùàÿ
ïîòåíöèàëüíóþ îïàñíîñòü ïîòåðè èíôîðìàöèè çà ñ÷åò èíôèöèðîâàíèÿ
óçëà ñåòè; ïðè ýòîì äîõîä ñèñòåìû Sj íå óìåíüøèòüñÿ, òàê êàê âñå ïðî-
öåññû, ñâÿçàííûå ñ îáðàáîòêîé ýòîãî ôàéëà â ñèñòåìå, áóäóò óæå âû-
ïîëíåíû;

10) c âåðîÿòíîñòüþ µi(t)min(k
(s)
i ,mi)∆t+o(∆t) âðåìÿ îáñëóæèâàíèÿ çà-

ÿâêè â i-é ÑÌÎ çàêîí÷èëîñü è îíà óõîäèò èç ñèñòåìû, íå èçìåíÿÿ äîõîä
ñèñòåìû Si, i = 1, n ;

11) ñ âåðîÿòíîñòüþ 1 −
n∑

i=1

(
λ+0i(t) + λ−0i(t) + µi(t)min(ki, k

(s)
i ) + µ

(v)
i +

µ
(c)
i

)
∆t+ o(∆t) ñîñòîÿíèå ñåòè íå èçìåíèòñÿ.

Êðîìå òîãî, çà êàæäûé ìàëûé ïðîìåæóòîê âðåìåíè∆t ñèñòåìà Si íåñåò
óáûòêè (óìåíüøåíèå ïðîèçâîäèòåëüíîñòè, ñíèæåíèå ñêîðîñòè âûïîëíå-
íèÿ ðóòèííûõ îïåðàöèé çà ñ÷åò ïîòðåáëåíèÿ ÀÂ ÏÎ ðåñóðñîâ ïðîöåññî-
ðà) â ðàçìåðå ri∆t, ãäå ri � ÑÂ ñ ì.î. E{ri} = bi , i = 1, n . Áóäåì òàêæå
ñ÷èòàòü, ÷òî ÑÂ R+

ij , R
−
ij , r

+
i , R

c
i ÿâëÿþòñÿ íåçàâèñèìûìè ïî îòíîøåíèþ

ê ÑÂ ri , i, j = 1, n.

ÏóñòüN
(s)
i = E{k(s)i }, N (p)

i = E{k(p)i }, L(n)
i = E{l(n)i }, E{min(k(s)i ,mi)} =

min(N
(s)
i ,mi), u(k

(p)
i ) = min(N

(p)
i , 1), u(l

(c)
i ) = min(L

(c)
i , 1), u(l

(n)
i ) =
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min(L
(n)
i , 1) .Ïðè ôèêñèðîâàííîé ðåàëèçàöèè ïðîöåññà (k, l, t) è ïîñëå

óñðåäíåíèÿ ïî (k, l, t), ì.î. èçìåíåíèÿ äîõîäà i-é ÑÌÎ â ðåæèìå íàñû-
ùåíèÿ áóäåò ðàâíî:

dvi(t)

dt
= E[∆Vi(∆t, t)] =

[
a+0iλ

+
0i + a−0iλ

−
0i +−bi + µ

(v)
i ((aci − b+i )p

−
i a

c
i )qi+

+a+i µ
(c)
i min(L

(c)
i , 1) + µ

(v)
i (1− qi)(b

−
i a

+
i a

+
i p

+
i )−

−b−i µ
(v)
i (1− p−i )(1− qi)min(L

(n)
i , 1)+

+

n∑
j=1

µj(a
+
jip

+
ji − a−jip

−
ji)mi

]
∆t+ o(∆t). (4)

Çíàÿ íà÷àëüíûå óñëîâèÿ vi(0) = vi0, i = 1, n , è ñðåäíèå õàðàêòåðèñòèêè
ìîæíî íàéòè îæèäàåìûå äîõîäû ñèñòåì ñåòè. Ñðåäíèå õàðàêòåðèñòèêè

L
(n)
i , L

(c)
i , N

(p)
i , N

(s)
i ìîãóò áûòü íàéäåíû èç ñëåäóþùåé ñèñòåìû äèô-

ôåðåíöèàëüíûõ óðàâíåíèé (ÄÓ):

dN
(p)
i (t)

dt =
dE
[
k
(p)
i (t)

]
dt = lim

∆t→0

E
[
k
(p)
i (t,∆t)

]
∆t ,

dN
(s)
i (t)

dt =
dE
[
k
(s)
i (t)

]
dt = lim

∆t→0

E
[
k
(s)
i (t,∆t)

]
∆t ,

dL
(n)
i (t)

dt =
dE
[
l
(n)
i (t)

]
dt = lim

∆t→0

E
[
l
(n)
i (t,∆t)

]
∆t ,

dL
(c)
i (t)

dt =
dE
[
l
(c)
i (t)

]
dt = lim

∆t→0

E
[
l
(c)
i (t,∆t)

]
∆t ,

ãäå èçìåíåíèÿ ÷èñëà çàÿâîê â ñèñòåìå Si, à çíà÷èò è ïðîèçâîäíûå ñðåä-
íåãî ÷èñëà çàÿâîê ïî âðåìåíè íàõîäÿòñÿ èç ñèñòåìû ÄÓ:

dN
(p)
i (t)

dt = λ+0i(t)−
µ
(v)
i (t)N

(p)
i (t)

N
(p)
i (t)+L

(n)
i (t)

+

n∑
j=1

µj(t)p
+
ji min(N

(s)
j (t),mj),

dL
(n)
i (t)

dt = λ−0i(t)−
µ
(v)
i (t)L

(n)
i (t)

N
(p)
i (t)+L

(n)
i (t)

+

n∑
j=1

µj(t)p
−
ji min(N

(s)
j (t),mj),

dL
(c)
i (t)

dt = µ
(v)
i (t)

(1−p+
i )N

(p)
i (t)+p−

i L
(n)
i (t)

N
(p)
i (t)+L

(n)
i (t)

− µ
(c)
i (t)min(L

(c)
i (t), 1),

dN
(s)
i (t)

dt = µ
(v)
i (t)

p+
i N

(p)
i (t)−(1−p−

i )L
(n)
i (t)min(mi,N

(s)
i (t))

N
(p)
i (t)+L

(n)
i (t)

+

+µ
(c)
i (t)p

(s)
i min(L

(c)
i (t), 1)− µi(t)min(N

(s)
i (t),mi).

Ïóñòü ñåòü ôóíêöèîíèðóåò â ðåæèìå íàñûùåíèÿ, ò.å. min(N
(s)
i ,mi) =

mi,∀t > 0. Ââåäÿ îáîçíà÷åíèÿ

ai(t) = µ
(v)
i (t)

[∫ t

0

(λ+0i(τ) + λ−0i(τ) − µ
(v)
i (τ) +

n∑
j=1

µjmj(p
+
ji + p−ji))dτ +
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N
(p)
i (0)+L

(n)
i (0)

]−1

, ki(t) =

∫ t

0

(λ+0i(τ)+λ
−
0i(τ)−µ

(v)
i (τ) +

n∑
j=1

µjmj(p
+
ji+

p−ji))dτ,A(t) =

∫ t

0

a(τ)dτ ìîæíî ïîëó÷èòü ñëåäóþùåå ðåøåíèå âûøå-

óêàçàííîãî ÄÓ:

N
(p)
i (t) = N

(p)
i (0)eA(0)e−A(t) + e−A(t)

∫ t

0

eA(τ)

(
λ+0i(τ) +

n∑
j=1

µjmjp
+
ji

)
dτ,

L
(n)
i (t) = L

(n)
i (0)eA(0)e−A(t)+e−A(t)

∫ t

0

eA(τ)

(
λ−0i(τ)+

n∑
j=1

µjmjp
−
ji(τ)

)
dτ,

L
(c)
i (t) =

(1−p+
i )N

(p)
i (t)+p−

i L
(n)
i (t)

N
(p)
i (t)+L

(n)
i (t)

∫ τ

0

µ
(v)
i (τ)dτ −

∫ t

0

µ
(c)
i (τ)dτ + L

(c)
i (0),

N
(s)
i (t) =

∫ t

0

(
µ
(v)
i (τ)

p+i N
(p)
i (τ)− (1− p−i )L

(n)
i (τ)mi

N
(p)
i (τ) + L

(n)
i (τ)

+ µ
(c)
i (τ)p

(s)
i −

µi(τ)mi

)
dτ

Îáîçíà÷èì ÷åðåç di � çàòðàòû íà ñîäåðæàíèå îäíîé çàÿâêè â i-îé ÑÌÎ
(â î÷åðåäè è íà îáñëóæèâàíèè), Ei � çàòðàòû íà ñîäåðæàíèå îäíîé ËÎ â
i-îé ÑÌÎ, i = 1, n .Çàäà÷à îïòèìèçàöèè äîõîäîâ äàííîé ñåòè ïðè îãðà-
íè÷åíèÿõ íà ÷èñëî ËÎ èìååò âèä:

W (t,m) =W (t,m1,m2, ...,mn) =
1

t

∫ t

t0

n∑
i=1

(vi(τ)−diki(τ)−Eimi)dτ, (5)

{
W (T,m1,m2, ...,mn) → max

m1,m2, ...,mn

,

mi ≤ ai, i = 1, n,
(6)

Çàêëþ÷åíèå

Â ñòàòüå âïåðâûå ïðåäñòàâëåíà ìîäåëü ÊÑ ñ àíòèâèðóñíûì ÏÎ ñ
ìíîãîïðîöåññîðíûìè óñòðîéñòâàìè â ÊÑ. Íàéäåíû îæèäàåìûå äîõîäû
ñèñòåì ÊÑ ñ àíòèâèðóñíûì ÏÎ è óêàçàí êðèòåðèé îïòèìàëüíîñòè.
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Â ðàáîòå èçó÷àåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, îòðà-
æàþùàÿ, â ÷àñòíîñòè, ôóíêöèîíèðîâàíèå ñèñòåìû óïðàâëåíèÿ
òðàíñïîðòíûìè ïîòîêàìè â êëàññå öèêëè÷åñêèõ àëãîðèòìîâ ñ
ôèêñèðîâàííûì ðèòìîì ïåðåêëþ÷åíèÿ. Ïîäðîáíî ðàññìàòðèâà-
åòñÿ ïðîöåññ óïðàâëåíèÿ êîíôëèêòíûìè ïîòîêàìè îäíîðîäíûõ
òðåáîâàíèé ñ ïåðèîäè÷åñêîé èíòåíñèâíîñòüþ. Ñòðîÿòñÿ ïîñëåäî-
âàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí, îïèñûâàþùèõ ïðîöåññû, ïðî-
èñõîäÿùèå â ñèñòåìå. Ïîëó÷åíû ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ
âåêòîðíîé ïîñëåäîâàòåëüíîñòè, êîòîðàÿ îïðåäåëÿåò ìîìåíò âðå-
ìåíè ñ íà÷àëà ñóòîê, ñîñòîÿíèå îáñëóæèâàþùåãî óñòðîéñòâà è
âåëè÷èíû î÷åðåäåé ïî ïîòîêàì, äîêàçàíî ìàðêîâñêîå ñâîéñòâî.
Êëþ÷åâûå ñëîâà: êîíôëèêòíûå ïîòîêè, íåñòàöèîíàðíûé ïî-
òîê Ïóàññîíà, öèêëè÷åñêîå óïðàâëåíèå ñ ôèêñèðîâàííûì ðèò-
ìîì, ñ÷¼òíàÿ öåïü Ìàðêîâà, ôóíêöèîíàëüíî-ñòàòèñòè÷åñêîå
îïèñàíèå.

Ââåäåíèå

Áîëüøîå ÷èñëî çàäà÷ òåîðèè ìàññîâîãî îáñëóæèâàíèÿ ïðåäïîëàãàåò,
÷òî âõîäíîé ïîòîê â ñèñòåìó ÿâëÿåòñÿ ñòàöèîíàðíûì, îðäèíàðíûì, áåç
ïîñëåäåéñòâèÿ, ò. å. ïðîñòåéøèì. Íà ïðàêòèêå, ìíîãèå ðåàëüíûå ïîòîêè
íå îáëàäàþò íåêîòîðûìè èç ýòèõ ñâîéñòâ. Â ýòîé ñâÿçè áîëüøîé ïîïó-
ëÿðíîñòüþ ïîëüçóþòñÿ äâàæäû ñòîõàñòè÷åñêèå ïîòîêè, ðåêóððåíòíûå
ïîòîêè èëè ïîòîêè îáùåãî òèïà, îáëàäàþùèå ìîìåíòàìè ðåãåíåðàöèè.
Ïî-âèäèìîìó, äëÿ çàäà÷ óïðàâëåíèÿ òðàíñïîðòíûì äâèæåíèåì ïîëåçíî
ðàññìîòðåòü ïîòîêè ñ ïåðèîäè÷åñêîé èíòåíñèâíîñòüþ. ÑÌÎ ñ òàêèìè
ïîòîêàìè ðàññìàòðèâàëèñü, íàïðèìåð, â [1].

Â ðàáîòå ðàññìàòðèâàåòñÿ òðàíñïîðòíûé ïåðåêð¼ñòîê êàê óïðàâëÿ-
þùàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ. Ïðèìåíÿåòñÿ ôóíêöèîíàëüíî-
ñòàòèñòè÷åñêèé (êèáåðíåòè÷åñêèé ïîäõîä), ïðåäëîæåííûé â [2, 3].
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1. Îïèñàíèå ñèñòåìû

Â ñèñòåìó îáñëóæèâàíèÿ ïîñòóïàþò m < ∞ âõîäíûõ ïîòîêîâ Π1,
Π2, . . . , Πm. Òðåáîâàíèÿ ïî ïîòîêó Πj îáðàçóþò íåñòàöèîíàðíûé ïîòîê
Ïóàññîíà, λj(t) � ìãíîâåííàÿ èíòåíñèâíîñòü ïîòîêà Πj â ìîìåíò t. Òðå-
áîâàíèÿ ïîòîêà Πj ïîìåùàþòñÿ â íàêîïèòåëü Oj íåîãðàíè÷åííîé âìå-
ñòèìîñòè. Ïîä÷åêí¼ì, ÷òî ðàññìàòðèâàåì ìãíîâåííóþ èíòåíñèâíîñòü íå
êàê êîíñòàíòó, à êàê âåëè÷èíó, çàâèñÿùóþ îò âðåìåíè. Ïîñêîëüêó â òå-
÷åíèå äíÿ èíòåíñèâíîñòü äîðîæíîãî äâèæåíèÿ ìåíÿåòñÿ, è èçî äíÿ â
äåíü íåêîòîðûå çàêîíîìåðíîñòè ñîõðàíÿþòñÿ (íàïðèìåð, óòðîì áîëü-
øàÿ èíòåíñèâíîñòü òðàôèêà â ñòîðîíó öåíòðà ãîðîäà, à âå÷åðîì � íà-
îáîðîò, â ñòîðîíó ñïàëüíûõ ðàéîíîâ), òî öåëåñîîáðàçíî ðàññìàòðèâàòü
ôóíêöèþ λj(t) êàê ïåðèîäè÷åñêóþ: λj(t+TD) = λj(t), ãäå TD > 0� íåêî-
òîðàÿ êîíñòàíòà, ê ïðèìåðó, ñóòêè, 24 ÷àñà. Òàê êàê èçâåñòíà ôóíêöèÿ

λj(t), òî áóäåì ñ÷èòàòü èçâåñòíîé è ôóíêöèþ Λj(x) =
x∫
0

λj(t)dt, j = 1,

2, . . . , m.
Îáñëóæèâàþùåå óñòðîéñòâî ïðåäñòàâëÿåò ñîáîé ñâåòîôîð, êîòîðûé

èìååò 2m âíóòðåííèõ ñîñòîÿíèé Γ(1), Γ(2), . . . , Γ(2m). Â ñîñòîÿíèè âèäà
Γ(2j−1) îáñëóæèâàþòñÿ òîëüêî òðåáîâàíèÿ ïîòîêà Πj . Â ñîñòîÿíèè âèäà
Γ(2j) òðåáîâàíèÿ íå îáñëóæèâàþòñÿ: ýòè ñîñòîÿíèÿ ââîäÿòñÿ äëÿ ðàçðå-
øåíèÿ êîíôëèêòíîñòè ïîòîêîâ (ñîñòîÿíèÿ ïåðåíàëàäêè è ïåðåîðèåíòà-
öèè, ò.í. ¾æ¼ëòûé ñâåò¿). Âðåìÿ ïðåáûâàíèÿ îáñëóæèâàþùåãî óñòðîé-
ñòâà â ñîñòîÿíèè Γ(r) íåñëó÷àéíî è ðàâíî Tr. Çà âðåìÿ T2j−1 èç î÷åðåäè
Πj ìîæåò îáñëóæèòüñÿ íå áîëåå, ÷åì ℓj òðåáîâàíèé (â ïîðÿäêå î÷åðå-
äè, FIFO. Òðåáîâàíèÿ êàê òå, ÷òî áûëè â íà÷àëå ïðîìåæóòêà, òàê è
ïîñòóïèâøèå çà ñàì ïðîìåæóòîê). Äàííóþ âåëè÷èíó òàêæå íàçûâàþò
ïîòîêîì íàñûùåíèÿ.

Ââåä¼ì íåêîòîðûå îáîçíà÷åíèÿ. Ïóñòü τ0, τ1, τ2, . . . � ìîìåíòû ñìå-
íû ñîñòîÿíèÿ îáñëóæèâàþùåãî óñòðîéñòâà, Γi îáîçíà÷àåò ñîñòîÿíèå îá-
ñëóæèâàþùåãî óñòðîéñòâà íà ïðîìåæóòêå [τi−1, τi), i = 1, 2, . . . ; ηj,i
� ÷èñëî òðåáîâàíèé ïîòîêà Πj , ïîñòóïèâøèõ íà ïðîìåæóòêå [τi, τi+1),
κj,i � ÷èñëî òðåáîâàíèé â î÷åðåäè Oj â ìîìåíò τi; ξj,i � ìàêñèìàëüíî
âîçìîæíîå ÷èñëî òðåáîâàíèé èç î÷åðåäè Oj , êîòîðûå ìîæíî îáñëóæèòü
íà ïðîìåæóòêå [τi, τi+1), à ξ̄j,i � ÷èñëî ôàêòè÷åñêè îáñëóæåííûõ òðåáî-
âàíèé èç î÷åðåäè Oj íà ïðîìåæóòêå [τi, τi+1). Ââåä¼ì âåëè÷èíû τ ′i = τi
(mod TD), òî åñòü îñòàòîê îò äåëåíèÿ τi íà TD (áóäåò èìåòü ñìûñë âðå-
ìåíè ñóòîê).

Áóäåì ïðåäïîëàãàòü, ÷òî âñå âåëè÷èíû T1, T2, . . . , T2m è TD ñîèç-
ìåðèìû, òî åñòü ñóùåñòâóåò íåêîòîðûé îòðåçîê âðåìåíè ∆, êîòîðûé
óêëàäûâàåòñÿ öåëîå ÷èñëî ðàç â êàæäûé èç âñåõ óêàçàííûõ âðåì¼í. Èç
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ýòîãî ïðåäïîëîæåíèÿ ñëåäóåò, ÷òî ó âåëè÷èí τ ′i ñóùåñòâóåò ëèøü êîíå÷-
íîå ÷èñëî çíà÷åíèé.

2. Ôîðìàëèçàöèÿ ðàáîòû îáñëóæèâàþùåãî óñòðîéñòâà

Óñòàíîâèì ðåêóððåíòíûå ïî i = 0, 1, . . . ñîîòíîøåíèÿ äëÿ ñîñòîÿ-
íèÿ îáñëóæèâàþùåãî óñòðîéñòâà, äëèíû î÷åðåäè è ïîñëåäîâàòåëüíîñòè
{τ ′i ; i = 0, 1, . . .}.

Âèäíî, ÷òî ξ̄j,i ⩽ κj,i + ηj,i: ÷èñëî ðåàëüíî îáñëóæåííûõ ìàøèí â
èíòåðâàë [τi, τi+1) íå ìîæåò áûòü áîëüøå, ÷åì ÷èñëî ìàøèí â î÷åðåäè
Oj â íà÷àëå èíòåðâàëà (â ìîìåíò τi) ïëþñ ÷èñëî ìàøèí, ïîñòóïèâøèõ â
äàííûé ïîòîê çà ýòîò èíòåðâàë âðåìåíè. Â ðåçóëüòàòå â ìîìåíò âðåìåíè
τi+1 ïîëó÷èì:

κj,i+1 = κj,i + ηj,i − ξ̄j,i. (1)

Òàêæå ïîíÿòíî, ÷òî ξ̄j,i ⩽ ξj,i: ÷èñëî ðåàëüíî îáñëóæåííûõ ìàøèí â
èíòåðâàë [τi, τi+1) íå ìîæåò áûòü áîëüøå, ÷åì ìàêñèìàëüíî âîçìîæíîå.
Ïðè ýòîì ìû çíàåì, ÷òî ξj,i = 0, åñëè â äàííûé âðåìåííîé èíòåðâàë
ãîðèò çàïðåùàþùèé ñèãíàë äëÿ ïîòîêà Πj è ξj,i = ℓj , åñëè â äàííûé
âðåìåííîé èíòåðâàë ãîðèò ðàçðåøàþùèé ñèãíàë äëÿ ïîòîêà Πj .

Ó÷èòûâàÿ äâà ïðèâåä¼ííûõ íåðàâåíñòâà, ìîæåì çàïèñàòü: ξ̄j,i ⩽
⩽ min{ξj,i,κj,i + ηj,i}. Òàê êàê öåëüþ ÿâëÿåòñÿ óìåíüøåíèå ÷èñëà òðå-
áîâàíèé â î÷åðåäè, òî îïòèìàëüíûì ÿâëÿåòñÿ èñïîëüçîâàíèå ýêñòðå-
ìàëüíîé ñòðàòåãèè îáñëóæèâàíèÿ. Çíà÷èò, ξ̄j,i = min{ξj,i,κj,i + ηj,i}.
Åñëè ξj,i > κj,i + ηj,i, òî ξ̄j,i = κj,i + ηj,i. Çíà÷èò, èñïîëüçóÿ ôîðìóëó
(1), ïîëó÷èì: κj,i+1 = 0. Åñëè æå ξj,i ⩽ κj,i + ηj,i, òî ξ̄j,i = ξj,i, è òîãäà
κj,i+1 = κj,i + ηj,i − ξj,i.

Òàêèì îáðàçîì, èçìåíåíèå äëèíû î÷åðåäè Oj çà îäèí èíòåðâàë âðå-
ìåíè êðàòêî ìîæåì îïèñàòü ñëåäóþùèì ðåêóððåíòíûì ñîîòíîøåíèåì:

κj,i+1 = max{0,κj,i + ηj,i − ξj,i}. (2)

Áóäåì íàáëþäàòü ñèñòåìó òîëüêî â äèñêðåòíûå ìîìåíòû âðå-
ìåíè 0, τ1, τ2, . . . . Ïîëîæèì Γ = {Γ(1),Γ(2), . . . ,Γ(2m)}, X =
= {0, 1, . . .} × {0, 1, . . .} × . . .× {0, 1, . . .}, m ðàç. Îáîçíà÷èì ÷åðåç Γi ∈
∈ Γ, i = 0, 1, . . . ñîñòîÿíèå îáñóæèâàþùåãî óñòðîéñòâà íà ïðîìåæóò-
êå (τi−1, τi], ÷åðåç κj,i ∈ {0, 1, . . .} � ÷èñëî òðåáîâàíèé â î÷åðåäè Oj

â ìîìåíò τi. Ââåä¼ì âåêòîð κi = (κ1,i,κ2,i, . . . ,κm,i). Äëÿ íàòóðàëüíî-
ãî ÷èñëà r îïðåäåëèì îïåðàöèþ r ⊕ 1 ðàâåíñòâàìè r ⊕ 1 = r + 1 äëÿ
r < 2m è (2m) ⊕ 1 = 1. Äàëåå, äëÿ íàòóðàëüíûõ r, a ≥ 2 ïîëîæèì
ïî èíäóêöèè r ⊕ a = (r ⊕ (a − 1)) ⊕ 1. Àëãîðèòì óïðàâëåíèÿ ïîòîêà-
ìè ôîðìàëèçîâàí â âèäå îòîáðàæåíèÿ u : Γ → Γ. Áóäåì ñ÷èòàòü, ÷òî
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u(Γ(j)) = Γ(j⊕1). Ââåäåì òàêæå îòîáðàæåíèå v : Γ → {T1, T2, . . . , T2m}
ðàâåíñòâîì v(Γ(j)) = Tj⊕1.

Òîãäà ôîðìàëèçàöèÿ ðàáîòû ñâåòîôîðà èìååò âèä ðåêóððåíòíûõ ñî-
îòíîøåíèé:

τ0 = 0, τi+1 = τi + v(Γi), Γi+1 = u(Γi), i = 0, 1, . . . .

Áûëî ïîëó÷åíî ñëåäóþùåå ñîîòíîøåíèå, â êîòîðîì âèäíî íåëîêàëü-
íîå çàäàíèå âõîäíûõ ïîòîêîâ è ïîòîêîâ íàñûùåíèÿ:

P(ηi = b, ξi = b̃|
i⋂

l=0

{τ ′l = tl,Γl = Γ(jl),κl = x(l)}) =

=



m∏
s=1

[
(e−(Λs{ti+v(Γ(ji))}−Λs{ti}))× ïðè u(Γ(ji)) = Γ(r), r = 2k,

× (Λs{ti+v(Γ(ji))}−Λs{ti})bs
bs!

]
b̃ = (0, 0, . . . , 0)

èëè ïðè r = 2k − 1,

b̃ ̸= (0, . . . , 0, ℓk, 0, . . . , 0);

0 â îñòàëüíûõ ñëó÷àÿõ

(3)

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî âåëè÷èíû T1, T2, . . . , T2m è TD
ñîèçìåðèìû. Îòñþäà ñëåäóåò, ÷òî ñóùåñòâóþò òàêèå öåëûå ÷èñëà p, q,
÷òî pT = qTD, ãäå T = T1+T2+ . . .+T2m. Ïóñòü ôóíêöèÿ rem(x, d) äàåò
îñòàòîê îò äåëåíèÿ x íà d. Ðàññìîòðèì äëÿ j = 1, 2, . . . , 2m ìíîæåñòâà

Gj =
p−1
∪

s=0
{(rem(sT, TD),Γ(j)),

(rem(sT + Tj⊕1, TD),Γ(j⊕1)), (rem(sT + Tj⊕1 + Tj⊕2, TD),Γ(j⊕2)), . . . ,

(rem(sT + Tj⊕1 + Tj⊕2 + . . .+ Tj⊕(2m−1), TD),Γ(j⊕(2m−1)))}.

Êàæäîå èç ìíîæåñòâ Gj , j = 1, 2, . . . , 2m ñîäåðæèò îäèíàêîâîå ÷èñëî
2mp ýëåìåíòîâ.

Îñíîâíîé ðåçóëüòàò ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåîðåìå:

Òåîðåìà 1. Ïðè çàäàííîì ðàñïðåäåëåíèè âåêòîðà (τ ′0,Γ0,κ0) ïî-
ñëåäîâàòåëüíîñòü

{(τ ′i ,Γi,κi); i = 0, 1, . . .} (4)

ÿâëÿåòñÿ îäíîðîäíîé ìàðêîâñêîé öåïüþ ñ ïðîñòðàíñòâîì ñîñòîÿíèé âè-
äà (G1 ∪G2 ∪ . . . ∪G2m)×X.
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Èç òåîðåìû 1 ñëåäóåò, ÷òî åñëè âñå ìíîæåñòâà G1, G2, . . . , G2m ñîâ-
ïàäàþò, òî âñå ñîñòîÿíèÿ ïðèíàäëåæàò îäíîìó êëàññó ñóùåñòâåííûõ
ñîîáùàþùèõñÿ ñîñòîÿíèé. À åñëè ñðåäè óêàçàííûõ ìíîæåñòâ åñòü íå
ñîâïàäàþùèå, òî ìîãóò áûòü íåñêîëüêî êëàññîâ ñóùåñòâåííûõ ñîîáùà-
þùèõñÿ ñîñòîÿíèé.

Çàêëþ÷åíèå

Â ðåçóëüòàòå èññëåäîâàíèÿ ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ êîí-
ôëèêòíûõ ïåðèîäè÷åñêèõ ïîòîêîâ ïî öèêëè÷åñêîìó àëãîðèòìó ñ ôèê-
ñèðîâàííûì ðèòìîì ïåðåêëþ÷åíèÿ, èñïîëüçóÿ êèáåðíåòè÷åñêèé ïîäõîä,
áûëî âûïîëíåíî íåëîêàëüíîå îïèñàíèå âõîäíûõ ïîòîêîâ, ïîòîêîâ íà-
ñûùåíèÿ, óñòàíîâëåíû ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ äëèí î÷åðåäåé
è ñîñòîÿíèÿ îáñëóæèâàþùåãî óñòðîéñòâà. Áûëî äîêàçàíî ìàðêîâñêîå
ñâîéñòâî ìíîãîìåðíîé ïîñëåäîâàòåëüíîñòè {(τ ′i ,Γi,κi); i = 0, 1, . . .} è
âûÿâëåíî å¼ ìèíèìàëüíîå ïðîñòðàíñòâî ñîñòîÿíèé. Â äàëüíåéøåì ýòî
ïîçâîëèò óñòàíîâèòü óñëîâèÿ ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî ðåæèìà â
ñèñòåìå, à òàêæå ðàçðàáîòàòü ýôôåêòèâíûé âû÷èñëèòåëüíûé àëãîðèòì
äëÿ îòûñêàíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé.
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ÂÅÐÎßÒÍÎÑÒÍÛÌ ÏÅÐÅÕÎÄÎÌ

Í.Â. Ïåòðèâà, Ñ.Â. Ïàóëü

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ñòàòüå ðàññìàòðèâàåòñÿ òàíäåìíàÿ ãèáðèäíàÿ ñèñòåìà ìàñ-
ñîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíûìè âûçîâàìè. Ïîñòóïèâøàÿ â
ñèñòåìó çàÿâêà âõîäùåãî ïîòîêà ïðîõîäèò ïîñëåäîâàòåëüíîå îá-
ñëóæèâàíèå íà äâóõ ôàçàõ. Íà ïåðâîé ôàçå ñèñòåìû� êîíå÷íûé
áóíêåð äëÿ îæèäàíèÿ è äâà îáñëóæèâàþùèõ ïðèáîðà. Íà âòîðîé
ôàçå � ñèñòåìà ñ îðáèòîé è ïîâòîðíûìè âûçîâàìè. Ïîñëå îáñëó-
æèâàíèÿ íà ïåðâîé ôàçå, çàÿâêè ñ âåðîÿòíîñòüþ p ïåðåõîäÿò íà
âòîðóþ ôàçó. Â ñòàòüå ïðåäñòàâëåíî íàõîæäåíèå ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå íà âòîðîé ôàçå â óñëîâèè
áîëüøîé çàäåðæêè çàÿâîê íà îðáèòå ìåòîäîì àñèìïòîòè÷åñêî-
ãî àíàëèçà. Êëþ÷åâûå ñëîâà: ñèñòåìà ìàññîâîãî îáñëóæèâà-
íèÿ, òàíäåìíàÿ ñèñòåìà ñ ïîâòîðíûìè âûçîâàìè, ãèáðèäíàÿ
ñèñòåìà, RQ-ñèñòåìà, ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà.

Ââåäåíèå

Â äàííîé ðàáîòå èññëåäóåòñÿ òàíäåìíàÿ ñèñòåìà ìàññîâîãî îáñëóæè-
âàíèÿ (ÑÌÎ) ñ êîíå÷íûì áóíêåðîì íà ïåðâîé ôàçå è îðáèòîé íà âòîðîé
ôàçå. Èç-çà ðàçëè÷èé äèñöèïëèí îæèäàíèÿ, ñèñòåìà áûëà íàçâàíà ãè-
áðèäíîé [1,2,3]. Ðàíåå áûëà ðàññìîòðåíà ÑÌÎ ñ ïîâòîðíûìè âûçîâàìè
[4] áåç ïîòåðü íà âòîðîé ôàçå. Áëàãîäàðÿ âåðîÿòíîñòíîìó ïåðåõîäó ñ
ïåðâîé íà âòîðóþ ôàçó ìîæíî ñìîäåëèðîâàòü ðåàëüíóþ ñèñòåìó îá-
ñëóæèâàíèÿ êëèåíòà ÷àò-áîòîì íà ïåðâîé ôàçå è, ïðè íåîáõîäèìîñòè,
îïåðàòîðîì íà âòîðîé. Äàííîå èññëåäîâàíèå ïîêàçûâàåò êàê âíåäðåíèå
÷àò-áîòà â ÷àò îáñëóæèâàíèÿ ïîëüçîâàòåëåé âëèÿåò íà çàãðóæåííîñòü
îïåðàòîðà.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Çàÿâêè ïîñòóïàþò â ñèñòåìó ñîãëàñíî ïóàññîíîâñêîìó ïîòîêó ñ èí-
òåíñèâíîñòüþ λ è ïðîõîäÿò äâå ôàçû îáñëóæèâàíèÿ.

Íà ïåðâîé ôàçå ñèñòåìû íàõîäèòñÿ ñèñòåìà ñîñòîÿùàÿ èç äâóõ îá-
ñëóæèâàþùèõ ïðèáîðîâ è êîíå÷íîãî áóíêåðà. Íà âòîðîé ôàçå ñèñòåìû
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Ðèñ. 1. Òàíäåìíàÿ ãèáðèäíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíûìè
âûçîâàìè è âåðîÿòíîñòíûì ïåðåõîäîì

� ÑÌÎ ñ áåñêîíå÷íîé îðáèòîé. Åñëè çàÿâêà ïðè ïîñòóïëåíèè íà ïåðâóþ
ôàçó, îáíàðóæèâàåò õîòÿ áû îäèí ñâîáîäíûé ïðèáîð, òî îíà çàíèìàåò
åãî äëÿ îáñëóæèâàíèÿ â òå÷åíèè ñëó÷àéíîãî âðåìåíè, ðàñïðåäåëåííîãî
ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì µ1. Â ïðîòèâíîì ñëó÷àå,
êîãäà îáà ïðèáîðà çàíÿòû, çàÿâêà âñòàåò â áóíêåð íà îæèäàíèå îáñëó-
æèâàíèÿ è çàíèìàåò îäíî èç N − 2 ìåñòà.

Ïîñëå òîãî êàê çàÿâêà ïðîøëà îáñëóæèâàíèå íà ïåðâîé ôàçå, îíà
ëèáî ñ âåðîÿòíîñòüþ p− 1 ïîêèäàåò ñèñòåìó, ëèáî ñ âåðîÿòíîñòüþ p ïå-
ðåõîäèò íà âòîðóþ ôàçó. Ïðè ýòîì, â ñëó÷àå åñëè çàÿâêà çàñòàåò ïðèáîð
âòîðîé ôàçû ñâîáîäíûì, îíà çàíèìàåò åãî è îáñëóæèâàåòñÿ âðåìÿ, ðàñ-
ïðåäåëåííîå ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ èíòåíñèâíîñòüþ µ2. Èíà÷å,
äàííàÿ çàÿâêà ïåðåõîäèò íà îðáèòó äëÿ ñîâåðøåíèÿ ñëó÷àéíîé çàäåðæ-
êè, ïðîäîëæèòåëüíîñòü êîòîðîé èìååò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå
ñ ïàðàìåòðîì σ. Ïîñëå çàäåðæêè çàÿâêà âíîâü ïûòàåòñÿ çàíÿòü ïðèáîð.
Åñëè îí çàíÿò, òî çàÿâêà ìãíîâåííî âîçâðàùàåòñÿ íà îðáèòó äëÿ ñîâåð-
øåíèÿ î÷åðåäíîé çàäåðæêè, à åñëè æå îí ñâîáîäåí, òî çàÿâêà çàíèìàåò
åãî íà ñëóïàéíîå âðåìÿ îáñëóæèâàíèÿ, ðàñïðåäåëîííîå ïî ýêñïîíåíöè-
àëüíîìó çàêîíó ñ ïàðàìåòðîì µ2. Ïîñëå îáñëóæèâàíèÿ íà âòîðîé ôàçå,
çàÿâêà ïîêèäàåò ñèñòåìó.

Ââåäåì îáîçíà÷åíèÿ:

� ïðîöåññ i1(t) � ÷èñëî çàÿâîê íà ïåðâîé ôàçå,
� ïðîöåññ i2(t) � ÷èñëî çàÿâîê îðáèòå,
� ïðîöåññ k(t) îïðåäåëÿåò ñîñòîÿíèå ïðèáîðà íà âòîðîé ôàçå. 0 � ñâî-

áîäåí, 1 � çàíÿò.
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2. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà

Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÷èñ-
ëà çàÿâîê i2(t) íà îðáèòå. Äëÿ ýòîãî ðàññìîòðèì òðåõìåðíûé ìàð-
êîâñêèé ïðîöåññ {i1(t), i2(t), k(t)}. Äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé
Pk(i1, i2, t) = P{i1(t) = i1, i2(t) = i2, k(t) = t} ñîñòàâèì ñèñòåìó Êîë-
ìîãîðîâà. Ââåäåì ÷àñòè÷íûå õàðàêòåðèñòè÷åñêèå ôóíêöèè, îáîçíà÷èâ
j =

√
−1 : Hk(i1, u) =

∑∞
i2=0 e

jui2Pk(i1, i2), k = 0, 1. Ñäåëàåì çàìåíû,
ïîëó÷èì ñèñòåìó äëÿ ôóíêöèé Hk(u), êîòîðóþ áóäåì ðåøàòü ìåòî-
äîì àñèìïòîòè÷åñêîãî àíàëèçà â óñëîâèè áîëüøîé çàäåðæêè íà îðáèòå
(σ → 0).

3. Àñèìïòîòèêà ïåðâîãî ïîðÿäêà

Âûïîëíèì ñëåäóþùèå çàìåíû: σ = ε, u = εw,Hk(u) = Fk(w, ε).

Òåîðåìà 1. Ïóñòü i2(t)�÷èñëî çàÿâîê íà îðáèòå âòîðîé ôàçû â
òàíäåìíîé ãèáðèäíîé ñèñòåìå, òîãäà

lim
σ→ 0

Mejwσi2(t) = ejwκ1 ,

r0[λB−A+ µ1(1− p)D− κ1I] + µ2r1I = 0,

r1[λB−A− µ2I+ µ1D] + r0(µ1pD+ κ1I) = 0,

(1)

ãäå κ1 ÿâëÿåòñÿ ïîëîæèòåëüíûì êîðíåì óðàâíåíèÿ:

µ1pr1De− r0κ1Ie = 0. (2)

Çäåñü rk, k = 0, 1 - âåêòîðû ñ êîìïîíåíòàìè ri1k, i1 = 0...N , ãäå ri1k
âåðîÿòíîñòü òîãî, ÷òî íà ïåðâîé ôàçå i1 çàÿâîê, à íà âòîðîé ôàçå ïðèáîð
íàõîäèòñÿ â ñîñòîÿíèè k: (r0 + r1)e = re = 1.

4. Àñèìïòîòèêà âòîðîãî ïîðÿäêà

Â ñèñòåìå äëÿ ôóíêöèé Hk(u) ïîëîæèì Hk(u) = H
(2)
k (u)eju

κ1
σ . Äà-

ëåå ñäåëàåì ñëóäóþùóþ çàìåíó: σ = ε2, u = εw,H
(2)
k (u) = F

(2)
k (w, ε)

Òåîðåìà 2. Ïóñòü i2(t)�÷èñëî çàÿâîê íà îðáèòå âòîðîé ôàçû â
òàíäåìíîé ãèáðèäíîé ñèñòåìå, òîãäà

lim
σ→ 0

Mejw
√
σ(i2(t)−κ1

σ ) = e
(jw)2

2 κ2 , (3)

ãäå κ2 îïðåäåÿåòñÿ ðàâåíñòâîì:

κ2 =
κ1r0e− κ1φ0e+ µ1pDφ1e

r0e− κ1ψ0e− µ1pDψ1e
. (4)
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Çäåñü âåêòîðà rk îïðåäåëåíû âûøå, âåëè÷èíû φ0,φ1,ψ0,ψ1 îïðåäå-
ëÿþòñÿ ñèñòåìàìè:

φ0[λB−A+ µ1(1− p)D− κ1I] + µ2φ1I = 0,

φ0[µ1pD+ κ1I] +φ1[λB−A+ µ2I+ µ1D] = κ1r0I− µ1pr1D,

(φ0 + φ1)e = 0.

(5)

ψ0[λB−A+ µ1(1− p)D− κ1I] + µ2ψ1I = r0,

ψ0[µ1pD+ κ1I] +ψ1[λB−A+ µ2I+ µ1D] = −r0,

(ψ0 + ψ1)e = 0.

(6)

Âîçâðàùàÿñü ê ôóíêöèÿì Hk(u), âûïîëíèâ îáðàòíûå çàìåíû, ïîëó÷èì
àïïðîêñèìàöèþ h(u) = Hk(u)e äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè ÷èñëà
çàÿâîê íà îðáèòå èññëåäóåìîé ñèñòåìû

h(u) = e{ju
κ1
σ +

(ju)2

2
κ2
σ }. (7)

5. ×èñëåíííûé àíàëèç îáëàñòè ïðèìåíèìîñòè
àñèìïòîòè÷åñêîãî ðåçóëüòàòà

Ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà i2(t) çàÿâîê íà îðáèòå ÿâëÿåòñÿ
ãàóññîâñêèì ñ ìàòåìàòè÷åñêèì îæèäàíèåì κ1

σ è äèñïåðñèåé κ2

σ . Ïîñòðî-
èì äèñêðåòíóþ àïïðîêñèìàöèþ ÷èñëà P (i) çàÿâîê íà îðáèòå âèäà:

P (i) = (L(i+ 0.5)− L(i− 0.5))(1− L(−0.5))
−1
, (8)

ãäå L(x)�ôóíêöèÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè κ1

σ è
κ2

σ .
Òî÷íîñòü ïîëó÷åííîé àïïðîêñèìàöèè áóäåì îïðåäåëÿòü ñ ïîìîùüþ

ðàññòîÿíèÿ Êîëìîãîðîâà:

∆ = max
k≥0

∣∣∣∣∣
k∑

i=0

(Pi − Psim)

∣∣∣∣∣ , (9)

ãäå Psim � ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå, ïîëó-
÷åííûõ â ðåçóëüòàòå ðàáîòû èìèòàöèîííîé ìîäåëè.

Ïðèâåäåì çíà÷åíèÿ ðàññòîÿíèé ïðè ðàçëè÷íûõ èíòåíñèâíîñòÿõ âõî-
äÿùåãî ïîòîêà äëÿ µ1 = 1, µ2 = 2. Èç äàííûõ òàáëèöû 1 ìîæíî óâèäåòü
îñíîâíóþ òåíäåíöèþ: òî÷íîñòü àïïðîêñèìàöèè ðàñòåò ñ óìåíüøåíèåì
èíòåíñèâíîñòè ïîâòîðíûõ âûçîâîâ è ïðèìåíèìà äëÿ çíà÷åíèé σ < 0.05,
êîãäà îòíîñèòåëüíàÿ ïîãðåøíîñòü, â âèäå ðàññòîÿíèÿ Êîëìîãîðîâà, íå
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Òàáëèöà 1
Ðàññòîÿíèå Êîëìîãîðîâà

σ λ = 0.3 λ = 0.5 λ = 0.7 λ = 0.

0.5 0.009 0.09 0.153 0.184
0.1 0.131 0.079 0.066 0.122
0.05 0.106 0.036 0.039 0.128
0.01 0.043 0.048 0.032 0.046

ïðåâûøàåò 0.05. Îíî ÿâëÿåòñÿ ïðèåìëåìûì ïðè òî÷íîñòè èìèòàöèîííîé
ìîäåëè 0.002.

Ðàññìîòðèì ñèñòåìó ñ âõîäíûìè ïàðàìåòðàìè µ1 = 1, µ2 = 2, λ =
0.7, σ = 0.01 äëÿ p = 1, êîãäà ïîñëå îáñëóæèâàíèÿ ÷àò-áîòîì ïîëüçî-
âàòåëåé îáÿçàòåëüíî ïåðåâîäÿò íà îïåðàòîðà(P1), è äëÿ p = 0.7, êîãäà
ïîñëå îáñëóæèâàíèÿ ÷àò-áîòîì 30% ïîëüçîâàòåëåé ïîëó÷àþò îòâåòû íà
ñâîè âîïðîñû è ïîêèäàþò ñèñòåìó áåç îáñëóæèâàíèÿ îïåðàòîðîì(P0.7)
(ðèñóíîê 2).

Ðèñ. 2. Ñðàâíåíèå ðàñïðåäåëåíèé P1 è P0.7

Äëÿ P1 ìàòåìàòè÷åñêîå îæèäàíèå ðàâíî 21.3, à äëÿ P0.7 ðàâíî 9.9.
Ýòî ãîâîðèò î òîì, ÷òî ñ âíåäðåíèåì ÷àò-áîòà, ñíèìàþùåãî ñ îïåðàòîðà
30% ïîëüçîâàòåëåé, â ñðåäíåì îæèäàòü îòâåòà îïåðàòîðà áóäåò ïðèìåð-
íî â 2 ðàçà ìåíüøå ïîëüçîâàòåëåé.

Çàêëþ÷åíèå

Èñïîëüçóÿ ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà â óñëîâèè áîëüøîé çà-
äåðæêè íà îðáèòå, ïîëó÷åíà ãàóññîâîñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ
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ñ àñèìïòîòè÷åñêèì ñðåäíèì κ1

σ è äèñïåðñèåé κ2

σ ÷èñëà çàÿâîê íà îðáèòå
èññëåäóåìîé ñèñòåìû.

Èññëåäîâàíèå îáëàñòè ïðèìåíèìîñòè ïîêàçàëî, ÷òî òî÷íîñòü àï-
ïðîêñèìàöèè ðàñòåò ñ óìåíüøåíèåì èíòåíñèâíîñòè ïîâòîðíûõ âûçîâîâ.

Ïîëó÷åííîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå ïîç-
âîëèëî ïðîäåìîíñòðèðîâàòü, ÷òî ââåäåíèå íå ñàìîãî óìíîãî ÷àò-áîòà â
ðàçû óìåíüøàåò íàãðóçêó íà îïåðàòîðà.
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In general the cellular circuit of functional and commutation ele-
ments (CC) is a mathematical model of integrated circuits (IC),
which takes into account the features of their physical synthe-
sis. The fundamental difference of this model from the wellstud-
ied classes of boolean circuit (BC) is the presence of additional re-
quirements to the geometry of the circuit, which take into account
necessary routing resources when creating an IC. The subject of
many authors study became the complexity of implementation of
decoder. Lower bounds for the area complexity of boolean circuits
implementing decoder with repeating inputs are shown in this pa-
per. Keywords: cellular circuit, boolean circuit, decoder, planar
schemes, lower bounds.

1. Introduction

The model of Celullar circuit in standard basis of functional and com-
mutation elements had been proposed for the first time by Kravcov S.S.
in 1967 in the work [4], where the complexity of the Celullar circuit was
understood as its area. In general the Celullar circuit of functional and
commutation elements (Celullar circuit) is a mathematical model of inte-
grated circuits (IC), which takes into account the features of their physical
synthesis. The fundamental difference of this model from the well-studied
classes of boolean circuit (BC) is the presence of additional requirements
to the geometry of the circuit, which take into account necessary routing
resources when creating an IC.

Albrecht A. showed in his work that the Shannon function A(n), char-
acterizing the complexity of the most ¡¡complex¿¿ boolean function (BF)
from n variables at n = 1, 2, . . . , in the model [4] has asymptotically 1 tight
bound σ2n, where σ is some constant. Herewith the exact value of the con-
stant σ remains unknown, although it follows from works [1] and [4] that it
is in the segment [ 14 ,

9
2 ].

1Let’s say that consequences a(n), b(n), n = 1, 2, . . . holds the asymptotic inequality
a(n) ≲ b(n), if a(n) ⩽ b(n)(1 + o(1)). Moreover, the asymptotic equality a(n) ∼ b(n) is
equivalent to that a(n) ≲ b(n) and b(n) ≲ a(n)
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The asymptotically tight bound estimates of the complexity for some
special BF and systems of BF were also received within the Celullar cir-
cuit model. Shkalikova N.A. investigated [2] the complexity of implemen-
tation by planar circuits of some specific systems of BF, including systems
of symmetric functions. She established, in particular, that Cn2n if the
asymptotically tight bound for the decoder complexity, i.e. a system of all
2n elementary conjunctions of the rank n from n variables. The lower and
upper estimates for one specific Boolean function from n variables with the
asymptotically tight bound n2 were received in the work by Hromkovic Ju.,
Lozhkin S.A. etc. [3]

In work [6] were received asymptotically tight bounds for the area of
circuits, implementing the decoder of power n. These estimates coincide in

the first term of the expansion, have the type n2n−1
(
1±O

(
1
n

))
. In present

work we establish asymptotically upper bounds of the area of Celullar
circuit, implementing decoder of the power n with repeated inputs.

We introduce several definitions of complexity functionals for the case
of long circuits.

Definition 1. The complexity of the BF (BF system) f(x1, . . . , xn)
with n significant variables in the model of cellular circuits with k-multiple
inputs is the minimum area of a cellular circuit with no more than kn inputs,
in which any input corresponds to one input variable, and can be repeated
any number of times.

Ar(k)(f) = min
S∈r(k):S implements f

A(S)

Definition 2. The complexity of the BF (BF system) f(x1, . . . , xn)
with n significant variables in the model of cellular circuits with repeated
inputs is called the minimum area of a cellular circuit with an arbitrary
number of repetitions of arbitrary inputs.

AR(f) = min
k
Arepeatk(f)

2. Upper bounds for decoders

Lemma 1. (about re-decoder). For the complexity of the S
scheme implementing the Qn decoder, the upper bound of

A(S) ⩽ 2nlog2(n) +O(2n)

is correct in the CS model with multiple inputs.
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Figure 1. General view of the S scheme implementing the Qn decoder

Proof.
Let’s build a single cellular circuit implementing a decoder with outputs

located on two sides. To do this, we will build a line consisting of primi-
tive decoder blocks. Each block is a rectangle, the blocks are joined on the
narrow side. The conditional scheme is shown in Fig. 1. Each boundary
between blocks contains m variables that are the inputs of one and simul-
taneously the outputs of the previous block. The first block in the row
accepts the variables x1, . . . , xm as input. Other variables xm+1, . . . , xn will
be duplicated in each block. The upper and lower sides of the circuit are
tightly covered with decoder outputs. Each block will implement a decoder
from m variables.

Let’s estimate the number of required blocks. The total number of out-
puts of the circuit is 2n. It can be seen that 2m outputs are implemented
in one block. Then there are only b

l ocks2
n2m or, otherwise, 2n−m. Every-

where else, when calculating, we will assume that calculations are used in
integers, and rounding is performed up.

Let’s estimate the size of one block. An example of such a block is
shown in the figure 2. Densely planted outputs require a length of 2m−1.
Duplicated variable inputs, totaling n − m, require the length n−m

2 . The
height of the scheme of additional rows for disjunctions, and two rows for
wiring. Additionally, one column is required to transmit the signal from
disjunctions. The height of the circuit ism+9, the length is 2m−1+ n−m

2 +1.
Scaling of the block at large n is provided by increasing the number of

outputs and variables in the central line of the block. In the figure 2, the
scheme repeats the first m = 4 of its variables. The choice of m = log2(n),
which is close to optimal, is shown here. It can be seen that this arrange-
ment of inputs and outputs occupies the perimeter almost completely. The
block shown corresponds to a set of (1, . . . , 1) variables x5, . . . , x20. Other
blocks are constructed similarly, but the negation series are replaced with
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Figure 2. An example of a schematic implementation of a decoder block of order
20 at m = 4

the necessary sets of elements. For example, the set (0, . . . , 0) will not con-
tain any negation in this part.

Let’s estimate the area of the block.

A(Si) = (m+ 9)(2m−1 +
n−m

2
+ 1)

Then the total area of the circuit is

A(S) = 2n−m(m+ 9)(2m−1 +
n−m

2
+ 1) +O(m).

Let m = o(n), then

A(S) = (m+ 9)2n−1 +m(n−m)2n−m−1 + 9n2n−m−1 −O(2n−mm).

It can be seen that the minimum area of A(S) is reached if

m ∼ mn

2m
.
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Let’s choose m =
⌈
log2(n)

⌉
, then this is done, and the total area has an

estimate of

A(S) = (
⌈
log2(n)

⌉
+ 18)2n − 2n−1

⌈
log2(n)

⌉2
n

−O(2n
log2(n)

n
)

A(S) = 2n(log2(n) +O(1)),

whence follows the statement of the present lemma.

Corollary 1.

AR(Qn) ⩽ 2n(log2(n) + 6) +O
(2nlog(n)

n

)
.

3. Conclusion

In present work asymptotically upper bounds of the area of Celullar
circuit, implementing decoder of the power n with repeated inputs was
established.
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In this paper we consider the nonlinear Klein-Gordon equation
on the metric star graph with three semi-infinite bonds. At the
branched point we put two types of vertex boundary conditions: the
weight continuity and the condition for derivatives of wave functions
as the generalized Kirchhoff rule. We solve this equation satisfying
vertex boundary conditions. We also show reflectionsless propaga-
tions of the kink soliton solution. Keywords: nonlinear Klein-
Gordon equation, vertex boundary conditions, generalized Kirchhoff
rule, reflectionsless transmission, kink soliton, metric graphs.

Introduction

In this paper we focus on one of the exact solutions and transmission
of the kink soliton of the nonlinear Klein-Gordon equation through the
vertices of the networks. The present work is organized as follows: in the
section 1 the nonlinear Klein-Gordon equation on the metric star graph
with derivations the vertex boundary conditions is obtained; in the section
2 the kink soliton solution of the formulated problem with the sum rule for
the reflectionless transmission is analytically given; in the last section the
conclusions are given.

1. Formulation of the problem

We consider a star graph with three bonds ej , for which a coordinate xj
is assigned. Choosing the origin of coordinates at the vertex, 0, for bond
e1 we put x1 ∈ (−∞, 0] and for e2,3 we fix x2,3 ∈ [0,+∞). In what follows,
we use the shorthand notation qj(x) for qj(xj) where x is the coordinate
on the bond j to which the component qj refers. Klein-Gordon equation on
the each bond ej of the star graph is written as

∂2ttqj − ∂2xxqj − qj + bjq
3
j = 0. (1)

Now we define the vertex boundary conditions at the branched point of
the star graph, therefore we derive these boundary conditions from conserva-
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Figure 1. The metric star graph

tion laws. One of the conservation laws is energy. The energy conservation
law is defined as

E =

3∑
j=1

Ej , (2)

where

Ej =

∫
ej

[
1

2
(∂tqj)

2 +
1

2
(∂xqj)

2 − 1

2
q2j +

bj
4
q4j

]
dx. (3)

From Ė = 0 we can get the following nonlinear boundary condition as

∂xq1∂tq1|x=0 = ∂xq2∂tq2|x=0 + ∂xq3∂tq3|x=0. (4)

We need two types of boundary conditions to find a solution of (1) and
to fulfil the nonlinear vertex boundary condition (4). Therefore the first
type of vertex boundary conditions is the following weight continuity

α1q1|x=0 = α2q2|x=0 = α3q3|x=0, (5)

the second type of vertex boundary conditions is given derivatives of wave
functions at the branched point as Kirchhoff rule

1

α1
∂xq1|x=0 =

1

α2
∂xq2|x=0 +

1

α3
∂xq3|x=0. (6)

2. The kink soliton solution of Klain-Gordon equation on the
star graph with three edges

The kink (antikink) soliton solution of Klein-Gordon equation (1) on the
each bond ej of the metric star graph is the following
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qj(x, t) = ∓ 1√
bj

tanh

(
x− l − υt√
2(1− υ2)

)
, (7)

where l is the initial center of mass of soliton (the kink and antikink soliton
solutions are with the signs − and +, respectively). Fulfilling the vertex
boundary conditions (5)-(6) we can get the following constrains

α1√
b1

=
α2√
b2

=
α3√
b3
, (8)

1

α1

√
b1

=
1

α2

√
b2

+
1

α3

√
b3
. (9)

From Eq.s(8) and (9) we obtain the following sum rule for nonlinearities

1

b1
=

1

b2
+

1

b3
. (10)

Using the kink (antikink) soliton solution of Klein-Gordon equation (1)
with the sum rule for the nonlinearities (10) we can also show that another
conservation law, i.e. the momentum is conserved from the last expression
the momentum is constant.

3. Conclusion

In this paper we studied the nonlinear Klein-Gordon equation on the sim-
plest metric graphs as the star graph with three semi-infinite bonds. First
of all we derived the nonlinear boundary condition from the energy con-
servation law. Satisfying this boundary conditions at the vertex (branched
point) we obtained the weight continuity and the condition for derivatives
of the wave function as Kirchhoff rule. We obtained the soliton solution on
the metric star graph and the constrain as inverses of nonlinearities for the
reflectionless transmission. Using the soliton solution we can get that the
total momentum is conserved. We can show the conservation of the total
energy and can calculat the reflection coefficient as the ratio of the momen-
tum on the first bond, respectively. We can also extend obtained results as
the formulation problems and the constrains for the nonlinearities to other
topologies of metric graphs such as the tree and loop graphs.
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ÀËÃÎÐÈÒÌ ÈÌÈÒÀÖÈÈ ÎÒÆÈÃÀ ÄËß
ÇÀÄÀ×È RCPSP Ñ NPV-ÊÐÈÒÅÐÈÅÌ

À.Ì. Áóëàâ÷óê1, Ä. Â. Ñåìåíîâà1,2

1Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ
2Êðàñíîÿðñêèé ãîñóäàðñòâåííûé ìåäèöèíñêèé óíèâåðñèòåò èìåíè

ïðîôåññîðà Â.Ô. Âîéíî-ßñåíåöêîãî, ã. Êðàñíîÿðñê, Ðîññèÿ

Ðàññìàòðèâàåòñÿ çàäà÷à êàëåíäàðíîãî ïëàíèðîâàíèÿ èíâåñòè-
öèîííûõ ïðîåêòîâ ñ îãðàíè÷åííûìè ðåñóðñàìè (RCPSP), öåëüþ
êîòîðîé âûñòóïàåò ìàêñèìèçàöèÿ ÷èñòîé ïðèâåä¼ííîé ñòîèìî-
ñòè (NPV ). Àâòîðàìè ïðåäëîæåí àëãîðèòì èìèòàöèè îòæèãà,
îñíîâàííûé íà ìåòîäàõ èäåìïîòåíòíîé àëãåáðû. Ïðîâåäåííûå
âû÷èñëèòåëüíûå ýêñïåðèìåíòû äåìîíñòðèðóþò õîðîøåå êà÷å-
ñòâî ïîëó÷àåìûõ ðåøåíèé.Êëþ÷åâûå ñëîâà: êàëåíäàðíîå ïëà-
íèðîâàíèå, èíâåñòèöèîííûé ïðîåêò, NPV, èìèòàöèÿ îòæè-
ãà.

Ââåäåíèå

Çàäà÷à êàëåíäàðíîãî ïëàíèðîâàíèÿ ÿâëÿåòñÿ êëàññè÷åñêîé îïòèìè-
çàöèîííîé çàäà÷åé, èìåþùåé øèðîêîå ïðàêòè÷åñêîå ïðèëîæåíèå. Äîêà-
çàííàÿ NP-òðóäíîñòü çàäà÷è îáóñëîâèëà ïîïóëÿðíîñòü ýâðèñòè÷åñêèõ
ìåòîäîâ äëÿ å¼ ðåøåíèÿ [1]. Îòíîñèòåëüíî ðåäêèì àëãîðèòìîì, ïðèìå-
íÿåìûì äëÿ ðåøåíèÿ äàííîé çàäà÷è, ÿâëåòñÿ ìåòîä èìèòàöèè îòæèãà.
Êàê ïðàâèëî, ýòèì ìåòîäîì ðåøàåòñÿ çàäà÷à ñ êðèòåðèåì ìèíèìèçàöèè
îáùåãî ñðîêà âûïîëíåíèÿ ïðîåêòà. Íàïðèìåð, â ðàáîòå [2] ðàññìàòðè-
âàåòñÿ ïðèìåíåíèå ìåòîäà èìèòàöèè îòæèãà ê çàäà÷å ñ íåñêîëüêèìè
âèäàìè ðåñóðñîâ. Â êà÷åñòâå ïåðåìåííûõ àâòîðû ðàññìàòðèâàþò âåêòî-
ðû ïðèîðèòåòîâ ïðîåêòíûõ ðàáîò.

Â ðàáîòå [3] ïðåäëîæåí ãèáðèäíûé àëãîðèòì, êîìáèíèðóþùèé ìåòîä
èìèòàöèè îòæèãà è ìåòîä MINSLK, êîòîðûé èñïîëüçóåòñÿ äëÿ íàõîæäå-
íèÿ ñòàðòîâîãî ðåøåíèÿ. Àâòîðû äåëàþò âûâîä î òîì, ÷òî äàííûé ïîä-
õîä ïðèâîäèò ê çíà÷èòåëüíîìó ñîêðàùåíèþ ÷èñëà øàãîâ ïî ñðàâíåíèþ
ñî ñòàíäàðíîé ïðîöåäóðîé ãåíåðàöèè ñëó÷àéíîãî ñòàðòîâîãî ðåøåíèÿ.
Äëÿ íàõîæäåíèÿ ñòàðòîâîãî ðåøåíèÿ ìîãóò ïðèìåíÿòüñÿ è äðóãèå èç-
âåñòíûå ýâðèñòèêè. Íàïðèìåð, â ðàáîòå [4] äëÿ ýòèõ öåëåé èñïîëüçóåòñÿ
ìåòîä, ðàíæèðóþùèé ðàáîòû ïî èõ äëèòåëüíîñòè (SPT).

Ðàáîòà ïîääåðæàíà Êðàñíîÿðñêèì ìàòåìàòè÷åñêèì öåíòðîì, ôèíàíñèðóåìûì
Ìèíîáðíàóêè ÐÔ (Ñîãëàøåíèå 075-02-2022-876).
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1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó êàëåíäàðíîãî ïëàíèðîâàíèÿ èíâåñòèöèîííîãî
ïðîåêòà ñ îãðàíè÷åííûìè ðåñóðñàìè â äåíåæíîé ôîðìå [5]. Îïòèìè-
çàöèîííàÿ ìîäåëü çàäà÷è èìååò âèä:

NPV (S) =

N∑
j=1

qj∑
τ=0

cj(τ)

(1 + r0)τ+sj
→ max

S
, (1)

si + qi ≤ sj , (i, j) ∈ E, (2)

t∗∑
t=0

K(t)

(1 + r0)t
+

t∗∑
t=0

∑
j∈Nt

cj(t− sj)

(1 + r0)t
≥ 0, t∗ = 0, 1, . . . , T − 1. (3)

Öåëü çàäà÷è (1) çàêëþ÷àåòñÿ â íàõîæäåíèè ðàñïèñàíèÿ S =
(s1, . . . , sN ), ìàêñèìèçèðóþùåãîNPV ïðîåêòà ïðè çàäàííîé ñòàâêå äèñ-
êîíòèðîâàíèÿ r0 è ïðèáûëè(óáûòêå) cj(τ) äëÿ êàæäîé èç ðàáîò j =
1, 2, . . . , N â ìîìåíòû âðåìåíè τ = 0, 1, 2, . . . , qj . Íåðàâåíñòâà (2) çàäàþò
ïîðÿäîê ñëåäîâàíèÿ ðàáîò, à îãðàíè÷åíèÿ (3) ñîîòâåòñòâóþò òðåáîâàíè-
ÿì äîñòàòî÷íîñòè ñðåäñòâ â êàæäûé ìîìåíò âðåìåíè t∗ = 0, 1, . . . , T −1,
ãäå T � îáùèé ñðîê ðåàëèçàöèè ïðîåêòà â öåëûõ ïåðèîäàõ. Èñòî÷íèêîì
ôèíàíñèðîâàíèÿ ïðîåêòà â êàæäûé ìîìåíò t âûñòóïàþò ñîáñòâåííûå
ñðåäñòâà êîìïàíèè K(t), à òàêæå ðåèíâåñòèðîâàííàÿ ïðèáûëü.

2. Èìèòàöèÿ îòæèãà

Èìèòàöèè îòæèãà ïðåäñòàâëÿåò ñîáîé ìåòîä óïîðÿäî÷åííîãî ñëó-
÷àéíîãî ïîèñêà. Ìåòîä áûë ñîçäàí íà îñíîâå ìîäåëè êðèñòàëëèçàöèè
âåùåñòâà è íàøåë ïðèìåíåíèå ïðè ðåøåíèå ðàçëè÷íûõ îïòèìèçàöèîí-
íûõ çàäà÷. Ïðèìåíåíèå ìåòîäà ê êîíêðåòíîé çàäà÷å ïðåäïîëàãàåò îïè-
ñàíèå ñëåäóþùèõ ñîñòàâëÿþùèõ [6]:

� ïðîñòðàíñòâà ïåðåìåííûõ ìîäåëè;
� îïòèìèçèðóåìîé ôóíêöèè;
� çàêîíà èçìåíåíèÿ òåìïåðàòóðû;
� ôóíêöèè âåðîÿòíîñòè ïðèíÿòèÿ;
� ïðàâèëà ãåíåðàöèè íîâûõ çíà÷åíèé ïåðåìåííûõ.

Îõàðàêòåðèçóåì íàçâàííûå êîìïîíåíòû â êîíòåêñòå ìîäåëè (1)�(3).
Äëÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è àâòîðàìè ðàíåå áûë ïðåäëî-

æåí ãåíåòè÷åñêèé àëãîðèòì GASPIA, áàçèðóþùèéñÿ íà ìåòîäàõ èäåì-
ïîòåíòíîé àëãåáðû. Â êà÷åñòâå îñîáåé ïîïóëÿöèè â óïîìÿíóòîì àëãî-
ðèòìå âûñòóïàþò âåêòîðû υ èç èäåìïîòåíòíîãî ïîëóìîäóëÿ XN [5]. Ýòè
âåêòîðû ïðè ïðèìåíåíèè ê íèì ãåíåòè÷åñêèõ îïåðàòîðîâ ïîçâîëÿþò
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ïîëó÷àòü ðàñïèñàíèÿ, óäîâëåòâîðÿþùèå îãðàíè÷åíèÿì (2). Èñïîëüçó-
åì àíàëîãè÷íûé ïîäõîä ïðè ðåàëèçàöèè ìåòîäà îòæèãà.

Â êà÷åñòâå îïòèìèçèðóåìîé ôóíêöèè ðàññìîòðèì NPV ïðîåêòà,
ñêîððåêòèðîâàííóþ íà âåëè÷èíó øòðàôà çà íàðóøåíèå áþäæåòíûõ
îãðàíè÷åíèé:

F
(
S(υ)

)
=

N∑
j=1

qj∑
τ=0

cj(τ)

(1 + r0)sj+τ
+ αL ·min{0, L

(
S(υ)

)
}, (4)

ãäå αL > 0 � íàñòðàèâàåìûé ïàðàìåòð, à L
(
S(υ)

)
� ñîâîêóïíûé äëÿ äàí-

íîãî ðàñïèñàíèÿ äåôèöèò ñðåäñòâ, íåîáõîäèìûõ äëÿ âûïîëíåíèÿ ðàáîò.
Èñïîëüçîâàíèå øòðàôà ïîçâîëÿåò îòäåëèòü â ïðîöåññå îòæèãà íåäîïó-
ñòèìûå ïî áþäæåòó ðàñïèñàíèÿ îò äîïóñòèìûõ.

Íà ïðàêòèêå èñïîëüçóþòñÿ ðàçëè÷íûå çàêîíû èçìåíåíèÿ òåìïåðàòó-
ðû, îòëè÷àþùèåñÿ ñêîðîñòüþ å¼ óáûâàíèÿ [6]. Äëÿ ñðàâíåíèÿ ðàññìîò-
ðèì ñëåäóþùèå ñõåìû:

T (k) =
T0
k
,

T (k + 1) = δT (k),

ãäå T0 � íà÷àëüíîå çíà÷åíèå òåìïåðàòóðû, δ � ïàðàìåòð, îòâå÷àþùèé
çà ñêîðîñòü óáûâàíèÿ, à k � íîìåð øàãà.

Â êà÷åñòâå ôóíêöèè âåðîÿòíîñòè ïðèíÿòèÿ áóäåì èñïîëüçîâàòü ñëå-
äóþùóþ çàâèñèìîñòü:

h(∆F, T ) = exp(∆F/T ).

Ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ ∆F âåëè÷èíà h(∆F, T ) áóäåò áîëü-
øå 1. Ýòî ãàðàíòèðóåò ïåðåõîä ê ðåøåíèþ ñ áîëüøèì çíà÷åíèåì ôóíê-
öèè F (S(υ)). Äëÿ òîãî, ÷òîáû ïîëó÷èòü íîâîå ðåøåíèå υ′, èçìåíèì ñëó-
÷àéíî âûáðàííóþ êîîðäèíàòó âåêòîðà υ. Äàííîå ïðåîáðàçîâàíèå ïîçâî-
ëÿåò ïîëó÷èòü ðàñïèñàíèÿ S(υ), óäîâëåòâîðÿþùèå îãðàíè÷åíèÿì (2).

3. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Äëÿ ïðîâåðêè êà÷åñòâà è ñêîðîñòè ðàáîòû ïðåäëîæåííîãî àëãîðèòìà
áûëè ïðîâåäåíû ýêñïåðèìåíòû íà ïåðñîíàëüíîì êîìïüþòåðå ñ ïðîöåñ-
ñîðîì 2,3 GHz CPU è 8 Gb RAM ñ îïåðàöèîííîé ñèñòåìîé Windows
10. Â êà÷åñòâå ñåòåâûõ ãðàôèêîâ ïðîåêòîâ èñïîëüçîâàëèñü ìîäåëè èç
áàçû òåñòîâûõ çàäà÷ PSLIB [7]. Äëÿ ïðèìåðîâ èç íàáîðà j60 ãåíåðèðî-
âàëèñü ñëó÷àéíûå ïîòîêè ïëàòåæåé. Â òàáëèöå 1 ïðèâåäåíû ðåçóëüòà-
òû 10 ýêñïåðèìåíòîâ äëÿ äâóõ ñõåì èçìåíåíèÿ òåìïåðàòóðû. Óñëîâèåì
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îñòàíîâêè ýêñïåðèìåíòà áûëî ïðîõîæäåíèå 5000 øàãîâ. Òåìïåðàòóðà
îáíîâëÿëàñü, äàæå åñëè íà òåêóùåì øàãå ïåðåõîä ê íîâîìó ðåøåíèå íå
ïðîèñõîäèë. Ïàðàìåòðû ñõåì èçìåíåíèÿ òåìïåðàòóðû áûëè ïîäîáðàíû
ïðåäâàðèòåëüíî.

Òàáëèöà 1
Ðåçóëüòàòû ýêñïåðèìåíòîâ äëÿ ïðîåêòà èç 60 ðàáîò

Òåìïåðàòóðà Ñðåäíÿÿ NPV Îòêëîíåíèå, %
T (k) = 100

k 11,132 0,649
T (k + 1) = 0, 9T (k) 11,139 0,585

Ðåçóëüòàòû ýêñïåðèìåíòîâ äëÿ îáåèõ ñõåì ïîêàçûâàþò âûñîêîå êà÷å-
ñòâî íàéäåííûõ ðåøåíèé. Â êàæäîì ñëó÷àå â ñåðèè ýêñïåðèìåíòîâ áû-
ëî íàéäåíî è îïòèìàëüíîå çíà÷åíèå NPV ∗ = 11, 205. Íåîáõîäèìûå äëÿ
îöåíêè ðàáîòû àëãîðèòìà òî÷íûå ðåøåíèÿ áûëè íàéäåíû ñ ïîìîùüþ
ïàêåòà ïðîãðàìì IBM ILOG CPLEX. Âòîðàÿ ñõåìà èçìåíåíèÿ òåìïå-
ðàòóðû äåìîíñòðèðóåò íåñêîëüêî áîëåå âûñîêîå êà÷åñòâî ðåøåíèé. Íà
ðèñóíêå 1 åé ñîîòâåòñòâóåò ïóíêòèðíàÿ ëèíèÿ.
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Ðèñ. 1. Èçìåíåíèå öåëåâîé ôóíêöèè â õîäå ýêñïåðèìåíòà

Ñðàâíåíèå ðåçóëüòàòà ðàáîòû àëãîðèòìà èìèòàöèè îòæèãà ñ ðåçóëü-
òàòàìè àëãîðèòìà GASPIA ïîêàçàëî, ÷òî äëÿ ñîïîñòàâèìîãî êà÷åñòâà
ãåíåòè÷åñêîìó àëãîðèòìó òðåáóåòñÿ áîëüøå âðåìåíè. Ñðåäíåå âðåìÿ íà
îäèí ýêñïåðèìåíò äëÿ àëãîðèòìîâ ñîñòàâëÿåò 14 è 28 ñåêóíä ñîîòâåò-
ñòâåííî.
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Çàêëþ÷åíèå

Ïðîâåäåííîå èññëåäîâàíèå ïîêàçàëî, ÷òî ìåòîä èìèòàöèè îòæèãà
ìîæåò áûòü óñïåøíî ïðèìåíåí äëÿ ðåøåíèÿ çàäà÷è êàëåíäàðíîãî ïëà-
íèðîâàíèÿ èíâåñòèöèîííûõ ïðîåêòîâ ñ NPV-êðèòåðèåì. Â õîäå âû÷èñ-
ëèòåëüíûõ ýêñïåðèìåíòîâ áûëè ïîäîáðàíû ïàðàìåòðû àëãîðèòìà, à
òàêæå ïðîâåäåíî ñðàâíåíèå ðàçëè÷íûõ ñõåì èçìåíåíèÿ òåìïåðàòóðû.
Â õîäå äàëüíåéøèõ èññëåäîâàíèé ïðåäïîëàãàåòñÿ ðàññìîòðåòü âëèÿíèå
ñïîñîáà ãåíåðàöèè ñòàðòîâîãî ðåøåíèÿ íà êà÷åñòâî ðàáîòû àëãîðèòìà.
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ËÎÊÀËÜÍÛÅ ÊÎÌÁÈÍÈÐÎÂÀÍÍÛÅ ÎÖÅÍÊÈ
ÄÎËÈ

Ì.À. Áàõ÷àåâà, Þ.Ã. Äìèòðèåâ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ïðèâîäÿòñÿ êîìáèíèðîâàííûå îöåíêè äîëè, ÿâëÿþùè-
åñÿ âçâåøåííîé ñóììîé îáû÷íîé ýìïèðè÷åñêîé îöåíêè è àïðè-
îðíîé äîãàäêè, êîòîðàÿ ïðåäñòàâëÿåòñÿ â âèäå íåêîòîðîãî çà-
äàííîãî çíà÷åíèÿ èñêîìîé äîëè, âûñêàçûâàåìîé èññëåäîâàòåëåì
èëè ýêñïåðòîì íà îñíîâàíèè ñâîåãî îïûòà è çíàíèé. Ðàññìàò-
ðèâàåòñÿ âîïðîñ îöåíêè îïòèìàëüíîãî âåñîâîãî êîýôôèöèåíòà
íà îñíîâàíèè ëîêàëüíûõ àïïðîêñèìàöèé è ïîñòðîåíèÿ ëîêàëü-
íûõ àäàïòèâíûõ êîìáèíèðîâàííûõ îöåíîê äîëè. Àíàëèçèðóþò-
ñÿ ñâîéñòâà îöåíîê ïðè êîíå÷íîì îáúåìå íàáëþäåíèé.
Êëþ÷åâûå ñëîâà: àïðèîðíàÿ äîãàäêà, ëîêàëüíàÿ îöåíêà, êîì-
áèíèðîâàííàÿ îöåíêà, àäàïòèâíàÿ îöåíêà.

Ââåäåíèå

Ñòàòèñòè÷åñêàÿ îáðàáîòêà ýêñïåðèìåíòàëüíûõ äàííûõ âêëþ÷àåò â
ñåáÿ ðÿä ïðîáëåì, îäíà èç êîòîðûõ ýòî îöåíêà íåèçâåñòíîé äîëè îáúåê-
òîâ â ãåíåðàëüíîé ñîâîêóïíîñòè ñ çàäàííûì çíà÷åíèåì ïðèçíàêà. Øè-
ðîêîå ïðàêòè÷åñêîå ïðèìåíåíèå äàííàÿ ïðîáëåìà èìååò ìåñòî â çàäà÷àõ
îöåíêè è êîíòðîëå íàäåæíîñòè, îöåíêè è óïðàâëåíèÿ êà÷åñòâîì ïðîäóê-
öèè è ò.ä. Äëÿ ñîêðàùåíèÿ îáúåìà äîðîãîñòîÿùèõ ýêñïåðèìåíòàëüíûõ
äàííûõ èëè ïîâûøåíèÿ òî÷íîñòè îöåíèâàíèÿ ïðè ôèêñèðîâàííîì îáúå-
ìå íàáëþäåíèé, ðàçóìíî ïðèâëåêàòü äîïîëíèòåëüíóþ èíôîðìàöèþ, êî-
òîðàÿ ìîæåò áûòü ðàçíîîáðàçíîé è èìåòü ðàçëè÷íûå èñòî÷íèêè ïîñòóï-
ëåíèÿ.

Â äàííîé ðàáîòå ïðåäëàãàþòñÿ ëîêàëüíûå àäàïòèâíûå êîìáèíèðî-
âàííûå îöåíêè äîëè, ó÷èòûâàþùèå ñîâìåñòíî îáû÷íóþ ýìïèðè÷åñêóþ
îöåíêó è àïðèîðíóþ äîãàäêó â ôîðìå íåêîòîðîãî çàäàííîãî çíà÷åíèÿ
èñêîìîé äîëè, êîòîðîå âûñêàçûâàåòñÿ èññëåäîâàòåëåì èëè ýêñïåðòîì
íà îñíîâàíèè ñâîåãî îïûòà è çíàíèé. Àíàëèçèðóþòñÿ ñðåäíåêâàäðàòè-
÷åñêèå îøèáêè òàêèõ îöåíîê ïðè êîíå÷íîì îáúåìå íàáëþäåíèé. Óêà-
çûâàþòñÿ óñëîâèÿ, ïðè êîòîðûõ ëîêàëüíûå êîìáèíèðîâàííûå îöåíêè
ïðåäïî÷òèòåëüíåå îáû÷íîé ýìïèðè÷åñêîé îöåíêè.
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1. Ïîñòàíîâêà çàäà÷è è ñòðóêòóðà îöåíêè

Ïóñòü èìååòñÿ êîíå÷íàÿ ãåíåðàëüíàÿ ñîâîêóïíîñòü îáúåìà N è ñëó-
÷àéíûì îáðàçîì ïðîèçâîäèòñÿ âûáîðêà áåç âîçâðàùåíèÿ îáúåìà n èç
ýòîé ãåíåðàëüíîé ñîâîêóïíîñòè. Ïîä P (B) áóäåì ïîíèìàòü äîëþ îáú-
åêòîâ â ãåíåðàëüíîé ñîâîêóïíîñòè ñ çàäàííûì çíà÷åíèåì B ïðèçíàêà.
Ïóñòü pa � àïðèîðíàÿ äîãàäêà, êîòîðàÿ âûñòóïàåò â êà÷åñòâå âîçìîæ-
íîãî çíà÷åíèÿ äîëè P = P (B). Òðåáóåòñÿ îöåíèòü äîëþ îáúåêòîâ â
ãåíåðàëüíîé ñîâîêóïíîñòè ñ çàäàííûì çíà÷åíèåì ïðèçíàêà, ó÷èòûâàÿ

ñîâìåñòíî ýìïèðè÷åñêóþ îöåíêó P̂ =

n∑
i=1

IB(Xi) è pa, çäåñü IB(Xi) � èí-

äèêàòîðíàÿ ôóíêöèÿ, ðàâíàÿ 1, åñëè ó îáúåêòà Xi ïðèçíàê ïðèíèìàåò
çíà÷åíèå B.

Ñëåäóÿ ðàáîòàì [1, 2, 4, 4, 5], ðàññìîòðèì êîìáèíèðîâàííóþ îöåíêó
äîëè

P̂λ = (1− λ)P̂ + λpa, (1)

ãäå îïòèìàëüíûé âåñîâîé êîýôôèöèåíò λ âûáðàí èç óñëîâèÿ ìèíèìóìà
ñðåäíåêâàäðàòè÷åñêîé îøèáêè (ÑÊÎ) S2(λ) = M [P̂λ − P ]2 è îïðåäåëÿ-
åòñÿ âûðàæåíèåì

λ = λ(P ) =

(
1 + n

(P − pa)
2

P (1− P )N−n
N−1

)−1

=

(
1 + n

∆2

σ2

)−1

, (2)

Çäåñü σ2 = P (1−P )N − n

N − 1
, ∆ = P −pa � âåëè÷èíà îòêëîíåíèÿ àïðèîð-

íîé äîãàäêè îò èñòèííîãî çíà÷åíèÿ èñêîìîé äîëè. Îïòèìàëüíûé âåñî-
âîé êîýôôèöèåíò λ èçìåíÿòñÿ â ïðåäåëàõ 0 < λ ≤ 1 è ïîêàçûâàåò, êàêîå
âëèÿíèå îêàçûâàåò êàæäîå èç ñëàãàåìûõ â êîìáèíèðîâàííîé îöåíêå.

Â ñîîòâåòñòâèè ñ (1) ìèíèìóì ÑÊÎ ïðåäñòàâëÿåòñÿ â âèäå:

S2 =M [P̂ −P ]2− [M(P̂ − P )2]2

DP̂ + (P − pa)2
= DP̂ − (DP̂ )2

DP̂ +∆2
= (1−λ)σ2/n, (3)

ãäå äèñïåðñèÿ DP̂ = P (1−P )(N −n)/(N − 1)n õàðàêòåðèçóåò òî÷íîñòü
îöåíêè P̂ , à êîýôôèöèåíò (1− λ) ïîêàçûâàåò, âî ñêîëüêî ðàç óìåíüøà-
åòñÿ ÑÊÎ êîìáèíèðîâàííîé îöåíêè (1) ïî ñðàâíåíèþ ñ P̂ .

Âåëè÷èíà (DP̂ )2/(DP̂ + ∆2) â (3) çàäàåò âûèãðûø â òî÷íîñòè îöå-
íèâàíèÿ çà ñ÷åò ïðèâëå÷åíèÿ àïðèîðíîé äîãàäêè pa ïðè îïòèìàëüíîì
λ, åñëè èñõîäíîé îöåíêîé ÿâëÿåòñÿ P̂ .
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2. Ëîêàëüíûå àïïðîêñèìàöèè âåñîâîãî êîýôôèöèåíòà

Íåçíàíèå îïòèìàëüíîãî êîýôôèöèåíòà λ â (2) çàòðóäíÿåò ïðàêòè-
÷åñêîå èñïîëüçîâàíèå êîìáèíèðîâàííîé îöåíêè (1). Âûõîäîì èç ýòîãî
ïîëîæåíèÿ ÿâëÿåòñÿ íàõîæäåíèå òîé èëè èíîé îöåíêè âåñîâîãî êîýôôè-
öèåíòà è ïîñòðîåíèÿ àäàïòèâíîé êîìáèíèðîâàííîé îöåíêè. Ðàññìîòðèì
ïîäõîä, îñíîâàííûé íà ëîêàëüíîé àïïðîêñèìàöèè λ, è èçó÷èì âîïðîñ,
ïðè êàêèõ óñëîâèÿõ ëîêàëüíûå àäàïòèâíûå êîìáèíèðîâàííûå îöåíêè
ÿâëÿþòñÿ ïðåäïî÷òèòåëüíåå îáû÷íîé îöåíêè P̂ ïî âåëè÷èíå ÑÊÎ.

Ðàññìîòðèì ïåðâóþ àïïðîêñèìàöèþ âåñîâîãî êîýôôèöèåíòà (2) â
îêðåñòíîñòè àïðèîðíîé äîãàäêè pa. Èñïîëüçóÿ ðàçëîæåíèå Òåéëîðà, ïî-
ëó÷èì

λT (P ) = 1− n
N − 1

N − n

(P − pa)
2

pa(1− pa)
+Rn,

ãäå Rn - îñòàòî÷íûé ÷ëåí. Ïðåíåáðåãàÿ Rn, ïîëó÷èì ïåðâûé ëîêàëüíûé
âåñîâîé êîýôôèöèåíò

λ1 = 1− n
N − 1

N − n

(P − pa)
2

pa(1− pa)
. (4)

Èç (4) ñëåäóåò, ÷òî çíà÷åíèÿ λ1 èçìåíÿþòñÿ â ïðåäåëàõ 0 < λ1 ≤ 1, åñëè
âûïîëíåíî óñëîâèå

P ∈

(
pa −

√
pa(1− pa)(N − n)

n(N − 1)
; pa +

√
pa(1− pa)(N − n)

n(N − 1)

)
Äàííîìó êîýôôèöèåíòó ñîîòâåòñòâóåò ëîêàëüíàÿ êîìáèíèðîâàííàÿ
îöåíêà P̂λ1

= P̂ − λ1(P̂ − pa) ñ ÑÊÎ â âèäå

S2
λ1

= (1− λ1)
2σ2/n+ λ1

2(P − pa)
2. (5)

Ðàññìîòðèì îöåíêó P̃ , êîòîðàÿ îòëè÷àåòñÿ îò P̂ òîëüêî òåì, ÷òî P̃ = pa
ïðè P̂ = 0 èëè 1. Çàìåíÿÿ â (4) íåèçâåñòíîå P íà P̃ , ïîëó÷èì îöåíêó
ëîêàëüíîãî âåñîâîãî êîýôôèöèåíòà λ1

λ̂1 = 1− n
N − 1

N − n

(P̃ − pa)
2

pa(1− pa)

è ñîîòâåòñòâóþùóþ åìó ïåðâóþ ëîêàëüíóþ àäàïòèâíóþ êîìáèíèðîâàí-
íóþ îöåíêó P̂1 = P̂ − λ̂1(P̂ − pa). ÑÊÎ ýòîé îöåíêè ìîæíî âû÷èñëèòü,
èñïîëüçóÿ ãèïåðãåîìåòðè÷åñêèé çàêîí, ïî êîòîðîìó ðàñïðåäåëåíî nP̂ :

πk = P{nP̂ = k} =
(NP )![N(1− P )]!n!(N − n)!

k!(NP − k)!(n− k)![N(1− P )− (n− k)]!N !
, k = 0, n.
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S2
1 =M [P̂1 − P ]2 =

n∑
k=0

[Ψ1(k, n, pa, N)− P ]2πk, (6)

ãäå Ψ1(k, n, pa, N) = pa + n
N − 1

N − n

(k/n− pa)
3

pa(1− pa)
.

Ðàññìîòðèì âòîðîé ëîêàëüíûé âåñîâîé êîýôôèöèåíò â âèäå

λ2 = 1− n
N − 1

N − n
(P − pa)

2pa(1− pa)

è ñîîòâåòñòâóþùóþ åìó âòîðóþ ëîêàëüíóþ êîìáèíèðîâàííóþ îöåíêó
P̂λ2

= P̂ −λ2(P̂ −pa). ÑÊÎ äàííîé îöåíêè ïðåäñòàâëÿåòñÿ â ñëåäóþùåì
âèäå

S2
λ2

= (1− λ2)
2σ2/n+ λ2

2(P − pa)
2. (7)

Çàìåíÿÿ íåèçâåñòíîå P íà P̃ , ïîëó÷àåì îöåíêó λ̂2 = 1 − n
N − 1

N − n
(P̃ −

pa)
2pa(1− pa) âåñîâîãî êîýôôèöèåíòà λ2 è âòîðóþ ëîêàëüíóþ àäàïòèâ-

íóþ êîìáèíèðîâàííóþ îöåíêó P̂2 = P̂−λ̂2(P̂−pa). ÑÊÎ ïðåäñòàâëÿåòñÿ
â ñëåäóþùåì âèäå

S2
2 =M [P̂2 − P ]2 =

n∑
k=0

[Ψ2(k, n, pa, N)− P ]2πk, (8)

ãäå Ψ2(k, n, pa, N) = pa + n
N − 1

N − n
(k/n− pa)

3pa(1− pa).

Äëÿ ñðàâíåíèÿ ÑÊÎ îöåíîê ââåäåì îòíîøåíèÿ

Eλ1
=
S2
λ1

DP̂
,E1 =

S2
1

DP̂
,Eλ2

=
S2
λ2

DP̂
,E2 =

S2
2

DP̂
.

Ôîðìóëû (5)�(8) ïîçâîëÿþò ðàññ÷èòàòü çíà÷åíèÿ îòíîøåíèé ÑÊÎ â çà-
âèñèìîñòè îò çíà÷åíèé P, n, pa, N . Äàííûå âåëè÷èíû ïîçâîëÿþò âûäå-
ëèòü èíòåðâàëû çíà÷åíèé P , ïðè êîòîðûõ ýòè îòíîøåíèÿ ìåíüøå åäè-
íèöû. Íàëè÷èå òàêèõ èíòåðâàëîâ äëÿ P ñîâìåñòíî ñ îáúåìîì ãåíåðàëü-
íîé ñîâîêóïíîñòè N , îáúåìîì âûáîðêè n è çíà÷åíèÿìè pa óêàçûâàþò
óñëîâèÿ, ïðè êîòîðûõ ëîêàëüíûå àäàïòèâíûå êîìáèíèðîâàííûå îöåíêè
ïðåäïî÷òèòåëüíåå îáû÷íîé îöåíêè P̂ ïî âåëè÷èíå ÑÊÎ. Ðåçóëüòàò äëÿ
ðàçëè÷íûõ ëîêàëüíûõ êîìáèíèðîâàííûõ îöåíîê è èõ àäàïòàöèé ïðåä-
ñòàâëåí â âèäå ãðàôèêîâ íà ðèñ.1-4.

Ðèñ.1 è ðèñ.2 ïîêàçûâàþò ñðàâíåíèå ÑÊÎ ïåðâîé ëîêàëüíîé îöåíêè ñ
ýìïèðè÷åñêîé îöåíêîé ïðè ðàçëè÷íîì îáúåìå íàáëþäåíèé n = 1, 2, 3, 4,
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N = 40 è pa = 0.5 (êîìáèíèðîâàííàÿ îöåíêà � ñëåâà, àäàïòèâíàÿ �
ñïðàâà, îïòèìàëüíàÿ � ïóíêòèðíàÿ ëèíèÿ)

Ðèñ. 1. Ñðàâíåíèå ÑÊÎ ïåðâîé ëî-
êàëüíîé îöåíêè ñ ýìïèðè÷åñêîé îöåí-
êîé

Ðèñ. 2. Ñðàâíåíèå ÑÊÎ ïåðâîé ëî-
êàëüíîé àäàïòèâíîé îöåíêè ñ ýìïèðè-
÷åñêîé

Ðèñ.3 è ðèñ.4 ïîêàçûâàþò ñðàâíåíèå ÑÊÎ âòîðîé ëîêàëüíîé îöåí-
êè ñ ýìïèðè÷åñêîé îöåíêîé ïðè ðàçëè÷íîì îáúåìå íàáëþäåíèé n =
1, 4, 8, 12, 16, N = 40 è pa = 0.5 (êîìáèíèðîâàííàÿ îöåíêà � ñëåâà, àäàï-
òèâíàÿ � ñïðàâà, îïòèìàëüíàÿ � ïóíêòèðíàÿ ëèíèÿ)

Ðèñ. 3. Ñðàâíåíèå ÑÊÎ âòîðîé ëî-
êàëüíîé îöåíêè ñ ýìïèðè÷åñêîé îöåí-
êîé

Ðèñ. 4. Ñðàâíåíèå ÑÊÎ âòîðîé ëî-
êàëüíîé àäàïòèâíîé îöåíêè ñ ýìïèðè-
÷åñêîé
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Çàêëþ÷åíèå

Â ðàáîòå áûëè ðàññìîòðåíû ëîêàëüíûå êîìáèíèðîâàííûå îöåíêè äî-
ëè, ïðîàíàëèçèðîâàíû èõ òî÷íîñòè ïî âåëè÷èíå ÑÊÎ ïðè êîíå÷íîì îáú-
åìå íàáëþäåíèé. Â ÷àñòíîñòè, ëîêàëüíàÿ àïïðîêñèìàöèÿ â îêðåñòíîñòè
àïðèîðíîé äîãàäêè ñ ïðèìåíåíèåì ôîðìóëû Òåéëîðà äàåò õîðîøèé ðå-
çóëüòàò äëÿ òåîðåòè÷åñêèõ çíà÷åíèé âåñîâîãî êîýôôèöèåíòà, â òî âðåìÿ
êàê ëîêàëüíàÿ àäàïòèâíàÿ îöåíêà äàåò ðåçóëüòàò òîëüêî ïðè íåáîëü-
øîì îáúåìå íàáëþäåíèé, à ïðè âîçðàñòàíèè îáúåìà íàáëþäåíèé èìååò
áîëüøóþ ïîãðåøíîñòü èç-çà íàðóøåíèÿ óñëîâèÿ ïðèìåíèìîñòè âåñîâîãî
êîýôôèöèåíòà.

Âòîðàÿ ëîêàëüíàÿ àïïðîêñèìàöèÿ ïîêàçûâàåò ïðèåìëåìûå ðåçóëü-
òàòû êàê äëÿ òåîðåòè÷åñêèõ çíà÷åíèé, òàê è äëÿ âûáîðî÷íûõ, îêàçû-
âàÿñü äîñòàòî÷íî áëèçêî ê îïòèìàëüíîé îöåíêå. Ñëåäóåò îòìåòèòü, ÷òî
ñ ðîñòîì îáúåìà íàáëþäåíèé ñóæàåòñÿ èíòåðâàë çíà÷åíèé P , ãäå äàí-
íûå îöåíêè ïðåäïî÷òèòåëüíåå ïî âåëè÷èíå ÑÊÎ îáû÷íîé ýìïèðè÷åñêîé
îöåíêè.
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Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ

Èññëåäóåòñÿ âîïðîñ î çàâèñèìîñòè îïòèìàëüíûõ ïàðàìåòðîâ ìî-
äåëè ñòàíäàðòíîãî èìïëàíòàíòà îò ãðàäàöèè ÷åðåïà ïî ÷åðåï-
íîìó óêàçàòåëþ. Äëÿ ýòîãî èñïîëüçóåòñÿ ðàçðàáîòàííûé ìåòîä
GD-ICP. Ìåòîä ïðèìåíÿåòñÿ ê ýêñïåðèìåíòàëüíûì äàííûì â
âèäå ÊÒ-ñíèìêîâ ãîëîâ 40 ëþäåé. Äëÿ êàæäîãî ñíèìêà ýêñïåð-
òîì âûäåëåíà çîíà èíòåðåñà è îïðåäåëåíà ãðàäàöèÿ ÷åðåïíî-
ãî óêàçàòåëÿ. Êëþ÷åâûå ñëîâà: êðàíèîïëàñòèêà, ìîäåëü èì-
ïëàíòàíòà, ãðàäèåíòíûé ìåòîä, àëãîðèòì ICP, ìåòîä GD-
ICP.

Ââåäåíèå

Êðàíèîïëàñòèêà � ýòî õèðóðãè÷åñêàÿ îïåðàöèÿ ïî èñïðàâëåíèþ äå-
ôåêòîâ ÷åðåïà, âûçâàííûõ ïðåäûäóùèìè òðàâìàìè èëè îïåðàöèÿìè.
Â ñîâðåìåííîé õèðóðãèè äëÿ èñïðàâëåíèÿ äåôåêòîâ èñïîëüçóþòñÿ òè-
òàíîâûå ñåò÷àòûå èìïëàíòàòû [1, 2, 3] äâóõ âèäîâ: èíäèâèäóàëüíûå è
ñòàíäàðòíûå.

Â íàñòîÿùåå âðåìÿ êîìïüþòåðíîå 3D ìîäåëèðîâàíèå â êðàíèîïëà-
ñòèêå ïîçâîëÿåò âûïîëíèòü çàêðûòèå äåôåêòîâ êîñòåé ÷åðåïà ëþáûõ
ðàçìåðîâ è êîíôèãóðàöèé, èñïîëüçóÿ èíäèâèäóàëüíûå èìïëàíòàòû. Ñ
îäíîé ñòîðîíû, èçãîòîâëåíèå èìïëàíòàòà ïðîèñõîäèò äî íà÷àëà îïåðà-
öèè, ÷òî ñóùåñòâåííî ñîêðàùàåò äëèòåëüíîñòü îïåðàòèâíîãî âìåøà-
òåëüñòâà. Ñ äðóãîé ñòîðîíû, ïåðñîíàëèçàöèÿ êàæäîãî êëèíè÷åñêîãî
ñëó÷àÿ â óñëîâèÿõ îáû÷íîé êëèíè÷åñêîé áîëüíèöû íå âñåãäà âîçìîæíà,
÷òî ñâÿçàíî ñ áþäæåòíûìè îãðàíè÷åíèÿìè è îòñóòñòâèåì íåîáõîäèìî-
ãî îáîðóäîâàíèÿ è ñïåöèàëèñòîâ äëÿ ïðîåêòèðîâàíèÿ è èçãîòîâëåíèÿ
èíäèâèäóàëüíûõ 3D èìïëàíòàòîâ. Ýòî ïðèâîäèò ê òîìó, ÷òî â êëèíè-
÷åñêèõ áîëüíèöàõ, ôèíàíñèðóåìûõ èç áþäæåòà, øèðîêîå ðàñïðîñòðàíå-
íèå ïîëó÷èëî ïðèìåíåíèå íåéðîõèðóðãàìè ñòàíäàðòíûõ èìïëàíòàòîâ, â
âèäå çàãîòîâîê òèòàíîâûõ ïëàñòèí, äëÿ êðàíèîïëàñòèêè. Íåñìîòðÿ íà

Ðàáîòà ïîääåðæàíà Êðàñíîÿðñêèì ìàòåìàòè÷åñêèì öåíòðîì, ôèíàíñèðóåìûì
Ìèíîáðíàóêè ÐÔ (Ñîãëàøåíèå 075-02-2022-876).
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òî ÷òî òèòàíîâûå ïëàñòèíû è âèíòû, èñïîëüçóåìûå â íåéðîõèðóðãèè,
èìåþò øèðîêèé àññîðòèìåíò ïî ðàçìåðàì, àêòóàëüíà çàäà÷à ïîäáîðà
ãåîìåòðè÷åñêèõ ïàðàìåòðîâ ñòàíäàðòíîé ïëàñòèíû äëÿ êîíêðåòíîé îá-
ëàñòè ÷åðåïà â çàâèñèìîñòè îò åãî ôîðìû. Â ðàáîòå ðàññìàòðèâàþòñÿ
òðè îñíîâíûå ãðàäàöèè ôîðìû ÷åðåïà, â ñîîòâåòñòâèè ñ ÷åðåïíûì óêà-
çàòåëåì [4]: äîëèõîêðàíèÿ èëè óçêîãîëîâîñòü, ìåçîêðàíèÿ èëè ñðåäíå-
ãîëîâîñòü, áðàõèêðàíèÿ èëè øèðîêîãîëîâîñòü.

1. Ïîñòàíîâêà çàäà÷è

Çàäà÷ó íàõîæäåíèÿ îïòèìàëüíîé ôîðìû ñòàíäàðòíûõ èìïëàíòàòîâ
ìîæíî ðàçáèòü íà äâà ýòàïà.

1. Îïðåäåëåíèå ïàðàìåòðîâ îïòèìàëüíîé ôîðìû èìïëàíòàòà äëÿ
êîíêðåòíûõ ÷åðåïîâ èç èìåþùåéñÿ âûáîðêè.

2. Ïîèñê ïàðàìåòðîâ îïòèìàëüíûõ ôîðì èìïëàíòàòîâ äëÿ ãðóïï
÷åðåïîâ âíóòðè âûáîðêè.

Ôîðìàëüíî, çàäà÷ó ïåðâîãî ýòàïà ìîæíî ïîñòàâèòü ñëåäóþùèì îá-
ðàçîì.

Çàäàíû: B(param) � ìîäåëü ñòàíäàðòíîãî èìïëàíòàòà c ïàðà-
ìåòðàìè param; param0 � íà÷àëüíûå çíà÷åíèÿ ïàðà-
ìåòðîâ ìîäåëè; Hconcr � êîíêðåòíûé ÊÒ-ñíèìîê ãîëî-
âû èç íàáîðà Heads; Q � ôóíêöèÿ îøèáêè; work_zone
� ãðàíèöû ðàáî÷åé çîíû ÷åðåïà.

Òðåáóåòñÿ: äëÿ êîíêðåòíîãî ÊÒ-ñíèìêà Hconcr íàéòè îïòèìàëüíûå
ïàðàìåòðû paramopt, ìèíèìèçèðóþùèå îøèáêó

Q (R ·Aconcr + t, B (paramopt)) → min, (1)

ãäå Aconcr � ìíîæåñòâî òî÷åê ðàáî÷åé çîíû ÷åðåïà èç
ÊÒ-ñíèìêà Hconcr, R � ìàòðèöà ïîâîðîòà, t � âåêòîð
ñìåùåíèÿ òàêèå, ÷òî ïðè ôèêñèðîâàííûõ paramopt âû-
ïîëíÿåòñÿ

(R, t) = argmin
R, t

Q(R ·Aconcr + t, B(paramopt)). (2)

Áóäåì ðàññìàòðèâàòü îøèáêó Q èç (1) â âèäå ôóíêöèè

Q (A,B) =

N∑
i=1

min
j=1,M

∥ai − bj∥2 , (3)
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ãäå A =
{
ai ∈ R3

∣∣ i = 1, . . . , N
}
, B =

{
bi ∈ R3

∣∣ i = 1, . . . ,M
}
åñòü ìíî-

æåñòâà òî÷åê â ïðîñòðàíñòâå R3 ìîùíîñòÿìè N è M ñîîòâåòñòâåííî.
Ìîäåëüþ ñòàíäàðòíîãî èìïëàíòàòà èçáðàí ïîëèãîí ýëëèïñîèäà, êî-

òîðûé ïðåîáðàçóåòñÿ â ìíîæåñòâî òî÷åê âèäà

B (r, borders) =
{
bj ∈ R3

∣∣ j = 1, . . . ,M
}
, (4)

ãäå bj � òî÷êà â R3, ÿâëÿþùàÿñÿ ÷àñòüþ ïîëèãîíà ýëëèïñîèäà ñ ïîëó-
îñÿìè r = (rx, ry, rz) è ãðàíèöàìè borders,M � êîëè÷åñòâî òàêèõ òî÷åê.
Èíà÷å ãîâîðÿ, êàæäàÿ òî÷êà bj =

(
bxj , b

y
j , b

z
j

)
óäîâëåòâîðÿåò ñëåäóþùèì

óñëîâèÿì: 
bxj = rx sin(θj) cos(φj) ∈ [xmin, xmax] ,

byj = ry sin(θj) sin(φj) ∈ [ymin, ymax] ,

bzj = rz cos(θj) ∈ [zmin, zmax] ,

(5)

ãäå θj ∈ [0, π] � çåíèòàëüíûé óãîë â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò,
φj ∈ [0, 2π) � àçèìóòàëüíûé óãîë â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò,
à borders = (xmin, xmax, ymin, ymax, zmin, zmax) îïðåäåëÿþò ãðàíèöû ïî-
ëèãîíà.

Â äàííîé ðàáîòå ïðåäñòàâëåí ìåòîä GD-ICP ðåøåíèÿ çàäà÷è ïåð-
âîãî ýòàïà. Â ÷àñòíîñòè, èññëåäóåòñÿ âîïðîñ î âçàèìîñâÿçè ÷åðåïíîãî
óêàçàòåëÿ ÷åðåïà è îïòèìàëüíûõ ïàðàìåòðîâ ìîäåëè ñòàíäàðòíîãî èì-
ïëàíòàòà.

2. Ìåòîä GD-ICP

Íà ðèñóíêå 1 ïðåäñòàâëåíà îáùàÿ ñõåìà ðåøåíèÿ çàäà÷è ïåðâîãî
ýòàïà, ñîñòîÿùåãî èç äâóõ áëîêîâ: ïðåäîáðàáîòêè è íàõîæäåíèÿ îïòè-
ìàëüíûõ ïîëóîñåé.

Â ðàìêàõ áëîêà ïðåäîáðàáîòêè, âõîäíûå äàííûå (Hconcr � ÊÒ-
ñíèìîê ãîëîâû èç íàáîðà è work_zone � çàäàííûå ãðàíèöû ðàáî÷åé
çîíû ÷åðåïà) ïðåîáðàçóþòñÿ â Aconcr � ìíîæåñòâî òî÷åê ðàáî÷åé çîíû
÷åðåïà.

Â ðàìêàõ áëîêà íàõîæäåíèÿ îïòèìàëüíûõ ïîëóîñåé, áûë ðàçðàáîòàí
äâóõøàãîâûé èòåðàöèîííûé ìåòîä GD-ICP [7]. Ïðåäâàðèòåëüíî ïðîâî-
äèòñÿ ãðóáîå ñáëèæåíèå ìíîæåñòâ òî÷åê Aconcr è B(r, borders) ïîñðåä-
ñòâîì ñîâìåùåíèÿ öåíòðà òÿæåñòè ïåðâîãî ìíîæåñòâà ñî âòîðûì. Çàòåì
îñóùåñòâëÿåòñÿ ïîäáîð îïòèìàëüíûõ ïîëóîñåé r èòåðàòèâíûì âûïîëíå-
íèåì äâóõ øàãîâ:

1) øàã ICP: ïðèáëèæåíèå A ê B ïîñðåäñòâîì àëãîðèòìà ICP (Iterative
Closest Point) [5];
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Файлы DICOM

Извлечение
информации

об МРТ

Обнаружение
костей

Разделение
черепа

Редукция
данных о
толщине

Выделение
рабочей

зоны

H

MRI

S

Shalf

Sreduce
half

Предобработка

Шаг
градиентного

спуска

Шаг
сближения

ICP

Грубое
сближение

A

Нахождение оптимальных полуосей

Двухшаговый
итерационный
метод
GD-ICP

Оптимальные
rx, ry, rz

Ðèñ. 1. Îáùàÿ ñõåìà ðåøåíèÿ çàäà÷è ïåðâîãî ýòàïà

2) øàã GD: èçìåíåíèå ïîëóîñåé r, ïîñðåäñòâîì ìîäèôèöèðîâàííîãî
ãðàäèåíòíîãî ñïóñêà ñ öåëüþ ìèíèìèçàöèè Q(A,B).

Ìîäèôèöèðîâàííûé ãðàäèåíòíûé ñïóñê íà øàãå GD áàçèðóåòñÿ
íà îáû÷íîì ãðàäèåíòíîì ñïóñêå ñ ÷èñëåííûì âû÷èñëåíèåì ãðàäèåí-
òà [6] äëÿ ìèíèìèçàöèè ôóíêöèè. Íåîáõîäèìîñòü ìîäèôèêàöèè âîçíèê-
ëà â ñèëó òîãî, ÷òî â äàííîé ðàáîòå ìèíèìèçèðóåòñÿ ôóíêöèÿ îøèáêè
Q(A,B(r, borders)) ïî ïîëóîñÿì r. Îäíàêî, ïðè èçìåíåíèè r, ðàçëè÷èÿ
â ïðîñòðàíñòâåííîé ôîðìå A è B(r, borders) ìîãóò óìåíüøèòñÿ, â òî
âðåìÿ êàê Q íàîáîðîò óâåëè÷èòñÿ, êàê ïðîäåìîíñòðèðîâàíî íà ðèñóí-
êå 2 â áëîêàõ a)-b). Òàêîå íåñîîòâåòñòâèå âíåñ¼ò ïîìåõè â âû÷èñëåíèå
êîíå÷íûõ ðàçíîñòåé äëÿ ãðàäèåíòíîãî ñïóñêà. ×òîáû ýòîãî èçáåæàòü,
íåîáõîäèìî ìîäèôèöèðîâàòü àëãîðèòì ïðèáëèæåíèåì A ê êàæäîìó âà-
ðèàíòó B ïðè âû÷èñëåíèè ÷ëåíîâ êîíå÷íûõ ðàçíîñòåé, ÷òî ñõåìàòè÷íî
ïðîäåìîíñòðèðîâàíî íà ðèñóíêå 2 â áëîêàõ c)-d).

3. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Öåëüþ ñåðèè ýêñïåðèìåíòîâ ÿâëÿåòñÿ íàõîæäåíèå îïòèìàëüíûõ ïî-
ëóîñåé ïðè ôèêñèðîâàííûõ ãðàíèöàõ ïîëèãîíà ýëëèïñîèäà äëÿ äîëèõî-,
ìåçî- è áðàõèêðàíîâ è ïðîâåðêà êëàñòåðèçóåìîñòè ïîëó÷åííûõ ïîëó-
îñåé, ïðè óñëîâèè îòñóòñòâèÿ äåôåêòîâ íà ÷åðåïàõ. Â êà÷åñòâå âõîä-
íûõ äàííûõ èñïîëüçîâàëèñü ÊÒ-ñíèìêè ãîëîâû 40 ïàöèåíòîâ â ôîðìà-
òå DICOM áåç äåôåêòîâ â îáëàñòè èíòåðåñà, ðàçäåë¼ííûå íà ãðóïïû
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a) b) c) d)

Ðèñ. 2. Èëëþñòðàöèÿ ìîäèôèêàöèè ãðàäèåíòíîãî ñïóñêà. Ñèíèå òî÷êè � ìíî-
æåñòâî A; îðàíæåâûå � B(r, borders); íà b) è d) ïîëóîñè ýëëèïñîèäà B îäè-
íàêîâû, íî Q íà b) áîëüøå, ÷åì íà d)

ïî ÷åðåïíîìó óêàçàòåëþ. Äëÿ êàæäîãî ñíèìêà íåéðîõèðóðãîì óêàçàíà
ðàáî÷àÿ çîíà. Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïðåäñòàâëå-
íû íà ðèñóíêå 3. Èç ðèñóíêà íåòðóäíî çàìåòèòü, ÷òî ïðåäëîæåíèå î
ðàçäåëåíèè ÷åðåïîâ ïî òèïó ÷åðåïíîãî óêàçàòåëÿ â äàííîì ýêñïåðèìåí-
òå íåóäà÷íî, òàê êàê ïîëó÷åííûå ïîëóîñè íå êëàñòåðèçóþòñÿ ïî ýòîìó
ïðàâèëó.

Ðèñ. 3. Ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå íàéäåííûõ ïîëóîñåé â ýêñïåðèìåíòå.
Öâåòîì è ôîðìîé âûäåëåíû ãðóïïû ÷åðåïîâ îäíîãî òèïà: ñèíèå êðóãè � áðà-
õèêðàíû, çåë¼íûå êâàäðàòû � ìåçîêðàíû, îðàíæåâûå ðîìáû � äîëèõîêðàíû

Çàêëþ÷åíèå

Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ àâòîðà ïî ïîäáîðó îïòè-
ìàëüíûõ ãåîìåòðè÷åñêèõ ïàðàìåòðîâ òèòàíîâûõ ñåò÷àòûõ èìïëàíòàòîâ
äëÿ êðàíèîïëàñòèêè. Â êà÷åñòâå ìîäåëè òèòàíîâîé ïëàñòèíû ðàññìàò-
ðèâàåòñÿ ïîëèãîí ýëëèïñîèäà. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ
ìåòîä GD-ICP ïîäáîðà îïòèìàëüíûõ ïîëóîñåé ýòîé ìîäåëè äëÿ îòäåëü-
íîãî ÷åðåïà. Íà îñíîâàíèè ïðåäëîæåííîãî ìåòîäà ïðîâåäåíà ñåðèÿ ýêñ-
ïåðèìåíòîâ ñ öåëüþ ïðîâåðèòü ïðåäïîëîæåíèå, âûñêàçàííîå îïåðèðó-
þùèì íåéðîõèðóðãîì, î êëàñòåðèçóåìîñòè ïîëóîñåé â çàâèñèìîñòè îò
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ãðàäàöèè ôîðìû ÷åðåïà ïî ÷åðåïíîìó óêàçàòåëþ. Ðåçóëüòàòû ýêñïåðè-
ìåíòîâ ïîêàçûâàþò, ÷òî ãèïîòåçà âðà÷à, â äàííîì ñëó÷àå, íå ïîäòâåðäè-
ëàñü. Äàëüíåéøàÿ ðàáîòà áóäåò íàïðàâëåíà íà ðàñøèðåíèå äèàïàçîíà
ïðèìåíÿåìûõ ìåòîäîâ íàõîæäåíèÿ îïòèìàëüíûõ ïîëóîñåé è ïîâûøåíèå
èõ òî÷íîñòè.

Àâòîð áëàãîäàðèò îòäåëåíèå íåéðîõèðóðãèè ÊÃÁÓÇ ¾Êðàñíîÿðñêîé
ìåæðàéîííîé êëèíè÷åñêîé áîëüíèöû ñêîðîé ìåäèöèíñêîé ïîìîùè èìå-
íè Í.Ñ. Êàðïîâè÷à¿ è Èâàíîâà Îëåãà Âèêòîðîâè÷à çà ïîñòàíîâêó çà-
äà÷è è ïðåäîñòàâëåíèå äàííûõ äëÿ ýêñïåðèìåíòîâ
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Ðåàëèçóåòñÿ àëãîðèòì ÷èñëåííîãî ðåøåíèÿ ãðàíè÷íûõ çàäà÷
äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îñíîâàííûé
íà ìåòîäå êîëëîêàöèè è ïðåäñòàâëåíèè ðåøåíèÿ â âèäå ðàçëî-
æåíèÿ ïî ïîëèíîìàì ×åáûøåâà. Ïðåäëàãàåòñÿ âìåñòî òðàäèöè-
îííîãî ïîäõîäà � ñëèÿíèÿ âñåõ óñëîâèé (äèôôåðåíöèàëüíûõ è
ãðàíè÷íûõ) â îäíó ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-
íèé (ÑËÀÓ) � ïåðåéòè ê ìåòîäèêå ðåøåíèÿ çàäà÷è â íåñêîëüêî
îòäåëüíûõ ýòàïîâ. Âíà÷àëå âûäåëÿþòñÿ ñïåêòðàëüíûå êîýôôè-
öèåíòû îïðåäåëÿþùèå ¾îáùåå¿ ðåøåíèå èñõîäíîé çàäà÷è. Òðó-
äîåìêîñòü ïðèâåäåíèÿ ìàòðèöû ÑËÀÓ ê äèàãîíàëüíîé ôîðìå (â
ñëó÷àå ñèñòåì ÎÄÓ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè) íà ýòîì
ýòàïå ýêâèâàëåíòíà ñëîæíîñòè óìíîæåíèÿ ÷åáûøåâñêîé ìàòðè-
öû êîýôôèöèåíòîâ íà âåêòîð ïðàâîé ÷àñòè ñèñòåìû. Íà âòî-
ðîì ýòàïå ó÷¼ò ãðàíè÷íûõ óñëîâèé âûäåëÿåò ¾÷àñòíîå¿ èñêîìîå
ðåøåíèå, îäíîçíà÷íî äîîïðåäåëÿÿ íåäîñòàþùèå êîýôôèöèåíòû
èñêîìîãî ðàçëîæåíèÿ. Êëþ÷åâûå ñëîâà: îáûêíîâåííûå äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ, ñïåêòðàëüíûé ìåòîä, äâóõòî÷å÷íûå
êðàåâûå çàäà÷è.

Ââåäåíèå

Îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè (ÎÄÓ) âòîðî-
ãî ïîðÿäêà è ñèñòåìàìè ÎÄÓ 2-ãî ïîðÿäêà îïèñûâàåòñÿ ïîäàâëÿþùåå
áîëüøèíñòâî çàäà÷ êëàññè÷åñêîé ìåõàíèêè. Áîëüøèíñòâî êîëåáàòåëü-
íûõ ïðîöåññîâ îïèñûâàåòñÿ ÎÄÓ âòîðîãî ïîðÿäêà èëè èõ ñèñòåìàìè.
Ñóùåñòâóåò ìíîãî ðàçëè÷íûõ ìåòîäîâ òî÷íîãî è ïðèáëèæåííîãî ðå-
øåíèÿ íà÷àëüíûõ/êðàåâûõ çàäà÷ äëÿ ðàçíûõ êëàññîâ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà. Ìåòîäû ðàçëîæåíèÿ
ïî ïîëèíîìàì ×åáûøåâà ñòàáèëüíî çàíèìàþò çàñëóæåííîå ìåñòî.

Ïóáëèêàöèÿ âûïîëíåíà ïðè ïîääåðæêå Ïðîãðàììû ñòðàòåãè÷åñêîãî àêàäåìè÷å-
ñêîãî ëèäåðñòâà ÐÓÄÍ
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Â 1991 ãîäó Ë. Ãðèíãàðä â ðàáîòå [1] ñôîðìóëèðîâàë ìåòîä ðåøå-
íèÿ äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ ÎÄÓ 2-ãî ïîðÿäêà ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè, îñíîâàííûé íà ðàçëîæåíèè ðåøåíèÿ â ðÿä ïî
ïîëèíîìàì ×åáûøåâà I-ãî ðîäà. Ìåòîä ïîëó÷èë óñòîé÷èâîå íàçâàíèå
¾ïñåâäî-ñïåêòðàëüíûé ìåòîä êîëëîêàöèé¿. Â ýòîé æå ñòàòüå áûëè ââå-
äåíû â îáèõîä è êîíñòðóêöèè, êîòîðûå â äàëüíåéøåì ïîëó÷èëè íàçâà-
íèÿ ¾ìàòðèöà äèôôåðåíöèðîâàíèÿ¿ è ¾ìàòðèöà èíòåãðèðîâàíèÿ¿ (èëè
àíòèäèôôåðåíöèðîâàíèÿ). Ïîäðîáíîå îïèñàíèå ñâîéñòâ ìàòðèö, îïðå-
äåëÿþùèõ ñâÿçü êîýôôèöèåíòîâ ðàçëîæåíèÿ â ðÿä àïïðîêñèìèðóåìûõ
ôóíêöèé, èõ ïðîèçâîäíûõ è ïåðâîîáðàçíûõ ïî îäíîìó íàáîðó áàçèñíûõ
ôóíêöèé ïðèâîäèòñÿ â ðàáîòàõ [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 15, 16].

Îäíàêî âî âñåõ èñïîëüçóåìûõ ìåòîäàõ ðåçóëüòèðóþùèå ìàòðèöû
ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé ïîëó÷àþòñÿ ëèáî ïîëíîñòüþ çàïîë-
íåííûìè (ìåòîä êîëëîêàöèè â ôèçè÷åñêîì ïðîñòðàíñòâå), ëèáî ñëàáî
ðàçðåæåííûìè (ìåòîä êîëëîêàöèè â ñïåêòðàëüíîì ïðîñòðàíñòâå ñ ïðå-
äîáóñëàâëèâàíèåì) ìàòðèöàìè. Îñíîâíóþ ñëîæíîñòü ñ òî÷êè çðåíèÿ
ïîëó÷åíèÿ ðàçðåæåííîé ìàòðèöû ïðåäñòàâëÿåò íåîáõîäèìîñòü âêëþ÷å-
íèÿ íà÷àëüíûõ èëè ãðàíè÷íûõ óñëîâèé â ñèñòåìó óðàâíåíèé.

1. Ïîñòàíîâêà çàäà÷è

Â ðàáîòå ðàññìàòðèâàåòñÿ ïðèáëèæåííîå ðåøåíèå äâóõòî÷å÷íîé
êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà âè-
äà [12]:

y′′(x) + p(x)y′(x) + q(x)y(x) = r(x), x ∈ (−1, 1), (1)

ãäå p(x), q(x), r(x) � äîñòàòî÷íî ðåãóëÿðíûå ôóíêöèè. Åäèíñòâåííîñòü
ðåøåíèÿ äëÿ ëþáûõ α, β îáåñïå÷èâàþò ãðàíè÷íûå óñëîâèÿ:

α0y(0)− α1y
′(0) = α, β0y(1) + β1y

′(1) = β, (2)

ïðè íåîòðèöàòåëüíûõ êîíñòàíòàõ α0, α1, β0, β1. Íàïðèìåð, óñëîâèå
íåïðåðûâíîñòè p(x) q(x), ïîëîæèòåëüíîñòè q(x) > 0, x ∈ [−1, 1], è
îòëè÷èå îò íóëÿ âåëè÷èí α0+α1 ̸= 0, α0+β0 ̸= 0, β0+β1 ̸= 0 ãàðàíòèðóåò
ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (1), (2) [13].

2. Ìåòîäû

Ñïåêòðàëüíûå ìåòîäû ÿâëÿþòñÿ ïî-íàñòîÿùåìó ïîïóëÿðíûì èí-
ñòðóìåíòîì ðåøåíèÿ ìíîãèõ òèïîâ äèôôåðåíöèàëüíûõ è èíòåãðàëü-
íûõ óðàâíåíèé. Îñíîâíàÿ èäåÿ ñïåêòðàëüíûõ ìåòîäîâ ñîñòîèò â òîì,
÷òîáû ïðåäñòàâèòü ðåøåíèå â âèäå ðàçëîæåíèÿ â âèäå óñå÷åííîãî ðÿäà
ïî èçâåñòíûì áàçèñíûì ôóíêöèÿì. Æåëàòåëåí òàêîé èõ âûáîð, êîòî-
ðûé îáåñïå÷èâàë áû áûñòðîå è òî÷íîå âû÷èñëåíèå êàê êîýôôèöèåíòîâ



Ìíîãîñòàäèéíûé ìåòîä êîëëîêàöèé 255

ðàçëîæåíèÿ ïðîèçâîäíûõ èñêîìûõ ôóíêöèé, òàê è îáðàòíóþ îïåðàöèþ
- âû÷èñëåíèå êîýôôèöèåíòîâ ðàçëîæåíèÿ ïåðâîîáðàçíîé ïî òàêîìó æå
áàçèñó. Ëèíåéíîå ïðåîáðàçîâàíèå (îïåðàòîð äèôôåðåíöèðîâàíèÿ), êî-
òîðîå ïåðåâîäèò âåêòîð êîýôôèöèåíòîâ a = {ak}k≥0 ðàçëîæåíèÿ ôóíê-
öèè f(x) =

∑
k≥0 akφk(x) â âåêòîð êîýôôèöèåíòîâ b = {bk}k≥0 ðàç-

ëîæåíèÿ åå ïðîèçâîäíîé f ′(x) =
∑

k≥0 bkφk(x), èçâåñòíî êàê ìàòðèöà
ñïåêòðàëüíîãî äèôôåðåíöèðîâàíèÿ. Èñïîëüçîâàíèå áàçèñîâ èç ôóíê-
öèé ×åáûøåâà I-ãî ðîäà èëè áàçèñà èç ôóíêöèé Ëàãðàíæà îñíîâàíî íà
èõ âûñîêèõ èíòåðïîëÿöèîííûõ ñâîéñòâàõ.

Ìàòðèöû äèôôåðåíöèðîâàíèÿ â ÿâíîì èëè íåÿâíîì âèäå ïðèâî-
äèòñÿ âî ìíîãèõ ïóáëèêàöèÿõ, êàñàþùèõñÿ èñïîëüçîâàíèÿ ïñåâäîñïåê-
òðàëüíûõ ìåòîäîâ êîëëîêàöèè. Ðåøåíèå ÎÄÓ ñ èñïîëüçîâàíèåì âûðîæ-
äåííûõ ìàòðèö äèôôåðåíöèðîâàíèÿ â (N+1)-ìåðíîì ôèçè÷åñêîì è/è-
ëè ñïåêòðàëüíîì ïðîñòðàíñòâàõ âïîëíå çàêîíîìåðíî ïðèâîäèëî ê ïëî-
õîé îáóñëîâëåííîñòè ïîäëåæàùèõ ðåøåíèþ ñèñòåì ëèíåéíûõ àëãåáðàè-
÷åñêèõ óðàâíåíèé. Â ðàáîòàõ [1, 2, 15] ÷åòêî ñôîðìóëèðîâàíû îñîáåííî-
ñòè ìàòðèö äèôôåðåíöèðîâàíèÿ è èíòåãðèðîâàíèÿ, ðàññìàòðèâàþùèõ-
ñÿ íà îäèíàêîâûõ ëèáî âçàèìîçàâèñèìûõ ñåòêàõ. ßâíîå èñïîëüçîâàíèå
ïðè ðåøåíèè ÎÄÓ ìàòðèö äèôôåðåíöèðîâàíèÿ íà ñåòêàõ ×åáûøåâà-
Ãàóññà-Ëîáàòòî ïîçâîëÿåò ïðåäëîæèòü óñòîé÷èâûå è ýêîíîìíûå ìåòîäû
ðåøåíèÿ ÎÄÓ.

3. Ðåçóëüòàòû

Îñíîâûâàÿñü íà ñâÿçè êîýôôèöèåíòîâ ðàçëîæåíèÿ èíòåðïîëèðóå-
ìîé íåïðåðûâíîé ôóíêöèè ïî áàçèñó èç ïîëèíîìîâ ×åáûøåâà ïåðâîãî
ðîäà ñ êîýôôèöèåíòàìè ðàçëîæåíèÿ åå ïðîèçâîäíîé ïî òîìó æå áàçè-
ñó [2, 15] áåñêîíå÷íàÿ ìàòðèöà äèôôåðåíöèðîâàíèÿ DChebyshev îïðåäå-
ëÿåòñÿ ñëåäóþùèì îáðàçîì:

DChebyshev =



0 1 0 3 0 5 0 7 · · ·
0 4 0 8 0 12 0 · · ·

0 6 0 10 0 14 · · ·
0 8 0 12 0 · · ·

0 10 0 14 · · ·
0 12 0 · · ·

0 14
. . .

0
. . .

. . .


(3)
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×åáûøåâñêàÿ ìàòðèöà äèôôåðåíöèðîâàíèÿ ÿâëÿåòñÿ âåðõíåé òðå-
óãîëüíîé ìàòðèöåé ñ íóëåâûìè ýëåìåíòàìè íà äèàãîíàëè è âñåìè ïîä-
äèàãîíàëüíûìè ýëåìåíòàìè. Ôàêòè÷åñêè, ýòî ïðÿìîóãîëüíàÿ ìàòðèöà
ñ íóëåâûì ïåðâûì ñòîëáöîì. Óìíîæåíèå åå ñëåâà íà ëþáîé âåêòîð
ïðèâîäèò ê îáíóëåíèþ ïåðâîãî ýëåìåíòà ðåçóëüòèðóþùåãî âåêòîðà. Òà-
êàÿ ñòðóêòóðà îïðåäåëÿåòñÿ òåì, ÷òî ïðîèçâîäíàÿ ïîëèíîìà ×åáûøåâà
k−îé ñòåïåíè ÿâëÿåòñÿ ïîëèíîìîì ñòåïåíè k−1. Ìàòðèöó äèôôåðåíöè-
ðîâàíèÿ êîíå÷íîãî ïîðÿäêà, ÿâëÿþùóþñÿ óñå÷åíèåì áåñêîíå÷íîé ìàò-
ðèöû, áóäåì îáîçíà÷àòü ÷åðåç D.

Åñëè â ðàññìàòðèâàåìîì ÎÄÓ êîýôôèöèåíòû p(x) è q(x) íå ÿâëÿ-
þòñÿ êîíñòàíòàìè, òî ìàòðèöà ñèñòåìû óðàâíåíèé ÿâëÿåòñÿ ïîëíîñòüþ
çàïîëíåííîé. Ñëîæíîñòü ðåøåíèÿ îïðåäåëÿåòñÿ åå ðàçìåðíîñòüþ.

Â ñëó÷àå, êîãäà óðàâíåíèå (1) ÿâëÿåòñÿ óðàâíåíèåì ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè, âîçìîæíî èñïîëüçîâàíèå ýôôåêòèâíîãî ìåòîäà ðå-
øåíèÿ ñîîòâåòñòâóþùåé ñèñòåìû ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ïðè
èñïîëüçîâàíèè ñâîéñòâà äèñêðåòíîé îðòîãîíàëüíîñòè ÷åáûøåâñêîé ìàò-
ðèöû T. Ñëîæíîñòü ðåøåíèÿ â ýòîì ñëó÷àå ñîîòâåòñòâóåò ñëîæíîñòè
óìíîæåíèÿ ìàòðèöû íà âåêòîð.

4. Ðåøåíèå ìîäåëüíûõ ïðèìåðîâ

Òàáëèöà 1
Ñðàâíåíèå òî÷íîãî ðåøåíèÿ ìîäåëüíîãî óðàâíåíèÿ ñ ÷èñëåííûì

×èñëî
òî÷åê
êîëëî-
êàöèè

Ñðåäíÿÿ âåëè÷èíà îòêëî-
íåíèÿ

abs(yexact(x)− ycalc(x))/N

Ìàêñèìàëüíîå îòêëîíåíèå
âû÷èñëåííîãî ðåøåíèÿ îò
òî÷íîãî

6 2.11452089171615e-11 3.4380942537382e-11
7 1.29645475466233e-10 2.2133717081374e-10
8 1.69888608181346e-09 2.78141176757174e-09
9 3.8575500034721e-07 6.52799436506868e-07
10 3.49408645680371e-05 5.68326034007249e-05
11 0.000584699246805603 0.00100519454709158
12 10.1776618777544 16.5527569854908

Äëÿ èëëþñòðàöèè âîçìîæíîñòåé ïðåäëàãàåìîãî àëãîðèòìà ðàññìàò-
ðèâàëñÿ ïðèìåð ðåøåíèÿ ïðîñòîãî ÎÄÓ. Â óðàâíåíèè (1) çàäà¼ì p(x) =
0, q(x) = −4, r(x) = −x ñ ãðàíè÷íûìè óñëîâèÿ Äèðèõëå y(−1) = 1,
y(1) = 3.
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y
′′
+ 4y = x x ∈ (−1, 1)

y(−1) = 1
y(1) = 3

Òî÷íîå ðåøåíèå èìååò âèä y(x) = x2 + x + 1. Ñðàâíåíèå òî÷íîãî
ðåøåíèÿ ìîäåëüíîãî óðàâíåíèÿ ñ ÷èñëåííûì ïðèâåäåíî â òàáëèöå 1.

Çàêëþ÷åíèå

Äàæå â ñàìûõ áëàãîïðèÿòíûõ ñëó÷àÿõ ïðè èñïîëüçîâàíèè ìàòðèö
äèôôåðåíöèðîâàíèÿ íà ïðîèçâîëüíûõ ñåòêàõ êîëè÷åñòâî àðèôìåòè÷å-
ñêèõ îïåðàöèé äëÿ ðåøåíèÿ çàäà÷ ñ ïðèåìëåìîé òî÷íîñòüþ îêàçûâàåòñÿ
äîâîëüíî çíà÷èòåëüíûì. Ýòîò ôàêò ÿâëÿåòñÿ ñëåäñòâèåì âêëþ÷åíèÿ â
ÑËÀÓ, ïîëó÷àþùóþñÿ ïðè ïåðåõîäå îò äèôôåðåíöèàëüíûõ ñîîòíîøå-
íèé ê àëãåáðàè÷åñêèì, è óðàâíåíèé, çàäàþùèõ íà÷àëüíûå è ãðàíè÷-
íûå óñëîâèÿ. Â íàñòîÿùåé ðàáîòå ïðåäëîæåíî èñïîëüçîâàòü ìîäèôèöè-
ðîâàííûé (óñîâåðøåíñòâîâàííûé) ìåòîä ïñåâäî-ñïåêòðàëüíîé êîëëîêà-
öèè, òî åñòü ðåøàòü çàäà÷ó â äâà òàïà. Íà ïåðâîì èñêàòü ëèøü ¾îáùåå¿
ðåøåíèå ÎÄÓ, îïðåäåëÿåìîå ñòàðøèìè êîýôôèöèåíòàìè ðàçëîæåíèÿ
ðåøåíèÿ ïî ïîëèíîìèàëüíîìó áàçèñó. Òàêîé ïîäõîä ïîçâîëÿåò ïîñòðî-
èòü àëãîðèòì, èñïîëüçóþùèé äëÿ ïîëó÷åíèÿ ðåøåíèÿ ñîîòâåòñòâóþùåé
ÑËÀÓ ëèøü ìàòðèöû ïðîñòîé ñòðóêòóðû. Íåäîñòàþùèå æå êîýôôèöè-
åíòû ðàçëîæåíèÿ ìîæíî îïðåäåëèòü íà âòîðîì ýòàïå ñ èñïîëüçîâàíèåì
äîïîëíèòåëüíûõ (íà÷àëüíûõ ëèáî ãðàíè÷íûõ) óñëîâèé, ðåøàÿ ïðîñòóþ
ñèñòåìó èç ïàðû ëèíåéíûõ óðàâíåíèé.

Êîððåêòíîñòü ðàáîòû ïðåäëàãàåìîãî àëãîðèòìà ïðîâåðÿëàñü â ÷èñ-
ëåííûõ ýêñïåðèìåíòàõ ïðè ðåøåíèè ðÿäà êðàåâûõ çàäà÷ ñ èçâåñòíûìè
ðåøåíèÿìè. Ðåçóëüòàòû äåìîíñòðèðóþò âûñîêóþ òî÷íîñòü è ýôôåêòèâ-
íîñòü ïðåäëîæåííîãî ìåòîäà.
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Âîéíî-ßñåíåöêîãî, ã. Êðàñíîÿðñê, Ðîññèÿ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à êëàñòåðèçàöèè äëÿ
íåîðèåíòèðîâàííûõ è íåâçâåøåííûõ çíàêîâûõ ãðàôîâ áåç êðàò-
íûõ ðåáåð è ïåòåëü ñ ôóíêöèîíàëîì îøèáêè â âèäå ëèíåéíîé
êîìáèíàöèè ìåæêëàñòåðíîé è âíóòðèêëàñòåðíîé îøèáîê. Äàí-
íàÿ çàäà÷à îòíîñèòñÿ ê êëàññó NP-òðóäíûõ çàäà÷. Òàêæå èç-
âåñòíî, ÷òî åå ðåøåíèå ìîæåò áûòü íå åäèíñòâåííûì. Èññëåäó-
þòñÿ ñâîéñòâà ðàçðàáîòàííîãî ðàíåå ýâðèñòè÷åñêîãî àëãîðèòìà
SGClustα. Îñíîâíîå âíèìàíèå óäåëåíî èññëåäîâàíèþ çàâèñèìî-
ñòè ðåçóëüòàòà ðàáîòû äàííîãî àëãîðèòìà îò íà÷àëüíîé ïåðåíó-
ìåðàöèè âåðøèí ãðàôà è ïðåäëàãàåòñÿ ïîäõîä, êîòîðûé ñïåöè-
àëüíûì îáðàçîì èãíîðèðóåò íóìåðàöèþ âåðøèí, ÷òî ïðèâîäèò ê
íàõîæäåíèþ äëÿ êàæäîé ïåðåíóìåðàöèè ìíîæåñòâà êëàñòåðîâ.
Ïðè ýòîì ïîäõîä ó÷èòûâàåò èçîìîðôíûå äðóã äðóãó ïåðåíó-
ìåðàöèè, ÷òî çíà÷èòåëüíî ñîêðàùàåò ïðîñòðàíñòâî ïåðåáîðà. Â
ðåçóëüòàòå ñòðîèòñÿ äåðåâî ðåøåíèé äàííîãî àëãîðèòìà.
Êëþ÷åâûå ñëîâà: çíàêîâûé ãðàô, çàäà÷à êëàñòåðèçàöèè ãðà-
ôà, äåðåâî ðåøåíèé.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ àêòóàëüíû èññëåäîâàíèÿ çàäà÷ ñáàëàíñèðîâàí-
íîñòè è êëàñòåðèçàöèè çíàêîâûõ ãðàôîâ [1, 2, 3]. Çíàêîâûé ãðàô �
ýòî ãðàô êàæäîìó ðåáðó êîòîðîãî ïðèïèñàí çíàê: ¾+¿ èëè ¾-¿ [4]. Èç-
âåñòíî, ÷òî àëãîðèòìû äëÿ çàäà÷è ðàñïîçíàâàíèÿ k-ñáàëàíñèðîâàííîñòè
âûïîëíèìû çà ïîëèíîìèàëüíîå âðåìÿ [5]. Îäíàêî, äëÿ ïðîèçâîëüíîãî
çíàêîâîãî ãðàôà ñâîéñòâî k-ñáàëàíñèðîâàííîñòè ìîæåò íå âûïîëíÿòü-
ñÿ. Â ýòîì ñëó÷àå èíòåðåñåí ïîèñê òàêîãî ðàçáèåíèÿ ìíîæåñòâà âåðøèí
ãðàôà, äëÿ êîòîðîãî, ñ ïîìîùüþ èçìåíåíèÿ çíàêà ìèíèìàëüíîãî ÷èñ-
ëà ðåáåð, ìîæíî ïîëó÷èòü k-ñáàëàíñèðîâàííûé ãðàô. Äàííàÿ çàäà÷à

Ðàáîòà ïîääåðæàíà Êðàñíîÿðñêèì ìàòåìàòè÷åñêèì öåíòðîì, ôèíàíñèðóåìûì
Ìèíîáðíàóêè ÐÔ (Ñîãëàøåíèå 075-02-2022-876).
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ðàññìàòðèâàåòñÿ êàê çàäà÷à êëàñòåðèçàöèè ãðàôà ñî ñïåöèàëüíûì âè-
äîì ôóíêöèîíàëà îøèáêè. Çàäà÷à êëàñòåðèçàöèè ãðàôà ìîæåò èìåòü
ðàçëè÷íûå ïîñòàíîâêè: êîãäà êîëè÷åñòâî êëàñòåðîâ èçíà÷àëüíî çàäàíî,
îãðàíè÷åíî êàêèì-ëèáî ÷èñëîì èëè íåîãðàíè÷åíî. Òàêæå ìîãóò áûòü
ââåäåíû ðàçëè÷íûå ôóíêöèîíàëû îøèáîê [6]. Â ñâÿçè ñ NP-òðóäíîñòüþ
çàäà÷ êëàñòåðèçàöèè ãðàôîâ àêòóàëåí ïîèñê ýâðèñòè÷åñêèõ àëãîðèò-
ìîâ, êîòîðûå íàõîäÿò ðåøåíèå çà ïðèìåìëåìîå âðåìÿ.

Çàäà÷à êëàñòåðèçàöèè çíàêîâîãî ãðàôà ñîñòîèò â ïîèñêå òàêîãî ðàç-
áèåíèÿ ìíîæåñòâà âåðøèí ãðàôà, ÷òî ôóíêöèîíàë îøèáêè áóäåò ìè-
íèìàëüíûì. Ïðè ýòîì â áîëüøèíñòâå ðàáîò, èññëåäóþùèõ ýòó çàäà÷ó,
ôóíêöèîíàë îøèáêè ââîäèòñÿ êàê ëèíåéíàÿ êîìáèíàöèÿ ìåæêëàñòåð-
íîé è âíóòðèêëàñòåðíîé îøèáîê [7, 2]. Òàêæå ïðè ðåøåíèè çàäà÷, ñâÿ-
çàííûõ ñî çíàêîâûìè ãðàôàìè, èññëåäîâàòåëè ðàññìàòðèâàþò îðèåí-
òèðîâàííûå [8, 9], íåîðèåíòèðîâàííûå [11, 10] è âçâåøåííûå çíàêîâûå
ãðàôû [8, 2].

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à êëàñòåðèçàöèè äëÿ
íåîðèåíòèðîâàííûõ è íåâçâåøåííûõ çíàêîâûõ ãðàôîâ áåç êðàòíûõ ðå-
áåð è ïåòåëü ñ ôóíêöèîíàëîì îøèáêè â âèäå ëèíåéíîé êîìáèíàöèè
ìåæêëàñòåðíîé âíóòðèêëàñòåðíîé îøèáîê. Äàííàÿ çàäà÷à îòíîñèòñÿ ê
êëàññó NP-òðóäíûõ çàäà÷ [12, 6]. Òàêæå èçâåñòíî, ÷òî ðåøåíèå çàäà÷è
ìîæåò áûòü íå åäèíñòâåííûì. Â ðàáîòå èññëåäóþòñÿ ñâîéñòâà ðàçðàáî-
òàííîãî ðàíåå ýâðèñòè÷åñêîãî àëãîðèòìà SGClustα [13]. Îñíîâíîå âíè-
ìàíèå óäåëåíî èññëåäîâàíèþ çàâèñèìîñòè ðåçóëüòàòà ðàáîòû àëãîðèòìà
SGClustα îò íà÷àëüíîé ïåðåíóìåðàöèè âåðøèí ãðàôà.

1. Çàäà÷à êëàñòåðèçàöèè çíàêîâîãî ãðàôà

Ïîä çíàêîâûì ãðàôîì ïîíèìàåòñÿ ïàðà Σ = (G, σ), ãäå G = (V,E)
ÿâëÿåòñÿ íåîðèåíòèðîâàííûì ãðàôîì, íà ðåáðàõ êîòîðîãî çàäàíà ôóíê-
öèÿ çíàêà σ : E → {+,−}, n = |V | ≥ 2, m = |E| ≥ 1. Çíàêîâûé ãðàô íà-
çûâàåòñÿ k-ñáàëàíñèðîâàííûì, åñëè ìíîæåñòâî åãî âåðøèí ìîæíî ðàç-
áèòü íà k ïîïàðíî íåïåðåñåêàþùèõñÿ íåïóñòûõ êëàñòåðîâ òàê, ÷òî âñå
ïîëîæèòåëüíûå ð¼áðà íàõîäÿòñÿ âíóòðè êëàñòåðîâ, à îòðèöàòåëüíûå
ìåæäó êëàñòåðàìè [4]. Â [2] ïðåäëîæåíû àëãîðèòìû ðåøåíèÿ çàäà÷è
êëàñòåðèçàöèè çíàêîâîãî ãðàôà â îáùåì âèäå. Îñíîâíàÿ èäåÿ ïðåäëî-
æåííûõ ìåòîäîâ ñîñòîèò â òîì, ÷òî áåðåòñÿ íåêîòîðîå íà÷àëüíîå ðàç-
áèåíèå ìíîæåñòâà âåðøèí ãðàôà, à çàòåì âåðøèíû ïåðåìåùàþòñÿ èç
îäíîãî êëàñòåðà â äðóãîé, ëèáî äâå âåðøèíû èç ðàçíûõ êëàñòåðîâ ìå-
íÿþòñÿ ìåñòàìè ïîêà íå áóäåò ìèíèìèçèðîâàíà ôóíêöèÿ ñóììàðíîé
îøèáêè äëÿ íåêîòîðîãî α. Â çàâèñèìîñòè îò ìåòîäà ìåíÿåòñÿ ïðàâè-
ëî, ïî êîòîðîìó âûáèðàþòñÿ ïåðåìåùàåìûå âåðøèíû è êëàñòåðû. Òàê
êàê äàííûå àëãîðèòìû ÿâëÿþòñÿ ïðèáëèæåííûìè, âîñòðåáîâàíà ðàçðà-
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áîòêà òî÷íûõ àëãîðèòìîâ äëÿ ÷àñòíûõ ñëó÷àåâ çàäà÷è êëàñòåðèçàöèè
çíàêîâîãî ãðàôà è âñå åùå àêòóàëüíà ðàçðàáîòêà àëãîðèòìà äëÿ ïîèñêà
ïðèáëèæåííîãî ðåøåíèÿ.

Îáîçíà÷èì ñèñòåìó ìíîæåñòâ, îáðàçóþùèõ ðàçáèåíèå ìíîæåñòâà
âåðøèí V , êàê C = {V1, V2, . . . Vk} [14]. Ïóñòü Φk � ìíîæåñòâî ðàç-

áèåíèé íà k ïîäìíîæåñòâ, à Φ =
n⋃

k=1

Φk � ìíîæåñòâî âñåõ âîçìîæíûõ

ðàçáèåíèé V [7]. Ìîùíîñòü ïðîñòðàíñòâà ðåøåíèé Φ ðàâíà êîëè÷åñòâó
âñåõ âîçìîæíûõ ðàçáèåíèé ìíîæåñòâà âåðøèí ãðàôà V , òî åñòü ÷èñëó
Áåëëà Bn, ãäå n = |V |. Ïîä îòðèöàòåëüíîé îøèáêîé N(C) áóäåì ïîíè-
ìàòü ÷èñëî îòðèöàòåëüíûõ ðåáåð âíóòðè ïîäìíîæåñòâ äëÿ íåêîòîðîãî
ðàçáèåíèÿ ãðàôà C. Ïîä ïîëîæèòåëüíîé îøèáêîé P (C) áóäåì ïîíèìàòü
÷èñëî ïîëîæèòåëüíûõ ðåáåð ìåæäó ïîäìíîæåñòâàìè äëÿ êàêîãî-ëèáî
ðàçáèåíèÿ ãðàôà C. Òîãäà ñóììàðíàÿ îøèáêà áóäåò ïðåäñòàâëÿòü ñî-
áîé âûïóêëóþ êîìáèíàöèþ ïîëîæèòåëüíîé è îòðèöàòåëüíîé îøèáîê:

Eα(C) = αN(C) + (1− α)P (C). (1)

Â îáùåì ñëó÷àå çàäà÷à êëàñòåðèçàöèè çíàêîâîãî ãðàôà ñòàâèòñÿ ñëå-
äóþùèì îáðàçîì [7].

Óñëîâèå: çàäàí çíàêîâûé ãðàô Σ = (G, σ), ãäå G = (V,E) �
íåîðèåíòèðîâàííûé ãðàô, n = |V | ≥ 2,m = |E| ≥ 1.

Âîïðîñ: äëÿ çàäàííîãî α ∈ [0, 1] òðåáóåòñÿ íàéòè ðàçáèåíèå C
ìíîæåñòâà âåðøèí V çíàêîâîãî ãðàôà Σ ñ ìèíèìàëü-
íîé ñóììàðíîé îøèáêîé Eα(C)

Â ðàáîòå [12] ïîêàçàíî, ÷òî çàäà÷à ìèíèìèçàöèè ñóììàðíîé îøèáêè (1)
ÿâëÿåòñÿ NP-ïîëíîé. Ðåøåíèåì çàäà÷è êëàñòåðèçàöèè çíàêîâîãî ãðà-
ôà áóäåò ìíîæåñòâî êëàñòåðîâ C∗, äîñòàâëÿþùèõ ìèíèìóì ôóíêöèè
îøèáêè (1):

C∗ = arg min
C∈Φ

[
αN(C) + (1− α)P (c)

]
(2)

è k = |C∗| � êîëè÷åñòâî êëàñòåðîâ. Ïðè α = 0 è α = 1 äàííàÿ çà-
äà÷à âûðîæäàåòñÿ â ïîëèíîìèàëüíî ðàçðåøèìûå ñëó÷àè ìèíèìèçàöèè
ïîëîæèòåëüíîé è îòðèöàòåëüíîé îøèáîê, ñîîòâåòñòâåííî [5]. Ñëåäóåò
îòìåòèòü, ÷òî ðåøåíèå (2) ìîæåò áûòü íå åäèíñòâåííûì.

2. Ïîñòðîåíèå äåðåâà ðåøåíèé

Ðàíåå áûë ïðåäëîæåí ýâðèñòè÷åñêèé àëãîðèòì SGClustα, êîòîðûé
íàõîäèò íåêîòîðîå ðåøåíèå çàäà÷è êëàñòåðèçàöèè çíàêîâîãî ãðàôà â
âèäå (2), îäíàêî, ðåçóëüòàò ðàáîòû ñèëüíî çàâèñèò îò èñõîäíîé íóìåðà-
öèè âåðøèí ãðàôà.
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Äëÿ êàæäîé ïåðåíóìåðàöèè âåðøèí ãðàôà àëãîðèòì SGClustα íàõî-
äèò îïðåäåëåííîå ìíîæåñòâî êëàñòåðîâ. Äàííûå ìíîæåñòâà ìîãóò áûòü
ðàçëè÷íûìè. Ýòî îáóñëîâëåíî òåì, ÷òî íà íåêîòîðîì øàãå àëãîðèòìà
ìîæåò áûòü íåñêîëüêî âåðøèí, îáëàäàþùèõ îäèíàêîâûì ÷èñëîì îò-
ðèöàòåëüíûõ ðåáåð, ïðè ýòîì àëãîðèòì âûáèðàåò âåðøèíó ñ íàèìåíü-
øèì íîìåðîì. ×òîáû íàéòè ìíîæåñòâî êëàñòåðîâ îáëàäàþùåå íàèìåíü-
øåé îøèáêîé (1), íåîáõîäèìî çàïóñòèòü àëãîðèòì SGClustα äëÿ âñåõ
âîçìîæíûõ ïåðåíóìåðàöèé âåðøèí ãðàôà, ÷èñëî êîòîðûõ ðàâíî (n!).
Â ðàáîòå ïðåäëàãàåòñÿ ïîäõîä, êîòîðûé ñïåöèàëüíûì îáðàçîì èãíî-
ðèðóåò íóìåðàöèþ âåðøèí, ÷òî ïðèâîäèò ê íàõîæäåíèþ äëÿ êàæäîé
ïåðåíóìåðàöèè ìíîæåñòâà êëàñòåðîâ. Ïðè ýòîì ïîäõîä ó÷èòûâàåò èçî-
ìîðôíûå äðóã äðóãó ïåðåíóìåðàöèè, ÷òî çíà÷èòåëüíî ñîêðàùàåò ïðî-
ñòðàíñòâî ïåðåáîðà. Â ðåçóëüòàòå ñòðîèòñÿ äåðåâî ðåøåíèé äëÿ àë-
ãîðèòìà SGClustα. Èçëîæåííûé ïîäõîä ðåàëèçîâàí â âèäå àëãîðèò-
ìà DTSGClustα.

Íà ðèñóíêå 1 èçîáðàæåí çíàêîâûé ãðàô, ñîñòîÿùèé èç âîñüìè âåð-
øèí. ×åðíûå ðåáðà ÿâëÿþòñÿ ïîëîæèòåëüíûìè, à êðàñíûå îòðèöàòåëü-
íûìè. Íà ðèñóíêå 2 èçîáðàæåíî äåðåâî ðåøåíèé çàäà÷è êëàñòåðèçàöèè
äëÿ ýòîãî ãðàôà ïðè α = 0,75, ïîëó÷åííîå àëãîðèòìîì DTSGClustα.
Äèàìåòð óçëà äåðåâà ðåøåíèé îáðàòíî ïðîïîðöèîíàëåí çíà÷åíèþ îøèá-
êè íà ñîîòâåòñâóþùåì øàãå àëãîðèòìà SGClustα. Êàê âèäíî èç ðè-
ñóíêà 2 ìîæíî ïîëó÷èòü ÷åòûðå ðàçáèåíèÿ, ïðèâîäÿùèõ ê íàèìåíüøåé
îøèáêå E0,75(C

∗) = 0,5. Ðàñêðàñêà âåðøèí çíàêîâîãî ãðàôà íà ðèñóí-
êå 1 ñîîòâåòñòâóåò îäíîìó èç ðåøåíèé ñ íàèìåíüøåé îøèáêîé, à ïóòü
ê ýòîìó ðåøåíèþ ïî äåðåâó âûäåëåí ÷¼ðíûì öâåòîì (ðèñ. 2). Â äàííîì
ñëó÷àå C∗ =

{
C1, C2}, ãäå êëàñòåð C1 ñîäåðæèò âåðøèíû 1, 2, 3, 4, 8, à â

êëàñòåð C2 ïîïàëè âåðøèíû 5, 6, 7.
Êàê âèäíî èç ðèñóíêà 2, îïòèìàëüíîå ðåøåíèå âñåãäà íàõîäèò-

ñÿ â ëèñòüÿõ äåðåâà, òàê êàê àëãîðèòì SGClustα æàäíûé. Àëãîðèòì
DTSGClustα ïîçâîëÿåò èçáåæàòü ïåðåáîðà âñåõ âîçìîæíûõ ïåðåíóìå-
ðàöèé âåðøèí ãðàôà è ñîêðàùàåò ïðîñòðàíñòâî ïîèñêà àëãîðèòìà ñ (8!)
äî 20 ñëó÷àåâ. Ïîñêîëüêó âñÿêàÿ ïåðåíóìåðàöèÿ âåðøèí ãðàôà èçî-
ìîðôíà îäíîìó èç ýòèõ 20 ñëó÷àåâ.

Çàêëþ÷åíèå

Ðàçðàáîòàí àëãîðèòì DTSGClustα, êîòîðûé ïîçâîëÿåò ïîñòðîèòü
äåðåâî âñåõ âîçìîæíûõ ðåøåíèé çàäà÷è êëàñòåðèçàöèè çíàêîâîãî ãðà-
ôà àëãîðèòìîì SGClustα. Äàëüíåéøåå èññëåäîâàíèå âêëþ÷àåò â ñåáÿ
îöåíêó ñëîæíîñòè àëãîðèòìà DTSGClustα ïî âðåìåíè è ïî ïàìÿòè.
Ïåðñïåêòèâíî èññëåäîâàíèå ïî ïðèìåíåíèþ òåõíîëîãèé ïàðàëëåëüíîãî
ïðîãðàììèðîâàíèÿ äëÿ óñêîðåíèÿ ðàáîòû àëãîðèòìà DTSGClustα.
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ÎÖÅÍÊÀ ÊÎÍÑÒÀÍÒÛ Â ÂÛÐÀÆÅÍÈÈ ÄËß
ÏÎÃÐÅØÍÎÑÒÈ ÌÅÒÎÄÀ ÌÎÍÒÅ-ÊÀÐËÎ

Â.Ë. Áðûçãàëîâ1, À. Â. Âîéòèøåê2,3

1Ëèöåé � 130, ã. Íîâîñèáèðñê, Ðîññèÿ
2Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè

ÑÎ ÐÀÍ, ã. Íîâîñèáèðñê, Ðîññèÿ
3Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íîâîñèáèðñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò, ã. Íîâîñèáèðñê, Ðîññèÿ

Â äàííîé ðàáîòå ðåàëèçîâàí ïîäõîä êîìïüþòåðíîãî ïðèáëè-
æåíèÿ êîíñòàíòû H â âûðàæåíèè äëÿ ïîãðåøíîñòè ìåòîäà
Ìîíòå-Êàðëî, èñïîëüçóþùèé çàìåðû ïîãðåøíîñòè ñòàòèñòè÷å-
ñêèõ ñðåäíèõ äëÿ çàäàííûõ ìàòåìàòè÷åñêèõ îæèäàíèé ñëó÷àé-
íûõ âåëè÷èí ñ èçâåñòíûìè äèñïåðñèÿìè è ôîðìóëàìè ÷èñëåííî-
ãî ìîäåëèðîâàíèÿ âûáîðî÷íûõ çíà÷åíèé; ïîëó÷åíî H ≈ 0, 80....
Êëþ÷åâûå ñëîâà: îáùàÿ ñõåìà ìåòîäà Ìîíòå-Êàðëî, êîì-
ïüþòåðíîå ïðèáëèæåíèå ìàòåìàòè÷åñêîãî îæèäàíèÿ ñ ïîìî-
ùüþ âûáîðî÷íîãî ñðåäíåãî, ïîãðåøíîñòü ìåòîäà Ìîíòå-Êàðëî,
÷èñëåííàÿ îöåíêà êîíñòàíòû â âûðàæåíèè äëÿ ïîãðåøíîñòè
ìåòîäà Ìîíòå-Êàðëî.

1. Îöåíêà ñâåðõó äëÿ ïîãðåøíîñòè ìåòîäà Ìîíòå-Êàðëî

Îáùàÿ ñõåìà øèðîêî ïðèìåíèìîãî ìåòîäà Ìîíòå-Êàðëî âûãëÿäèò
ñëåäóþùèì îáðàçîì (ñì., íàïðèìåð, Ââåäåíèå êíèãè [1] è ðàçäåë 1.4
êíèãè [2]).

Ïóñòü òðåáóåòñÿ ïðèáëèæåííî âû÷èñëèòü íà êîìïüþòåðå íåêîòîðóþ
âåëè÷èíó I. Ïðåäïîëàãàåòñÿ, ÷òî ìîæíî ïîñòðîèòü (âûáðàòü) ñëó÷àé-
íóþ âåëè÷èíó ζ, ìàòåìàòè÷åñêîå îæèäàíèå Eζ êîòîðîé ðàâíî I (èëè
äîñòàòî÷íî áëèçêî ê ýòîé âåëè÷èíå), äèñïåðñèÿ Dζ = E(ζ−Eζ)2 êîíå÷-
íà, è êðîìå òîãî, âûáîðî÷íûå çíà÷åíèÿ ζi ñëó÷àéíîé âåëè÷èíû ζ ìîãóò
áûòü äîñòàòî÷íî ýôôåêòèâíî (ýêîíîìè÷íî) ÷èñëåííî ñìîäåëèðîâàíû
(ðåàëèçîâàíû íà êîìïüþòåðå).

ÀËÃÎÐÈÒÌ. ×èñëåííî ìîäåëèðóåì (ðåàëèçóåì íà êîìïüþòåðå) äîñòà-
òî÷íî áîëüøîå êîëè÷åñòâî n âûáîðî÷íûõ çíà÷åíèé ζ1, . . . , ζn ñëó÷àéíîé âåëè-
÷èíû ζ è, èñïîëüçóÿ çàêîí áîëüøèõ ÷èñåë, ïîëó÷àåì ïðèáëèæåíèå òðåáóåìîé
âåëè÷èíû:

I = Eζ ≈ Zn =
Sn

n
, ãäå Sn = ζ1 + . . .+ ζn. (1)

Èññëåäîâàíèÿ âûïîëíåíû â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ
ÐÀÍ (0251�2021�0002).
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Ïðè èññëåäîâàíèè ïîãðåøíîñòè ïðèáëèæåíèÿ (1) δn = |I − Zn| =∣∣Sn−nI
n

∣∣ ìîæíî èñïîëüçîâàòü ñëåäóþùèå èçâåñòíûå ðàññóæäåíèÿ ïî ïî-
ñòðîåíèþ ïðèáëèæåííîãî äîâåðèòåëüíîãî èíòåðâàëà äëÿ ñòàòèñòè÷å-
ñêîé îöåíêè ìàòåìàòè÷åñêîãî îæèäàíèÿ (ñì., íàïðèìåð, ïàðàãðàôû 31,
32 èç êíèãè [3]). Âåëè÷èíà δn ìîæåò áûòü ïðåäñòàâëåíà â âèäå

δn =

∣∣∣∣Sn − nI

n

∣∣∣∣ = σ√
n

∣∣∣∣Sn − nEζ

σ
√
n

∣∣∣∣ , ãäå σ =
√
Dζ.

Â ñâîþ î÷åðåäü, ñîãëàñíî öåíòðàëüíîé ïðåäåëüíîé òåîðåìå äëÿ îäè-
íàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí (ñì., íàïðèìåð, ïàðàãðàô 2
ãëàâû 7 êíèãè [4]), ïðè äîñòàòî÷íî áîëüøèõ n ≫ 1 âûðàæåíèå Sn−nEζ

σ
√
n

âîñïðîèçâîäèò âûáîðî÷íîå çíà÷åíèå ñòàíäàðòíîé íîðìàëüíîé (ãàóññîâ-
ñêîé) ñëó÷àéíîé âåëè÷èíû ξ(0,1), èìåþùåé ïëîòíîñòü ðàñïðåäåëåíèÿ

f
(0,1)
ξ (u) =

e−
u2

2

√
2π

, −∞ < u < +∞. (2)

Îòñþäà ïîëó÷àåì, ÷òî äëÿ ëþáîãî ìàëîãî ε > 0 íàéäåòñÿ êîíñòàíòà
H(ε) òàêàÿ, ÷òî äëÿ äîñòàòî÷íî áîëüøîãî n ≫ 1 ìîæåò áûòü ïîñòðîåí
ñëåäóþùèé äîâåðèòåëüíûé èíòåðâàë äëÿ ïîãðåøíîñòè δn:

P

{
δn ≤ H(ε)

σ√
n

}
≈ P

{∣∣∣ξ(0,1)∣∣∣ < H(ε)
}
≥ 1− ε.

Íàïðèìåð, äëÿ ε = 0, 003 èìååì H(ε) ≈ 3 (÷òî ñîîòâåòñòâóåò ¾ïðàâèëó
òðåõ ñèãìà¿). Ïîñëåäíåå ñîîáðàæåíèå îòðàæàåò ñóùåñòâîâàíèå ïðàê-
òè÷åñêè (ñ âûñîêîé âåðîÿòíîñòüþ) ãàðàíòèðîâàííîé îöåíêè ñâåðõó äëÿ
ïîãðåøíîñòè ìåòîäà Ìîíòå-Êàðëî δn ≤ 3σ√

n
äëÿ n≫ 1.

2. Ïðèáëèæåííàÿ ôîðìóëà äëÿ ïîãðåøíîñòè ìåòîäà
Ìîíòå-Êàðëî

Ïðè èññëåäîâàíèè è îïòèìèçàöèè ìåòîäîâ ïðèêëàäíîé ñòàòèñòèêè
(â ÷àñòíîñòè, âû÷èñëèòåëüíûõ, êîìïüþòåðíûõ ìåòîäîâ) ïðåäïîëàãàåòñÿ
âûïîëíåíèå ïðèáëèæåííîãî ðàâåíñòâà

δn ≈ H
σ√
n
. (3)

Íàïðèìåð, â òåîðèè ìåòîäîâ Ìîíòå-Êàðëî (êîíêðåòíåå, ïðè ââåäå-
íèè ïîíÿòèÿ òðóäîåìêîñòè S = t × Dζ îñíîâíîé ñõåìû (1), ãäå t �
ñðåäíåå âðåìÿ ìîäåëèðîâàíèÿ çíà÷åíèÿ ζi, � ñì. ðàçäåë 3.1.3 êíèãè [1]
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è ðàçäåë 1.9 êíèãè [2]) ñîîòíîøåíèå (3) â ïðåäïîëîæåíèè, ÷òî óðîâåíü
ïîãðåøíîñòè ôèêñèðîâàí (ò. å. δn = ∆ = const), ïîçâîëÿåò óòâåðæäàòü,
÷òî òðåáóåìîå ÷èñëî n âûáîðî÷íûõ çíà÷åíèé ζi èç (1) äëÿ îáåñïå÷åíèÿ
óðîâíÿ ïîãðåøíîñòè ∆ ïðîïîðöèîíàëüíî äèñïåðñèè Dζ.

Ïðè ïðàêòè÷åñêèõ ðàñ÷åòàõ ñðåäíåãî ïî ôîðìóëå (1) â êà÷åñòâå
ïðåäïîëàãàìîé ïîãðåøíîñòè ðàñ÷åòà áåðóò âåëè÷èíó σ̃√

n
, ãäå σ̃2 =

1
n−1

∑n
i=1 ζ

2
i − 1

n(n−1) (
∑n

i=1 ζi)
2
� ñòàòèñòè÷åñêàÿ îöåíêà äèñïåðñèè.

Çäåñü, òàêèì îáðàçîì, èñïîëüçóåòñÿ ñîîòíîøåíèå (3) äëÿ H = 1.
Íàêîíåö, â íàøåé ðàáîòå [5] ðåêîìåíäîâàíî èñïîëüçîâàòü çíà÷åíèå

H ≈ 0, 6745, äëÿ êîòîðîãî ïðè äîñòàòî÷íî áîëüøèõ n ≫ 1 âûïîëíå-

íî P
{
δn ≤ 0, 6745 σ√

n

}
≈ 1

2 ≈ P
{
δn ≥ 0, 6745 σ√

n

}
. Âåëè÷èíà 0, 6745 σ√

n

íàçûâàåòñÿ âåðîÿòíîé îøèáêîé ìåòîäà Ìîíòå-Êàðëî (1) [6].

3. Êîìïüþòåðíûå ïðèáëèæåíèÿ êîíñòàíòû H

ÏÐÅÄÏÎËÎÆÅÍÈÅ 1. Êîíñòàíòà H èç ñîîòíîøåíèÿ (3) ÿâëÿåòñÿ
ïðåäåëîì ñëó÷àéíîé ïîñëåäîâàòåëüíîñòè

Hn =
δn

√
n

σ
. (4)

Òåîðåòè÷åñêîå îáîñíîâàíèå ïðåäïîëîæåíèÿ 1 âðÿä ëè âîçìîæíî � ïîõî-
æå, çäåñü ìîæíî ïîñòðîèòü êîíòðïðèìåð (âïðî÷åì, ýòî òðåáóåò îòäåëü-
íîãî èçó÷åíèÿ). ×òî êàñàåòñÿ ÷èñëåííîé (êîìïüþòåðíîé) ïðîâåðêè ýòî-
ãî ïðåäïîëîæåíèÿ, òî åãî íåñëîæíî ïðîâåñòè äëÿ ïðèáëèæåíèé èçâåñò-
íîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ I (äëÿ ïðîñòîòû â äàëüíåéøåì ïîëàãà-
åì I = 0) ñëó÷àéíîé âåëè÷èíû ζ ñ èçâåñòíîé äèñïåðñèåé σ2 è ñ óäîáíûìè
ìîäåëèðóþùèìè ôîðìóëàìè äëÿ êîìïüþòåðíîé ðåàëèçàöèè âûáîðî÷-
íûõ çíà÷åíèé ζi. Â òàêèõ ðàñ÷åòàõ ëåãêî óäàåòñÿ êîíòðîëèðîâàòü ïîâå-

äåíèå ïîñëåäîâàòåëüíîñòè Hn, ôèêñèðóÿ ïîãðåøíîñòü δn =
∣∣∣ ζ1+...+ζn

n

∣∣∣.
Â ðàñ÷åòàõ ìû áðàëè n = 1, 2, ..., 106 è ôèêñèðîâàëè ðÿä çíà÷åíèé âåëè-
÷èíû Hn èç ýòîãî äèàïàçîíà.
Ðàñ÷åòû äëÿ ñòàíäàðòíîãî ãàóññîâñêîãî ðàñïðåäåëåíèÿ. Â íà-
øèõ ðàñ÷åòàõ îñíîâíûì (¾èäåàëüíûì¿) ñ÷èòàëñÿ ñëó÷àé, êîãäà ñëó÷àé-
íàÿ âåëè÷èíà ζ ÿâëÿåòñÿ ñòàíäàðòíîé ãàóññîâñêîé ζ = ξ(0,1) ñ ïëîòíî-
ñòüþ ðàñïðåäåëåíèÿ (2) è ñ èçâåñòíûìè ìîäåëèðóþùèìè ôîðìóëàìè

Áîêñà�Ìþëëåðà ξ
(0,1)
1 =

√
−2 lnα1 sin 2πα2, ξ

(0,1)
2 =

√
−2 lnα1 cos 2πα2

(ñì., íàïðèìåð, ðàçäåë 1.10.1 êíèãè [1] è ðàçäåë 13.1 êíèãè [2]); çäåñü
α1, α2 ∈ U(0, 1) � ñòàíäàðòíûå ñëó÷àéíûå ÷èñëà, ò. å. âûáîðî÷íûå çíà-
÷åíèÿ ñëó÷àéíîé âåëè÷èíû α ∈ U(0, 1), ðàíîìåðíî ðàñïðåäåëåííîé â
èíòåðâàëå (0, 1) (ýòè âûáîðî÷íûå çíà÷åíèÿ ïîëó÷àþòñÿ íà êîìïüþòåðå
ñ ïîìîùüþ ñîîòâåòñòâóþùèõ ãåíåðàòîðîâ RAND èëè RANDOM).



268 Â.Ë. Áðûçãàëîâ, À. Â. Âîéòèøåê

Òàáëèöà 1
Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ñòàíäàðòíîãî ãàóññîâñêîãî ðàñïðåäåëåíèÿ (2)

ζ H1200 H61457 H189537 H500164 H756344

(2) 0,79858893 0,79910039 0,79863890 0,79965280 0,80082134

Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ðàñïðåäåëåíèÿ (2) ïîêàçàíû â òàáëèöå 1.
Ýòè ðåçóëüòàòû, íà ïåðâûé âçãëÿä, ïîäòâåðæäàþò ïðåäïîëîæåíèå 1: ïî-
ñëåäîâàòåëüíîñòü Hn èç (4) ñòðåìèòñÿ ê çíà÷åíèþ H ≈ 0, 80... (ïðè÷åì
ýòî çíà÷åíèå óñòàíàâëèâàåòñÿ óæå äëÿ îòíîñèòåëüíî íåáîëüøèõ n). Â
êà÷åñòâå íåîáúÿñíåííîãî ïîêà ýôôåêòà ïîëó÷èëîñü òî, ÷òî ó êîíñòàíòû
H óñòàíàâëèâàþòñÿ òîëüêî äâà äåñÿòè÷íûõ çíàêà ïîñëå çàïÿòîé (è
ñ ðîñòîì n ýòîò ýôôåêò íå èñ÷åçàåò). Âîçìîæíî, çäåñü, ó÷èòûâàÿ äî-
ñòàòî÷íî áîëüøîå êîëè÷åñòâî ìîäåëèðóåìûõ âûáîðî÷íûõ çíà÷åíèé, ìû
ñòîëêíóëèñü ñ âû÷èñëèòåëüíûìè îãðàíè÷åíèÿìè ãåíåðàòîðà ñòàíäàðò-
íûõ ñëó÷àéíûõ ÷èñåë {αi} (â ðàñ÷åòàõ ïðèìåíÿëñÿ øèðîêî èñïîëüçóå-
ìûé â íîâîñèáèðñêîé øêîëå ìåòîäîâ Ìîíòå-Êàðëî ãåíåðàòîð, ðåàëèçó-
þùèé ìåòîä âû÷åòîâ ñ ìíîæèòåëåì Q = 517 è êîíòðîëèðóåìîé ìàíòèñ-
ñîé äëèíû m = 40 � ñì. ðàçäåë 1 êíèãè [1] è ðàçäåë 9 êíèãè [2]). Ïî-
ñëåäíåå ïðåäïîëîæåíèå òðåáóåò îòäåëüíîãî ïîäðîáíîãî èññëåäîâàíèÿ.
3.3. Ðàñ÷åòû äëÿ íåãàóññîâñêèõ ðàñïðåäåëåíèé. ¾Èäåàëüíîñòü¿
ñëó÷àÿ ζ = ξ(0,1) ñâÿçàíà ñ òåì, ÷òî â ïðîèçâîëüíîì ñëó÷àå äëÿ äî-
ñòàòî÷íî áîëüøèõ íàòóðàëüíûõ t è s, òàêèõ, ÷òî n = t × s, èñïîëüçóÿ
öåíòðàëüíóþ ïðåäåëüíóþ òåîðåìó äëÿ îäèíàêîâî ðàñïðåäåëåííûõ ñëó-
÷àéíûõ âåëè÷èí, èìååì

ζ1 + ...+ ζn
n

≈ ξ
(0,1)
1 + ...+ ξ

(0,1)
t

t
× σ√

s
.

Â ñâÿçè ñ ýòèì ó íàñ âîçíèêëî ñëåäóþùåå ïðåäïîëîæåíèå.
ÏÐÅÄÏÎËÎÆÅÍÈÅ 2. Äëÿ ðàñïðåäåëåíèé ñëó÷àéíîé âåëè÷èíû ζ, îò-

ëè÷íûõ îò ñòàíäàðòíîãî ãàóññîâñêîãî ðàñïðåäåëåíèÿ (2), ïðåäåëüíîå çíà÷å-

íèå H ≈ 0, 80... äëÿ ïîñëåäîâàòåëüíîñòè Hn âèäà (4) áóäåò óñòàíàâëèâàòüñÿ

ïîçäíåå (äëÿ á�îëüøèõ n), ÷åì äëÿ ¾èäåàëüíîãî¿ ãàóññîâñêîãî ñëó÷àÿ.

Ïðîâåäåííûå íàìè ìíîãî÷èñëåííûå ðàñ÷åòû ïîêàçàëè, ÷òî â öåëîì
ïðåäïîëîæåíèå 2 íåâåðíî. Íàïðèìåð, äëÿ ñëó÷àéíîé âåëè÷èíû ζ ñ ýêñ-
ïîíåíöèàëüíûì ðàñïðåäåëåíèåì

fζ(u) = e−u, u > 0 (5)

ñ ìàòåìàòè÷åñêèì îæèäàíèåì è äèñïåðñèåé Eζ = Dζ = 1 è ìîäå-
ëèðóþùåé ôîðìóëîé ìåòîäà îáðàòíîé ôóíêöèè ðàñïðåäåëåíèÿ ζ0 =
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− lnα0; α0 ∈ U(0, 1) (ñì., íàïðèìåð, ðàçäåë 1.4.1 êíèãè [1] è ðàçäåëû
2.5, 2.6 êíèãè [2]) ðåçóëüòàòû ðàñ÷åòîâ, ïîêàçàííûå â òàáëèöå 2, ïðàê-
òè÷åñêè íå îòëè÷àþòñÿ îò ðåçóëüòàòîâ èç òàáëèöû 1 (âêëþ÷àÿ ýôôåêò
óñòàíîâëåíèÿ òîëüêî äâóõ äåñÿòè÷íûõ çíàêîâ ïîñëå çàïÿòîé). Àíàëî-

Òàáëèöà 2
Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ (5)

ζ H1200 H61457 H189537 H500164 H756344

(5) 0,79782403 0,79877724 0,79833021 0,79958466 0,80097567

ãè÷íûå ðåçóëüòàòû ïîëó÷èëèñü äëÿ ðàñïðåäåëåíèÿ Ïàðåòî

fζ(u) =
3

u4
, u > 1 (6)

ñ ìàòåìàòè÷åñêèì îæèäàíèåì Eζ = 3
2 , äèñïåðñèåé Dζ = 3

4 è ìîäå-

Òàáëèöà 3
Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ðàñïðåäåëåíèÿ Ïàðåòî (6)

ζ H1200 H61457 H189537 H500164 H756344

(6) 0,78779090 0,79477335 0,79877375 0,79947979 0,79931648

ëèðóþùåé ôîðìóëîé ìåòîäà îáðàòíîé ôóíêöèè ðàñïðåäåëåíèÿ ζ0 =
1

3
√
α0

; α0 ∈ U(0, 1) (ðåçóëüòàòû ðàñ÷åòîâ ïðèâåäåíû â òàáëèöå 3), à òàê-
æå äëÿ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ

fζ(u) ≡
1

2
, −1 < u < 1 (7)

ñ ìàòåìàòè÷åñêèì îæèäàíèåì Eζ = 0, äèñïåðñèåé Dζ = 1
3 è ìîäå-

ëèðóþùåé ôîðìóëîé ìåòîäà îáðàòíîé ôóíêöèè ðàñïðåäåëåíèÿ ζ0 =
−1 + 2α0; α0 ∈ U(0, 1) (ðåçóëüòàòû ðàñ÷åòîâ ïðèâåäåíû â òàáëèöå 4).

4. Çàêëþ÷åíèå

Â äàííîé ðàáîòå ðåàëèçîâàí ïîäõîä êîìïüþòåðíîãî ïðèáëèæåíèÿ
êîíñòàíòû H â âûðàæåíèè (3) äëÿ ïîãðåøíîñòè ìåòîäà Ìîíòå-Êàðëî,
èñïîëüçóþùèé çàìåðû ïîãðåøíîñòè ñòàòèñòè÷åñêèõ ñðåäíèõ äëÿ çàäàí-
íûõ ìàòåìàòè÷åñêèõ îæèäàíèé ñëó÷àéíûõ âåëè÷èí ñ èçâåñòíûìè äèñ-
ïåðñèÿìè è ôîðìóëàìè ìîäåëèðîâàíèÿ âûáîðî÷íûõ çíà÷åíèé ζi.
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Òàáëèöà 4
Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ (7)

ζ H1200 H61457 H189537 H500164 H756344

(7) 0,79637712 0,80145697 0,79735481 0,79784677 0,79845013

Ïîëó÷åííîå çíà÷åíèå H ≈ 0, 80... (óñòàíàâëèâàþòñÿ òîëüêî äâà äå-
ñÿòè÷íûõ çíàêà ïîñëå çàïÿòîé) íåñêîëüêî áîëüøå ïðåäëàãàåìîãî äëÿ
èñïîëüçîâàíèÿ â ðàáîòå [5] çíà÷åíèÿ H ≈ 0, 6745, ñîîòâåòñòâóþùåãî âå-
ðîÿòíîé îøèáêå ìåòîäà Ìîíòå-Êàðëî (1) [6], à òàêæå íåñêîëüêî ìåíüøå
÷àñòî èñïîëüçóåìîãî â ïðàêòè÷åñêèõ ñòàòèñòè÷åñêèõ âûâîäàõ çíà÷åíèÿ
H = 1.

Òàêèì îáðàçîì, ìû ðåêîìåíäóåì èñïîëüçîâàòü âûðàæåíèå δn ≈
0, 80 σ̃√

n
, ãäå σ̃2 = 1

n−1

∑n
i=1 ζ

2
i − 1

n(n−1) (
∑n

i=1 ζi)
2
, â êà÷åñòâå ïðåä-

ïîëàãàåìîé ïîãðåøíîñòè ïðèáëèæåíèÿ (1).
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ÏÎÄÁÎÐ ÏÀÐÀÌÅÒÐÎÂ ÇÀÄÀ×È MARLIN ÄËß
ÑÂÅÒÎÔÎÐÍÎÉ ÑÅÒÈ

Ò.È. Òèñëåíêî

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ ïðîáëåìà ïîäáîðà âõîäíûõ ïàðàìåò-
ðîâ äëÿ ìîäåëè, ðåøàþùåé çàäà÷ó ìèíèìèçàöèè âðåìåíè äâè-
æåíèÿ òðàíñïîðòíûõ ñðåäñòâ ÷åðåç ó÷àñòîê äîðîæíîé ñåòè.
Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçóåòñÿ óïðàâëÿåìûé
ìàðêîâñêèé ïðîöåññ ñ êîíå÷íûì ÷èñëîì äåéñòâèé è ñîñòîÿíèé.
Ïðèíöèï ðàáîòû ìîäåëè îñíîâàí íà âûáîðå ñèãíàëîâ ñâåòîôîð-
íûõ îáúåêòîâ, íàõîäÿùèõñÿ â äîðîæíîé ñåòè. Ðåøàåìàÿ çàäà÷à
ñâîäèòñÿ ê çàäà÷å ìóëüòèàãåíòíîãî îáó÷åíèÿ ñ ïîäêðåïëåíèåì
(MARLIN). Äëÿ èññëåäîâàíèÿ ïðåäñòàâëåííîé ìîäåëè áûë ðàç-
ðàáîòàí êîìïëåêñ ïðîãðàìì â ñðåäå èìèòàöèîííîãî ìîäåëèðîâà-
íèÿ AnyLogic è ïðîâåäåíû ñåðèè âû÷èñëèòåëüíûõ ýêñïåðèìåí-
òîâ. Êëþ÷åâûå ñëîâà: MARLIN, Q-learning, MDP, ñèñòåìà
óïðàâëåíèÿ ñâåòîôîðàìè.

Ââåäåíèå

Ïîòðåáíîñòü ýôôåêòèâíî ðàñïðåäåëÿòü âðåìÿ ïîÿâèëàñü âìåñòå ñ
íåîáõîäèìîñòüþ âûæèâàòü â óñëîâèÿõ æåñòêîãî ðûíêà òðóäà. Îäèí èç
ñïîñîáîâ îñâîáîæäåíèÿ âðåìåíè � óìåíüøåíèå ïðîáîê. Êîãäà ðå÷ü èäåò
ïðîáêàõ, èìåþòñÿ â âèäó íå ïîòåðÿííûå ÷àñû äëÿ îòäåëüíî âçÿòîãî èí-
äèâèäóóìà, à òûñÿ÷è ÷àñîâ äëÿ âñåõ òåõ, êòî â íèõ ñòîÿë. Ïðîáëåìó
ïðîáîê ðåøàþò ñ ïîìîùüþ íàñòðîéêè ñèñòåìû óïðàâëåíèÿ ñâåòîôîð-
íûìè îáúåêòàìè. Ïðè÷åì, âîçìîæíà òàêàÿ ñèòóàöèÿ, êîãäà ðÿä ïðî-
èñøåñòâèé ÷àñòè÷íî èëè ïîëíîñòüþ áëîêèðóåò äâèæåíèå ïî àðòåðèÿì
ãîðîäà. Â òàêîì ñëó÷àå êàê íèêîãäà àêòóàëüíû àäàïòèâíûå ñèñòåìû
ñâåòîôîðíûõ îáåêòîâ. Èñïîëüçîâàíèå ìîäåëåé, îñíîâàííûõ íà óïðàâ-
ëÿåìîì ìàðêîâñêîì ïðîöåññå ïðèíÿòèÿ ðåøåíèé ñ êîíå÷íûì ÷èñëîì
äåéñòâèé è ñîñòîÿíèé, ÿâëÿåòñÿ îäíèì èç äîñòóïíûõ, íà äàííûé ìî-
ìåíò, âàðèàíòîâ àäàïòèâíûõ ñèñòåì. Çàðàíåå îáó÷èâ òàêóþ ìîäåëü íà
ñòàòèñòè÷åñêèõ äàííûõ, ìîæíî òàêæå ñýêîíîìèòü íà âðåìåíè îáó÷åíèÿ
â ðåàëüíûõ óñëîâèÿõ.

Ïðè ðåøåíèè çàäà÷è ìèíèìèçàöèè âðåìåíè äâèæåíèÿ òðàíñïîðòà
÷åðåç ó÷àñòîê äîðîæíîé ñåòè èñïîëüçîâàëñÿ ìóëüòèàãåíòíûé ïîäõîä.

Ðàáîòà ïîääåðæàíà Êðàñíîÿðñêèì ìàòåìàòè÷åñêèì öåíòðîì, ôèíàíñèðóåìûì
Ìèíîáðíàóêè ÐÔ (Ñîãëàøåíèå 075-02-2022-876).
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Â êà÷åñòâå àãåíòîâ ðàññìîòðåíû ñâåòîôîðíûå îáúåêòû, âçàèìîäåéñòâó-
þùèå â ñðåäå, ïðåäñòàâëåííîé äîðîæíîé ñåòüþ. Ïðåäïîëàãàåòñÿ, ÷òî
ñîñòîÿíèå ñðåäû îòðàæàåò àêòèâíîñòü ôàç ñâåòîôîðíûõ îáúåêòîâ. Â
îáó÷åíèè ñ ïîäêðåïëåíèåì èñïîëüçóþòñÿ âîçíàãðàæäåíèÿ àãåíòà, îïðå-
äåëåííûå íà êàæäîì øàãå t è çàâèñÿùèå îò òåêóùåãî ñîñòîÿíèÿ ñðåäû
s è ñîâåðøåííîãî äåéñòâèÿ a. Â êà÷åñòâå âîçíàãðàæäåíèÿ Rt íà øàãå
t èñïîëüçóåòñÿ ñóììàðíîå âðåìÿ, çàòðà÷åííîå ìàøèíàìè íà ïðåîäîëå-
íèå ïåðåêðåñòêà. Îòñ÷¼ò âðåìåíè ïðîåçäà íà÷èíàåòñÿ çà 70 ì äî ñòîï-
ïîëîñû è çàêàí÷èâàåòñÿ ïðè ïðåîäîëåíèè ïåðåêðåñòêà. Çàäà÷à êàæäîãî
àãåíòà � âûáðàòü äîïóñòèìûé ñèãíàë, êîòîðûé îáåñïå÷èò ìàêñèìàëüíîå
ñóììàðíîå âîçíàãðàæäåíèå. Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ñâåòî-
ôîðíîé ñåòè èñïîëüçóåòñÿ óïðàâëÿåìàÿ îäíîðîäíàÿ ìàðêîâñêàÿ öåïü ñ
êîíå÷íûì ÷èñëîì äåéñòâèé è ñîñòîÿíèé, à çàäà÷à ìèíèìèçàöèè çàäåð-
æåê äâèæåíèÿ òðàíñïîðòíûõ ñðåäñòâ ñâîäèòñÿ ê çàäà÷å ìóëüòèàãåíò-
íîãî îáó÷åíèÿ ñ ïîäêðåïëåíèåì (MARLIN � Multiagent Reinforcement
Learning) [3, 2]. Òàê êàê îñòàíîâëåííûå ìàøèíû ðàíî èëè ïîçäíî ïî-
åäóò, òî âûïîëíÿåòñÿ óñëîâèå íà îáíîâëåíèå êàæäîé ïàðû ñîñòîÿíèÿ
è äåéñòâèÿ. À çíà÷èò, äëÿ íàõîæäåíèÿ ðåøåíèÿ ìîæíî èñïîëüçîâàòü
àëãîðèòì Q-îáó÷åíèÿ [3], îïðåäåëÿþùèé îïòèìàëüíûé âûáîð äåéñòâèé
êàæäîãî èç àãåíòîâ â òåêóùåì ñîñòîÿíèè ñðåäû ñ ó÷åòîì ñîâîêóïíûõ
âîçíàãðàæäåíèé. Äëÿ èññëåäîâàíèÿ ïðåäñòàâëåííîé ìîäåëè áûëà ðàç-
ðàáîòàíà ïðîãðàììà èìèòàöèîííîãî ìîäåëèðîâàíèÿ â ñèñòåìå AnyLogic
è ïðîâåäåíû ñåðèè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

1. Çàäà÷à MARLIN äëÿ ñåòè ñâåòîôîðíûõ îáúåêòîâ

Â ðàáîòå ðàññìàòðèâàåòñÿ ó÷àñòîê äîðîæíîé ñåòè ã. Êðàñíîÿðñêà,
ñîñòîÿùèé èç äâóõ ïåðåêðåñòêîâ: ïð. Ñâîáîäíûé � óë. Ëåñîïàðêîâàÿ,
ïð. Ñâîáîäíûé � óë. Âûñîòíàÿ. Ìîäåëü äàííîé äîðîæíîé ñåòè, ðåàëè-
çîâàííàÿ â ñðåäå AnyLogic, èçîáðàæåíà íà ðèñóíêå 1à. Ðÿäîì ñ êàæäûì
ñâåòîôîðíûì îáúåêòîì èìåþòñÿ îïòè÷åñêèå äàò÷èêè, êîòîðûå ôèêñè-
ðóþò ïðîåçä ìàøèí ÷åðåç çîíó äîðîãè, îòìå÷åííóþ æåëòûì öâåòîì è
íàõîäÿùóþñÿ íà ðàññòîÿíèè 70 ìåòðîâ äî ñòîï-ëèíèè. Íà ðèñóíêå 1á
ïðåäñòàâëåí ïðèìåð îïòè÷åñêîãî äàò÷èêà. Òðåáóåòñÿ óìåíüøèòü ñóì-
ìàðíîå âðåìÿ, çàòðà÷åííîå íà ïðîåçä ÷åðåç ïåðåêðåñòêè äîðîæíîé ñåòè.
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à) á)

Ðèñ. 1. à) Ìîäåëü ðàññìàòðèâàåìîãî ó÷àñòêà äîðîæíîé ñåòè, ðåàëèçîâàííàÿ â
ñèñòåìå AnyLogic; á) çîíû äîðîãè (æ¼ëòûé öâåò), ôèêñèðóåìûå îïòè÷åñêèìè
äàò÷èêàìè

Ðàññìîòðèì çàäà÷ó îáó÷åíèÿ ñ ïîäêðåïëåíèåì íà ñåòè èç äâóõ ñâåòî-
ôîðíûõ îáúåêòîâ ñ ðàçíûì êîëè÷åñòâîì ôàç [2]. Ðàññìàòðèâàþòñÿ äâà
àãåíòà, äëÿ êîòîðûõ îïèñàíû ìíîæåñòâà ñîñòîÿíèé S0 =

{
s(0), s(1)

}
,

S1 =
{
s(0), s(1), s(2)

}
. Äëÿ ïåðåêðåñòêà ïð. Ñâîáîäíûé � óë. Ëåñîïàð-

êîâàÿ ôàçà s(0) ∈ S0 àêòèâèðóåò äâèæåíèå ñ óë. Ëåñîïàðêîâàÿ íà ïð.
Ñâîáîäíûé, s(1) ∈ S0 � äâèæåíèå ââåðõ ïî ïð. Câîáîäíîìó. Äëÿ ïå-
ðåêðåñòêà ïð. Ñâîáîäíûé � óë. Ãîäåíêî ôàçà s(0) ∈ S1 àêòèâèðóåò
äâèæåíèå ïî óë. Ãîäåíêî, s(1) ∈ S1 � äâèæåíèå ïî ïð. Ñâîáîäíîìó
â îáîèõ íàïðàâëåíèÿõ, s(2) ∈ S1 � äâèæåíèå ïî óë. Âûñîòíîé. Ìíî-
æåñòâî äåéñòâèé äëÿ ïåðåêðåñòêà ïð. Ñâîáîäíûé � óë. Ëåñîïàðêî-
âàÿ A0 =

{
a(0), a(1)

}
, äëÿ ïåðåêðåñòêà ïð. Ñâîáîäíûé � óë. Ãîäåíêî

A1 =
{
a(0), a(1), a(2)

}
, ãäå a(k) èíòåðïðåòèðóåòñÿ êàê ¾àêòèâèðîâàòü ôà-

çó s′¿. Îáîçíà÷èì st = {s0t , s1t} ∈ S0×S1 � ñîâîêóïíîå ñîñòîÿíèå ñðåäû â
ìîìåíò âðåìåíè t, à at = {a0t , a1t} ∈ A0 ×A1 � ñîâîêóïíîå óïðàâëåíèå â
ìîìåíò âðåìåíè t. Îòìåòèì, ÷òî ñìåíà ôàçû ëþáûì àãåíòîì ïðèâîäèò
ê èçìåíåíèþ îáùåãî ñîñòîÿíèÿ ñðåäû s.

Â òàêîì ñëó÷àå ôóíêöèÿ îöåíêè ýôôåêòèâíîñòè óïðàâëåíèÿ ïðèìåò
âèä

V (s) = E
∞∑
t=0

γtr(st,at), (1)

ãäå E � îïåðàòîð ìàòåìàòè÷åñêîãî îæèäàíèÿ ïî ñëó÷àéíûì âåëè÷è-
íàì s1, s2, . . . , γ ∈ [0; 1) � êîýôôèöèåíò ïåðåîöåíêè, r(s,a) � ôóíêöèÿ
âîçíàãðàæäåíèé, r(st,at) = Rt.

Ðåøåíèå çàäà÷è MARLIN èùåòñÿ ìåòîäîì äèíàìè÷åñêîãî ïðîãðàì-
ìèðîâàíèÿ íà îñíîâå ïðèíöèïà îïòèìàëüíîñòè Áåëëìàíà è áàçèðóåòñÿ
íà èäåå Q-îáó÷åíèÿ [4], êîòîðàÿ çàêëþ÷àåòñÿ â îöåíêå íåâû÷èñëèìîé
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ïðàâîé ÷àñòè:

Qt+1(s,a) = Qt(s,a) + αt

(
r(s,a) + γ max

a′∈A
[Qt(s

′,a′)]−Qt(s,a)

)
, (2)

ãäå αt � âåðîÿòíîñòü âûáðàòü ïàðó (s,a) â ìîìåíò âðåìåíè t.
Îïòèìàëüíîå óïðàâëåíèå äëÿ ôèêñèðîâàííîãî àãåíòà k áóäåì èñêàòü

êàê ðåøåíèå çàäà÷è MARLIN â âèäå

at = arg max
ak∈Ak

∑
aj∈Aj

Qt(s,a)p
(
s′
∣∣ s, ak, aj) . (3)

Âåðîÿòíîñòü p
(
s′
∣∣ s, ak, aj) � ýòî âåðîÿòíîñòü òîãî, ÷òî àãåíò j âûáåðåò

äåéñòâèå aj ñ ó÷¼òîì òåêóùåãî ñîâìåñòíîãî ñîñòîÿíèÿ s è âûáðàííîãî
àãåíòîì k äåéñòâèÿ ak.

2. Î ïîäáîðå ïàðàìåòðîâ ìåòîäå Q-îáó÷åíèÿ

Ïîêàæåì êàê âëèÿåò ïîäáîð êîýôôèöèåíòîâ è γ è α íà Qt+1. Â ðà-
áîòå [2] ðàññìîòðåí ñïîñîá ýìïèðè÷åñêîãî ïîäáîðà êîýôôèöèåíòîâ α, γ
äëÿ ðåøàåìîé çàäà÷è. Òàêæå äëÿ çàäà÷è ïîèñêà îïòèìàëüíîãî óïðàâ-
ëåíèÿ ñâåòîôîðíûì îáúåêòîì ñ ëþáûì êîëè÷åñòâîì ôàç ïðè óñëîâèè
ñæèìàåìîñòè 0 ⩽ γ < 1 ñïðàâåäëèâû [3] ñëåäóþùèå óòâåðæäåíèÿ:

� ñóùåñòâóåò åäèíñòâåííîå òî÷íîå ðåøåíèå;
� îöåíêà òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ íà n-îì øàãå èòåðàöèè

ρ(Qn, Q0) ⩽
γnρ(Q1, Q0)

1− γ
, (4)

ãäå Qt ∈ R|A|+|S|
∞ � âåêòîðà çíà÷åíèé ôóíêöèè Q(s, a) íà øàãå t,

∀q, w ∈ R|A|+|S|
∞ îïðåäåëåíà ôóíêöèÿ ρ(q, w) = max

1⩽j⩽|A|+|S|
|qj − wj | .

Íà ðèñóíêàõ 2, 3 ïðîäåìîíñòðèðîâàíî ðàçëè÷èå â ñêîðîñòè ñõîäèìîñòè
÷èñëîâîé ïîñëåäîâàòåëüíîñòè {Qt} ïðè âûáîðå ðàçëè÷íûõ êîýôôèöè-
åíòîâ ñêèäêè α è ïåðåîöåíêè γ.

Ðèñ. 2. Ñðàâíåíèå ôóíêöèè Q ïðè ðàçëè÷íûõ êîýôôèöèåíòàõ γ
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Ðèñ. 3. Ñðàâíåíèå ôóíêöèè Q ïðè ðàçëè÷íûõ êîýôôèöèåíòàõ γ

Â [2] óñòàíîâëåí êðèòåðèé ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà (2).
Çàìåòèì, ÷òî åñëè èñïîëüçóåìàÿ ñòðàòåãèÿ ïðèâîäèò ê òîìó, ÷òî ñ åäè-
íè÷íîé âåðîÿòíîñòüþ êàæäàÿ ïàðà (s,a) áóäåò áåñêîíå÷íîå ÷èñëî ðàç
âñòðå÷àòüñÿ íà áåñêîíå÷íîì ãîðèçîíòå íàáëþäåíèÿ, òî èç îòìå÷åííîãî

âûøå óñëîâèÿ ñæèìàåìîñòè:

∞∑
t=0

αt(s,a) = ∞,

∞∑
t=0

α2
t (s,a) ⩽ ∞.

Ïîñëåäîâàòåëüíîñòü ïðèíèìàåìûõ ôóíêöèåé Q çíà÷åíèé (2) ïðè
óñëîâèè Q0 = 0 ìîæíî ïåðåïèñàòü êàê

Qt+1 = (1− αt)
tQ1 +

t∑
i=1

αt(1− αt)
t−iRi, (5)

ãäå Ri � ïîëó÷åííûå â ìîìåíò i âîçíàãðàæäåíèÿ.

Çàìåòèì, ÷òî (1−αt)
t+

t∑
i=1

αt(1−αt)
t−i = 1 è Qt+1 � ñðåäíåâçâåøåí-

íîå [5] äëÿ çíà÷åíèé Q1, R1, . . . , Rt. Ïðè 0 < αt < 1 âûïîëíÿåòñÿ îöåíêà

Q1 < Qt+1 <
1
4

t∑
i=1

Ri. Â âûðîæäåííûõ ñëó÷àÿõ ïðè αt = 0 ôóíêöèÿ

Qt+1 = Q1, ïðè αt = 1 ôóíêöèÿ Qt+1 = Rt.
Ïàðàìåòðû α0 ìîæíî çàäàòü ëþáûì ðàñïðåäåëåíèåì. Â ÷àñòíîñòè,

çíà÷åíèÿ α0 ìîæíî çàäàòü ðàâíûìè α
′
t èç ïðîøëîé ñåññèè. Íà ðèñóíêå

4, íà êîòîðîì ñðàâíèâàþòñÿ äâà ãðàôèêà ôóíêöèè Q: ñèíèì öâåòîì
îòðèñîâàí ãðàôèê ôóíêöèè ïðè α0 = 0, êðàñíûì öâåòîì � ïðè α0 = α′

t,
çåëåíûì öâåòîì � èõ àáñîëþòíàÿ ðàçíîñòü.

Ðèñ. 4. Ñðàâíåíèå ôóíêöèè Q ïðè ðàçëè÷íûõ α0
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Çàêëþ÷åíèå

Ðåøåíèå çàäà÷è ìèíèìèçàöèè çàäåðæêè òðàôèêà ðàññìàòðèâàåòñÿ
êàê èòåðàöèîííûé ïðîöåññ, äëÿ êîòîðîãî ïîëó÷åí êðèòåðèé ñõîäèìîñòè,
ïðåäñòàâëåí àëãîðèòì ïîèñêà ðåøåíèÿ è îïèñàíû íà÷àëüíûå çíà÷åíèÿ.
Â ðàáîòå áûëè ïðåäëîæåíû ñïîñîáû ïîäáîðà íà÷àëüíûõ ïàðàìåòðîâ, ïî-
ìîãàþùèå óâåëè÷èòü ÷èñëî ïðîåçæàþùèõ ìàøèí, óìåíüøèòü èõ îáùåå
âðåìÿ äâèæåíèÿ, à òàêæå óñêîðèòü îáó÷åíèå ìîäåëè MARLIN è îöå-
íèòü ïàðàìåòðû èòåðàöèîííîãî ïðîöåññà ðåàëèçóþùåãî ðåøåíèå. Òà-
êèì îáðàçîì âûáîð êîýôôèöèåíòà ïåðåîöåíêè γ îòâå÷àåò çà ñêîðîñòü
ñõîäèìîñòè (2) è âûáèðàåòñÿ èñõîäÿ èç îöåíêè òî÷íîñòè ïðèáëèæåííîãî
ðåøåíèÿ (4), âûáîð êîýôôèöèåíòà α � çà îòêëîíåíèå îò òî÷íîãî ðåøå-
íèÿ è ïîäáèðàåòñÿ ëèáî ýìïèðè÷åñêè, ëèáî èñõîäÿ èç îöåíîê αt. Çàäà÷à
MARLIN ñ íà÷àëüíûìè íåíóëåâûìè ïàðàìåòðàìè ôîðìóëèðóåòñÿ êàê
äëÿ äâóõ, òàê è äëÿ ëþáîãî ÷èñëà ñâåòîôîðîâ íà ïåðåêðåñòêå.
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ã. Íîâîñèáèðñê, Ðîññèÿ

Â ðàáîòå ïîñòðîåíû è îáó÷åíû 10 ìîäåëåé ñâåðòî÷íûõ íåéðîí-
íûõ ñåòåé íà îñíîâå òðàíñôåðíîãî ïîäõîäà è áåç íåãî äëÿ êëàñ-
ñèôèêàöèè ïíåâìîíèè íà ðåíòãåíîëîãè÷åñêèõ ñíèìêàõ. Ïðîâå-
äåí ñðàâíèòåëüíûé àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ îáó÷åíèÿ ñ
öåëüþ âûÿâëåíèÿ íàèáîëåå òî÷íîé ìîäåëè äëÿ êëàññèôèêàöèè
ðåíòãåíîëîãè÷åñêèõ ñíèìêîâ ïî ïðèçíàêó îòñóòñòâèÿ èëè íàëè-
÷èÿ ïíåâìîíèè âèðóñíîé èëè áàêòåðèàëüíîé ýòèîëîãèè. Íàèáî-
ëåå òî÷íîé ìîäåëüþ äëÿ êëàññèôèêàöèè ñíèìêîâ ÿâëÿåòñÿ ìî-
äåëü ResNeXt. Ïîñòðîåííûå ìîäåëè ïðîòåñòèðîâàíû íà ðåíòãåí
ñíèìêàõ ãðóäíîé êëåòêè ïàöèåíòîâ Êðàñíîÿðñêîãî êðàÿ è îöå-
íåíî êà÷åñòâî êëàññèôèêàöèè êàæäîé ìîäåëè. Íàèëó÷øèìè ìî-
äåëÿìè ïðèçíàíû ResNet áåç ïðåäîáó÷åíèÿ è VGG16.
Êëþ÷åâûå ñëîâà: câåðòî÷íûå íåéðîííûå ñåòè, êëàññèôèêà-
öèÿ, ïíåâìîíèÿ.

Ââåäåíèå

Ïðîáëåìà êà÷åñòâåííîé ðàñøèôðîâêè ðåíòãåíîëîãè÷åñêèõ ñíèìêîâ
â ñîâðåìåííîì ìèðå ñòîèò îñòðî [1�3]. Ïðè ýòîì ñêîðîñòü îáðàáîòêè èí-
ôîðìàöèè èãðàåò íåìàëîâàæíóþ ðîëü. Ïîýòîìó âðà÷àì-ðåíòãåíîëîãàì
âàæíî îáëàäàòü íåîáõîäèìûìè êîìïåòåíöèÿìè, íàðàáîòàííûì îïûòîì
è ñïîñîáíîñòüþ áûñòðî è òî÷íî àíàëèçèðîâàòü ìåäèöèíñêèå èçîáðàæå-
íèÿ è ñòàâèòü âåðíûé äèàãíîç, ÷òî äîâîëüíî ñëîæíî áûâàåò ïðè âûñî-
êîì ïîòîêå ïàöèåíòîâ, îñîáåííî â ïåðèîä ïàíäåìèè. Çäåñü íà ïîìîùü
ìîãóò ïðèéòè ìåòîäû ãëóáîêîãî îáó÷åíèÿ.

Ðåøåíèåì çàäà÷è êëàññèôèêàöèè ïíåâìîíèè ïî ðåíòãåíîëîãè÷åñêèì
ñíèìêàì çàíèìàëèñü êàê îòå÷åñòâåííûå, òàê è çàðóáåæíûå èññëåäîâàòå-
ëè. Íàïðèìåð, â ðàáîòå [4] àâòîð èñïîëüçóåò íåéðîñåòåâóþ ìîäåëü, êîòî-
ðàÿ êëàññèôèöèðóåò ðåíòãåíîëîãè÷åñêèå ñíèìêè íà 2 êëàññà (çäîðîâûé
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èëè ïíåâìîíèÿ), à â ðàáîòå [5] àâòîðû ïðåäëàãàþò íåéðîñåòü äëÿ êëàñ-
ñèôèêàöèè ðåíòãåíîëîãè÷åñêèõ ñíèìêîâ íà 3 êëàññà (çäîðîâûå, áàê-
òåðèàëüíàÿ ïíåâìîíèÿ, âèðóñíàÿ ïíåâìîíèÿ) ñ õàðàêòåðèñòèêàìè ìåò-
ðèê ïîðÿäêà 99%. Çàðóáåæíûå èññëåäîâàòåëè [6�8] òàêæå çàíèìàþòñÿ
êëàññèôèêàöèåé ðåíòãåíîëîãè÷åñêèõ ñíèìêîâ íà 3 âûøåïåðå÷èñëåííûõ
êëàññà è äèàïàçîí òî÷íîñòåé èõ ìîäåëåé ñîñòàâëÿåò îò 87,02% äî 98,8%.
Ïðè ýòîì â ÷àñòè ýêñïåðèìåíòîâ èñïîëüçóþòñÿ èíñòðóìåíòû ïðåäâàðè-
òåëüíîãî îáó÷åíèÿ íåéðîííûõ ñåòåé. Ó êàæäîãî ñâîé ïîäõîä, ñâîè äà-
òàñåòû, ñâîè ðåçóëüòàòû. Âîñòðåáîâàííîñòü èññëåäîâàíèé çàêëþ÷àåòñÿ
â îòñóòñòâèè óíèâåðñàëüíûõ ìîäåëåé äëÿ êà÷åñòâåííîé êëàññèôèêàöèè
èçîáðàæåíèé.

1. Ìàòåðèàëû èññëåäîâàíèÿ

Öåëü íàøåãî èññëåäîâàíèÿ: ìîäåëèðîâàíèå àðõèòåêòóð ñâåðòî÷íûõ
íåéðîííûõ ñåòåé äëÿ ïîâûøåíèÿ êà÷åñòâà êëàññèôèêàöèè ðåíòãåíîëî-
ãè÷åñêèõ èçîáðàæåíèé ñ íàëè÷èåì èëè îòñóòñòâèåì ïðèçíàêîâ âèðóñíîé
èëè áàêòåðèàëüíîé ïíåâìîíèè.

Â ðàáîòå èñïîëüçîâàëàñü áàçà äàííûõ èç Kaggle, ïðåäñòàâëåííàÿ
èçîáðàæåíèÿìè ðåíòãåíîãðàìì îðãàíîâ ãðóäíîé êëåòêè â ïðÿìîé ïðîåê-
öèè îò ìåäèöèíñêîãî öåíòðà Guangzhou Women and Children's Medical
Center, Ãóàí÷æîó. Ðåíòãåíîãðàììû áûëè îòîáðàíû ñðåäè ãðóïïû ïå-
äèàòðè÷åñêèõ ïàöèåíòîâ â âîçðàñòå îò ãîäà äî ïÿòè ëåò. Âñå ðåíòãå-
íîãðàììû ãðóäíîé êëåòêè èçíà÷àëüíî ïðîøëè ïðîâåðêó íà êà÷åñòâî,
ïðè ýòîì âñå íå÷èòàåìûå ñíèìêè è èçîáðàæåíèÿ íèçêîãî êà÷åñòâà áû-
ëè óäàëåíû. Áàçà äàííûõ ñîñòîèò èç 5856 èçîáðàæåíèé, ïîäåëåííûõ íà
òðè êàòåãîðèè: òåñòîâûå (Test), òðåíèðîâî÷íûå (Train) è âàëèäàöèîí-
íûå (Validation) äàííûå (òàáëèöà 1).

Òàáëèöà 1
Ðàñïðåäåëåíèå äàííûõ áàçû Chest X-Ray Images (Pneumonia) ïî êëàññàì

Òèï äàííûõ Train Test Validation Èòîãî

Íîðìàëüíûå 1341 234 8 1583

Áàêòåðèàëüíàÿ ïíåâìîíèÿ 2524 242 8 2774

Âèðóñíàÿ ïíåâìîíèÿ 1341 148 10 1499

Èòîãî 5206 624 26 5856

Â íåêîòîðûõ ñëó÷àÿõ ïíåâìîíèè ìîæåò èìåòü ñìåøàííóþ ýòèîëî-
ãèþ (âèðóñíàÿ è áàêòåðèàëüíàÿ èíôåêöèè). Îäíàêî íàáîð äàííûõ, èñ-
ïîëüçîâàííûé â ýòîì èññëåäîâàíèè, íå âêëþ÷àåò íè îäíîãî ñëó÷àÿ âè-
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ðóñíîé è áàêòåðèàëüíîé êîèíôåêöèè. Òàêæå â õîäå ýêñïåðèìåíòà èñ-
ïîëüçîâàëèñü 15 ðåíòãåíîëîãè÷åñêèõ ñíèìêîâ ïàöèåíòîâ Êðàñíîÿðñêî-
ãî êðàÿ, ïðåäîñòàâëåííûõ êëèíè÷åñêîé áîëüíèöåé �51 ÔÌÁÀ Ðîññèè
(ã. Æåëåçíîãîðñê), ïî 5 ñíèìêîâ ïî êàæäîìó êëàññó.

2. Ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ è ðåçóëüòàòû

Áûëè ïîñòðîåíû è îáó÷åíû 10 ìîäåëåé ñâåðòî÷íûõ íåéðîííûõ ñå-
òåé (ðèñ. 1). Ïðèìåíåíà àóãìåíòàöèÿ äàííûõ è ìåòîä ðåãóëÿðèçàöèè
dropout äëÿ ïðåîäîëåíèÿ ýôôåêòà ïåðåîáó÷åíèÿ íåéðîííûõ ñåòåé.

Ðèñ. 1. Ýòàïû ðàáîòû

Ìîäåëè êëàññèôèöèðîâàëè ðåíòãåíîëîãè÷åñêèå ñíèìêè íà 3 êëàññà:
çäîðîâûé (healthy), áàêòåðèàëüíàÿ ïíåâìîíèÿ (bacteria), âèðóñíàÿ ïíåâ-
ìîíèÿ (virus), à òàêæå ðàññìàòðèâàëàñü êëàññèôèêàöèÿ ïî ïàðíûì ñî-
÷åòàíèÿì êëàññîâ. Ïðîãðàììíûé êîä ðåàëèçîâûâàëñÿ íà ÿçûêå Python.
Â õîäå ðàáîòû èñïîëüçîâàëñÿ êîìïüþòåð ñî ñëåäóþùèìè òåõíè÷åñêèìè
õàðàêòåðèñòèêàìè: âèäåîêàðòà NVIDIA GeForce 3090, ïðîöåññîð AMD
Ryzen 9 5950X 16-Core Processor, 64 GB RAM ïàìÿòè.

Ïîñòðîåííàÿ ìîäåëü VGG16 ñîñòîèò èç 13 ñâåðòî÷íûõ ñëîåâ è 4 ïîë-
íîñâÿçíûõ. Â êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ ReLU, â ïî-
ñëåäíåì ñëîå � softmax. Ïðîñòðàíñòâåííîå îáúåäèíåíèå îñóùåñòâëÿåòñÿ
ïÿòüþ îáúåäèíÿþùèìè ñëîÿìè (maxpooling). Îïòèìèçàòîðîì ÿâëÿåòñÿ
Adam.
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Ìîäåëü VGG19 ñîñòîèò èç 16 ñâåðòî÷íûõ è 4 ïîëíîñâÿçíûõ ñëîåâ.
Â êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ ReLU, â ïîñëåäíåì ñëîå
� softmax. Ïðîñòðàíñòâåííîå îáúåäèíåíèå îñóùåñòâëÿåòñÿ îáúåäèíÿþ-
ùèìè ñëîÿìè (maxpooling). Îïòèìèçàòîðîì ÿâëÿåòñÿ Adam.

Ìîäåëü ResNet ñîñòîèò èç 8 îñòàòî÷íûõ áëîêîâ, 17 ñâåðòî÷íûõ ñëîåâ
è 5 ïîëíîñâÿçíûõ ñëîåâ. Â êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ
ReLU, â ïîñëåäíåì ñëîå � softmax. Â àðõèòåêòóðå ñåòè ïðèìåíÿåòå ìå-
òîä Batch Normalization. Îïòèìèçàòîðîì ÿâëÿåòñÿ Adam.

Ìîäåëü DenseNet ñîñòîèò èç 4 ïëîòíî ñâÿçàííûõ áëîêîâ è 5 ïîëíî-
ñâÿçíûõ ñëîåâ. Â êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ ReLU, â
ïîñëåäíåì ñëîå � softmax. Â àðõèòåêòóðå ñåòè ïðèìåíÿåòå ìåòîä Batch
Normalization. Îïòèìèçàòîðîì ÿâëÿåòñÿ Adam.

Ïîëó÷åííàÿ ìîäåëü MobileNet V3 large ñîñòîèò èç ñëîåâ, îáúåäèíåí-
íûõ â áëîêè. Â êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ ReLU è Hard
Swish, â ïîñëåäíåì ñëîå � softmax. Â àðõèòåêòóðå ñåòè ïðèìåíÿåòå ìå-
òîä Batch Normalization. Îïòèìèçàòîðîì ÿâëÿåòñÿ Adam.

Ïîëó÷åííàÿ ìîäåëü MobileNet V3 small ñîñòîèò èç ñëîåâ, îáúåäè-
íåííûõ â áëîêè. Â êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ ReLU è
Hard Swish, â ïîñëåäíåì ñëîå � softmax. Â àðõèòåêòóðå ñåòè ïðèìåíÿåòå
ìåòîä Batch Normalization. Îïòèìèçàòîðîì ÿâëÿåòñÿ Adam.

Ïîëó÷åííàÿ ìîäåëü InceptionNet ñîñòîèò èç 10 Inception ìîäóëåé.
Â êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ ReLU, â ïîñëåäíåì ñëîå
� softmax. Â àðõèòåêòóðå ñåòè ïðèìåíÿåòå ìåòîä Batch Normalization.
Îïòèìèçàòîðîì ÿâëÿåòñÿ Adam.

Ìîäåëü E�cientNet-B0 ñîñòîèò èç 7 áëîêîâ, âêëþ÷àþùèõ â ñåáÿ 16
ñâåðòî÷íûõ ñëîåâ. Â êà÷åñòâå ôóíêöèè àêòèâàöèè èñïîëüçóåòñÿ ReLU, â
ïîñëåäíåì ñëîå � softmax. Â àðõèòåêòóðå ñåòè ïðèìåíÿåòå ìåòîä Batch
Normalization. Îïòèìèçàòîðîì ÿâëÿåòñÿ Adam.

Ìîäåëü ResNeXt ñîñòîèò èç 49 ñëîåâ ñâåðòêè. Â êà÷åñòâå ôóíêöèè
àêòèâàöèè èñïîëüçóåòñÿ ReLU, â ïîñëåäíåì ñëîå � softmax. Â àðõèòåê-
òóðå ñåòè ïðèìåíÿåòå ìåòîä Batch Normalization. Îïòèìèçàòîðîì ÿâëÿ-
åòñÿ Adam.

Cðàâíèòåëüíûé àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ îáó÷åíèÿ ìîäåëåé ñ
öåëüþ âûÿâëåíèÿ íàèáîëåå òî÷íîé ìîäåëè äëÿ êëàññèôèêàöèè ðåíòãå-
íîëîãè÷åñêèõ ñíèìêîâ ïî ïðèçíàêó îòñóòñòâèÿ èëè íàëè÷èÿ ïíåâìîíèè
âèðóñíîé èëè áàêòåðèàëüíîé ýòèîëîãèè ïîêàçàë, ÷òî ëó÷øåé ìîäåëüþ
ÿâëÿåòñÿ ìîäåëü ñ àðõèòåêòóðîé ResNeXt (òàáëèöà 2).

ResNeXt ÿâëÿåòñÿ îäíîé èç ëó÷øèõ ìîäåëåé äëÿ êëàññèôèêàöèè
ëþáîãî èç òðåõ êëàññîâ (íîðìàëüíûå äàííûå, áàêòåðèàëüíàÿ ïíåâìî-
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Òàáëèöà 2
Îñíîâíûå ìåòðèêè ìîäåëè ResNeXt

êëàññ/ìåòðèêè accuracy precision recall F1-score

healthy 92,8 94,8 85,5 90,0

bacteria 93,9 90,8 93,8 92,2

virus 90,2 76,7 84,4 80,3

íèÿ, âèðóñíàÿ ïíåâìîíèÿ) è îáëàäàåò íàèâûñøèìè çíà÷åíèÿìè ìåòðèê
accuracy, precision, recall è F1. Ìîäåëü îáó÷àëàñü íà 100 ýïîõàõ.

Ïðè êëàññèôèêàöèè ðåíòãåí ñíèìêîâ ïàöèåíòîâ Êðàñíîÿðñêîãî êðàÿ
íàèáîëåå òî÷íûìè ìîäåëÿìè ÿâëÿþòñÿ ìîäåëè ResNet áåç ïðåäîáó÷å-
íèÿ (accuracy = 93,3, precision = 83,3, recall = 100, F1 = 90,9) è ResNeXt
(accuracy = 86,7, precision = 71,4, recall = 100, F1 = 83,3), òàê êàê ýòè
ìîäåëè õàðàêòåðèçóþòñÿ íàèáîëüøèìè çíà÷åíèÿìè îöåíèâàåìûõ ïàðà-
ìåòðîâ.

Íàèáîëåå òî÷íûìè ìîäåëÿìè ïðè êëàññèôèêàöèè ñíèìêîâ áàê-
òåðèàëüíîé ïíåâìîíèè ïàöèåíòîâ Êðàñíîÿðñêîãî êðàÿ ñòàëè ìîäåëè
MobileNet V3 small (accuracy = 73,3, precision = 55,6, recall = 100,
F1 = 71.4) è ResNeXt (accuracy = 73,3, precision = 57,1, recall = 80,0,
F1 = 66,7).

Íàèáîëåå òî÷íûìè ìîäåëÿìè ïðè êëàññèôèêàöèè ñíèìêîâ âèðóñ-
íîé ïíåâìîíèè ïàöèåíòîâ Êðàñíîÿðñêîãî êðàÿ ñòàëè ìîäåëè VGG16
(accuracy = 66,7, precision = 50,0, recall = 20,0, F1 = 28,6) è ResNet
(accuracy = 66,7, precision = 50,0, recall = 20,0, F1 = 28,6).

Ïî èìåþùèìñÿ ïîêàçàòåëÿì ñàìûìè òî÷íûìè ìîäåëÿìè êëàññèôè-
êàöèè ðåíòãåíîëîãè÷åñêèõ ñíèìêîâ ïî ïðèçíàêó îòñóòñòâèÿ èëè íàëè-
÷èÿ ïíåâìîíèè âèðóñíîé èëè áàêòåðèàëüíîé ýòèîëîãèè ñðåäè ïàöèåí-
òîâ Êðàñíîÿðñêîãî êðàÿ ÿâëÿþòñÿ ìîäåëü ResNet áåç ïðåäîáó÷åíèÿ è
VGG16, òàê êàê îíè îáëàäàþò íàèáîëåå âûñîêèìè çíà÷åíèÿìè ïîêàçà-
òåëåé accuracy, precision, recall è F1 äëÿ êëàññèôèêàöèè âñåõ òðåõ êëàñ-
ñîâ. Íåâûñîêèå ïîêàçàòåëè ìåòðèê ïî êëàññèôèêàöèè ñíèìêîâ ëåãêèõ
ïî Êðàñíîÿðñêîìó êðàþ îáúÿñíÿåòñÿ ìàëûì îáúåìîì äàííûõ, à òàê-
æå ïîëó÷åíèåì èçîáðàæåíèé íà îáîðóäîâàíèè îòëè÷íîì îò èñõîäíîãî
äàòàñåòà ñ Kaggle.

Çàêëþ÷åíèå

Ïðèìåíåíèå ñâåðòî÷íûõ íåéðîííûõ ñåòåé ñïîñîáíî óëó÷øèòü ïðî-
öåäóðó ïðîâåäåíèÿ äèàãíîñòèêè, óâåëè÷èâ âîçìîæíîñòè äëÿ ïðèíÿòèÿ
âåðíîãî ðåøåíèÿ, ñíèçèâ íàãðóçêó íà âðà÷åé-ñïåöèàëèñòîâ è óìåíüøèâ
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âðåìåííûå çàòðàòû, ÷òî â ñâîþ î÷åðåäü âëå÷åò çà ñîáîé óñêîðåíèå âðå-
ìåíè íà÷àëà êîððåêòíîãî ëå÷åíèÿ çàáîëåâàíèÿ. Òåì íå ìåíåå, ñóùå-
ñòâóåò îïðåäåëåííûé ðÿä îãðàíè÷åíèé ïðè ïîâñåìåñòíîì èñïîëüçîâà-
íèè äàííîé òåõíîëîãèè â âèäå íåîáõîäèìîñòè äåòàëüíîé äîíàñòðîéêè
êàæäîé ìîäåëè ê êîíêðåòíîìó òèïó èçîáðàæåíèé, à òàêæå ïðîâåäåíèÿ
êëèíè÷åñêèõ èñïûòàíèé è ïîëó÷åíèÿ ðàçðåøåíèÿ íà åå èñïîëüçîâàíèå.
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Â ñòàòüå ïðåäëîæåíà ìåòîäèêà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
ó÷àñòêà æåëåçíîé äîðîãè ñ ïàêåòíûì (ãðóïïîâûì) äâèæåíèåì
ïîåçäîâ. Â íåé ïðèìåíÿþòñÿ îòäåëüíûå BMAP-ïîòîêè (Branch
Markovian Arrival Process) äëÿ îïèñàíèÿ ïîñòóïëåíèÿ ãðóïï ïî-
åçäîâ ñ ðàçíûõ íàïðàâëåíèé. Ïðîöåññ èõ äâèæåíèÿ ïî ó÷àñòêó
ìîäåëèðóåòñÿ ñ ïîìîùüþ ñåòè ìàññîâîãî îáñëóæèâàíèÿ, â êîòî-
ðîé äîïóñòèìî ãðóïïîâîå îáñëóæèâàíèå çàÿâîê. Ýòî ïîçâîëÿåò
ó÷åñòü ðàçëè÷íûå ïàðàìåòðû ðàáîòû ñòàíöèé è ïóòåé ìåæäó
íèìè, à òàêæå ãðóïïîâîå äâèæåíèå ïîåçäîâ ïî ñèñòåìå. Â êà÷å-
ñòâå îáúåêòà èññëåäîâàíèÿ âûáðàí ó÷àñòîê ïóòè îò ñòàíöèè Íà-
óøêè (Ðîññèÿ) äî ñòàíöèè Ñóõý-Áàòîð (Ìîíãîëèÿ). Ïî ðåçóëü-
òàòàì ÷èñëåííîãî èññëåäîâàíèå åãî ìîäåëè ñäåëàíû âûâîäû î
ïðîïóñêíîé ñïîñîáíîñòè ó÷àñòêà.Êëþ÷åâûå ñëîâà: ñåòü ìàñ-
ñîâîãî îáñëóæèâàíèÿ, BMAP, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå,
æåëåçíîäîðîæíûé ó÷àñòîê.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ñåòè ìàññîâîãî îáñëóæèâàíèÿ (ÑåÌÎ) øèðîêî
ïðèìåíÿþòñÿ äëÿ ìîäåëèðîâàíèÿ ðàáîòû ðàçëè÷íûõ òåõíè÷åñêèõ ñè-
ñòåì, â ïåðâóþ î÷åðåäü êîìïüþòåðíûõ è òåëåêîììóíèêàöèîííûõ ñå-
òåé [1]. ÑåÌÎ ïîçâîëÿþò ó÷åñòü ïðè ìîäåëèðîâàíèè íåëèíåéíóþ ñòðóê-
òóðó ñèñòåìû, ðàçëè÷íóþ ïðîèçâîäèòåëüíîñòü åå îòäåëüíûõ ýëåìåíòîâ,
à òàêæå ñòîõàñòè÷åñêóþ ïðèðîäó ïîñòóïëåíèÿ çàÿâîê è ïðîöåññà èõ îá-
ñëóæèâàíèÿ [2]. Òàêèì ñâîéñòâàì îòâå÷àåò è, â ÷àñòíîñòè, îáúåêòû æå-
ëåçíîäîðîæíîãî òðàíñïîðòà [3]. Ïîýòîìó ìàòåìàòè÷åñêèé àïïàðàò Ñå-
ÌÎ îêàçàëñÿ ýôôåêòèâåí äëÿ îïèñàíèÿ è äîëãîñðî÷íîãî ïðîãíîçèðîâà-
íèÿ ðàáîòû ðàçâÿçîê, ñòàíöèé è æåëåçíîäîðîæíûõ ìàãèñòðàëåé [4, 5, 6]
â óñëîâèÿõ íåîïðåäåëåííîñòè.

Íà îñíîâå ÑåÌÎ àâòîðû ïðåäëîæèëè ìåòîäèêó ìîäåëèðîâàíèÿ ðà-
áîòû ñîðòèðîâî÷íûõ è ãðóçîâûõ æåëåçíîäîðîæíûõ ñòàíöèé [7, 8], à çà-
òåì àäàïòèðîâàëè åå äëÿ ó÷àñòêà ðîññèéñêîé æåëåçíîäîðîæíîé ñåòè [9],
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êîòîðàÿ ýëåêòðèôèöèðîâàíà è èìååò äâóõïóòíîå ñîîáùåíèå. Îäíàêî â
ñòðàíàõ Àçèè æåëåçíûå äîðîãè íå âñåãäà îòâå÷àþò îïèñàííûì òðåáîâà-
íèÿì. Â ÷àñòíîñòè, â Ìîíãîëèè áîëüøàÿ ÷àñòü æåëåçíîäîðîæíîé ñåòè
íåýëåêòðèôèöèðîâàíà è èìååò îäíîïóòíîå ñîîáùåíèå. Â ýòîì ñëó÷àå èñ-
ïîëüçóåòñÿ ïàêåòíûé ãðàôèê, ò.å. ïîåçäà ïîñòóïàþò (îòïðàâëÿþòñÿ) íà
ñòàíöèþ ãðóïïàìè.

Â äàííîé ðàáîòå ïðåäëîæåííàÿ ìåòîäèêà óñîâåðøåíñòâîâàíà äëÿ ìî-
äåëèðîâàíèÿ æåëåçíîäîðîæíîé ñåòè ñ ïàêåòíûì ãðàôèêîì. Â êà÷åñòâå
ïðèìåðà ðàññìàòðèâàåòñÿ æåëåçíîäîðîæíûé ó÷àñòîê îò ñòàíöèè Íà-
óøêè (Ðîññèÿ) äî ñòàíöèè Ñóõý-Áàòîð (Ìîíãîëèÿ), ðàñïîëîæåííîãî íà
Òðàíñìîíãîëüñêîé æåëåçíîé äîðîãå (ÒÌÆÄ).

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Òèïè÷íûé æåëåçíîäîðîæíûé ó÷àñòîê âêëþ÷àåò íåêîòîðîå ÷èñëî
ñòàíöèé è ïóòåé ìåæäó íèìè, íà êîòîðûå ïîåçäà ïðèáûâàþò ñ äâóõ è
áîëåå íàïðàâëåíèé. Âíóòðè ñèñòåìû ïðèñóòñâóåò íåñêîëüêî ìàðøðóòîâ
äâèæåíèÿ òðàíñïîðòà. Ñòàíöèè èìåþò îäèí èëè áîëåå ïàðê äëÿ ïðè-
íÿòèÿ è îáñëóæèâàíèÿ ïîåçäîâ, âêëþ÷àÿ ãðóçîâîé äâîð äëÿ èõ ïîãðóç-
êè/ðàçãðóçêè. Ïðè ýòîì ñòàíöèè è ïóòè öèêëè÷åñêè âûïîëíÿþò îäíî-
òèïíûå îïåðàöèè, èìåþ ðàçëèíóþ ïðîèçâîäèòåëüíîñòü è âìåñòèìîñòü, à
èõ ðàáîòà ïîäâåðæåíà âîçäåéñòâèþ ñëó÷àéíûõ ôàêòîðîâ (ïîëîìêè òåõ-
íèêè, ÷åëîâå÷åñêèé ôàêòîð). Äëÿ îïèñàíèÿ òàêèõ ñèñòåì ÑåÌÎ îêàçà-
ëèñü ýôôåêòèâíûì ìàòåìàòè÷åñêèì àïïàðàòîì [4, 9].

Ìàòåìàòè÷åñêóþ ìîäåëü æåëåçíîäîðîæíîãî ó÷àñòêà ñ ïàêåòíûì
ãðàôèêîì äâèæåíèÿ ïîåçäîâ ìû ñòðîèì â âèäå ÑåÌÎ ñïåöèàëüíîãî
âèäà è BMAP -ïîòîêàìè. Â îòëè÷èå îò ðàíåå ïðåäëîæåííîé ìåòîäè-
êè [9], âî-ïåðâûõ, äëÿ îïèñàíèÿ ïîñòóïëåíèÿ ïàêåòîâ ïîåçäîâ ñ îäíîãî
íàïðàâëåíèÿ ïðèìåíÿåòñÿ îòäåëüíûé BMAP -ïîòîê, çàÿâêîé ñ÷èòàåò-
ñÿ îäèí ïîåçä, òîãäà ãðóïïà çàÿâîê � ïàêåò; âî-âòîðûõ, ðàáîòà ïàðêîâ
è ïóòåé ìåæäó ñòàíöèÿìè, â çàâèñèìîñòè îò òèïà, îïèñûâàåòñÿ îäíîé
èëè áîëåå ÑÌÎ áåç î÷åðåäè. Ïîåçäà â ïàðêè, êàê ïðàâèëî, ïîñòóïàþò
ñ äâóõ íàïðàâëåíèé, ïîýòîìó ýòè ýëåìåíòû ìîäåëèðóþòñÿ äâóìÿ ìíî-
ãîêàíàëüíûìè ÑÌÎ, ãäå êàíàëîì îáñëóæèâàíèÿ ñ÷èòàåòñÿ îòäåëüíûé
ïóòü ýòîãî ïàðêà. Ãðóçîâîé äâîð îïèñûâàåòñÿ îäíèì óçëîì, â êîòîðîì
÷èñëî êàíàëîâ çàâèñèò îò âìåñòèìîñòè äâîðà. Ïóòü ìåæäó ñòàíöèÿìè
ìîäåëèðóåòñÿ äâóìÿ îäíîêàíàëüíûìè ÑÌÎ ñ ãðóïïîâûì îáñëóæèâàíè-
åì çàÿâîê, òàê êàê ïî íåìó ïàêåòû ïîåçäîâ äâèæóòñÿ â äâà íàïðàâ-
ëåíèÿ. Ðàçìåð îáñëóæèâàåìîé ãðóïïû ðàâåí ìàêñèìàëüíîìó ðàçìåðó
ïàêåòà, à âðåìÿ åãî îáñëóæèâàíèÿ � óäâîåííîå âðåìÿ äâèæåíèÿ ïîåçäîâ
ïî äàííîìó ïóòè. Ðàñïðåäåëåíèÿ ðàçìåðà ïîñòóïàþùåé ãðóïïû çàÿâîê
è âðåìåíè èõ îáñëóæèâàíèÿ â óçëå îïðåäåëÿåòñÿ íà îñíîâå ðåçóëüòà-
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òîâ ñòàòèñòè÷åñêîé îáðàáîòêè äàííûõ äëÿ êîíêðåòíîãî ýëåìåíòà. Äëÿ
ìàòåìàòè÷åñêîãî îïèñàíèÿ ïåðåäâèæåíèÿ ïîåçäîâ âíóòðè ñèñòåìû ïðè-
ìåíÿåòñÿ ìàðøðóòíàÿ ìàòðèöà, êîòîðàÿ ñòðîèòñÿ íà îñíîâå ñòðóêòóðû
âûáðàííîãî îáúåêòà. Äëÿ ïðåäîòâðàùåíèÿ ïîòåðü çàÿâîê ìåæäó óçëàìè
ïðèìåíÿþòñÿ âðåìåííûå áëîêèðîâêè ðàáîòû êàíàëîâ.

2. Ìîäåëü æåëåçíîäîðîæíîãî ó÷àñòêà Íàóøêè � Ñóõý-Áàòîð

Äàííûé æåëåçíîäîðîæíûé ó÷àñòîê âêëþ÷àåò äâå ñòàíöèè, êîòî-
ðûå ïðåäíàçíà÷åíû äëÿ ïðîâåäåíèÿ òàìîæåííûõ îïåðàöèé, è îäèí ïóòü
ìåæäó íèìè. Ïî ýòîìó ó÷àñòêó èç Ðîññèè â Ìîíãîëèþ ñëåäóåò 3-4 ïàñ-
ñàæèðñêèõ ïîåçäà â ñóòêè è ñòîëüêî æå îáðàòíî, ãðóçîâûõ � ïî 7-8 äëÿ
êàæäîãî íàïðàâëåíèÿ. Ñðåäíèé ðàçìåð ïàêåòà äëÿ íàïðàâëåíèÿ Ðîññèÿ-
Ìîíãîëèÿ ñîñòàâëÿåò â äíåâíóþ è íî÷íóþ ñìåíû � 2,75 è 2,56 ïîåçäîâ,
îáðàòíî � 2,59 è 2,33, à ìàêñèìàëüíûé � 4 ïîåçäà äëÿ âñåõ ñëó÷àåâ. Äëÿ
îïèñàíèÿ ðàçìåðîâ ãðóïï çàÿâîê èñïîëüçóåòñÿ áèíîìèàëüíîå ðàñïðåäå-
ëåíèå. Èíòåíñèâíîñòü ïîñòóïëåíèÿ ãðóïï � 4 â ñóòêè èëè 0,17 â ÷àñ.
Ïîñòóïëåíèå ïîåçäîâ â ñèñòåìó îïèñûâàåòñÿ äâóìÿ BMAP -ïîòîêàìè:
BMAP − R � ñ Ðîññèè, BMAP −M � ñ Ìîíãîëèè, êîòîðûå çàäàþòñÿ
ìàòðèöàìè

DR0 =

(
−0.17 0

0 −0.17

)
, DR1 =

(
0, 008 0, 008
0, 012 0, 012

)
,

DR2 =

(
0, 024 0, 024
0, 027 0, 027

)
, DR3 =

(
0, 034 0, 034
0, 032 0, 032

)
,

DR4 =

(
0, 019 0, 019
0, 014 0, 014

)
; DM0 =

(
−0.17 0

0 −0.17

)
,

DM1 =

(
0, 011 0, 011
0, 016 0, 016

)
, DM2 =

(
0, 026 0, 026
0, 034 0, 034

)
,

DM3 =

(
0, 035 0, 035
0, 026 0, 026

)
, DM4 =

(
0, 013 0, 013
0, 009 0, 009

)
.

(1)

Íà ñòàíöèè Íàóøêè èìååòñÿ ïðèåìîîòïðàâî÷íûé ïàðê (ÏÎÏ) íà
13 ïóòåé è ãðóçîâîé äâîð. Ðàáîòó ýòîãî ÏÎÏ ìû îïèñûâàåì äâóìÿ
ìíîãîêàíàëüíûìè ÑÌÎ: óçåë 1 � BMAP − R/G/8/0 è óçåë 2 �
∗/G/5/0. Ðàñïðåäåëåíèå âðåìåíè îáñëóæèâàíèÿ â óçëàõ îïèñûâàåòñÿ
óñå÷åííûì íîðìàëüíûì ðàñïðåäåëåíèåì N(µ, σ, a, b), ãäå µ � ìàòåìà-
òè÷åñêîå îæèäàíèå � ñîîòâåòñòâóåò ñðåäíåìó âðåìåíè îáñëóæèâàíèÿ
ñîîòâåòñòâóþùåãî ïîåçäà, σ � ñð. êâàäðàòè÷åñêîå îòêëîíåíèå � ïîäî-
áðàí ïî ïðàâèëó ¾òðåõ ñèãì¿, a è b � min è max çíà÷åíèÿ ñëó÷àéíîé
âåëè÷èíû [7]. Çíà÷åíèÿ ïàðàìåòðîâ èçìåðÿþòñÿ â ìèíóòàõ. Âðåìÿ îá-
ñëóæèâàíèÿ çàÿâîê â êàíàëàõ óçëîâ 1 è 2 äëÿ ïàññàæèðñêèõ ïîåçäîâ
çàäàåòñÿ N(100, 3, 90, 110), äëÿ ãðóçîâûõ � N(230, 16, 180, 280).
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Íà ãðóçîâîì äâîðå ìîæåò îáñëóæèâàòüñÿ òîëüêî îäèí ïîåçä öåëè-
êîì, ïîýòîìó äëÿ îïèñàíèÿ åãî ðàáîòû ïðèìåíÿåòñÿ îäíîêàíàëüíàÿ
ÑÌÎ: óçåë 3 � ∗/G/1/0. Ñðåäíåå âðåìÿ ïîãðóçêè (ðàçãðóçêè) ïîåçäà
� îäíè ñóòêè. Ïîýòîìó ðàñïðåäåëåíèå âðåìåíè îáñëóæèâàíèÿ çàäàåòñÿ
N(1440; 180; 900; 1980).

Ôóíêöèîíèðîâàíèå ïóòè ìåæäó ñòàíöèÿìè ìû ìîäåëèðóåì äâó-
ìÿ îäíîêàíàëüíûìè ÑÌÎ ñ ãðóïïîâûì îáñëóæèâàíèåì: óçëû 4 è 5 �
∗/GX/1/0, ãäå X = 4 � ðàçìåð îòñëóæèâàåìîé ãðóïïû çàÿâîê. Ñðåäíåå
âðåìÿ õîäà îò ñòàíöèè Íàóøêè äî Ñóõý-Áàòîð � 45 ìèí. Òîãäà âðåìÿ
îáñëóæèâàíèÿ â ýòèõ óçëàõ îïèñûâàåòñÿ N(87; 10; 57; 117).

Íà ñòàíöèè Ñóõý-Áàòîð èìååòñÿ îäèí ÏÎÏ íà 12 ïóòåé. Åãî ðà-
áîòà ìîäåëèðóåòñÿ äâóìÿ ìíîãîêàíàëüíûìè ÑÌÎ áåç î÷åðåäè: óçåë
6 � ∗/G/6/0 è óçåë 7 � BMAP − M/G/8/0. Âðåìÿ îáñëóæèâà-
íèÿ ïàññàæèðñêèõ ïîåçäîâ îïèñûâàåòñÿ N(100; 3; 90; 110), ãðóçîâûõ �
N(230; 16; 180; 280).

Òàêèì îáðàçîì, ìîäåëü ðàáîòû æåëåçíîäîðîæíîãî ó÷àñòêà Íàóøêè
� Ñóõý-Áàòîð âêëþ÷àåò 7 óçëîâ. Ê íèì ñëåäóåò äîáàâèòü äâà ôèêòèâíûõ
óçëà [1, 2] � èñòî÷íèêè ïîòîêîâ çàÿâîê: óçåë 0 äëÿ BMAP − R, óçåë
8 äëÿ BMAP −M . Âåðîÿòíîñòè ïåðåõîäîâ ãðóïï çàÿâîê ìåæäó óçëàìè
ïðåäñòàâëåíû â âèäå âåñîâ íà ðèñ. 1.

Ðèñ. 1. Ñõåìà ÑåÌÎ

3. Âû÷èñëèòåëüíûé ýêñïåðèìåíò

Èññëåäîâàíèå ïîëó÷åííîé ÑåÌÎ ñ BMAP-ïîòîêîì, îïèñûâàåìûì
ìàòðèöàìè (1), âûïîëíÿëîñü ÷èñëåííî, ñ ïîìîùüþ ðàçðàáîòàííîé àâòî-
ðàìè èìèòàöèîííîé ìîäåëè [7]. Âðåìÿ ìîäåëèðîâàíèÿ òðè íåäåëè âèð-
òóàëüíîãî âðåìåíè. Â òàáë. 1 ïðåäñòàâëåíû ñðåäíèå ðåçóëüòàòû çà 10
ïóñêîâ èìèòàöèîííîé ìîäåëè.
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Òàáëèöà 1
Cðåäíèå ðåçóëüòàòû çà 10 ïóñêîâ èìèòàöèîííîé ìîäåëè

Ãðóïï Ïîñòóï. 166,4 Îòêàç. 9,00 Ploss 0,054
Çàÿâîê 450,2 27,8 0,062
� óçëà 1 2 3 4 5 6 7

K 0,19 0,26 0,79 0,36 0,42 0,17 0,21
T 620,4 224,5 1520,2 59,5 57,5 207,5 589,4
Z 202,0 174,2 15,6 185,8 219,2 145,4 220,40

Tlock 26,66 - 0,06 0,02 2,29 - 28,32

Çäåñü: Ploss � âåðîÿòíîñòü îòêàçà; K � êîýôôèöèåíò çàíÿòîñòè êà-
íàëîâ, T � ñðåäíåå âðåìÿ â óçëå (ìèí), Z � êîëè÷åñòâî ïîñòóïèâøèõ â
óçåë çàÿâîê, Tlock � ñðåäíåå âðåìÿ áëîêèðîâêè îäíîãî êàíàëà (ìèí).

Ïåðåíîñÿ ïîëó÷åííûå ðåçóëüòàòû íà îáúåêò èññëåäîâàíèÿ ïîëó÷àåì
ñëåäóþùåå. Â äàííîì ýêñïåðèìåíòå âåðîÿòíîñòü îòêàçà ïîêàçûâàåò ïðî-
öåíò îñòàíîâêè ïîåçäîâ íà ñîñåäíèõ ñòàíöèÿõ èç-çà çàíÿòîñòè ðàññìàò-
ðèâàåìîãî ó÷àñòêà. Â íàøåì ñëó÷àå 6,2 % ïîåçäîâ ìîãóò áûòü îñòàíîâ-
ëåíû, ÷òî íå ÿâëÿåòñÿ êðèòè÷åñêèì çíà÷åíèåì. Ãðóçîâîé äâîð (óçåë 3)
èìååò íàèáîëüøóþ çàãðóçêó, îäíàêî îáúåì ïîåçäîïîòîêà íà íåãî íåçíà-
÷èòåëüíûé. Ïîýòîìó îí ïðàêòè÷åñêè íå îêàçûâàåò âëèÿíèå íà ñèñòåìó
â öåëîì. Ïóòü ìåæäó ñòàíöèÿìè (óçëû 4 è 5) ÿâëÿåòñÿ ¾óçêèì ìåñòîì¿,
òàê êàê â ýòèõ óçëàõ (íå ñ÷èòàÿ óçåë 3) èìåþòñÿ íàèáîëüøèå çíà÷å-
íèÿ K è Tlock. Áîëåå ïîäðîáíàÿ èíôîðìàöèÿ îá îáúåêòå èññëåäîâàíèÿ
è ïîëó÷åííûå ðåçóëüòàòû èññëåäîâàíèÿ áóäóò ïðåäñòàâëåíû â äîêëàäå.

Çàêëþ÷åíèå

Ãëàâíûì èòîãîì ïðîâåäåííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ òî, ÷òî â õîäå
íåãî ïðåäëîæåííàÿ ðàíåå ìàòåìàòè÷åñêàÿ ìîäåëü ó÷àñòêà æåëåçíîé äî-
ðîãè, â îñíîâå êîòîðîé ëåæèò ñåòü ìàññîâîãî îáñëóæèâàíèÿ, ïîëó÷èëà
ðàçâèòèå è áûëà ðàñïðîñòðàíåíà íà ñëó÷àé ïàêåòíîãî ãðàôèêà (ãðóïïî-
âîãî äâèæåíèÿ ïîåçäîâ). Ïîäîáíûé ñïîñîá îðãàíèçàöèè ïåðåâîçîê õà-
ðàêòåðåí äëÿ íåêîòîðûõ àçèàòñêèõ ñòðàí, âêëþ÷àÿ Ìîíãîëèþ, ÷åðåç
òåððèòîðèþ êîòîðîé ïðîõîäÿò âàæíûå òðàíñïîðòíûå êîðèäîðû, ñâÿ-
çûâàþùèå öåíòðàëüíûå ðåãèîíû Ðîññèè ñ Êèòàåì. Â êà÷åñòâå àïðîáà-
öèè ïðåäëîæåííîãî ìàòåìàòè÷åñêîãî èíñòðóìåíòàðèÿ áûëà ïîñòðîåíà
è èçó÷åíà ìàòåìàòè÷åñêàÿ ìîäåëü æåëåçíîäîðîæíîãî ó÷àñòêà Íàóøêè
� Ñóõý-Áàòîð, îò êîòîðîãî â çíà÷èòåëüíîé ñòåïåíè çàâèñèò ïðîïóñêíàÿ
ñïîñîáíîñòü Òðàíñìîíãîëüñêîé æåëåçíîé äîðîãè (ÒÌÆÄ).
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Äàëüíåéøèå èññëåäîâàíèÿ â äàííîì íàïðàâëåíèè ìîãóò áûòü ñâÿ-
çàíû ñ ïîñòðîåíèåì íà òîé æå ìàòåìàòè÷åñêîé îñíîâå ïîëíîé ìîäåëè
ó÷àñòêà Íàóøêè � Óëàí-Áàòîð ñî âñåìè äåéñòâóþùèìè ñòàíöèÿìè, è
äàëåå � âñåé ìîíãîëüñêîé ÷àñòè ÒÌÆÄ, ÷òî áóäåò ñïîñîáñòâîâàòü ðàç-
ðàáîòêå ýôôåêòèâíûõ ìåð ïî ïîâûøåíèþ åå ïðîïóñêíîé ñïîñîáíîñòè.
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ÐÀÑÏÎÇÍÀÂÀÍÈß ÃÅÎÌÅÒÐÈ×ÅÑÊÈÕ ÔÈÃÓÐ

ÄËß ÐÀÑÏÎÇÍÀÂÀÍÈß ÈÇÎÁÐÀÆÅÍÈÉ
ÄÎÐÎÆÍÛÕ ÇÍÀÊÎÂ

È.Â. Áàðàíîâà, À.À. Ñóäàêîâà

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ

Â ðàáîòå ðåøàåòñÿ çàäà÷à ðàñïîçíàâàíèÿ äîðîæíûõ çíàêîâ íà
èçîáðàæåíèÿõ. Ïðåäëàãàåòñÿ âûïîëíÿòü êëàññèôèêàöèþ êàê
ïîñëåäîâàòåëüíîñòü ñëåäóþùèõ äåéñòâèé: ðàñïîçíàâàíèå ôîð-
ìû äîðîæíîãî çíàêà, ðàñïîçíàâàíèå öâåòà ôîíà çíàêà è öâå-
òà êàíòà, ðàñïîçíàâàíèå íàäïèñè èëè ðèñóíêà íà çíàêå, ðàñïî-
çíàâàíèå ñèìâîëîâ íà èíôîðìàöèîííîé òàáëè÷êå. Ïåðåä ýòàïîì
êëàññèôèêàöèè ëîêàëèçóåòñÿ îáëàñòü äîðîæíîãî çíàêà, ôîðìè-
ðóåòñÿ ïðèçíàêîâîå îïèñàíèå ôîðìû çíàêà è âûäåëÿþòñÿ äåòàëè
îáíàðóæåííîé ôèãóðû. Äëÿ ýòîãî ïðåäëàãàåòñÿ ïîñòðî÷íûé àë-
ãîðèòì ôîðìèðîâàíèÿ ñâÿçíîñòè ôèãóð. Êëàññèôèêàöèÿ ôîðì
äîðîæíûõ çíàêîâ âûïîëíÿåòñÿ ñ ïîìîùüþ ñòðóêòóðíîãî ìåòî-
äà êëàññèôèêàöèè, ïðåäëîæåííîãî â äàííîé ðàáîòå è îñíîâàí-
íîãî íà äåðåâüÿõ ðåøåíèé. Êëþ÷åâûå ñëîâà: ðàñïîçíàâàíèå
èçîáðàæåíèé, äîðîæíûå çíàêè, êëàññèôèêàöèÿ, ñòðóêòóðíûé
ìåòîä.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ðàñïîçíàâàíèå èçîáðàæåíèé èñïîëüçóåòñÿ âî
ìíîãèõ îáëàñòÿõ ÷åëîâå÷åñêîé äåÿòåëüíîñòè: ìåäèöèíå, ãåîëîãèè, ëî-
ãèñòèêå, èíôîðìàöèîííîé áåçîïàñíîñòè è ò. ä. Çàäà÷à ðàñïîçíàâàíèÿ
îáðàçîâ (â îáùåì âèäå) çàêëþ÷àåòñÿ â òîì, ÷òîáû îòíåñòè èçó÷àåìûå
îáúåêòû ê îïðåäåë¼ííîìó êëàññó ñ ïîìîùüþ âûäåëåíèÿ ñóùåñòâåííûõ
ïðèçíàêîâ èç èñõîäíûõ äàííûõ.

Â ðàáîòå ðåøàåòñÿ çàäà÷à ðàñïîçíàâàíèÿ äîðîæíûõ çíàêîâ íà èçîá-
ðàæåíèÿõ [1]. Äàííàÿ çàäà÷à ÿâëÿåòñÿ àêòóàëüíîé è âîñòðåáîâàííîé,
ïîñêîëüêó êîëè÷åñòâî ìàøèí â ìèðå ïîñòîÿííî ðàñòåò, êàê è êîëè÷å-
ñòâî äîðîæíî-òðàíñïîðòíûõ ïðîèñøåñòâèé. Ïîýòîìó ðàçðàáîòêà ñèñòåì
ðàñïîçíàâàíèÿ äîðîæíûõ çíàêîâ íà ñåãîäíÿøíèé äåíü ÿâëÿåòñÿ îäíèì
èç ñàìûõ ðàçâèâàþùèõñÿ è ïåðñïåêòèâíûõ íàïðàâëåíèé â êîìïüþòåð-
íîì çðåíèè. Â äàííûé ìîìåíò ñóùåñòâóåò ðÿä ñèñòåì ðàñïîçíàâàíèÿ
äîðîæíûõ çíàêîâ[2]. Íî êàê ïðàâèëî èõ îñíîâíûì íàçíà÷åíèåì ÿâëÿ-
åòñÿ êîíòðîëü îãðàíè÷åíèÿ ñêîðîñòè è èíôîðìèðîâàíèå âîäèòåëåé î
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íåîáõîäèìîñòè ñîáëþäåíèÿ ñêîðîñòíîãî ðåæèìà � ò. å. ñèñòåìà îïðå-
äåëÿåò äîðîæíûå çíàêè îãðàíè÷åíèÿ ñêîðîñòè ïðè èõ ïðîåçäå è íàïî-
ìèíàåò âîäèòåëþ çíà÷åíèå ìàêñèìàëüíîé ðàçðåøåííîé ñêîðîñòè, åñëè
îí äâèæåòñÿ áûñòðåå. Ó ìíîãèõ ïðîèçâîäèòåëåé ñîâðåìåííûõ àâòîìî-
áèëåé èìåþòñÿ ïîäîáíûå ñèñòåìû ðàñïîçíàâàíèÿ. Òèïîâàÿ êîíñòðóêöèÿ
ñèñòåìû ðàñïîçíàâàíèÿ äîðîæíûõ çíàêîâ âêëþ÷àåò â ñåáÿ âèäåîêàìåðó,
áëîê óïðàâëåíèÿ è ñðåäñòâî âûâîäà èíôîðìàöèè.

1. Ýòàïû ðåøåíèÿ çàäà÷è ðàñïîçíàâàíèÿ äîðîæíûõ çíàêîâ
íà èçîáðàæåíèè

Ðàñïîçíàâàíèå äîðîæíûõ çíàêîâ ñîñòîèò èç ÷åòûðåõ ýòàïîâ[3]:

� ôèëüòðàöèÿ � âûäåëÿþòñÿ èíòåðåñóþùèå îáëàñòè íà èçîáðàæåíèÿõ,
áåç èõ àíàëèçà;

� ëîãè÷åñêàÿ îáðàáîòêà ðåçóëüòàòîâ ôèëüòðàöèè � ôîðìèðóþòñÿ ïðè-
çíàêîâûå îïèñàíèÿ âûäåëåííûõ íà ïðåäûäóùåì ýòàïå îáëàñòåé. Äëÿ
îáðàáîòêè ðåçóëüòàòîâ ôèëüòðàöèè èñïîëüçóþòñÿ ìàòåìàòè÷åñêàÿ
ìîðôîëîãèÿ, êîíòóðíûé àíàëèç, îñîáûå òî÷êè;

� îáó÷åíèå � èñïîëüçóþòñÿ ðàçëè÷íûå ìåòîäû ìàøèííîãî îáó÷åíèÿ è
ïðèíÿòèÿ ðåøåíèé;

� êëàññèôèêàöèÿ � ïî ïðèçíàêîâûì îïèñàíèÿì, ïîñòðîåííûì íà ýòàïå
èçâëå÷åíèÿ ïðèçíàêîâ, ïðèíèìàåòñÿ ðåøåíèå î òîì, ê êàêîìó çàðà-
íåå èçâåñòíîìó êëàññó íåîáõîäèìî îòíåñòè âûäåëåííûå ýëåìåíòû.

Ýòàï êëàññèôèêàöèè äîðîæíûõ çíàêîâ â ñâîþ î÷åðåäü ìîæíî ðàç-
áèòü íà ñëåäóþùèå øàãè:

� ðàñïîçíàâàíèå ôîðìû äîðîæíîãî çíàêà;
� ðàñïîçíàâàíèå öâåòà çíàêà (öâåò ñàìîãî çíàêà è öâåòà êàíòà);
� ðàñïîçíàâàíèå íàäïèñè èëè ðèñóíêà íà çíàêå;
� ðàñïîçíàâàíèå èíôîðìàöèîííîé òàáëè÷êè (âèä òðàíñïîðòà, âðåìÿ

äåéñòâèÿ è çîíà äåéñòâèÿ).

2. Äîðîæíûå çíàêè

Â ïðàâèëàõ äîðîæíîãî äâèæåíèÿ Ðîññèè íà íàñòîÿùèé ìîìåíò íà-
ñ÷èòûâàåòñÿ îêîëî 320 ðàçëè÷íûõ äîðîæíûõ çíàêîâ. Âñå çíàêè ðàç-
äåëåíû íà 8 ãðóïï, â êàæäîé èç êîòîðûõ íàõîäÿòñÿ çíàêè ñî ñõîæåé
ñìûñëîâîé íàãðóçêîé: ïðåäóïðåæäàþùèå çíàêè, çíàêè ïðèîðèòåòà, çà-
ïðåùàþùèå çíàêè, ïðåäïèñûâàþùèå çíàêè, çíàêè îñîáûõ ïðåäïèñàíèé,
èíôîðìàöèîííûå çíàêè, çíàêè ñåðâèñà è çíàêè äîïîëíèòåëüíîé èíôîð-
ìàöèè (òàáëè÷êè).

Çàïðåùàþùèå äîðîæíûå çíàêè çàïðåùàþò âîäèòåëþ âûïîëíÿòü
îïðåäåëåííûå äåéñòâèÿ. Âñå îíè èìåþò êðóãëóþ ôîðìó, áåëûé ôîí è
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êðàñíûé êàíò. Ïðåäóïðåæäàþùèå çíàêè ñèãíàëèçèðóþò âîäèòåëÿì î
âîçìîæíûõ îïàñíîñòÿõ. Áîëüøàÿ ÷àñòü çíàêîâ ýòîé ãðóïïû èìååò òðå-
óãîëüíóþ ôîðìó, áåëûé ôîí è êðàñíûé êàíò. Ïðåäïèñûâàþùèå äîðîæ-
íûå çíàêè èñïîëüçóþòñÿ äëÿ òîãî, ÷òîáû ïîêàçûâàòü âîäèòåëÿì åäèí-
ñòâåííî ðàçðåøåííîå äåéñòâèå, íàïðèìåð, ïðîåçä òîëüêî ïðÿìî. Ê ïðåä-
ïèñûâàþùèì çíàêàì îòíîñÿòñÿ êðóãëûå çíàêè ñ òåìíî-ñèíèì ôîíîì, à
òàêæå � çíàêè ïðÿìîóãîëüíîé ôîðìû ñ áåëûì ôîíîì. Çíàêè ïðèîðèòå-
òà îïðåäåëÿþò î÷åðåäíîñòü ïðîåçäà ïåðåêðåñòêîâ, ïåðåñå÷åíèÿ îòäåëü-
íûõ ïðîåçæèõ ÷àñòåé è ò. ä. Çíàêè ýòîé ãðóïïû èìåþò ðàçíóþ ôîðìó
è öâåò.

Èç âñåõ âûøåïåðå÷èñëåííûõ ãðóïï çíàêîâ ðàçóìíåå âñåãî ðàñïîçíà-
âàòü ïåðâûå ïÿòü, òàê êàê èìåííî ýòè çíàêè îêàçûâàþò ñóùåñòâåííîå
âëèÿíèå íà äîðîæíóþ ñèòóàöèþ. Ïðè ýòîì, èç óêàçàííûõ ïÿòè ãðóïï
íàèáîëüøóþ âàæíîñòü ïðåäñòàâëÿþò çàïðåùàþùèå äîðîæíûå çíàêè,
íàïðèìåð, çíàêè îãðàíè÷åíèÿ ñêîðîñòè èëè çàïðåòà îáãîíà.

Äëÿ ðåøåíèÿ çàäà÷ ðàñïîçíàâàíèÿ îáúåêòîâ íà èçîáðàæåíèè ïðèìå-
íÿþòñÿ ðàçëè÷íûå àëãîðèòìû, ñðåäè êîòîðûõ ìîæíî âûäåëèòü: ñðàâíå-
íèå ñ øàáëîíîì, íåéðîííûå ñåòè, ìåòîä îïîðíûõ âåêòîðîâ, äåñêðèïòîðû
ëîêàëüíûõ îñîáåííîñòåé, àëãîðèòì Âèîëû�Äæîíñà è ò. ä.

Îäíàêî äî ñèõ ïîð ñóùåñòâóåò ðÿä íåðåøåííûõ âîïðîñîâ, êîòîðûå
ñíèæàþò ýôôåêòèâíîñòü ðàáîòû ñîâðåìåííûõ ñèñòåì ðàñïîçíàâàíèÿ
äîðîæíûõ çíàêîâ[4]:

� ñèñòåìû ðàñïîçíàâàíèÿ ðàáîòàþò â îñíîâíîì ñ çàïðåùàþùèìè çíà-
êàìè (îãðàíè÷åíèÿ ñêîðîñòè),

� îáúåêòû íà èçîáðàæåíèÿõ ìîãóò áûòü ïðåäñòàâëåíû ïðè ðàçëè÷íîì
ðàêóðñå, ÷òî ñîçäàåò âèçóàëüíûå ãåîìåòðè÷åñêèå è ôîòîìåòðè÷åñêèå
èñêàæåíèÿ,

� íà èçîáðàæåíèÿõ ñ âèäåîêàìåðû ìîæåò áûòü ñëîæíûé, íåîäíîðîä-
íûé ïî öâåòó è êîíòðàñòíîñòè ôîí,

� íà èçîáðàæåíèÿõ ìîæåò áûòü áîëüøîå êîëè÷åñòâî èñêîìûõ îáúåê-
òîâ, ïåðåêðûâàþùèõ è ïðîòèâîðå÷àùèõ äðóã äðóãó.

Òàêæå ñëåäóåò îòìåòèòü, ÷òî áîëüøèíñòâî ìåòîäîâ ðàñïîçíàâàíèÿ
òðåáóåò íàëè÷èå îáó÷àþùåé âûáîðêè áîëüøîãî îáúåìà, ñîäåðæàùèõ
ðàçëè÷íûå âåðñèè èçîáðàæåíèÿ êàæäîãî èç çíàêîâ (íåéðîííûå ñåòè è
äðóãèå àëãîðèòìû ñ îáó÷åíèåì).

Èç âñåãî ïåðå÷èñëåííîãî ìîæíî ñäåëàòü âûâîä, ÷òî ñåãîäíÿ ñóùå-
ñòâóåò íåîáõîäèìîñòü â ðàçðàáîòêå è ðàçâèòèè ìåòîäîâ è àëãîðèòìîâ,
ïîçâîëÿþùèõ ñíèçèòü âëèÿíèå âûøåïåðå÷èñëåííûõ îñîáåííîñòåé íà
ïðîöåññ ðàñïîçíàâàíèÿ. Ïîýòîìó â äàííîé ðàáîòå ïðåäëàãàåòñÿ âûïîë-
íÿòü ðàñïîçíàâàíèå äîðîæíûõ çíàêîâ ïÿòè ãðóïï (ïðåäóïðåæäàþùèå
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çíàêè, çíàêè ïðèîðèòåòà, çàïðåùàþùèå çíàêè, ïðåäïèñûâàþùèå çíàêè
è çíàêè îñîáûõ ïðåäïèñàíèé), à íà ýòàïå ðàñïîçíàâàíèÿ ôîðìû äîðîæ-
íîãî çíàêà èñïîëüçîâàòü ïðåäëîæåííûé â ðàáîòå ñòðóêòóðíûé àëãîðèòì
ðàñïîçíàâàíèÿ ãåîìåòðè÷åñêèõ ôèãóð.

3. Ïîñòàíîâêà çàäà÷è ðàñïîçíàâàíèÿ îáðàçîâ

Ïóñòü èìååòñÿ ìíîæåñòâî îáúåêòîâX = x1, . . . , xn, ãäå xi ∈ X � îáú-
åêò ðàñïîçíàâàíèÿ. Çàäàíî F � ïðîñòðàíñòâî ïðèçíàêîâ, òîãäà ôóíê-
öèÿ f(x) : F → X ñòàâèò â ñîîòâåòñòâèå êàæäîìó îáúåêòó x òî÷êó f(x).
Çäåñü âåêòîð f(x) ÿâëÿåòñÿ îáðàçîì îáúåêòà x.

Ôóíêöèÿ g(x) : X → C, C = {C1, . . . , Cm} � èíäèêàòîðíàÿ ôóíêöèÿ,
ðàçáèâàþùàÿ ïðîñòðàíñòâî îáðàçîâ íà m íåïåðåñåêàþùèõñÿ êëàññîâ.
Ôóíêöèÿ g(x) íåèçâåñòíà. Ðåøàþùåå ïðàâèëî ĝ(x) : F → C, � ôóíêöèÿ,
êîòîðàÿ ÿâëÿåòñÿ îöåíêîé g(x) íà îñíîâàíèè f(x), òî åñòü ĝ(x) = g(f(x)).
Äðóãèìè ñëîâàìè, çàäàíî êîíå÷íîå ìíîæåñòâî îáúåêòîâ X̃ ⊂ X, äëÿ
êîòîðûõ èçâåñòíî, ê êàêèì êëàññàì îíè îòíîñÿòñÿ (îáó÷àþùàÿ âûáîð-
êà èëè ìíîæåñòâî ïðåöåäåíòîâ). Êëàññîâàÿ ïðèíàäëåæíîñòü îñòàëüíûõ
îáúåêòîâ íå èçâåñòíà.

Òðåáóåòñÿ ïîñòðîèòü òàêîå ðåøàþùåå ïðàâèëî ĝ(x), ÷òîáû ðàñïîçíà-
âàíèå è êëàññèôèêàöèÿ ïðîâîäèëàñü ñ ìèíèìàëüíûì ÷èñëîì îøèáîê [5].

Äëÿ çàäà÷è ðàñïîçíàâàíèÿ ãåîìåòðè÷åñêèõ ôèãóð â êà÷åñòâå ìíî-
æåñòâà îáúåêòîâ áóäóò âûñòóïàòü ôèãóðû (÷àñòü ðàñòðîâîãî èçîáðà-
æåíèÿ, ñîäåðæàùåãî ôèãóðó). Â êà÷åñòâå ïðèçíàêîâ áóäóò âûñòóïàòü
ñòðóêòóðíûå ïðèçíàêè, îïèñûâàþùèå êàæäóþ èç ôèãóð (çàìêíóòîñòü,
êîëè÷åñòâî ñòîðîí, òî÷êè èçãèáà, ðàâåíñòâî íåêîòîðûõ ñòîðîí è ò.ä.)
[6].

4. Âûäåëåíèå äåòàëåé è ñåãìåíòàöèÿ

Êàê áûëî ñêàçàíî âûøå, ðåøåíèå çàäà÷è ðàñïîçíàâàíèÿ ñîñòîèò èç
÷åòûðåõ ýòàïîâ. Ýòàï ôèëüòðàöèè çàêëþ÷àåòñÿ â óäàëåíèè øóìîâ íà
èçîáðàæåíèè è âûäåëåíèè çíà÷èìûõ êîíòóðîâ îáúåêòîâ. Äëÿ ýòîãî â
ðàáîòå èñïîëüçóþòñÿ âåéâëåòû, ñâ¼ðòêè è ïðåîáðàçîâàíèå Õàôà. Äàëåå
ñëåäóåò ýòàï ëîãè÷åñêîé îáðàáîòêè, íà êîòîðîì ïðîèñõîäèò âûäåëåíèå
äåòàëåé è ñåãìåíòàöèÿ âûäåëåííûõ îòðåçêîâ.

Äëÿ îáíàðóæåíèÿ ñâÿçíûõ ôèãóð â ðàñòðîâîì èçîáðàæåíèè áûë
ïðåäëîæåí ïîñòðî÷íûé àëãîðèòì ôîðìèðîâàíèÿ ñâÿçíîñòè, âûïîëíÿ-
þùèé ñëåäóþùèå äåéñòâèÿ:

1) Âûïîëíÿåòñÿ ïåðåìåùåíèå ïî èçîáðàæåíèþ ñâåðõó âíèç, è âûáèðà-
þòñÿ ÷àñòè ñòðîê èçîáðàæåíèÿ, ñîäåðæàùèå êîíòóð ôèãóðû.
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2) Â âûáðàííûõ ñòðîêàõ íàõîäÿòñÿ îòðåçêè, ñîäåðæàùèå íåïðåðûâíûé
íàáîð ïèêñåëåé êîíòóðà.

3) Èç ïîëó÷åííûõ îòðåçêîâ ñòðîÿòñÿ äåðåâüÿ íà îñíîâå òîãî, ÷òî îòðå-
çîê ñ÷èòàåòñÿ äî÷åðíèì âòîðîãî îòðåçêà, åñëè èõ ïåðåñå÷åíèå íåíó-
ëåâîå, è îíè íàõîäÿòñÿ äîñòàòî÷íî áëèçêî äðóã ê äðóãó. Çàòåì ñ ïî-
ìîùüþ îáõîäà ïîëó÷åííûõ äåðåâüåâ îñóùåñòâëÿåòñÿ âûáîð âåòâåé,
êîòîðûå îáðàçóþò ïðÿìóþ ëèíèþ èç íàáîðà îòðåçêîâ. Íà îñíîâå ïåð-
âîãî è ïîñëåäíåãî îòðåçêà â âåòêå îïðåäåëÿþòñÿ ïàðàìåòðû ëèíèè.

4) ×àñòü îáíàðóæåííûõ îòðåçêîâ îáúåäèíÿåòñÿ â áîëåå êðóïíóþ ëè-
íèþ. Ìíîæåñòâî îòðåçêîâ ñ áëèçêèì íàêëîíîì, íàõîäÿùèõñÿ íà
áëèçêîì ðàññòîÿíèè, çàäàåò íîâóþ ëèíèþ. Îáúåäèíåíèå ïðîèñõîäèò
ñ ïîìîùüþ ìåòîäîâ êëàñòåðèçàöèè. Ïîñëå ýòîãî óäàëÿþòñÿ ëèíèè,
êîòîðûå ìîãëè ïîÿâèòüñÿ â ðåçóëüòàòå øóìîâ.

Â ðåçóëüòàòå âûïîëíåíèÿ äàííîãî ýòàïà àëãîðèòì âûäàåò îïèñàíèå íàé-
äåííîãî íà èçîáðàæåíèè îáúåêòà â âèäå ãðàôà, ñîäåðæàùåãî íàáîð òî-
÷åê è îòðåçêîâ ìåæäó íèìè.

5. Êëàññèôèêàöèÿ äîðîæíûõ çíàêîâ

Â äàííîé ðàáîòå ðåøåí ïåðâûé ýòàï êëàññèôèêàöèè äîðîæíûõ çíà-
êîâ, à èìåííî � ðàñïîçíàâàíèå ôîðìû äîðîæíîãî çíàêà.

Äëÿ êëàññèôèêàöèè ôîðì (êàê ãåîìåòðè÷åñêèõ îáúåêòîâ) áûë ðàç-
ðàáîòàí ñòðóêòóðíûé ìåòîä íà îñíîâå äåðåâüåâ ðåøåíèé. Ñ ïîìîùüþ
âûäåëåíèÿ ñòðóêòóðíûõ ïðèçíàêîâ èç ãðàôà, ïðåäñòàâëÿþùåãî ñîáîé
îïèñàíèå íàéäåííîãî íà èçîáðàæåíèè îáúåêòà, ïîëó÷åííîãî íà ïðåäûäó-
ùåì ýòàïå, ñîçäàåòñÿ äåðåâî ðåøåíèé. Ïðîõîäÿ ïî âåòâÿì ýòîãî äåðåâà,
ìîæíî ïîëó÷èòü îòâåò íà âîïðîñ, êàêàÿ ôèãóðà ïðèñóòñòâóåò íà èçîá-
ðàæåíèè. Â ðàìêàõ ðàáîòû áûëî ðàçðàáîòàíî ïðîãðàììíîå îáåñïå÷åíèå
íà ÿçûêå C#, ðåàëèçóþùåå ðàáîòó àëãîðèòìîâ ôèëüòðàöèè, ëîãè÷åñêîé
îáðàáîòêè è êëàññèôèêàöèè ôîðì äîðîæíûõ ñ ïîìîùüþ ïðåäëîæåí-
íîãî ñòðóêòóðíîãî ìåòîäà êëàññèôèêàöèè, áàçèðóþùåãîñÿ íà äåðåâüÿõ
ðåøåíèé. Áûëî âûïîëíåíî ñðàâíåíèå ñêîðîñòè ðàáîòû, òî÷íîñòè ðàñ-
ïîçíàâàíèÿ è âû÷èñëèòåëüíîé ñëîæíîñòè ñ øàáëîííûì àëãîðèòìîì è
íåéðîííîé ñåòüþ. Ïðåäëîæåííûé àëãîðèòì ðàáîòàåò ñóùåñòâåííî ëó÷-
øå øàáëîííîãî àëãîðèòìà ïî âñåì ïåðå÷èñëåííûì ïàðàìåòðàì è ñîïî-
ñòàâèì ñ íåéðîííîé ñåòüþ ðàñïîçíàâàíèÿ. Íî ïðè ýòîì îí íå òðåáóåò
íàëè÷èÿ îáó÷àþùåé âûáîðêè, ÷òî ÿâëÿåòñÿ âàæíûì äîñòîèíñòâîì ðàç-
ðàáîòàííîãî ìåòîäà.

Â äàëüíåéøåì ïëàíèðóåòñÿ ïðîäîëæèòü ðàçðàáîòêó ñèñòåìû ðàñïî-
çíàâàíèÿ äîðîæíûõ çíàêîâ è ðåàëèçîâàòü ñëåäóþùèå ýòàïû ðàñïîçíà-
âàíèÿ (ðàñïîçíàâàíèå öâåòà çíàêà è öâåòà êàíòà, ðàñïîçíàâàíèå íàäïè-
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ñè èëè ðèñóíêà íà çíàêå, ðàñïîçíàâàíèå ñèìâîëîâ íà èíôîðìàöèîííîé
òàáëè÷êå).

Çàêëþ÷åíèå

Â ðàáîòå ðåøåíà çàäà÷à ðàñïîçíàâàíèÿ äîðîæíûõ çíàêîâ. Ïðåä-
ëîæåí ïîñòðî÷íûé àëãîðèòì ôîðìèðîâàíèÿ ñâÿçíîñòè ôèãóð. Òàêæå
ïðåäëîæåí ñòðóêòóðíûé ìåòîä êëàññèôèêàöèè ãåîìåòðè÷åñêèõ ôèãóð,
áàçèðóþùèéñÿ íà äåðåâüÿõ ðåøåíèé è èñïîëüçóþùèéñÿ äëÿ êëàññèôè-
êàöèè ôîðì äîðîæíûõ çíàêîâ. Ðàçðàáîòàíà ÷àñòü ñèñòåìû ðàñïîçíàâà-
íèÿ äîðîæíûõ çíàêîâ, ïðåäñòàâëÿþùåå ñîáîé ïðîãðàììíîå îáåñïå÷åíèå
íà ÿçûêå C#. Îíî ðåàëèçóåò ðàáîòó àëãîðèòìîâ ôèëüòðàöèè, ëîãè÷å-
ñêîé îáðàáîòêè è ïðåäëîæåííîãî àëãîðèòìà êëàññèôèêàöèè.
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ÒÅÕÍÎËÎÃÈÉ ÄËß ÃÀÐÌÎÍÈÇÀÖÈÈ

ÌÅËÎÄÈÈ

À.Á. Ëåâñêèé1

1Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ

Â íàñòîÿùåå âðåìÿ àêòóàëüíû èññëåäîâàíèÿ ïî ñîçäàíèþ êîì-
ïüþòåðíûõ ïðîãðàìì ñ ðàçëè÷íûìè âîçìîæíîñòÿìè ãàðìîíèçà-
öèè ìåëîäèè. Öåëüþ ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ïðèëîæåíèÿ
ïî ïîäáîðó òðåçâó÷èé (ìàæîðíûõ è ìèíîðíûõ) äëÿ ñîïðîâîæ-
äåíèÿ êàæäîãî òàêòà ââåä¼ííîé ìåëîäèè. Àêêîðä ñ÷èòàåòñÿ ðàñ-
ïîëîæåííûì â íèæíåì ðåãèñòðå. Ïðèëîæåíèå ðàáîòàåò ñ ó÷åòîì
ïàðàìåòðîâ, çàäàííûõ ïîëüçîâàòåëåì. Ýòè ïàðàìåòðû ïîçâîëÿò
âûäåëèòü ñðåäè çâóêîâ ìåëîäèè àêöåíòèðîâàííûå. Íà ýêðàí âû-
âîäÿòñÿ âñå ìàæîðíûå è ìèíîðíûå òðåçâó÷èÿ (âîçìîæíî, íå âõî-
äÿùèå â òîíàëüíîñòü), ïîäõîäÿùèå äëÿ ñîïðîâîæäåíèÿ êàæäî-
ãî òàêòà. Êëþ÷åâûå ñëîâà: ìåëîäèÿ, òðåçâó÷èÿ, äèññîíàíñû,
ãàðìîíèçàöèÿ, ââîä, âûâîä.

Ââåäåíèå

Àêòóàëüíîé çàäà÷åé ïðè íàïèñàíèè ìóçûêè ÿâëÿåòñÿ ãàðìîíèçàöèÿ
ãîòîâîé ìåëîäèè [1]. Êàê ïðàâèëî, òðóäíîñòü ñîñòîèò â âûáîðå àêêîðäîâ,
íå äèññîíèðóþùèõ ñ ìåëîäèåé [2]. Ñóùåñòâóþò ðàçëè÷íûå ïðèëîæåíèÿ,
ïîçâîëÿþùèå îáëåã÷èòü ýòó çàäà÷ó (Band-in-a-Box, Harmony Navigator).
Ýòè ïðèëîæåíèÿ ïðåäëàãàþò áîãàòûé íàáîð ñîçâó÷èé, íî íå ïîçâîëÿþò
ïîäðîáíî êîíòðîëèðîâàòü êîëè÷åñòâî îáðàçóþùèõñÿ íåàêêîðäîâûõ çâó-
êîâ è èõ ïîëîæåíèå â òàêòå. Ïðåäñòàâëåííàÿ â ñòàòüå ïðîãðàììà ïðåäî-
ñòàâëÿåò ïîëüçîâàòåëþ ìàêñèìàëüíûé êîíòðîëü íàä âèäîì âîçíèêàþ-
ùèõ äèññîíàíñîâ, à òàêæå âîçìîæíîñòü ó÷åñòü îñîáåííîñòè ðèòìèêè.

Îïèñàíèå ïðîãðàììû

Ïîëüçîâàòåëåì ââîäèòñÿ ìåëîäèÿ èç âîñüìè òàêòîâ, ñîäåðæàùèõ çâó-
êè äëèíû, ðàâíîé îäíîé âîñüìîé äîëè, è ïàóçû òîé æå äëèíû. Êàæäûé
òàêò ïðåäñòàâëåí â ïðîãðàììå ìàññèâîì èç âîñüìè öåëûõ ÷èñåë. Êàæ-
äûé ýëåìåíò ìàññèâà ïðåäñòàâëÿåò ìóçûêàëüíûé çâóê îò ¾Äî¿ äî ¾Ñè¿,
ñ òî÷íîñòüþ äî îêòàâû (åñëè ÷èñëî îò 0 äî 11), èëè ïàóçó (åñëè ýòî ÷èñëî
ðàâíî -1). Ïîëüçîâàòåëü çàäàåò ÷åòûðå ïàðàìåòðà, îïèñàíèå è íàçíà÷å-
íèå êîòîðûõ ïðåäñòàâëåíî â òàáëèöå 1. Ïåðâûå äâà ïàðàìåòðà âûäåëÿþò
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óñëîâíî àêöåíòèðîâàííûå çâóêè ìåëîäèè [3]. Íåàêöåíòèðîâàííûå çâóêè
ïðîãðàììà íå ðàññìàòðèâàåò.

Òàáëèöà 1
Ïàðàìàåòðû, ïðèíèìàåìûå ïðîãðàììîé

Ïàðàìåòð Íàçíà÷åíèå
Ìèíèìàëüíîå ðàñ-
ñòîÿíèå â âîñüìûõ
äîëÿõ ìåæäó ðàñ-
ñìàòðèâàåìûìè
çâóêàìè

Ïàðàìåòð ïîçâîëÿåò âûäåëèòü çâóêè ìåëî-
äèè, ñòîÿùèå â áîëåå ðèòìè÷åñêè ñèëüíûõ
ïîëîæåíèÿõ â òàêòå. Íîòû, ñòîÿùèå ìåæäó
íèìè, íå áóäóò ðàññìàòðèâàòüñÿ ïðîãðàì-
ìîé.

Ìèíèìàëüíàÿ
äëèòåëüíîñòü
(óñëîâíàÿ) ðàñ-
ñìàòðèâàåìûõ
çâóêîâ

Âåëè÷èíà ïðåäñòàâëÿåò ñîáîé ðàññòîÿíèå â
âîñüìûõ äîëÿõ ìåæäó ïåðâûì âõîæäåíè-
åì ðàññìàòðèâàåìîé íîòû â òàêò è ïåðâûì
âõîæäåíèåì ñëåäóþùåé íîòû (â ýòîì ñìûñ-
ëå ïîâòîðåíèÿ îäíîé íîòû ïîäðÿä ýêâèâà-
ëåíòíû ïàóçàì). Ïàðàìåòð (êàê è ïðåäûäó-
ùèé) ïîçâîëÿåò âûäåëèòü àêöåíòèðîâàííûå
çâóêè, íî óæå â ñìûñëå ïðîäîëæèòåëüíî-
ñòè. Òàê, íàïðèìåð, äîñòàòî÷íî áûñòðî ðàç-
ðåøåííûå äèññîíàíñû íå áóäóò ó÷èòûâàòü-
ñÿ ïðîãðàììîé.

Óðîâåíü äèñ-
ñîíàíòíîñòè
àêöåíòèðîâàííûõ
çâóêîâ

Ïàðàìåòð îïðåäåëÿåò äîïóñòèìûå èíòåðâà-
ëû (ñ òî÷íîñòüþ äî ýíãàðìîíèçìà), âîçíè-
êàþùèå ìåæäó àêêîðäîâûìè çâóêàìè è àê-
öåíòèðîâàííûìè çâóêàìè ìåëîäèè [4]. Èìå-
åòñÿ ÷åòûðå óñëîâíûõ ¾óðîâíÿ äèññîíàíò-
íîñòè¿: ¾êîíñîíàíñû¿ (áåç äèññîíàíñîâ),
¾ïåíòàòîíèêà¿ (äîïóñêàþòñÿ ìàëûå ñåïòè-
ìû è áîëüøèå ñåêóíäû, íîíû), ¾ñåïòèìû¿
(äîïóñêàþòñÿ áîëüøèå è ìàëûå ñåïòèìû,
áîëüøèå ñåêóíäû, íîíû), ¾òðèòîíû¿ (äî-
ïóñêàþòñÿ âñå äèññîíàíñû, êðîìå ìàëûõ
íîí).

Êîëè÷åñòâî àêêîð-
äîâ â òàêòå

Ïîëüçîâàòåëü ìîæåò ãàðìîíèçîâàòü êàæ-
äûé òàêò ëèáî îäíèì, ëèáî äâóìÿ àêêîð-
äàìè (âî âòîðîì ñëó÷àå òàêò ðàçäåëÿåòñÿ
ïîñåðåäèíå ñìåíîé àêêîðäà).
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Ðèñ. 1. Àëãîðèòì ïîäáîðà òðåçâó÷èé

Ïðèíöèï ðàáîòû ïðîãðàììû îïèñàí â áëîê-ñõåìå (Ðèñ. 1).
Ââîä ïàðàìåòðîâ îñóùåñòâëÿåòñÿ ÷åðåç äâà ðàñêðûâàþùèõñÿ ìåíþ è

äâà ïîëÿ ðåäàêòèðîâàíèÿ. Â ïðîãðàììå ðàçðàáîòàí èíòåðôåéñ, ïîçâîëÿ-
þùèé ïîëüçîâàòåëþ ââîäèòü ìåëîäèþ ñ ýêðàíà ïóòåì âûáîðà êàæäîãî
çâóêà ìåëîäèè ÷åðåç ðàñêðûâàþùèåñÿ ìåíþ. Ìåíþ ñîäåðæàò âàðèàíòû
çàïîëíåíèÿ: äâåíàäöàòü çâóêîâ õðîìàòè÷åñêîé ãàììû è ïàóçó.
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Ïðè îáðàáîòêå êàæäîãî òàêòà ìåëîäèè ïðîãðàììà ïåðåáèðàåò äâåíà-
äöàòü ìèíîðíûõ è äâåíàäöàòü ìàæîðíûõ òðåçâó÷èé. Îò êàæäîãî òðå-
çâó÷èÿ îíà ñòðîèò ëàä. Åñëè â íåãî äîëæíû âõîäÿò âñå çâóêè ìåëîäèè,
âûäåëåííûå ñîãëàñíî ïàðàìåòðàì, òî íàçâàíèå àêêîðäà çàïèñûâàåòñÿ â
ìàññèâ.

Â çàâèñèìîñòè îò âûáðàííîãî ¾óðîâíÿ äèññîíàíòíîñòè¿ ýòîò ëàä áó-
äåò ïðåäñòàâëåí, ñîîòâåòñòâåííî: ¾êîíñîíàíñû¿ � òîëüêî àêêîðäîâûìè
çâóêàìè, ¾ïåíòàòîíèêà¿ � ìàæîðíîé (ìèíîðíîé) ïåíòàòîíèêîé îò òî-
íèêè àêêîðäà, ¾ñåïòèìû¿ � ìàæîðíîé ïåíòàòîíèêîé ñ äîáàâëåííûì
ââîäíûì òîíîì (ìèíîðíîé ïåíòàòîíèêîé ñ äîáàâëåííîé ñóïåðòîíèêîé),
¾òðèòîíû¿ � ëèäèéñêèì (äîðèéñêèì) ëàäîì.

Ðåçóëüòàò ðàáîòû ïðîãðàììû âûâîäèòñÿ âî âñïëûâàþùåì îêíå â
âèäå ñïèñêà ñòðîê: ¾*íîìåð òàêòà*: *íàèìåíîâàíèÿ àêêîðäîâ ÷åðåç çà-
ïÿòóþ*¿.

Ïðèìåð ðàáîòû ïðîãðàììû

Ðèñ. 2. Ïðèìåð ðàáîòû ïðîãðàììû: âûâåäåíû âñå òðåçâó÷èÿ, íå äèññîíèðóþ-
ùèå ñ àêöåíòèðîâàííûìè çâóêàìè

Ïðîäåìîíñòðèðóåì ðàáîòó ïðîãðàììû: ââîä ìåëîäèè, ïàðàìåòðîâ
ãàðìîíèçàöèè è ðåçóëüòàò ðàáîòû. Äëÿ ïðèìåðà èñïîëüçîâàíà ñòàðèí-
íàÿ àíãëèéñêàÿ íàðîäíàÿ ïåñíÿ ¾Marry had a little lamb¿.

Ðàññìîòðèì ïåðâûé è ñåäüìîé òàêòû. Â ìàññèâ, ïðåäñòàâëÿþùèé
ïåðâûé òàêò áûëè çàïèñàíà ïîñëåäîâàòåëüíîñòü: ¾Ìè¿, ïàóçà, ¾Ðå¿,
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ïàóçà, ¾Äî¿, ïàóçà, ¾Ðå¿, ïàóçà (ñì. Ðèñ. 2). Ñîãëàñíî íàñòðîéêå ïðî-
ìåæóòêîâ ìåæäó ó÷èòûâàåìûìè çâóêàìè, ïðîãðàììà áóäåò ðàññìàò-
ðèâàòü òîëüêî çâóêè ¾Ìè¿ (ïðèõîäÿùèéñÿ íà ñèëüíóþ äîëþ) è ¾Äî¿
(îòñòîÿùèé îò ñèëüíîé äîëè íà ÷åòûðå âîñüìûå). Îáà çâóêà èìåþò äî-
ñòàòî÷íóþ óñëîâíóþ äëèíó â âîñüìûõ è ïîýòîìó äîïóñêàþòñÿ ê ðàñ-
ñìîòðåíèþ. Ñîãëàñíî íàñòðîéêå äîïóñòèìîãî óðîâíÿ äèññîíàíòíîñòè,
ïðîãðàììà äîëæíà âûáðàòü âñå òðåçâó÷èÿ ñîäåðæàùèå çâóêè ¾Äî¿ è
¾Ìè¿. Òàêîâû òðåçâó÷èÿ ¾Äî ìàæîð¿ è ¾Ëÿ ìèíîð¿ (¾C¿ è ¾Am¿),
÷òî ìû è âèäèì íà ýêðàíå. Â ìàññèâ, ïðåäñòàâëÿþùèé ñåäüìîé òàêò
áûëè çàïèñàíà ïîñëåäîâàòåëüíîñòü: ¾Ðå¿, ïàóçà, ¾Ðå¿, ïàóçà, ¾Ìè¿, ïà-
óçà, ¾Ðå¿, ïàóçà. Â ñåäüìîì æå òàêòå ïî òàêîìó æå ïðèíöèïó áóäóò
ðàññìàòðèâàòüñÿ çâóêè ¾Ìè¿ è ¾Ðå¿. Îäíàêî, íå ñóùåñòâóåò òðåçâó-
÷èÿ, ñîäåðæàùåãî îáà ýòè çâóêà. Ïîýòîìó â ñåäüìîé ñòðîêå íå âûâåëîñü
íè îäíîãî âàðèàíòà ãàðìîíèçàöèè.

Ðèñ. 3. Ïðèìåð ðàáîòû ïðîãðàììû: óñëîâèÿ âûáîðà òðåçâó÷èé ìåíåå ñòðîãèå,
÷òîáû íàéòè õîòÿ áû îäèí ñïîñîá ãàðìîíèçàöèè ñåäüìîãî òàêòà

Ñíîâà ðàññìîòðèì ïåðâûé è ñåäüìîé òàêòû (ñì. Ðèñ. 3). Ïðîãðàììîé
àíàëèçèðóþòñÿ òå æå çâóêè (ò. ê. íàñòðîéêà äëèòåëüíîñòåé è ïðîìåæóò-
êîâ íå èçìåíèëàñü). Îäíàêî òåïåðü ïîèñê ñïîñîáîâ ãàðìîíèçàöèè áóäåò
ïðîèñõîäèòü ïî ñëåäóþùåìó ïðèíöèïó: ðàññìàòðèâàåìûå çâóêè äîëæ-
íû âõîäèòü â ïåíòàòîíèêó, ñîîòâåòñòâóþùóþ âûáðàííîìó àêêîðäó. Â
ïåðâîé ñòðîêå ðåçóëüòàò òîò æå, ò. ê. çâóêè ¾Ìè¿ è ¾Äî¿ âõîäÿò ëèøü
â ìàæîðíóþ ïåíòàòîíèêó îò ¾Äî¿ è â ìèíîðíóþ ïåíòàòîíèêó îò ¾Ëÿ¿.
Â ñåäüìîé æå ñòðîêå òåïåðü âûâåäåíî øåñòü íàçâàíèé òðåçâó÷èé: ¾Äî
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ìàæîð¿, ¾Ðå ìàæîð¿, ¾Ñîëü ìàæîð¿, ¾Ìè ìèíîð¿, ¾Ëÿ ìèíîð¿ èëè ¾Ñè
ìèíîð¿. Äåéñòâèòåëüíî, çâóêè ¾Ìè¿ è ¾Ðå¿ âõîäÿò â ìèíîðíûå ïåíòà-
òîíèêè îò ¾Ìè¿ ¾Ëÿ¿ ¾Ñè¿ è ìàæîðíûå ïåíòàòîíèêè îò ¾Äî¿ ¾Ðå¿ è
¾Ñîëü¿. Èòàê, ñäåëàâ èçâåñòíîå äîïóùåíèå, ñåäüìîé òàêò ìîæíî ãàðìî-
íèçîâàòü.

Çàêëþ÷åíèå

Â ðàáîòå áûë ïðîäåìîíñòðèðîâàí ïðîöåññ ïîäáîðà âàðèàíòîâ ãàðìî-
íèçàöèè ìåëîäèè ñ ïîìîùüþ ðàçðàáîòàííîãî ïðèëîæåíèÿ. Ïðîãðàììà,
ïðè âñåõ òåõíè÷åñêèõ îãðàíè÷åíèÿõ (ìóçûêàëüíûé ðàçìåð, êîëè÷åñòâî
òàêòîâ), èìååò ïðàêòè÷åñêóþ öåííîñòü. Îíà ïîçâîëÿåò íå òîëüêî ðàñ-
ñìîòðåòü ðàçëè÷íûå òðåçâó÷èÿ, ïîäõîäÿùèå äëÿ ñîïðîâîæäåíèÿ çàäàí-
íîé ìåëîäèè, íî è êîíòðîëèðîâàòü êîëè÷åñòâî äèññîíàíñîâ è, ÷àñòè÷íî,
èõ ðàçðåøåíèå íà ìåñòå àêöåíòîâ.
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ÒÅÕÍÈ×ÅÑÊÈÕ È ÃÓÌÀÍÈÒÀÐÍÛÕ ÄÀÍÍÛÕ

Ñ.À. Ïàðûãèíà

×åðåïîâåöêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. ×åðåïîâåö, Ðîññèÿ

Â ñòàòüå ðàññìîòðåíû ïðîáëåìû è îñîáåííîñòè, ñ êîòîðûìè
ñòàëêèâàåòñÿ èññëåäîâàòåëü â õîäå ìîäåëèðîâàíèÿ äàííûõ, ïî-
ëó÷àåìûõ â ðåçóëüòàòå èçìåðåíèÿ ïàðàìåòðîâ ñëîæíîãî òåõíî-
ëîãè÷åñêîãî ïðîöåññà, â ÷àñòíîñòè, ïðîöåññà ïîäãîòîâêè óãîëü-
íîé øèõòû ê êîêñîâàíèþ. À òàêæå ïðîáëåìû è îñîáåííîñòè,
ñ êîòîðûìè ñòàëêèâàåòñÿ èññëåäîâàòåëü â ïðîöåññå îáðàáîòêè
äàííûõ ïî òðóäîóñòðîéñòâó ëèö ñ ÎÂÇ è èíâàëèäíîñòüþ. Íàìå-
÷åíû ïóòè ðåøåíèÿ ýòèõ ïðîáëåì. Êëþ÷åâûå ñëîâà: óãîëüíàÿ
øèõòà, èçìåðèòåëüíûå øêàëû, ôàêòîðíûé àíàëèç, êëàñòåð-
íûé àíàëèç, ïðîôåññèîíàëüíî çíà÷èìûå êà÷åñòâà.

Ââåäåíèå

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå òåõíè÷åñêèõ, â ÷àñòíîñòè, ïðîèç-
âîäñòâåííûõ äàííûõ, è äàííûõ, òàê íàçûâàåìîãî, ãóìàíèòàðíîãî õà-
ðàêòåðà, âî-ìíîãîì, ðàçëè÷àåòñÿ. Ïðåæäå âñåãî - ýòî âûñîêàÿ ñòåïåíü
ðàçíîðîäíîñòè âõîäíûõ ïåðåìåííûõ, à òàêæå ðàçëè÷íîå ñîîòíîøåíèå
ïåðåìåííûõ, èçìåðåííûõ â êîëè÷åñòâåííûõ è êà÷åñòâåííûõ øêàëàõ.
Ðàçíûé ïî ñîñòàâó íàáîð âõîäíûõ è âûõîäíûõ ïåðåìåííûõ îïðåäåëÿ-
åò, â äàëüíåéøåì, ðàçëè÷èå àëãîðèòìîâ è ìåòîäîâ ìîäåëèðîâàíèÿ.

Îäíàêî, åñòü è îáùèå îñîáåííîñòè äàííîãî ïðîöåññà. Ê íèì ìîæíî
îòíåñòè: îáùèå ýòàïû ðàáîòû ñ äàííûìè â ïðîöåññå ìîäåëèðîâàíèÿ,
èçâåñòíûé íàáîð ñòàòèñòè÷åñêèõ ìåòîäîâ è àëãîðèòìîâ àíàëèçà äàííûõ,
ïðèìåíÿåìûõ äëÿ ìîäåëèðîâàíèÿ.

Â öåëîì, ìîæíî îòìåòèòü, ÷òî êàæäàÿ íîâàÿ çàäà÷à ìîäåëèðîâàíèÿ
òðåáóåò êàê îïðåäåëåíèÿ îáùèõ ïîäõîäîâ ê åå ðåøåíèþ, òàê è ðàçðàáîò-
êè óíèêàëüíîãî êîìïëåêñà êîíêðåòíûõ ìåòîäîâ îáðàáîòêè ñîîòâåòñòâó-
þùèõ äàííûõ.

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ Ãðàíòà �Ðàçâèòèå ðåãèîíàëüíîãî
èíôîðìàöèîííî-àíàëèòè÷åñêîãî ïîðòàëà �ÏÅÐÑÏÅÊÒÈÂÀ-PRO� ñ ïðèìåíå-
íèåì òåõíîëîãèè èñêóññòâåííîãî èíòåëëåêòà êàê èíñòðóìåíòà ïðîôîðèåíòàöèè,
îáðàçîâàíèÿ è ñîäåéñòâèÿ òðóäîóñòðîéñòâó èíâàëèäîâ è ëèö ñ îãðàíè÷åííûìè
âîçìîæíîñòÿìè çäîðîâüÿ�, äîãîâîð � 22 îò 10 äåêàáðÿ 2021 ã.
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1. Îáùèå ïîëîæåíèÿ

Ëþáîé àíàëèç äàííûõ ñ öåëüþ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ çà-
êîíîìåðíîñòåé, èìåþùèõñÿ âíóòðè ýòèõ äàííûõ, íà÷èíàåòñÿ ñ îïèñàíèÿ
ñòðóêòóðû äàííûõ. Ïðè ýòîì âîçíèêàåò ïåðâûé âàæíûé âîïðîñ, îò êî-
òîðîãî, âî-ìíîãîì, çàâèñèò äàëüíåéøàÿ ñõåìà àíàëèçà: "Îäíîðîäíû ëè
ñ òî÷êè çðåíèÿ ðåøåíèÿ çàäà÷è ìîäåëèðîâàíèÿ ïðåäñòàâëåííûå âõîä-
íûå ïåðåìåííûå èëè ñðåäè íèõ åñòü íåêèå "ôóíêöèîíàëüíî íåçàâèñèìûå
ñòðóêòóðû"[2]?".

Êàê ïðàâèëî, â ñëó÷àå ìîäåëèðîâàíèÿ ñëîæíûõ òåõíîëîãè÷åñêèõ
ïðîöåññîâ, âûäåëåíèå ôóíêöèîíàëüíî íåçàâèñèìûõ ñòðóêòóð ïåðåìåí-
íûõ ïîçâîëÿåò äèôôåðåíöèðîâàòü âõîäíûå ïåðåìåííûå â çàâèñèìîñòè
îò èõ íàçíà÷åíèÿ è ïðîâåñòè ìîäåëèðîâàíèå áîëåå òî÷íî [1]. Ðàññìîòðèì
ýòî âî 2-é ÷àñòè ñòàòüè íà ïðèìåðå ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè
ïðîãíîçèðîâàíèÿ êà÷åñòâà ìåòàëëóðãè÷åñêîãî êîêñà, â ÷àñòíîñòè, åãî
ïîêàçàòåëÿ èñòèðàåìîñòè â çàâèñèìîñòè îò ðÿäà âõîäíûõ ïåðåìåííûõ
(ïðîèçâîäñòâåííûõ ôàêòîðîâ).

Â ñâîþ î÷åðåäü, â ïðîöåññå ìîäåëèðîâàíèÿ íåïðîèçâîäñòâåííûõ äàí-
íûõ, â ÷àñòíîñòè, äàííûõ ïî òðóäîóñòðîéñòâó ëèö ñ ÎÂÇ è èíâàëèäíî-
ñòüþ, ÷àñòî òðåáóåòñÿ èçíà÷àëüíî ðàçäåëèòü ìîäåëü íà ñîñòàâëÿþùèå â
çàâèñèìîñòè îò èñòî÷íèêà ìîäåëèðîâàíèÿ. Ýòî ìîæåò áûòü: íåïîñðåä-
ñòâåííî ñàì èíâàëèä èëè ëèöî ñ ÎÂÇ, åãî ðîäèòåëè, ïîòåíöèàëüíî âîç-
ìîæíûå ðàáîòîäàòåëè è ò.ä. Âíóòðè êàæäîãî íàïðàâëåíèÿ ìîäåëèðî-
âàíèÿ ñòðîèòñÿ îòäåëüíàÿ ìîäåëü äàííûõ. Ðàññìîòðèì ïîäîáíûé àíà-
ëèç â 3-é ÷àñòè ñòàòüè íà ïðèìåðå ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè
ïðîãíîçèðîâàíèÿ óñïåøíîñòè òðóäîóñòðîéñòâà ëèö ñ ÎÂÇ è èíâàëèäíî-
ñòüþ â çàâèñèìîñòè îò ðÿäà âõîäíûõ ïåðåìåííûõ (õàðàêòåðèñòèê ñòå-
ïåíè íåòðóäîñïîñîáíîñòè, óðîâíÿ îáðàçîâàíèÿ è äð.).

2. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ïðîãíîçèðîâàíèÿ
êà÷åñòâà ìåòàëëóðãè÷åñêîãî êîêñà

Â êà÷åñòâå ãèïîòåçû, áûëî âûñêàçàíî ïðåäïîëîæåíèå, ÷òî ãðàìîò-
íî ïîñòðîåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëèò ñ âûñîêîé òî÷íîñòüþ
ïðåäñêàçûâàòü çíà÷åíèÿ ïîêàçàòåëÿ èñòèðàåìîñòè êîêñà â çàâèñèìîñòè
îò âõîäíûõ òåõíîëîãè÷åñêèõ ïàðàìåòðîâ.

Àêòóàëüíîñòü äàííîãî èññëåäîâàíèÿ îáóñëîâëåíà òåì, ÷òî â íàñòîÿ-
ùåå âðåìÿ ðàñ÷¼ò ïàðàìåòðîâ êîêñîâàíèÿ è øèõòîâûõ óñëîâèé íà ìåòàë-
ëóðãè÷åñêèõ ïðåäïðèÿòèÿõ ïðîèñõîäèò ïóò¼ì îáúåäèíåíèÿ ðàçëè÷íûõ
ðàñ÷¼òîâ, ïðîèçâîäèìûõ ðàçðîçíåííî. Óïðàâëÿþùèå âîçäåéñòâèÿ íîñÿò
ñïîíòàííûé õàðàêòåð è íå âñåãäà îïòèìàëüíû ñ òî÷êè çðåíèÿ ñîâîêóï-
íîñòè âûõîäíûõ ôàêòîðîâ.
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Çàäà÷à èññëåäîâàíèÿ - ñ ïîìîùüþ ìåòîäîâ ìàøèííîãî îáó÷åíèÿ ðàç-
ðàáîòàòü ìîäåëü ïðîãíîçèðîâàíèÿ êà÷åñòâà êîêñà, à èìåííî: îïðåäå-
ëèòü íàèáîëåå çíà÷èìûå òåõíîëîãè÷åñêèå ïàðàìåòðû, âëèÿþùèå íà ïî-
êàçàòåëü èñòèðàåìîñòè êîêñà Ì10 è ñòåïåíü âëèÿíèÿ ýòèõ ïàðàìåòðîâ
íà äàííóþ âåëè÷èíó. Íåîáõîäèìûì óñëîâèåì ðàáîòû ìîäåëè ÿâëÿåòñÿ
îïòèìèçàöèÿ ïàðàìåòðîâ ãîòîâîé ïðîäóêöèè ïóòåì çàäàíèÿ øèõòîâûõ
óñëîâèé íà âõîäå òåõíîëîãè÷åñêèõ ïåðåäåëîâ.

Èñõîäíàÿ âûáîðêà ïðåäñòàâëÿåò ñîáîé çíà÷åíèÿ 262 âûáîðî÷íûõ
äàííûõ (åäèíèö óãîëüíîé øèõòû), äëÿ êàæäîé èç êîòîðûõ èçìåðåíû
çíà÷åíèÿ 34-õ ïåðåìåííûõ (òåõíîëîãè÷åñêèõ ïàðàìåòðîâ óãîëüíîé øèõ-
òû).

Âñå 34 âõîäíûõ òåõíîëîãè÷åñêèõ ïàðàìåòðà ìîæíî ðàçäåëèòü íà
íåñêîëüêî ôóíêöèîíàëüíî íåçàâèñèìûõ ñòðóêòóð ïåðåìåííûõ:

� ïàðàìåòðû ãîòîâîé ïðîäóêöèè (êîêñà) (4 ïåðåìåííûõ);
� ïàðàìåòðû, õàðàêòåðèçóþùèå ïðîöåññ êîêñîâàíèÿ (3 ïåðåìåííûõ);
� ïàðàìåòðû, õàðàêòåðèçóþùèå øèõòîâóþ êàðòó (ðåöåïòóðó ïðîèç-

âîäñòâà êîêñà) (7 ïåðåìåííûõ);
� ôèçèêî-õèìè÷åñêèå ïàðàìåòðû óãîëüíîé øèõòû (14 ïåðåìåííûõ);
� ãðàíóëîìåòðè÷åñêèé ñîñòàâ óãîëüíîé øèõòû (6 ïåðåìåííûõ).

Îñíîâíàÿ ïðîáëåìà íà ïåðâîì ýòàïå ìîäåëèðîâàíèÿ - ýòî ïîíÿòü:
ïåðåìåííûå èç êàêèõ ñòðóêòóðíûõ ãðóïï (èëè öåëûå ãðóïïû), äåéñòâè-
òåëüíî, ÿâëÿþòñÿ çàâèñèìûìè îò âûõîäíîé ïåðåìåííîé "ïîêàçàòåëü èñ-
òèðàåìîñòè êîêñà Ì10"; à êàêèå ïåðåìåííûå (èëè ãðóïïû ïåðåìåííûõ)
- íàïðÿìóþ ñ âûõîäíîé ïåðåìåííîé íå ñâÿçàíû, à îïðåäåëÿþò, òàê íà-
çûâàåìûå, áàçîâûå õàðàêòåðèñòèêè óãîëüíîé øèõòû, íàïðèìåð, òèïû
øèõòîâûõ êàðò.

Ïîñëå êîíñóëüòàöèè ñ õèìèêàìè-òåõíîëîãàìè ìåòàëëóðãè÷åñêîãî
ïðåäïðèÿòèÿ ñòàëî ïîíÿòíî, ÷òî íàáîð èç 7-ìè ïåðåìåííûõ, õàðàêòå-
ðèçóþùèõ øèõòîâóþ êàðòó, îïðåäåëÿåò ðàçíûå òèïû óãîëüíîé øèõòû.
Âñÿ ýòà ãðóïïà â öåëîì ÿâëÿåòñÿ äèôôåðåíöèðóþùèì ôàêòîðîì, ðàç-
äåëÿþùèì âñå ìíîæåñòâî âûáîðî÷íûõ äàííûõ íà 4 îñíîâíûõ òèïà (5-é
òèï - íåòèïè÷íûå çíà÷åíèÿ âûáîðêè).

Â íàñòîÿùåå âðåìÿ, ìîäåëèðîâàíèå ïðîèñõîäèò îòäåëüíî ïî êàæäî-
ìó òèïó óãîëüíîé øèõòû. Ïîêà îòêðûòûì îñòàåòñÿ âîïðîñ î òîì, êàêèì
îáðàçîì èñïîëüçîâàòü â õîäå àíàëèçà äàííûõ 6 ïåðåìåííûõ, õàðàêòåðè-
çóþùèõ ãðàíóëîìåòðè÷åñêèé ñîñòàâ óãîëüíîé øèõòû.
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3. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ïðîãíîçèðîâàíèÿ
òðóäîóñòðîéñòâà ëèö ñ ÎÂÇ è èíâàëèäíîñòüþ

Âûáîð ïðîôåññèè ÿâëÿåòñÿ îäíîé èç íàèáîëåå àêòóàëüíûõ ïðîáëåì,
îò ïðàâèëüíîãî ðåøåíèÿ êîòîðîé çàâèñèò áëàãîïîëó÷èå ÷åëîâåêà. Íî
îñîáóþ îñòðîòó è çíà÷èìîñòü ýòà ïðîáëåìà ïðèîáðåòàåò äëÿ ëèö ñ îãðà-
íè÷åííûìè âîçìîæíîñòÿìè çäîðîâüÿ (ÎÂÇ) è èíâàëèäíîñòüþ. Ýòî îáó-
ñëîâëåíî òåì, ÷òî ñîñòîÿíèå èõ ôèçè÷åñêîãî è ïñèõè÷åñêîãî çäîðîâüÿ
ñóæàåò êðóã ïðîôåññèé, è àêòóàëèçèðóåò ïóòè ïðîôåññèîíàëüíîé, à,
ñëåäîâàòåëüíî, è ëè÷íîñòíîé ñàìîðåàëèçàöèè. Ïîýòîìó âàæíî, ÷òîáû
ïðîôåññèîíàëüíîå ñàìîîïðåäåëåíèå áûëî áû ñîçíàòåëüíûì, ñîîòíåñåíî
ñ âîçìîæíîñòÿìè çäîðîâüÿ è òðåáîâàíèÿìè ê íåìó îòäåëüíûõ ïðîôåñ-
ñèé.

Äëÿ àêòèâíîãî ñîäåéñòâèÿ òðóäîóñòðîéñòâó èíâàëèäîâ è ëèö ñ ÎÂÇ
íà ðåãèîíàëüíîì ðûíêå òðóäà â ðàìêàõ íàó÷íîãî ãðàíòà ïðè ïîääåðæ-
êå Ïðàâèòåëüñòâà Âîëîãîäñêîé îáëàñòè áûë ðàçðàáîòàí ðåãèîíàëüíûé
èíôîðìàöèîííî-àíàëèòè÷åñêèé ïîðòàë ¾ÏÅÐÑÏÅÊÒÈÂÀ-PRO¿.

Óíèêàëüíîé îñîáåííîñòüþ äàííîãî ïîðòàëà ÿâëÿåòñÿ òî, ÷òî îí ðàç-
äåë¼í íà áîëüøîå êîëè÷åñòâî êàáèíåòîâ: êàáèíåò äëÿ ñàìèõ ëèö ñ ÎÂÇ
è èíâàëèäíîñòüþ, êàáèíåò äëÿ èõ ðîäèòåëåé, êàáèíåò äëÿ ðàáîòîäàòå-
ëåé, êàáèíåò äëÿ ñîòðóäíèêîâ ðåãèîíàëüíîé ñëóæáû çàíÿòîñòè è ò.ä. Òî
åñòü, èçíà÷àëüíî áûëà ïðîâåäåíà äèôôåðåíöèàöèÿ ïî èñòî÷íèêó ìîäå-
ëèðîâàíèÿ.

Íà 1-ì ýòàïå ìîäåëèðîâàíèÿ ïî ðåçóëüòàòàì îïðîñîâ è ñïåöèàëü-
íî ðàçðàáîòàííûõ ìåòîäèê íà ïðîôåññèîíàëüíîå ñàìîîïðåäåëåíèå, áûë
ïðîâåäåí ôàêòîðíûé àíàëèç (ñ ïîìîùüþ ìåòîäà ãëàâíûõ êîìïîíåíò
(ÌÃÊ)) ïðîôåññèîíàëüíî âàæíûõ êà÷åñòâ (ÏÂÊ) ðåñïîíäåíòîâ [4]

Â èòîãå, óäàëîñü âûäåëèòü 3 ôàêòîðà (ãëàâíûõ êîìïîíåíòû), îïèñû-
âàþùèå â îáùåé ñëîæíîñòè 69% îáùåé äèñïåðñèè. Ýòè ôàêòîðû îïðå-
äåëÿþò îñíîâíûå íàïðàâëåíèÿ äåÿòåëüíîñòè, ê êîòîðûì áîëüøèíñòâî
îïðîøåííûõ ðåñïîíäåíòîâ ïðîäåìîíñòðèðîâàëè ñêëîííîñòü (ñì. òàáë.
1).

Íà 2-ì ýòàïå ìîäåëèðîâàíèÿ, ñ ó÷åòîì ïðåäïî÷èòàåìûõ ñôåð äåÿ-
òåëüíîñòè, áûë ïðîâåäåí êëàñòåðíûé àíàëèç äàííûõ ñ öåëüþ òèïîëîãè-
çàöèè èíäèâèäóàëüíûõ ïðîôåññèîíàëüíûõ ïðîôèëåé èíâàëèäîâ è ëèö
ñ ÎÂÇ.

Êëàñòåðíûé àíàëèç ðåñïîíäåíòîâ ðåàëèçîâàí ñ ïîìîùüþ 3-õ èåðàð-
õè÷åñêèõ ìåòîäîâ êëàñòåðèçàöèè: ìåòîäà Óîðäà, ìåòîäà ìåæãðóïïîâûõ
ñâÿçåé è ìåòîäà áëèæàéøåãî ñîñåäà, à òàêæå ñ ïîìîùüþ îïòèìèçàöè-
îííîãî ìåòîäà êëàñòåðíîãî àíàëèçà - ìåòîäà k-ñðåäíèõ.Â ðåçóëüòàòå,
îïòèìàëüíûì îêàçàëîñü âûäåëåíèå 4-õ êëàñòåðîâ.
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Òàáëèöà 1
Ðåçóëüòàòû ôàêòîðíîãî àíàëèçà ÏÂÊ ñ ïîìîùüþ ÌÃÊ

Íîìåð
ôàê-
òîðà

Íàçâàíèå ôàêòîðà
Îáúÿñíåííàÿ äèñ-
ïåðñèÿ ôàêòîðà,%

1
Îðèåíòàöèÿ íà âûñîêîòåõíîëîãè÷å-
ñêèå ñôåðû äåÿòåëüíîñòè

25.38

2
Îðèåíòàöèÿ íà ýêîëîãî-ìåäèöèíñêèå
ñôåðû äåÿòåëüíîñòè

23.42

3
Îðèåíòàöèÿ íà õóäîæåñòâåííûå è
ñîöèàëüíî-áûòîâûå ñôåðû äåÿòåëü-
íîñòè

20.27

Òàêèì îáðàçîì, ñ ïîìîùüþ êëàñòåðíîãî àíàëèçà óäàëîñü âûäåëèòü
4 òèïà ó÷àùèõñÿ ñ ÎÂÇ è èíâàëèäíîñòüþ:

� 1 êëàñòåð "Ñåëåêòèâíûå": äîìèíèðóþùèå ÏÂÊ ëè÷íîñòè - óìåíèå
âûáèðàòü íóæíóþ èíôîðìàöèþ èç áîëüøîãî îáú¼ìà, çðèòåëüíàÿ
ïàìÿòü, ýìîöèîíàëüíàÿ ñäåðæàííîñòü; ïðåäïî÷èòàåìûå ñôåðû äå-
ÿòåëüíîñòè - ìåäèöèíñêàÿ è ñïîðòèâíî-îçäîðîâèòåëüíàÿ ñôåðà.

� 2 êëàñòåð "Êðåàòèâíûå": äîìèíèðóþùèå ÏÂÊ ëè÷íîñòè - öåëå-
óñòðåìëåííîñòü, æåëàíèå ó÷èòüñÿ, òâîð÷åñêèå ñïîñîáíîñòè, óìåíèå
âûáèðàòü íóæíóþ èíôîðìàöèþ èç áîëüøîãî îáú¼ìà, ïðåäëàãàòü è
íàõîäèòü íåñòàíäàðòíûå ðåøåíèÿ; ïðåäïî÷èòàåìûå ñôåðû äåÿòåëü-
íîñòè - ýêîíîìè÷åñêàÿ ñôåðà, ýêîëîãè÷åñêàÿ ñôåðà, õóäîæåñòâåííàÿ
ñôåðà, ñôåðà ñîöèàëüíîãî îáñëóæèâàíèÿ, ïåäàãîãè÷åñêàÿ ñôåðà.

� 3 êëàñòåð "Àäàïòèâíûå": äîìèíèðóþùåå ÏÂÊ ëè÷íîñòè - óìå-
íèå ðàáîòàòü â êîìàíäå; ïðåäïî÷èòàåìàÿ ñôåðà äåÿòåëüíîñòè -
ïðîèçâîäñòâåííî-òåõíîëîãè÷åñêàÿ ñôåðà.

� 4 êëàñòåð "Àíàëèòè÷íûå": äîìèíèðóþùèå ÏÂÊ ëè÷íîñòè - óìåíèå
ïëàíèðîâàòü ñâîþ äåÿòåëüíîñòü; ïðåäïî÷èòàåìûå ñôåðû äåÿòåëüíî-
ñòè - ýêîëîãè÷åñêàÿ ñôåðà, óïðàâëåí÷åñêàÿ ñôåðà.

Èòàê, â êà÷åñòâå îñîáåííîñòåé îáðàáîòêè ãóìàíèòàðíûõ äàííûõ,
ìîæíî îòìåòèòü áîëüøîå êîëè÷åñòâî íîìèíàëüíûõ ïåðåìåííûõ, è, êàê
ñëåäñòâèå, ïðèìåíåíèå äëÿ èõ àíàëèçà ìåòîäîâ ôàêòîðíîãî è êëàñòåð-
íîãî àíàëèçà [3]. Â ïðåäñòàâëåííîì èññëåäîâàíèè ýòè ìåòîäû äàëè õî-
ðîøèé ñîäåðæàòåëüíûé ðåçóëüòàò.
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Çàêëþ÷åíèå

Â ñòàòüå ðàññìîòðåíû ïðîáëåìû, ñ êîòîðûìè ñòîëêíóëñÿ àâòîð â õî-
äå ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ äàííûõ ñëîæíîãî òåõíîëîãè÷åñêîãî
ïðîöåññà. Óæå íà 1-ì ýòàïå ìîäåëèðîâàíèÿ áûëî ïðèíÿòî ðåøåíèå èñ-
êëþ÷èòü èç ìàòåìàòè÷åñêîé ìîäåëè ðÿä ïåðåìåííûõ, íîñÿùèõ äèôôå-
ðåíöèðóþùèé õàðàêòåð. Â ýòîì ñîñòîÿëî îòëè÷èå ïðåäëîæåííîé ìîäåëè
îò âñåõ ïðåäûäóùèõ ìîäåëåé äàííîãî ïðîöåññà, ðàçðàáîòàííûõ ñîòðóä-
íèêàìè ñàìîãî ìåòàëëóðãè÷åñêîãî ïðåäïðèÿòèÿ, íî íå ïðèí¼ñøèõ çíà-
÷èòåëüíîãî ðåçóëüòàòà.

Êðîìå òîãî, â õîäå ìîäåëèðîâàíèÿ ïðîöåññà òðóäîóñòðîéñòâà ëèö ñ
ÎÂÇ è èíâàëèäíîñòüþ, ðàáîòàÿ ñ áîëüøèõ êîëè÷åñòâîì íîìèíàëüíûõ
äàííûõ, îòìå÷åíû îñîáåííîñòè ïðèìåíåíèÿ äëÿ àíàëèçà ýòèõ äàííûõ
ìåòîäîâ ôàêòîðíîãî è êëàñòåðíîãî àíàëèçà. Â ðåçóëüòàòå, ïîëó÷åíû
êîìïëåêñíûå è ñîäåðæàòåëüíûå âûâîäû î ñïåöèôèêå òðóäîóñòðîéñòâà
ëèö ñ ÎÂÇ è èíâàëèäíîñòüþ.
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Ïðîôèëàêòè÷åñêîå îáñëóæèâàíèå, íàðÿäó ñ ðåçåðâèðîâàíèåì,
ÿâëÿåòñÿ îäíèì èç îñíîâíûõ ñðåäñòâ ïîâûøåíèÿ íàä¼æíîñòè
îáîðóäîâàíèÿ, ñèñòåì è ïðîöåññîâ. Â ðàáîòå ðàññìàòðèâàåòñÿ
ìîäåëü ïðîôèëàêòè÷åñêîãî îáñëóæèâàíèÿ (ÏÎ) ñèñòåìû k-èç-n
â óñëîâèÿõ, êîãäà ïîñëå îòêàçà îäíîé èç å¼ êîìïîíåíò íàãðóçêà
íà îñòàëüíûå óâåëè÷èâàåòñÿ, ÷òî âåä¼ò ê èçìåíåíèþ â ñòîðî-
íó óìåíüøåíèÿ èõ îñòàòî÷íîãî âðåìåíè æèçíè. Ðàññìàòðèâàå-
ìàÿ ñèòóàöèÿ ìîäåëèðóåòñÿ â òåðìèíàõ ïîðÿäêîâûõ ñòàòèñòèê,
à â êà÷åñòâå êðèòåðèÿ êà÷åñòâà ïðîâåäåíèÿ ÏÎ ðàññìàòðèâàåò-
ñÿ êîýôôèöèåíò ãîòîâíîñòè ñèñòåìû. Ïðè ýòîì îñîáîå âíèìà-
íèå óäåëÿåòñÿ èññëåäîâàíèþ ÷óâñòâèòåëüíîñòè ïðèíÿòîãî ðåøå-
íèÿ ê âèäó ðàñïðåäåëåíèÿ âðåìåíè áåçîòêàçíîé ðàáîòû (â.á.ð.)
êîìïîíåíò ñèñòåìû. Êëþ÷åâûå ñëîâà: ñèñòåìû k-èç-n, ïðî-
ôèëàêòè÷åñêîå îáñëóæèâàíèå, çàâèñèìûå îòêàçû, ôóíêöèÿ íà-
ä¼æíîñòè, êîýôôèöèåíò ãîòîâíîñòè.

Ââåäåíèå

Ïðîôèëàêòè÷åñêîå îáñëóæèâàíèå, íàðÿäó ñ ðåçåðâèðîâàíèåì, ÿâ-
ëÿåòñÿ îäíèì èç îñíîâíûõ ñðåäñòâ ïîâûøåíèÿ íàä¼æíîñòè îáîðóäîâà-
íèÿ, ñèñòåì è ïðîöåññîâ. Ñèñòåìû k-èç-n ïðåäñòàâëÿþò ñîáîé øèðîêèé
ñïåêòð ìîäåëåé ðåçåðâèðîâàíèÿ è íàõîäÿò ìíîãî÷èñëåííûå ïðèìåíå-
íèÿ â ðàçëè÷íûõ îáëàñòÿõ, âêëþ÷àÿ òåõíè÷åñêèå, ýêîíîìè÷åñêèå, áèî-
ëîãè÷åñêèå, òåëåêîììóíèêàöèîííûå è ïð. Áëàãîäàðÿ øèðîêîìó ñïåêòðó
ïðèìåíåíèé ìîäåëåé k-èç-n èì ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâà-
íèÿ, îáçîð êîòîðûõ ìîæíî íàéòè, íàïðèìåð â [1]. Ïðèìåíåíèå ìîäåëåé
k-èç-n ê èññëåäîâàíèþ ïðîáëåì íàä¼æíîñòè ñèñòåì òðóáîïðîâîäíîãî
òðàíñïîðòà ìîæíî íàéòè òàêæå â [2], [3], [4] è äð.

Èññëåäîâàíèå ìîäåëåé ÏÎ èìååò äëèííóþ èñòîðèþ. Äîñòàòî÷íî äå-
òàëüíûé îáçîð ìåòîäîâ è ìîäåëåé ÏÎ ñîäåðæèòñÿ â ìîíîãðàôèè Ãåðö-
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áàõà [5]. Ñîâðåìåííûå èññëåäîâàíèÿ è îáçîð ìîäåëåé ïîñòðîåíèÿ îïòè-
ìàëüíûõ ñòðàòåãèé ÏÎ ñì. â [6].

Òàê êàê ïîäðîáíàÿ èíôîðìàöèÿ î ðàñïðåäåëåíèÿõ âðåìåíè áåçîò-
êàçíîé ðàáîòû (â.á.ð.) êîìïîíåíò ñèñòåìû îáû÷íî íåäîñòóïíà, áîëüøîå
çíà÷åíèå äëÿ ïðàêòèêè èìååò èññëåäîâàíèå ÷óâñòâèòåëüíîñòè ïðèíè-
ìàåìûõ ðåøåíèé ê âèäó ýòèõ ðàñïðåäåëåíèé. Íåêîòîðûå èññëåäîâàíèÿ
â ýòîì íàïðàâëåíèè ñîäåðæàòñÿ â ñåðèè íàøèõ ðàáîò, îáçîð êîòîðûõ
ìîæíî íàéòè â [7], ãëàâå 9 ìîíîãðàôèè [8], à òàêæå â [9] è [10].

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ è ñðàâíåíèþ ñòðàòåãèé
ÏÎ ñèñòåìû k-èç-n íà îñíîâå íàáëþäåíèÿ çà å¼ ñîñòîÿíèÿìè. Îñîáåííî-
ñòüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ ïðåäïîëîæåíèå î òîì, ÷òî îòêàç
êàæäîé èç êîìïîíåíò ñèñòåìû âåä¼ò ê óâåëè÷åíèþ íàãðóçêè íà îñòàâ-
øèåñÿ è ê óìåíüøåíèþ èõ îñòàòî÷íîãî â.á.ð.

Ðàáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ñëåäóþùåì ðàçäåëå
ïðèâîäèòñÿ ïîñòàíîâêà çàäà÷è è îñíîâíûå îáîçíà÷åíèÿ è ïðåäïîëîæå-
íèÿ. Çàòåì â ðàçäåëå 2 ïðèâåäåíû îñíîâíûå ðåçóëüòàòû - ïðåîáðàçîâà-
íèÿ ïîðÿäêîâûõ ñòàòèñòèê è èõ ðàñïðåäåëåíèÿ. Â çàêëþ÷åíèè ïîäâåäå-
íû èòîãè ðàáîòû è íàìå÷åíû ïóòè äàëüíåéøèõ èññëåäîâàíèé.

1. Ïîñòàíîâêà çàäà÷è. Îáîçíà÷åíèÿ è ïðåäïîëîæåíèÿ

Ðàññìîòðèì ñèñòåìó k-èç-n, êîòîðàÿ ñîñòîèò èç n ïàðàëëåëüíûõ êîì-
ïîíåíò è îòêàçûâàåò, êîãäà ïî êðàéíåé ìåðå k èç íèõ îòêàæóò. Ïðè ýòîì
ïðåäïîëàãàåòñÿ, ÷òî îòêàç êàæäîé êîìïîíåíòû ïðèâîäèò ê óâåëè÷åíèþ
íàãðóçêè íà îñòàâøèåñÿ, ÷òî âåä¼ò ê óìåíüøåíèþ èõ îñòàòî÷íîãî â.á.ð.
Ýòî èçìåíåíèå ìîäåëèðóåòñÿ ïóò¼ì óìíîæåíèÿ îñòàòî÷íîãî â.á.ð. âû-
æèâøèõ ïîñëå îòêàçà i-îé êîìïîíåíòû (i < k ) íà íåêîòîðûé �âåñîâîé�
êîýôôèöèåíò wi < 1.

Äëÿ óâåëè÷åíèÿ íàä¼æíîñòè ñèñòåìû ïðåäïîëàãàåòñÿ âîçìîæíîñòü
ïðîâåäåíèÿ ïðîôèëàêòèê ïî íàáëþäåíèÿì çà ñîñòîÿíèåì ñèñòåìû. Îáî-
çíà÷èì ÷åðåç L = {1, . . . , k} íàáîð âîçìîæíûõ ñòðàòåãèé ÏÎ âêëþ÷àÿ
ñòðàòåãèþ îòêàçà îò ÏÎ ñ ïîñëåäóþùèì ïðîâåäåíèåì ðåìîíòà äëÿ ñòðà-
òåãèÿ ñ íîìåðîì l = k. Ñòðàòåãèÿ ñ íîìåðîì l äëÿ (l < k) îçíà÷àåò, ÷òî
ÏÎ íà÷èíàåòñÿ, êîãäà ñèñòåìà îêàçûâàåòñÿ â ñîñòîÿíèè ñ l îòêàçàâøèìè
êîìïîíåíòàìè. Â ñòàòüå èñïîëüçóþòñÿ ñëåäóþùèå îñíîâíûå îáîçíà÷å-
íèÿ è ïðåäïîëîæåíèÿ.

� P{·}, E[·]�ñèìâîëû âåðîÿòíîñòè è ìàòåìàòè÷åñêîãî îæèäàíèÿ (ì.î.);
� Ai : (i = 1, 2, . . . )�ïîñëåäîâàòåëüíîñòü â.á.ð. êîìïîíåíò ñèñòåìû,

êîòîðûå ïðåäïîëàãàþòñÿ íåçàâèñèìûìè îäèíàêîâî ðàñïðåäåë¼ííû-
ìè (í.î.ð.) ñëó÷àéíûìè âåëè÷èíàìè (ñ.â.) ñ îáùåé ôóíêöèåé ðàñïðå-
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äåëåíèÿ (ô.ð.) A(t) = P{Ai ≤ t}, ïëîòíîñòüþ ðàñïðåäåëåíèÿ (ï.ð.)
a(t) = A′(t) è êîíå÷íûì ì.î. a = E[Ai];

� B
(l)
i (i = 1, 2, . . . ), (l ∈ L)�äëèòåëüíîñòè ÏÎ òèïà l è ðåìîíòà äëÿ

l = k, êîòîðûå ïðåäïîëàãàþòñÿ í.î.ð. ñ.â. ñ îáùåé ô.ð. Bl(t) =

P{B(l)
i ≤ t} è êîíå÷íûì ì.î. bl = E[B

(l)
i ];

� E = {j = {0, 1, . . . , k}}�ìíîæåñòâî ñîñòîÿíèé ñèñòåìû, ãäå j ïðåä-
ñòàâëÿåò ñîáîé ÷èñëî êîìïîíåíò, íàõîäÿùèõñÿ â ñîñòîÿíèè îòêàçà;

� â íà÷àëüíûé ìîìåíò âðåìåíè ñèñòåìà àáñîëþòíî èñïðàâíà, òî åñòü
íàõîäèòñÿ â ñîñòîÿíèè j = 0;

� ïîñëå êàæäîãî îêîí÷àíèÿ ðåìîíòà èëè ïðîâåäåíèÿ ÏÎ ñèñòåìà ñòà-
íîâèòñÿ êàê íîâàÿ, òî åñòü âîçâðàùàåòñÿ â íóëåâîå ñîñòîÿíèå;

� ïîñëå îòêàçà i-îé êîìïîíåíòû (i = 1, k) íàãðóçêà íà îñòàâøèåñÿ óâå-
ëè÷èâàåòñÿ, ÷òî âåä¼ò ê óìåíüøåíèþ èõ îñòàòî÷íîãî â.á.ð., êîòîðîå
ìîäåëèðóåòñÿ ïóò¼ì å¼ óìíîæåíèÿ íà íåêîòîðûé âåñîâîé êîýôôèöè-
åíò wi (0 ≤ wi ≤ 1).

Öåëüþ ðàáîòû ÿâëÿåòñÿ ñðàâíåíèå ðàçëè÷íûõ ñòðàòåãèé ÏÎ l ∈ L
ïî êðèòåðèþ êîýôôèöèåíòà ãîòîâíîñòè Kãîò.,l,

Kãîò.,l = lim
t→∞

1

t
{âðåìÿ ðàáîòû ñèñòåìû çà âðåìÿ t ïðè ñòðàòåãèè l}.

(1)
Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ââåä¼ì ñëó÷àéíûé ïðîöåññ J =
{J(t) : t ≥ 0} ñ ïðîñòðàíñòâîì ñîñòîÿíèé E ñîîòíîøåíèåì

J(t) = j, åñëè â ìîìåíò âðåìåíè t ñèñòåìà íàõîäèòñÿ â ñîñòîÿíèè j ∈ E.

Çàìåòèì, ïðåæäå âñåãî, ÷òî áëàãîäàðÿ íàøèì ïðåäïîëîæåíèÿì ïðîöåññ
J ÿâëÿåòñÿ ðåãåíåðèðóþùèì ïðè ëþáîé èç âîçìîæíûõ ñòðàòåãèé ÏÎ

l ∈ L. Åãî ìîìåíòàìè ðåãåíåðàöèè S
(l)
n ÿâëÿþòñÿ ìîìåíòû îêîí÷àíèÿ

ÏÎ èëè ðåìîíòà äëÿ l = k. Îáîçíà÷àÿ ÷åðåç Yl (l ∈ L) âðåìÿ äî íà÷àëà
ÏÎ l-îãî òèïà íà îòäåëüíîì (ñêàæåì, ïåðâîì) ïåðèîäå ðåãåíåðàöèè

Yl = inf{t : J(t) = l, t ≤ S
(l)
1 },

à ÷åðåçMl = E[Yl] åãî ñðåäíåå âðåìÿ èç ýðãîäè÷åñêîé òåîðåìû äëÿ ðåãå-
íåðèðóþùèõ ïðîöåññîâ ñëåäóåò, ÷òî êîýôôèöèåíò ãîòîâíîñòè ñèñòåìû
ïðåäñòàâèì â âèäå

Kav.,l =
Ml

E[S
(l)
1 ]

=
Ml

E[Yl +Bl]
(l = 1, k). (2)

Òàê êàê äëÿ ëþáîé ñòðàòåãèè ÏÎ l ∈ L, ñðåäíåå âðåìÿ ïðîôèëàêòè-
êè (èëè ðåìîíòà äëÿ l = k) bl = E[Bl] ïðåäïîëàãàåòñÿ èçâåñòíûì, òî
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äëÿ âû÷èñëåíèÿ êîýôôèöèåíòà ãîòîâíîñòè äîñòàòî÷íî âû÷èñëèòü òîëü-
êî ñðåäíåå âðåìÿ íàðàáîòêè íà ïåðèîäå ðåãåíåðàöèè Ml = E[Yl]. Òàêèì
îáðàçîì ïóò¼ì ñðàâíåíèÿ êîýôôèöèåíòîâ ãîòîâíîñòè äëÿ ðàçëè÷íûõ
ñòðàòåãèé ÏÎ ïîëó÷èì êðèòåðèé êà÷åñòâà ñòðàòåãèé.

Òåîðåìà 1. l-àÿ ñòðàòåãèÿ ÏÎ ïðåäïî÷òèòåëüíåå j-îé (l ≽ j) òîãäà
è òîëüêî òîãäà, êîãäà

bl
bj
<
Ml

Mj
. (3)

2. Ðàñïðåäåëåíèå âðåìåíè äî íà÷àëà ÏÎ èëè îòêàçà ñèñòåìû

Î÷åâèäíî, ÷òî âðåìÿ äî íà÷àëà l-îãî ÏÎ (âêëþ÷àÿ âðåìÿ äî îòêàçà
ñèñòåìû äëÿ l = k) ÿâëÿåòñÿ âðåìåíåì äî îòêàçà l-îé êîìïîíåíòû, êî-
òîðîå, â ñâîþ î÷åðåäü, ïðåäñòàâëÿåò ñîáîé l-óþ ïîðÿäêîâóþ ñòàòèñòèêó
Xi = A(i) èç âûáîðêè n í.î.ð. ñ.â. Ai (i = 1, 2, . . . , n) ñ äàííûì ðàñïðåäå-
ëåíèåì A(t). Îäíàêî, åñëè ïîñëå îòêàçà êàæäîé èç êîìïîíåíò ñèñòåìû
íàãðóçêà íà îñòàâøèåñÿ êîìïîíåíòû ìåíÿåòñÿ è, ñëåäîâàòåëüíî, èçìå-
íÿþòñÿ èõ îñòàòî÷íûå â.á.ð., òî íåîáõîäèìî ó÷åñòü ýòè èçìåíåíèÿ ïóò¼ì
ïðåîáðàçîâàíèÿ ïîðÿäêîâûõ ñòàòèñòèê â ñîîòâåòñòâèè ñ ïðèíÿòûì ïðà-
âèëîì. Äëÿ âðåìåíè Yl (l = 1, k) äî íà÷àëà ÏÎ (îòêàçà ñèñòåìû äëÿ
l = k) íà îòäåëüíîì ïåðèîäå ðåãåíåðàöèè ñ ó÷¼òîì èçìåíåíèÿ íàãðóçêè
èìååò ìåñòî

Òåîðåìà 2. Âðåìÿ äî íà÷àëà ÏÎ l-îãî òèïà äëÿ l < k èëè äî îò-
êàçà ñèñòåìû äëÿ l = k ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé îò ïîðÿäêîâûõ
ñòàòèñòèê è èìååò âèä

Y1 = X1 è äëÿ l = 2, k,

Yl = (1− w1)X1 + w1(1− w2)X2 + · · ·+ w1 · · ·wl−2(1− wl−1)Xl−1 +

+ w1 · · ·wl−1Xl. (4)

Äëÿ âû÷èñëåíèÿ ðàñïðåäåëåíèé ñ.â. Yl âîñïîëüçóåìñÿ õîðîøî èçó÷åí-
íûì (ñì., íàïðèìåð, [11]) ðàñïðåäåëåíèåì ïîðÿäêîâûõ ñòàòèñòèê. Â
÷àñòíîñòè, ñîâìåñòíàÿ ï.ð. fl(x1, . . . xl) ïåðâûõ l ïîðÿäêîâûõ ñòàòèñòèê

X1 ≤ X2 ≤ · · · ≤ Xl (5)

èç âûáîðêè n í.î.ð. ñ.â. A1, A2, . . . , An ñ ô.ð. A(x) è ï.ð. a(x) â îáëàñòè
0 ≤ x1 ≤ x2 ≤ · · · ≤ xl <∞ èìååò âèä

fl(x1, x2, . . . , xl) =
n!

(n− l)!
a(x1)a(x2) · · · a(xl)(1−A(xl))

n−l. (6)

Äëÿ âû÷èñëåíèÿ ñîâìåñòíîé ï.ð. g(yl) ñëó÷àéíîãî âåêòîðà Yl =
(Y1, . . . , Yl)

′ â òåðìèíàõ âåêòîðà Xl = (X1, . . . Xl)
′ ââåä¼ì äëÿ ëþáîãî



Ïðîôèëàêòè÷åñêîå îáñëóæèâàíèå 311

l ≤ k ìàòðèöóWl = [wij ] è âåêòîðà yl = (y1, . . . , yl)
′, x′ = (x1, . . . , xl)

′,
ãäå w11 = 1 è äëÿ âñåõ i = 2, . . . l

wij = w1w2 · · ·wj−2(1− wj−1) for j < i, and wii = w1 · · ·wi−1

Â ýòèõ îáîçíà÷åíèÿõ ñïðàâåäëèâà òåîðåìà.
Òåîðåìà 3. Ñîâìåñòíàÿ ï.ð. g(yl) = g(y1, . . . , yl) ñëó÷àéíîãî âåêòîðà

Yl â îáëàñòè D(yl) = {0 ≤ y1 ≤ y2 ≤ · · · ≤ yl <∞} èìååò âèä

g(yl) = g(y1, . . . , yl) =

=
n!

(n− l)!

∏
1≤j≤l

1

wjj
a

 ∑
1≤i≤j

yi − yi−1

wii

×

1−A

 ∑
1≤i≤l

yi − yi−1

wll

n−l

(7)

Ðåçóëüòàòû òåîðåìû ïîçâîëÿþò âû÷èñëÿòü îñòàëüíûå íåîáõîäèìûå õà-
ðàêòåðèñòèêè ìîäåëè. Â ÷àñòíîñòè, äëÿ ô.ð. ìîìåíòà íà÷àëà ÏÎ l-îãî
òèïà, Fl(t) = P{Yl ≤ t} ñïðàâåäëèâà

Òåîðåìà 4. Ô.ð. Fl(t) ìîìåíòà îòêàçà l-îé êîìïîíåíòû â óñëîâèÿõ
óâåëè÷åíèÿ íàãðóçêè ïîñëå îòêàçà ïðåäûäóùèõ ðàâíà

Fl(t) =
n!

(n− l)!

t∫
0

a(u1)du1

z2∫
u2

a(u2)du2 . . .

zl∫
ul

a(u1)(1−A(u1))
n−ldul, (8)

ãäå

zi =
t− w11u1 − . . . wi−1i−1ui−1

wii
(i = 1, 2, . . . , l) (9)

Òðóäíî îæèäàòü ïîëó÷èòü àíàëèòè÷åñêèå ðåøåíèå çàäà÷è â îáùåì
ñëó÷àå. Ïðåäïîëàãàåòñÿ ðàçðàáîòêà âû÷èñëèòåëüíûõ àëãîðèòìîâ äëÿ å¼
÷èñëåííîãî ðåøåíèÿ.

Çàêëþ÷åíèå

Â ðàáîòå ïðåäñòàâëåíû ïåðâûå òåîðåòè÷åñêèå ðåçóëüòàòû äëÿ ñðàâ-
íåíèÿ ðàçëè÷íûõ ñòðàòåãèé ÏÎ äëÿ ìîäåëè k-èç-n â óñëîâèÿõ, êîãäà
îòêàç êàæäîé èç êîìïîíåíò ñèñòåìû âåä¼ò ê óìåíüøåíèþ îñòàòî÷íûõ
â.á.ð. âûæèâøèõ. Â íàñòîÿùåå âðåìÿ ðàçðàáàòûâàþòñÿ àëãîðèòìû è
ïðîãðàììíûå ñðåäñòâà äëÿ ïðîâåäåíèÿ ÷èñëåííûõ èññëåäîâàíèé è ïðî-
âåðêè ÷óâñòâèòåëüíîñòè ðåêîìåíäóåìûõ ðåøåíèé ê âèäó ðàñïðåäåëåíèé
â.á.ð. êîìïîíåíò ñèñòåìû.
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ÍÀÑÛÙÅÍÈÅÌ È ÏÀÌßÒÜÞ

Ä.À. Òâ¼ðäûé, Ð.È. Ïàðîâèê

Èíñòèòóò êîñìîôèçè÷åñêèõ èññëåäîâàíèé è ðàñïðîñòðàíåíèÿ ðàäèîâîëí

ÄÂÎ ÐÀÍ, ñ. Ïàðàòóíêà, Ðîññèÿ

Îñíîâíîé çàäà÷åé ýòîé ñòàòüè ÿâëÿåòñÿ ðàçðàáîòêà ýôôåêòèâ-
íûõ ïàðàëëåëüíûõ ÷èñëåííûõ àëãîðèòìîâ äëÿ ðåøåíèÿ çàäà÷
äðîáíîé äèíàìèêè, â ÷àñòíîñòè äðîáíîé ìîäåëè ïðîöåññîâ íà-
ñûùåíèÿ. Èñïîëüçîâàëîñü ìîäåëüíîå óðàâíåíèå Ðèêêàòè ñ ïå-
ðåìåííûìè êîýôôèöèåíòàìè è ñ ïðîèçâîäíîé äðîáíîãî ïåðå-
ìåííîãî ïîðÿäêà òèïà Ãåðàñèìîâà-Êàïóòî. Äëÿ ïðåäëîæåííî-
ãî íåëèíåéíîãî óðàâíåíèÿ ðàññìîòðåíà çàäà÷à Êîøè êîòîðàÿ
ðåøåíà ÷èñëåííî ñ ïîìîùüþ íåëîêàëüíîé íåÿâíîé êîíå÷íî-
ðàçíîñòíîé ñõåìû. Çà ñ÷¼ò îïòèìèçàöèè ÷èñëåííûõ ñõåì ðåøå-
íèÿ ïîñòàâëåííîé çàäà÷è è ðàñïàðàëëåëèâàíèÿ èõ ñ ïîìîùüþ
òåõíîëîãèè OpenMP íà ñóïåðêîìïüþòåðå ïðè ÈÌ èì. Â.È. Ðî-
ìàíîâñêîãî ÀÍ ÐÓç áûë ïîëó÷åí ñóùåñòâåííûé ïðèðîñò ïðîèç-
âîäèòåëüíîñòè, ïî ñðàâíåíèþ ñ ïîñëåäîâàòåëüíîé âåðñèåé ïðî-
ãðàììû. Êëþ÷åâûå ñëîâà: ïàìÿòü, íàñûùåíèå, ÷èñëåííûå
ìåòîäû, íåÿâíàÿ ñõåìà, ïàðàëëåëèçì, OpenMP.

Ââåäåíèå

Â íàñòîÿùåé ðàáîòå áûë ðàçðàáîòàí ïàðàëëåëüíûé âàðèàíò ÷èñ-
ëåííîãî àëãîðèòìà, îñíîâàííîãî íà íåëîêàëüíîé íåÿâíîé êîíå÷íî-
ðàçíîñòíîé ñõåìå äëÿ ðåøåíèÿ çàäà÷è Êîøè, êîòîðàÿ îïèñûâàåò ïðî-
öåññ ñ íàñûùåíèåì è ó÷åòà ýôôåêòà ïàìÿòè [1]. Èñïîëüçîâàíèå äðîáíîãî
óðàâíåíèÿ Ðèêêàòè ìîæåò èìåòü ðÿä ïðèëîæåíèé, êàê â ñëó÷àå ïîñòî-
ÿííî ïîðÿäêà äðîáíîñòè, òàê ïðè ïåðåìåííîì ïîðÿäêå äðîáíîñòè [2].

Ðàñïàðàëëåëèâàíèå ÷èñëåííîãî àëãîðèòìà ïðîâîäèëîñü ñ ïîìîùüþ
òåõíîëîãèè OpenMP íà 20-òè ÿäåðíîì ïðîöåññîðå íà ÿçûêå ïðîãðàììè-
ðîâàíèè Ñ. Òåñòîâûå ïðèìåðû ïîêàçàëè, ÷òî ïàðàëëåëüíàÿ ðåàëèçàöèÿ
÷èñëåííîãî àëãîðèòìà ìîæåò äàâàòü ñóùåñòâåííûé ïðèðîñò ïðîèçâîäè-
òåëüíîñòè â ñðàâíåíèè ñ ïîñëåäîâàòåëüíîé ðåàëèçàöèåé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà � 22�11�00064 ïî òåìå "Ìîäåëèðîâà-
íèå äèíàìè÷åñêèõ ïðîöåññîâ â ãåîñôåðàõ ñ ó÷åòîì íàñëåäñòâåííîñòè".
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1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì íåëèíåéíóþ çàäà÷ó, êîòîðàÿ ïðåäñòàâëåííàÿ äèôôåðåí-
öèàëüíîé çàäà÷åé Êîøè äëÿ óðàâíåíèÿ Ðèêêàòè ñ ïåðåìåííûìè êîýô-
ôèöèåíòàìè âèäà:

1

Γ(1− α(t))

∫ t

0

ẋ(σ)

(t− σ)α(t)
dσ+a(t)x2(t)−b(t)x(t)−c(t) = 0, x(0) = x0,

(1)
ãäå x(t) ∈ C2[0, T ] � ôóíêöèÿ ðåøåíèÿ, x0 � çàäàííàÿ êîíñòàíòà,
t ∈ [0, T ] � òåêóùåå âðåìÿ, T � ìîäåëüíîå âðåìÿ, a(t), b(t), c(t) � íåïðå-
ðûâíûå ôóíêöèè, α(t) ∈ C1(0, 1) � ïîêàçàòåëü ïðîèçâîäíîé äðîáíîãî
ïåðåìåííîãî ïîðÿäêà [1] òèïà VO Ãåðàñèìîâà�Êàïóòî, Γ(.) � ãàììà-
ôóíêöèÿ Ýéëåðà.

2. Ìåòîäèêà ðåøåíèÿ, ÷èñëåííàÿ ñõåìà è ìîäèôèöèðîâàííûé
ìåòîä Íüþòîíà

Ïîëàãàåì ñåòêó äèñêðåòèçàöèè � ðàâíîìåðíîé, ñëåäîâàòåëüíî ðàç-
äåëèì íà N óçëîâ ñåòêè îòðåçîê [0, T ] â ðàâíûõ ÷àñòÿõ ñ øàãîì äèñ-
êðåòèçàöèè h = T/N . Â èòîãå x(t) ∈ C2[0, T ] � ôóíêöèÿ ðåøåíèÿ, íà
ñåòêå, ïðèìåò âèä ñåòî÷íîãî àíàëîãà x(tk) èëè xk, ãäå k = 1, ..., N . Àíà-
ëîãè÷íî è ôóíêöèÿ 0 < α(t) < 1 ïåðåéä¼ò â α(tk) èëè αk. Àíàëîãè÷íûì
îáðàçîì ýòî âåðíî è äëÿ a(t), b(t), c(t) - çàäàííûõ íåïðåðûâíûõ ôóíêöèé
óðàâíåíèÿ Ðèêêàòè íà îòðåçêå [0, T ].

Ïî àíàëîãèè ñî ñòàòü¼é [3], àïïðîêñèìàöèþ ïðîèçâîäíîé VO
Ãåðàñèìîâà-Êàïóòî â óðàâíåíèè â (1) ìîæíî çàïèñàòü òàê:

∂
α(t)
0t x(σ) =

1

Γ(1− α(t))

∫ t

0

ẋ(σ)dσ

(t− σ)α(t)
≈ Ak

k−1∑
j=0

wk
j (xk−j − xk−j−1) ,

Ak =
τ−αk

Γ(2− αk)
, wk

j = (j + 1)1−αk − j1−αk .

(2)

àïïðîêñèìàöèÿ îïåðàòîðà (2) VO Ãåðàñèìîâà-Êàïóòî â (1) âûâåäåíà è
ïîäðîáíî îïèñàíà â [1] è èññëåäîâàí âîïðîñ ïîðÿäêà àïïðîêñèìàöèè VO
îïåðàòîðà (τ2−α̂, α̂ = max

k
(α(tk))).

Òîãäà ïîäñòàíîâêîé (2) â (1), ïåðåéä¼ì îò äèôôåðåíöèàëüíîé ïîä-
ñòàíîâêè çàäà÷è Êîøè ê å¼ äèñêðåòíîìó àíàëîãó, ïðåäñòàâëåííîé â âèäå
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íåëîêàëüíîé íåÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìû (IFDS):

Ak

k−1∑
j=0

wk
j (xk−j − xk−j−1) + akx

2
k − bkxk − ck = 0,

k = 1, . . . , N, x0 = C.

(3)

ãäå C - êîíñòàíòà, íå çàâèñÿùàÿ îò h.
Â ðàáîòå [1] òàê æå èññëåäîâàíû âîïðîñû ñõîäèìîñòè è óñòîé÷èâîñòè

íåëîêàëüíîé íåÿâíîé êîíå÷íî-ðàçíîñòíîé ñõåìû äëÿ äèñêðåòíîé çàäà÷è
Êîøè (3). Ïîêàçàíî, ÷òî íåëîêàëüíàÿ IFDS áåçóñëîâíî óñòîé÷èâà, è
ñõîäèòñÿ ñ ïîðÿäêîì òî÷íîñòè (2− α̂).

Â êà÷åñòâå ìåòîäà ðåøåíèÿ (3) èñïîëüçóåòñÿ Ìîäèôèöèðîâàííûé
ìåòîä Íüþòîíà (MNM) [4], êîòîðûé äëÿ IFDS ëîêàëüíî óñòîé÷èâ è ñõî-
äèòñÿ ñ ïåðâûì ïîðÿäêîì, ñîãëàñíî [1]. Äèñêðåòíûé àíàëîã çàäà÷è Êî-
øè (1) â âèäå èòåðàöèîííîé ôóíêöèè ìåòîäà èìååò âèä:

F (xk) = Ak

k−1∑
j=0

wk
j (xk−j − xk−j−1) + akx

2
k − bkxk − ck, (4)

ñîãëàñíî êîòîðîé, ñîñòàâèì èòåðàöèîííûé ïðîöåññ:

Xm+1 = Xm − F (Xm)

J (X0)
, (5)

ãäå ìàòðèöà ßêîáè J
(
X0
)
= (Jij) , i = 1, ..., N, j = 1, ..., N èìååò âèä:

Jij =


0, j ≥ i+ 1,

Ai − bi + 2aiu
0
i , j = i,

Ai

(
ωi
i−j − ωi

i−j−1

)
, j ≤ i− 1.

(6)

3. Ïàðàìåòðû ìîäåëèðîâàíèÿ

Ðàññìîòðèì äèñêðåòíóþ çàäà÷ó (3) ñî ñëåäóþùèìè ïàðàìåòðàìè:

� α(t) = 0.9 − 0.1t/T � ïåðåìåíåííûé ïîðÿäîê äðîáíîñòè, ìîíîòîííî
óáûâàþùàÿ ôóíêöèÿ;

� a(t) = cos2(t)/T , b(t) = 1 − 0.1t/T , c(t) = sin2(t)/T � êîýôôèöèåíòû
óðàâíåíèÿ, ãëàäêèå ôóíêöèè;

� x(0) = 0.9 � íà÷àëüíîå óñëîâèå;
� N = 2000 � ÷èñëî óçëîâ, T = 20 � âðåìÿ, h = 0.01 � øàã.
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4. Ïðîãðàììíàÿ ðåàëèçàöèÿ

Äëÿ ðåøåíèÿ çàäà÷è ðàçðàáîòêè ýôôåêòèâíîãî ïàðàëëåëüíîãî ÷èñ-
ëåííîãî àëãîðèòìà, â êà÷åñòâå ÿçûêà ïðîãðàììèðîâàíèÿ âûáåðåì ÿçûê
C, ò.ê. äëÿ íåãî ðåàëèçîâàíà òåõíîëîãèÿ OpenMP � ñòàíäàðò ïðîãðàìì-
íîãî èíòåðôåéñà ïðèëîæåíèé äëÿ ïàðàëëåëüíûõ ñèñòåì ñ îáùåé ïà-
ìÿòüþ. Äàííûé ñòàíäàðò ðåàëèçîâàí äëÿ ÿçûêîâ ïðîãðàììèðîâàíèÿ
Fortran è C/C++ è ñîñòîèò èç íàáîðà äèðåêòèâ äëÿ êîìïèëÿòîðîâ, áèá-
ëèîòåê ôóíêöèé è íàáîðà ïåðåìåííûõ îêðóæåíèÿ [5].

Ðàññìàòðèâàåìûé äàëåå ïðèìåð çàäà÷è ðàñ÷¼òà äðîáíîé ìîäåëè
ïðîöåññà ñ íàñûùåíèåì, ÷èñëåííî ðåàëèçóåìûé íåëîêàëüíîé íåÿâíîé
êîíå÷íî-ðàçíîñòíîé ñõåìîé (3), áóäåì ðåàëèçîâûâàòü 2-ìÿ ñïîñîáàìè:
ïîñëåäîâàòåëüíûì è ïàðàëëåëüíûì àëãîðèòìîì.

Äëÿ ðåøåíèÿ ñõåìû (3) IFDS èñïîëüçóåòñÿ ìîäèôèöèðîâàííûé ìå-
òîä Íüþòîíà (4)�(6), à â êà÷åñòâå íà÷àëüíîé èòåðàöèè ìîæíî âçÿòü
ïîñëåäíåå ðåøåíèå x(N) � ïîëó÷åííîå ïî EFDS (íåëîêàëüíîé ÿâíîé
êîíå÷íî-ðàçíîñòíîé ñõåìå), ñîãëàñíî òîé æå ðàáîòå [1]. Òàêîå ïðèáëè-
æåíèå ïîçâîëÿåò íåìíîãî áûñòðåå ìåòîäó MNM ñîéòèñü ê ðåøåíèþ ñ
çàäàíîé òî÷íîñòüþ, à â äàííîì ïðèìåðå âîçüì¼ì òî÷íîñòü ε = 0.0001.

Ðåøåíèå EFDS òàê æå ïîòðåáóåò çàòðàò ïàìÿòè, è äàííóþ îïåðà-
öèþ íóæíî ïðîâåñòè â ñàìîì íà÷àëå àëãîðèòìà IFDS, ÷òî áû óñïåòü
îñâîáîäèòü RAM ïàìÿòü äëÿ ðàáîòû ñàìîãî àëãîðèòìà IFDS. Ïðè÷åì
ïîñëåäîâàòåëüíàÿ âåðñèÿ IFDS îáðàùàåòñÿ òàê æå ê ïîñëåäîâàòåëüíîé
EFDS, àíàëîãè÷íî è ïàðàëëåëüíûå àëãîðèòìû.

IFDS ñõåìà ïîòðåáóåò áîëüøåãî âðåìåíè íà ðàñ÷åò ÷åì ïàðàëëåëü-
íûé EFDS àëãîðèòì, íî IFDS ñõîäèòñÿ áåçóñëîâíî. Ìàòðèöó ßêîáè
Jacobian âû÷èñëÿåì ïî ôîðìóëå 6. Îäíàêî îñíîâíóþ ìàññó ðàñ÷åòîâ
áóäåò çàíèìàòü ïðîöåññ îáðàùåíèÿ ìàòðèöû. Ñîãëàñíî èòåðàöèîííîé
ïðîöåäóðå (5) íåîáõîäèìî çíàòü 1

J(X0) ò.å. îáðàòíóþ ìàòðèöó ê J
(
X0
)
,

çíà÷åíèÿ êîòîðîé îïðåäåëÿþòñÿ êàê:

J̃ij =
1

J (X0)
=



0, j ≥ i+ 1,
1

Jij
, j = i,

− 1

Jii

(
i−1∑
s=0

J̃sj J̃is

)
, j ≤ i− 1.

(7)

ò.å. çíà÷åíèÿ â ñòðîêå íåçàâèñèìû äðóã îò äðóãà, íî çàâèñèìû îò óæå
âû÷èñëåííûõ çíà÷åíèé â ñòîëáöàõ îáðàòíîé ìàòðèöû ðàñïîëîæåííûõ
âûøå. Ýòî ìîæíî ïðåäñòàâèòü â 3 ýòàïà, êàê ïîêàçàíî â àëãîðèòìå 1:

1) çàïîëíèì âûäåëåííóþ ïîä êâàäðàòíóþ ìàòðèöó Jacobian_inv ïà-
ìÿòü íóëÿìè â îäíîé ïàðàëëåëüíîé îáëàñòè;
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2) âû÷èñëèì ýëåìåíòû ãë. äèàãîíàëè, â äðóãîé ïàðàëëåëüíîé îáëàñòè;
3) âû÷èñëèì ýëåìåíòû èç íèæíåòðåóãîëüíîé îáëàñòè ñîãëàñíî (7), äëÿ

÷åãî â öèêëå ïîñëåäîâàòåëüíî äëÿ êàæäîé ñòðîêè îáúÿâèì ïàðàë-
ëåëüíóþ îáëàñòü, ãäå êàæäîìó ïîòîêó ñîãëàñíî schedule(static) âû-
äàäèì ïîä ðàñ÷åò ðàâíîå êîëè÷åñòâî ýëåìåíòîâ.

5. Àëãîðèòì äëÿ OpenMP

Àëãîðèòì 1. Àëãîðèòì îáðàùåíèÿ íèæíåòðåóãîëüíîé ìàòðèöû

1: #pragma omp parallel shared(Jacobian_inv) {

2: #pragma omp for schedule(static) nowait

3: äëÿ i = 0 to i ≤ N − 1
4: äëÿ j = 0 to j ≤ N − 1
5: Jacobian_inv[i][j] = 0.0;

6: #pragma omp for schedule(static) nowait

7: äëÿ i = 0 to i ≤ N − 1
8: Jacobian_inv[i][i] = 1 / Jacobian[i][i];}

9: äëÿ i = 0 to i ≤ N − 1
10: #pragma omp parallel shared(Jacobian_inv) {

#pragma omp for schedule(static) nowait

11: äëÿ j = 0 to i > j
12: sum[j] = 0;

13: äëÿ s = 0 to s ≤ i− 1
14: sum[j] += Jacobian_inv[s][j] * Jacobian[i][s];

Jacobian_inv[i][j] = (- 1 / Jacobian[i][i]) * sum[j];}

6. Çàìåðû ïðîèçâîäèòåëüíîñòè

Òàáëèöà 1
Âðåìÿ â ñåê. äëÿ ðàñ÷¼òà ïîñëåäîâàòåëüíîãî è OpenMP àëãîðèòìîâ

Notebook SuperPC
i T1(N) T6(N) T1(N) T6(N) T17(N) T28(N) T39(N)
1 96.74 30.06 98.2 21.32 7,86 11.06 8.3
2 88.58 30.28 97.24 21.26 8.0 10.86 8.3
3 94.07 29.09 98.02 21.37 7.86 10.78 7.46
4 97.04 30.67 97.71 21,2 7.9 11.02 8.37
5 91.13 30.25 97.38 20.86 8.19 10.93 8.35
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Çàêëþ÷åíèå

Â èññëåäîâàíèè áûëî ïðîâåäåíî ýôôåêòèâíîå ðàñïàðàëëåëèâàíèå
÷èñëåííîãî àëãîðèòìà MNM íà îñíîâå íåëîêàëüíîé IFDS, íà ÿçûêå C ñ
ïðèìåíåíèåì òåõíîëîãèè OpenMP. Äëÿ çàäà÷ ìîäåëèðîâàíèÿ ïðîöåññîâ
ñ íàñûùåíèåì è ïàìÿòüþ, íà îñíîâå óðàâíåíèÿ Ðèêêàòè ñ ïåðåìåííûìè
êîýôôèöèåíòàìè è ñ ïðîèçâîäíîé äðîáíîãî ïåðåìåííîãî ïîðÿäêà òèïà
Ãåðàñèìîâà-Êàïóòî.

Äëÿ ïðîâåäåíèÿ òåñòèðîâàíèÿ ðàçðàáîòàííûå àëãîðèòìû çàïóñêà-
ëèñü íà ñëåäóþùèõ ÝÂÌ íîóòáóêå ñ 8 ïîòîêîâûì ïðîöåññîðîì è ñóïåð-
êîìïüþòåðå ïðè ÈÌ èì. Â.È. Ðîìàíîâñêîãî ÀÍ ÐÓç ñ 40 ïîòîêîâûì
ïðîöåññîðîì. Áûë ïðîâåä¼í àíàëèç âðåì¼í âû÷èñëåíèÿ ïðåëîæåííûõ
÷èñëåííûõ àëãîðèòìîâ íà îñíîâå íåëîêàëüíîé IFDS, â ðåçóëüòàòå ïî-
êàçàí ïðèðîñò ïðîèçâîäèòåëüíîñòè â 10 ðàç óæå ïðè èñïîëüçîâàíèè 17
èç 40 ïîòîêîâ ñóïåðêîìïüþòåðà. Îñòàëüíûå 22 ïîòîêà èñïîëüçîâàëèñü
íå ýôôåêòèâíî, êàê âèäíî èç òàáëèöû. Â äàëüíåéøåì èõ ìîæíî èñ-
ïîëüçîâàòü äëÿ çàïóñêà äðóãèõ êîïèé àëãîðèòìà, íà îñíîâå ïðèíöèïîâ
âëîæåííîãî ïàðàëëåëèçìà.
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ÝÊÎÍÎÌÈ×ÍÛÅ ÀËÃÎÐÈÒÌÛ
ÏÐÈÁËÈÆÅÍÈß ÂÅÐÎßÒÍÎÑÒÍÎÉ

ÏËÎÒÍÎÑÒÈ ÏÎ ÇÀÄÀÍÍÎÉ ÂÛÁÎÐÊÅ

À.Â. Âîéòèøåê1,2, Í.Õ. Øëûìáåòîâ2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè
ÑÎ ÐÀÍ, ã. Íîâîñèáèðñê, Ðîññèÿ

2Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íîâîñèáèðñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò, ã. Íîâîñèáèðñê, Ðîññèÿ

Â äàííîé ðàáîòå ïðèâåäåíà íîâàÿ êëàññèôèêàöèÿ âû÷èñëèòåëü-
íûõ (êîìïüþòåðíûõ) àëãîðèòìîâ ïðèáëèæåíèÿ âåðîÿòíîñòíîé
ïëîòíîñòè ïî çàäàííîé âûáîðêå, â êîòîðîé ÿäåðíûå è ïðîåê-
öèîííûå ôóíêöèîíàëüíûå àëãîðèòìû ïðåäñòàâëåíû â êà÷åñòâå
îáîáùåíèé ìíîãîìåðíîãî àíàëîãà ïîëèãîíà ÷àñòîò.
Êëþ÷åâûå ñëîâà: ïðèáëèæåíèå âåðîÿòíîñòíîé ïëîòíîñòè,
âû÷èñëèòåëüíûé ôóíêöèîíàëüíûé ÿäåðíûé àëãîðèòì, âû÷èñ-
ëèòåëüíûé ôóíêöèîíàëüíûé ïðîåêöèîííûé àëãîðèòì, ìíîãî-
ìåðíûé àíàëîã ïîëèãîíà ÷àñòîò.

1. Çàäà÷à îïåðàòèâíîé îáðàáîòêè áîëüøèõ äàííûõ

Ïðè îáðàáîòêå áîëüøèõ äàííûõ (â ÷àñòíîñòè, ïðè ïðèìåíåíèè òåõ-
íîëîãèé ìàøèííîãî îáó÷åíèÿ) àêòóàëüíîé îêàçûâàåòñÿ ñëåäóþùàÿ çà-
äà÷à, ñôîðìóëèðîâàííàÿ â ðàáîòàõ [1�6].

ÇÀÄÀ×À. Ïî çàäàííîé âûáîðêå

{ξ1, ..., ξn} (1)

ïîñòðîèòü ÷èñëåííîå ïðèáëèæåíèå íåèçâåñòíîé ïëîòíîñòè fξ(x),

x ∈ X ⊂ Rd ñëó÷àéíîé âåëè÷èíû (âåêòîðà) ξ ∈ X ñ çàäàííûì óðîâíåì
ïîãðåøíîñòè è ñ íàèìåíüøèìè âû÷èñëèòåëüíûìè çàòðàòàìè.

2. Êîìïüþòåðíîå ïðèáëèæåíèå âåðîÿòíîñòíîé ïëîòíîñòè

Â ðàáîòàõ [1�6] äëÿ ðåøåíèÿ ñôîðìóëèðîâàííîé çàäà÷è ïðåäëàãà-
åòñÿ èñïîëüçîâàòü ñëåäóþùèå âû÷èñëèòåëüíûå êîíñòðóêöèè èç òåîðèè
ôóíêöèîíàëüíûõ àëãîðèòìîâ ìåòîäà Ìîíòå-Êàðëî [7, 8].

Èññëåäîâàíèÿ âûïîëíåíû â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ
ÐÀÍ (0251�2021�0002).



320 À.Â. Âîéòèøåê, Í. Õ. Øëûìáåòîâ

Â ïåðâóþ î÷åðåäü èñïîëüçóþòñÿ êëàññè÷åñêèå êîíñòðóêöèè òåîðèè
÷èñëåííîãî (êîìïüþòåðíîãî) ïðèáëèæåíèÿ ôóíêöèé (ñì., íàïðèìåð,
ãëàâû 2 è 4 êíèãè [9]) âèäà

fξ(x) ≈
M∑
i=1

w(i)
[
f
(M)

ξ

]
χ̂(i)(x), (2)

ãäå χ̂(M) =
{
χ̂(1)(x), ..., χ̂(M)(x)

}
� çàäàííûé íàáîð ôóíêöèé (àïïðîê-

ñèìàöèîííûé áàçèñ), îïðåäåëåííûì îáðàçîì ñâÿçàííûé ñ ââåäåííîé â
îáëàñòè X ñåòêîé Y(M) = {y1, ...,yM} (÷àùå âñåãî � ðàâíîìåðíîé),

à W(M) =
{
w(1)

[
f
(M)

ξ

]
, ..., w(M)

[
f
(M)

ξ

]}
� íàáîð àïïðîêñèìàöèîííûõ

êîýôôèöèåíòîâ, ÿâëÿþùèõñÿ êîìáèíàöèÿìè çíà÷åíèé ïðèáëèæàåìîé

ôóíêöèè fξ(x) â óçëàõ ñåòêè Y(M): f
(M)

ξ
=
{
fξ(y1), ..., fξ(yM )

}
.

Â äèññåðòàöèè [6], êíèãàõ [7, 8] (ñì. òàêæå êëàññè÷åñêóþ ðàáîòó
[10]) ñôîðìóëèðîâàí öåëûé ðÿä óáåäèòåëüíûõ àðãóìåíòîâ (íåîáõîäè-

ìîñòü ïðèáëèæåííîãî âû÷èñëåíèÿ çíà÷åíèé f
(M)

ξ
, ñîîáðàæåíèÿ òåîðèè

óñëîâíîé îïòèìèçàöèè ôóíêöèîíàëüíûõ àëãîðèòìîâ [5�8]) â ïîëüçó

ïðèìåíåíèÿ â êà÷åñòâå χ̂(M) àïïðîêñèìàöèîííîãî áàçèñà ò. í. ìóëüòè-
ëèíåéíîãî âîñïîëíåíèÿ, ñîñòîÿùåãî èç ôóíêöèé âèäà

χ̂(i)(x) = χ(i)(x) = b

[
x(1)

h
− j

(1)
i

]
× ...× b

[
x(d)

h
− j

(d)
i

]
, (3)

ãäå b(u) =

 u+ 1 ïðè − 1 ≤ u ≤ 0;
−u+ 1 ïðè 0 ≤ u ≤ 1;
0 ïðè |u| > 1

è x =
(
x(1), ..., x(d)

)
, äëÿ ðàâíî-

ìåðíîé ñåòêè Y(M) ñ øàãîì h > 0 âèäà

yi =
(
j
(1)
i h, ..., j

(d)
i h

)
; j

(k)
i − öåëûå ÷èñëà (4)

â ïðÿìîóãîëüíîé îãðàíè÷åííîé îáëàñòè X ⊂ Rd.
Îäíèì èç âåñîìûõ àðãóìåíòîâ èç [6�8, 10] â ïîëüçó ïðèìåíåíèÿ áà-

çèñà (3) ÿâëÿåòñÿ òî, ÷òî â ïðåäñòàâëåíèè (2) ìîæíî (è äàæå öåëåñîîá-
ðàçíî) èñïîëüçîâàòü ïðîñòåéøèé âèä êîýôôèöèåíòîâ W(M):

w(i)
[
f
(M)

ξ

]
= fξ(yi); i = 1, ...,M. (5)
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Ñëåäóÿ ðåêîìåíäàöèÿì èç [6�8, 10], â äàííîé ðàáîòå ìû áóäåì èñ-
ïîëüçîâàòü ïðèáëèæåíèå (2) â âèäå ìóëüòè-ëèíåéíîãî âîñïîëíåíèÿ:

fξ(x) ≈
M∑
i=1

fξ(yi)χ
(i)(x). (6)

Ñëåäóþùåå, ÷òî íóæíî ó÷åñòü ïðè ðåøåíèè çàäà÷è îïåðàòèâíîé îá-
ðàáîòêè áîëüøèõ äàííûõ èç ðàçäåëà 1, ýòî òî, ÷òî, â îòëè÷èå îò ïîñòà-
íîâîê òåîðèè ÷èñëåííîãî ïðèáëèæåíèÿ ôóíêöèé (ñì., íàïðèìåð, ãëàâû
2 è 4 êíèãè [9]), çíà÷åíèÿ (êîýôôèöèåíòû) (5) íå çàäàíû; èõ òðåáóåòñÿ
ïðèáëèæàòü ïî çàäàííîé âûáîðêå (1).

Èìååòñÿ äâà îñíîâíûõ ñïîñîáà ïðèáëèæåíèÿ çíà÷åíèÿ ïëîòíîñòè
fξ(x) â çàäàííîé òî÷êå x = ŷ ïî çàäàííîé âûáîðêå (1).

Ïåðâûé ñïîñîá � èñïîëüçîâàíèå ÿäåðíîé (òî÷å÷íîé) ñòàòèñòè÷å-
ñêîé îöåíêè ïëîòíîñòè

fξ(ŷ) ≈ f̃
(ŷ,ker)

ξ
(n) =

1

n

n∑
j=1

κ(ŷ)
(
ξj
)

(7)

(ñì., íàïðèìåð, [11]); çäåñü κ(ŷ)(z) � ñïåöèàëüíî âûáèðàåìàÿ ÿäåðíàÿ
ôóíêöèÿ, òàêàÿ, ÷òî fξ(ŷ) ≈

∫
X
fξ(z)κ

(ŷ)(z) dz = Eκ(ŷ)(ξ).

Âòîðîé ñïîñîá ïðèáëèæåíèÿ çíà÷åíèÿ fξ(ŷ) � èñïîëüçîâàíèå ïðîåê-

öèîííîé (òî÷å÷íîé) ñòàòèñòè÷åñêîé îöåíêè ïëîòíîñòè

fξ(ŷ) ≈ f̃
(ŷ,pr)

ξ
(n,K) =

K∑
k=1

 1

n

n∑
j=1

ψ(k)
(
ξj
)ψ(k)(ŷ) (8)

(ñì., íàïðèìåð, [12]); çäåñü Ψ(K) =
{
ψ(1)(y), ..., ψ(K)(y)

}
� ïîäìíî-

æåñòâî áåñêîíå÷íîé îðòîíîðìèðîâàííîé ñèñòåìû ôóíêöèé Ψ(∞) ={
ψ(1)(y), ψ(2)(y), ...

}
òàêîé, ÷òî

∫
X
ψ(i)(y)ψ(j)(y) dy = 1 ïðè i = j è∫

X
ψ(i)(y)ψ(j)(y) dy = 0 ïðè i ̸= j è fξ(x) =

∑∞
k=1 Eψ

(k)(ξ)ψ(k)(x).

3. ßäåðíûé è ïðîåêöèîííûé àëãîðèòìû ïðèáëèæåíèÿ
âåðîÿòíîñòíîé ïëîòíîñòè

Ïðèáëèæåíèÿ (6), (7), (8) äàþò ñëåäóþùèå äâà âû÷èñëèòåëüíûõ
(êîìïüþòåðíûõ) àëãîðèòìà ïðèáëèæåíèÿ âåðîÿòíîñòíîé ïëîòíîñòè
fξ(x) ïî çàäàííîé âûáîðêå (1).

ÀËÃÎÐÈÒÌ 1 ([1�6], âû÷èñëèòåëüíûé ôóíêöèîíàëüíûé ÿäåð-
íûé àëãîðèòì ïðèáëèæåíèÿ âåðîÿòíîñòíîé ïëîòíîñòè).
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Ïðèáëèæàåì çíà÷åíèÿ f
(M)

ξ
ïî ôîðìóëå (7): fξ(yi) ≈ f̃

(yi,ker)

ξ
(n) =

1
n

∑n
j=1 κ(yi)

(
ξj
)
; i = 1, ...,M (çäåñü {ξ1, ..., ξn} � çàäàííàÿ âûáîðêà

(1)) è ñòðîèì îêîí÷àòåëüíóþ àïïðîêñèìàöèþ ïëîòíîñòè fξ(x):

fξ(x) ≈
M∑
i=1

f̃
(yi,ker)

ξ
(n)χ(i)(x).

ÀËÃÎÐÈÒÌ 2 (âû÷èñëèòåëüíûé ôóíêöèîíàëüíûé ïðîåêöè-

îííûé àëãîðèòì ïðèáëèæåíèÿ âåðîÿòíîñòíîé ïëîòíîñòè).

Ïðèáëèæàåì çíà÷åíèÿ f
(M)

ξ
ïî ôîðìóëå (8): fξ(yi) ≈ f̃

(yi,pr)

ξ
(n,K) =∑K

k=1

[
1
n

∑n
j=1 ψ

(k)
(
ξj
)]
ψ(k)(yi); i = 1, ...,M è ñòðîèì îêîí÷àòåëüíóþ

àïïðîêñèìàöèþ ïëîòíîñòè fξ(x):

fξ(x) ≈
M∑
i=1

f̃
(yi,pr)

ξ
(n,K)χ(i)(x).

Îñîáî îòìåòèì, ÷òî âû÷èñëèòåëüíûé ôóíêöèîíàëüíûé ïðîåêöèîí-
íûé àëãîðèòì ïðèáëèæåíèÿ âåðîÿòíîñòíîé ïëîòíîñòè ïî çàäàííîé âû-
áîðêå (àëãîðèòì 2) ïðåäñòàâëåí â ýòîé ðàáîòå âïåðâûå.

4. Ìíîãîìåðíûé àíàëîã ïîëèãîíà ÷àñòîò, êàê ÷àñòíûé ñëó÷àé
ÿäåðíîãî è ïðîåêöèîííîãî àëãîðèòìîâ

Ðàññìîòðèì âàæíûé ñëó÷àé, êîãäà ÿäåðíàÿ ôóíêöèÿ κ(x̂)(z) âûáè-
ðàåòñÿ â âèäå

κ(x̂)(z) =
I(∆

(x))(z)

hd
; I(A)(z) =

{
1 ïðè z ∈ A,
0 èíà÷å;

∆(x) =
{
z =

(
z(1), ..., z(d)

)
: x(s)−h/2 ≤ z(s) < x(s)+h/2; s = 1, ..., d; x =(

x(1), ..., x(d)
) }

(çäåñü I(A)(z) � èíäèêàòîð ìíîæåñòâà A) è îäíîâðåìåííî

ôóíêöèè Ψ(∞) èìåþò âèä

ψ(i)(z) =
I(∆

(yi))(z)

hd

äëÿ âñåâîçìîæíûõ òî÷åê {yi} âèäà (4). Â ýòîì ñëó÷àå àëãîðèòìû 1 è 2
ñîâïàäàþò è äàþò ñëåäóþùóþ èçâåñòíóþ âû÷èñëèòåëüíóþ ñõåìó.

ÀËÃÎÐÈÒÌ 3 ([1�6], ìíîãîìåðíûé àíàëîã ïîëèãîíà ÷àñòîò).

Ïðèáëèæàåì çíà÷åíèÿ f
(M)

ξ
ïî ôîðìóëàì fξ(yi) ≈ f̃

(yi,pol)

ξ
(n) =
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1
nhd

∑n
j=1 I

(∆(yi)) (ξj) ; i = 1, ...,M (çäåñü {ξ1, ..., ξn} � çàäàííàÿ âûáîðêà
(1)) è ñòðîèì îêîí÷àòåëüíóþ àïïðîêñèìàöèþ ïëîòíîñòè fξ(x):

fξ(x) ≈
M∑
i=1

f̃
(yi,pol)

ξ
(n)χ(i)(x).

Ýêîíîìè÷íîñòü àëãîðèòìîâ 1�3 îïðåäåëÿåòñÿ ñïåöèàëüíûì âûáîðîì
ïàðàìåòðîâ n (÷èñëî çàäàííûõ âûáîðî÷íûõ çíà÷åíèé (1)) è M (÷èñëî
óçëîâ ñåòêè Y(M)), îáåñïå÷èâàþùèõ ðåøåíèå çàäà÷è îïåðàòèâíîé îáðà-
áîòêè áîëüøèõ äàííûõ èç ðàçäåëà 1 (äëÿ àëãîðèòìîâ 1 è 2 äëÿ âûáîðà
äîáàâëÿþòñÿ: âèä ÿäåðíîé ôóíêöèè κ(ŷ)(z) è/èëè âèä è ÷èñëî K èñ-

ïîëüçóåìûõ ñïåöèàëüíûõ îðòîíîðìèðîâàííûõ ôóíêöèé Ψ(K)).

5. Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïðèâåäåíà íîâàÿ êëàññèôèêàöèÿ âû÷èñëèòåëüíûõ
(êîìïüþòåðíûõ) àëãîðèòìîâ ïðèáëèæåíèÿ âåðîÿòíîñòíîé ïëîòíîñòè ïî
çàäàííîé âûáîðêå, â êîòîðîé èçâåñòíûé ÿäåðíûé è íîâûé ïðîåêöèîí-
íûé ôóíêöèîíàëüíûå àëãîðèòìû 1 è 2 ïðåäñòàâëåíû â êà÷åñòâå îáîá-
ùåíèé øèðîêî èñïîëüçóåìîãî ìíîãîìåðíîãî àíàëîãà ïîëèãîíà ÷àñòîò
(àëãîðèòìà 3 èç [1�6]).

Îñîáî îòìåòèì, ÷òî è ñ òî÷êè çðåíèÿ ðåøåíèÿ ñôîðìóëèðîâàííîé
âûøå çàäà÷è îïåðàòèâíîé îáðàáîòêè äàííûõ (êîíêðåòíåå, ïðè èñïîëü-
çîâàíèè ðàçðàáîòàííîé íàìè òåîðèè óñëîâíîé îïòèìèçàöèè êîìïüþ-
òåðíûõ ñòîõàñòè÷åñêèõ ôóíêöèîíàëüíûõ àëãîðèòìîâ [5�8]), è ñ òî÷êè
çðåíèÿ ïðàêòè÷åñêîé ðåàëèçàöèè àëãîðèòìîâ (êîíêðåòíåå, ïðè ïîäñ÷å-
òå àïïðîêñèìàöèîííûõ êîýôôèöèåíòîâ) ìíîãîìåðíûé àíàëîã ïîëèãîíà
÷àñòîò èìååò ðÿä ïðèíöèïèàëüíûõ ïðåèìóùåñòâ ïî ñðàâíåíèþ ñ ÿäåð-
íûì è ïðîåêöèîííûì àëãîðèòìàìè. Ïîñëåäíåå îáñòîÿòåëüñòâî òðåáóåò
îòäåëüíîãî ïîäðîáíîãî îáîñíîâàíèÿ.
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ã. Ìîñêâà, Ðîññèÿ

Â íàñòîÿùåå âðåìÿ ïðèìåíÿåìîå íà ïðåäïðèÿòèÿõ îáîðóäîâàíèå
íå âñåãäà ìîæåò îáåñïå÷èòü âûïîëíåíèå òðåáóåìûõ îïåðàöèé
äëÿ îáðàáîòêè äåòàëåé ñëîæíîé ôîðìû. Îòñóòñòâèå äîñòàòî÷-
íîãî êîëè÷åñòâà óïðàâëÿåìûõ êîîðäèíàò íà ñòàíêàõ âûíóæäàåò
èñïîëüçîâàòü ðàçëè÷íûå ïðèñïîñîáëåíèÿ äëÿ êðåïëåíèÿ çàãî-
òîâêè ïîä íåîáõîäèìûì óãëîì. Ýòî ïðèâîäèò ê ñíèæåíèþ òî÷-
íîñòè îáðàáîòêè è ïîòåðå âðåìåíè.Ýòó ïðîáëåìó ðåøàåò ïðè-
ìåíåíèå âñïîìîãàòåëüíîé îñíàñòêè � íàâåñíûõ ãîëîâîê.Îäíàêî,
óñòàíàâëèâàÿ íà ñòàíîê òàêóþ îñíàñòêó, â åå íåñóùóþ ñèñòåìó
äîáàâëÿåòñÿ åùå îäèí óçåë, îáëàäàþùèé ìàññîé, ïîäàòëèâîñòüþ
è ñîäåðæàùèé ñòûêè ìåæäó äåòàëÿìè. Âñå ýòè ôàêòîðû îêàçû-
âàþò âëèÿíèå íà äèíàìè÷åñêèå õàðàêòåðèñòèêè ñòàíêà è, êàê
ñëåäñòâèå, íà åå íàäåæíîñòü.Òàê æå íà íàäåæíîñòü ñòàíêà íà-
ïðÿìóþ âëèÿåò òåõíè÷åñêîå ñîñòîÿíèå ïðèìåíÿåìîé îñíàñòêè.
Ó÷èòûâàÿ, ÷òî ïëàíîâî-ïðåäóïðåäèòåëüíîå òåõíè÷åñêîå îáñëó-
æèâàíèå ñòàíêîâ ýêîíîìè÷åñêè íåöåëåñîîáðàçíî, àêòóàëüíûì
ÿâëÿåòñÿ òåõíè÷åñêàÿ äèàãíîñòèêà ñîñòîÿíèÿ âñïîìîãàòåëüíîãî
îáîðóäîâàíèÿ. Êëþ÷åâûå ñëîâà: óãëîâàÿ ôðåçåðíàÿ ãîëîâêà,
ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ìåòîä êîíå÷íûõ ýëåìåíòîâ.

Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíî ïðèìåíåíèå ìåòîäà êîíå÷íûõ ýëå-
ìåíòîâ (ÊÝ) äëÿ ìîäåëèðîâàíèÿ óãëîâûõ ôðåçåðíûõ ãîëîâîê ñ ôèêñè-
ðîâàííûì óãëîì ïîâîðîòà.

Îáùèå ïîëîæåíèÿ

Ìîäåëü óãëîâîé ãîëîâêè îïèñûâàåòñÿ ìàòðè÷íûì óðàâíåíèåì

[A]{q′′}+ [B]{q′}+ [C]{q} = {D} (1)

ãäå [A], [B], [C] � ñîîòâåòñòâóþùèå ìàòðèöû èíåðöèè, äåìïôèðîâà-
íèÿ è æåñòêîñòè ñèñòåìû óãëîâîé ãîëîâêè, {q} è {D} - ñîîòâåòñòâåííî
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âåêòîðû îáîáùåííûõ êîîðäèíàò ñèñòåìû è äåéñòâóþùèõ íà íåå ñèë.
Ðåøàÿ óðàâíåíèå ìîæíî ïîëó÷èòü ïåðåìåùåíèÿ ñèñòåìû ïîä äåéñòâè-
åì íà íåå âîçìóùàþùèõ ñèë. Ðàñ÷åòíàÿ ñõåìà óãëîâîé ãîëîâêè ïîêàçàíà
íà ðèñóíêå 1. Â ñîñòàâ ñõåìû âõîäÿò 7 ìàññèâîâ (òî÷êè I, II, III, IV, V,
VI, VII), 3 ñòåðæíÿ (òî÷êè 5-6, 14-15, 17-18) è 11 óïðóãî-âÿçêèõ ñòûêîâ
(òî÷êè 1-2, 3-4, 5-19, 6-20, 7-8, 9-10, 11-12, 12-22, 13-14, 16-17, 18-21). Äè-
íàìè÷åñêàÿ ñèñòåìà óãëîâîé ôðåçåðíîé ãîëîâêè ðàññìàòðèâàåòñÿ êàê
ïðîñòðàíñòâåííàÿ [1]. Åå äâèæåíèå îïèñûâàåòñÿ âåêòîðîì

{q} = {q1q2q3q4q5q6q7q8q9q10q11q12q13q14}T (2)

ãäå {q1q2q3q4q5q6q7q8q9q10q11q12q13q14}T - âåêòîðû îáîáùåííûõ ïåðå-
ìåùåíèé óçëîâûõ òî÷åê ¾ìàññèâîâ¿ è ¾ñòåðæíåé¿. Ðåøåíèå çàäà÷è íà-
÷èíàåòñÿ ñ ïîñòðîåíèÿ íåñâÿçíîé ìàòðèöû æåñòêîñòè ñèñòåìû ÑÑ [4]
äëÿ 14 êîíå÷íûõ ýëåìåíòîâ (íîìåðà óêàçàíû âíóòðè êðóæêîâ). Äëÿ ïî-

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìû óãëîâîé ôðåçåðíîé ãîëîâêè

ëó÷åíèÿ ìàòðèöû æåñòêîñòè [Ñ] íåîáõîäèìî ñâÿçàòü ýëåìåíòû [1]. Äëÿ
ýòîãî ñîñòàâèì ìàòðèöó ñîåäèíåíèé, èñïîëüçóÿ óñëîâèÿ íåïðåðûâíîñòè
ïåðåìåùåíèé â óçëàõ êîíñòðóêöèè (ðèñóíîê 2). Îáû÷íî, ìàòðèöà ñîåäè-
íåíèé ÿâëÿåòñÿ áóëåâîé è èìååò íåíóëåâûå ýëåìåíòû, ðàâíûå åäèíèöå.
Ïðè ïîÿâëåíèè ¾ìàññèâîâ¿ óçëîâûå òî÷êè â îáùåì ñëó÷àå íå ñîâïàäà-
þò ñ ãðàíè÷íûìè òî÷êàìè ÊÝ. Â ýòîì ñëó÷àå ìàòðèöà ñîåäèíåíèé óæå



Èññëåäîâàíèå äèíàìè÷åñêèõ õàðàêòåðèñòèê óãëîâîé ôðåçåðíîé ãîëîâêè 327

íå ÿâëÿåòñÿ áóëåâîé è îòðàæàåò îñîáåííîñòè ñîåäèíåíèÿ ¾ìàññèâîâ¿ è
óïðóãèõ ÊÝ ñèñòåìû.

Ðèñ. 2. Ìàòðèöà æåñòêîñòè

Ìàòðèöà ñîåäèíåíèé [G] äëÿ ðåøàåìîé çàäà÷è áóäåò èìåòü âèä,
ïðåäñòàâëåííûé íà ðèñóíêå 3:

Ðèñ. 3. Ìàòðèöà ñîåäèíåíèé
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ãäå {q′} = {q1q2q3q4q5q6q7q8q9q10q11q12q13q14q15q16q17q18}T � âåêòîð
îáîáùåííûõ ïåðåìåùåíèé ãðàíè÷íûõ òî÷åê ÊÝ ñèñòåìû. Êàæäîìó âåê-
òîðíîìó êîìïîíåíòó âåêòîðà {q′} ìîæíî ïî ïîðÿäêó ñîïîñòàâèòü ñîîò-
âåòñòâóþùóþ áëî÷íóþ ñòðîêó ìàòðèöû, à êàæäîìó âåêòîðíîìó êîìïî-
íåíòó âåêòîðà {q} � ñîîòâåòñòâóþùèé áëî÷íûé ñòîëáåö â [G]. Ïðîòèâ
áëî÷íûõ ñòðîê ìàòðèöû [G] ñòîÿò ÷èñëà, ðàâíûå íîìåðàì ãðàíè÷íûõ
òî÷åê óïðóãèõ ÊÝ ñõåìû ïî ïîðÿäêó (èëè íîìåðàì ñîîòâåòñòâóþùèõ
âåêòîðíûõ êîìïîíåíòîâ âåêòîðà {q′}), à ïðîòèâ áëî÷íûõ ñòîëáöîâ ìàò-
ðèöû [G] � ÷èñëà, ðàâíûå íîìåðàì óçëîâûõ òî÷åê ñõåìû (èëè íîìåðàì
âåêòîðíûõ êîìïîíåíòîâ â {q}). Ïðè ôîðìèðîâàíèè èíåðöèîííîé ìàò-
ðèöû [A] äèíàìè÷åñêîé ñèñòåìû òàêæå ïðèõîäèòñÿ ó÷èòûâàòü íàëè÷èå
â ðàñ÷åòíîé ñõåìå îäíîâðåìåííî óïðóãèõ êîíå÷íûõ ýëåìåíòîâ ñ ðàñïðå-
äåëåííîé ìàññîé (¾ñòåðæíåé¿) è ¾ìàññèâîâ¿, èíåðöèîííûå õàðàêòåðè-
ñòèêè êîòîðûõ ñîñðåäîòî÷åíû â òî÷êàõ I-IIV [2]. Èíåðöèîííàÿ ìàòðèöà
[A] ñèñòåìû ïðåäñòàâëÿåòñÿ â âèäå ñóììû:

[A] = [Ap] + [Ac] (3)

ãäå [Ap] = [G]T [AA] [G] ôîðìèðóåòñÿ ïîäîáíî [C] èç íåñâÿçàííîé
èíåðöèîííîé ìàòðèöû [AA] ñ ïîìîùüþ ìàòðèöû ñîåäèíåíèé [G]. Ìàò-
ðèöà [AA] ôîðìèðóåòñÿ àíàëîãè÷íî ìàòðèöå [CC]. Ìàòðèöà [Ac] ôîð-
ìèðóåòñÿ êàê áëî÷íî � äèàãîíàëüíàÿ ñ ðàçìåùåíèåì ìàòðèö [Ai] [1] â
ìåñòàõ, ñîîòâåòñòâóþùèõ ¾ìàññèâàì¿ ðàñ÷åòíîé ñõåìû (ðèñóíîê 4):

Ðèñ. 4. Ìàòðèöà Àñ

Ìàòðèöà äåìïôèðîâàíèÿ ýëåìåíòà [B] ïî ñâîåé ñòðóêòóðå àíàëîãè÷-
íà ñîîòâåòñòâóþùåé ìàòðèöå æåñòêîñòè [C]. Çà îñíîâíóþ õàðàêòåðèñòè-
êó äåìïôèðîâàíèÿ ïðè äèíàìè÷åñêîì ðàñ÷åòå ïðèíÿòî îòíîñèòåëüíîå
ðàññåèâàíèå ýíåðãèè êîëåáàíèé a (êîýôôèöèåíò ïîãëîùåíèÿ), ðàâíîå
îòíîøåíèþ ðàññåèâàåìîé çà öèêë êîëåáàíèé ðàáîòû a ê ïîòåíöèàëü-
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íîé ýíåðãèè êîëåáàíèé P . Äðóãèìè õàðàêòåðèñòèêàìè äåìïôèðóþùèõ
ñâîéñòâ êîëåáàòåëüíûõ ñèñòåì ÿâëÿåòñÿ ëîãàðèôìè÷åñêèé äåêðåìåíò
çàòóõàíèÿ êîëåáàíèé v, êîýôôèöèåíò ïîòåðü n è êîýôôèöèåíò äåìï-
ôèðîâàíèÿ (êîýôôèöèåíò îòíîñèòåëüíîãî ðàññåèâàíèÿ) c. Äëÿ ðàññìàò-
ðèâàåìîé ñõåìû ïðèìåì a = 2v. Òîãäà n = a/2p = v/p. Êîýôôèöèåíò
äåìïôèðîâàíèÿ áóäåò îïðåäåëÿòüñÿ êàê c = v/2p. Ñîáñòâåííàÿ ÷àñòîòà
äåìïôèðîâàíèÿ ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû: w = wk (1− c2)0.5,
ãäå wk ñîáñòâåííàÿ ÷àñòîòà ñèñòåìû áåç ó÷åòà äåìïôèðîâàíèÿ. Ó÷èòû-
âàÿ âûøåñêàçàííîå, ìàòðèöó äåìïôèðîâàíèÿ [B] íàéä¼ì ïî ôîðìóëå:

[B] = 2[A][V ]diag[ckwk][V ]−1 (4)

Ïðîìåæóòî÷íûå ðàñ÷åòû è ïîñòðîåíèå ìàòðèöû [V ] ïðèâåäåíû â [3].
Äëÿ îöåíêè ðåçóëüòàòîâ, ïîëó÷åííûõ ïðè ìîäåëèðîâàíèè, áûëà ïðî-
âåäåíà ñåðèÿ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé. . Îáúåêòîì èññëåäîâà-
íèÿ ÿâëÿëèñü óãëîâàÿ ôðåçåðíàÿ ãîëîâêà êîìïàíèè AlbertiT90 − 8 è
àíàëîãè÷íàÿ ïî ìàññîãàáàðèòíûì õàðàêòåðèñòèêàì ãîëîâêà OMGTA40
[3]. Ýêñïåðèìåíòàëüíîå èññëåäîâàíèå ïðîâîäèëîñü ñëåäóþùèì îáðàçîì:
ïðè íåðàáîòàþùåì ñòàíêå ñ ïîìîùüþ äèíàìîìåòðè÷åñêîãî ìîëîòêà íà-
íîñèëñÿ óäàð ïî êîíòðîëüíîé îïðàâêå, êîòîðàÿ çàêðåïëåíà âìåñòî èí-
ñòðóìåíòà íà óãëîâîé ãîëîâêå.

Òàê æå íà êîðïóñå ãîëîâêè êðåïèòñÿ äâà àêñåëåðîìåòðà (âèáðîäàò-
÷èêè). Óäàð ìîëîòêîì ãåíåðèðóåò íåêîòîðîå âîçáóæäåíèå â íåñóùåé
ñèñòåìå ñòàíêà. Äàò÷èêè (ðèñóíîê 5) ðåãèñòðèðóþò ìîìåíò óäàðà è ñèã-
íàë ñ íèõ ïåðåäàåòñÿ íà àíàëîãîâî-öèôðîâîé ïðåîáðàçîâàòåëü (ÀÖÏ).
Äàëåå îöèôðîâàííûé ñèãíàë ïåðåäàåòñÿ â êîìïüþòåð äëÿ àíàëèçà.

Ðèñ. 5. Ñõåìà êðåïëåíèÿ âèáðîäàò÷èêîâ
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Â ðåçóëüòàòå ýêñïåðèìåíòà áûëà ïîëó÷åíà àìïëèòóäíî-÷àñòîòíàÿ
õàðàêòåðèñòèêà (À×Õ) óãëîâîé ãîëîâêè. Îíà ñðàâíèâàëàñü ñ À×Õ, ïî-
ëó÷åííûé â ðåçóëüòàòå ìîäåëèðîâàíèÿ (ðèñóíîê 6).

Ðèñ. 6. Ñõåìà êðåïëåíèÿ âèáðîäàò÷èêîâ

Çàêëþ÷åíèå

Ðàçëè÷èå â ñîáñòâåííîé ÷àñòîòå, ïîëó÷åííîé ïî ìîäåëè è ýêñïåðè-
ìåíòàëüíî èçìåðåííîé ãîëîâêîé, ñîñòàâëÿåò 14 ïðîöåíòîâ, ÷òî ïîçâîëÿ-
åò ïðåäïîëîæèòü àäåêâàòíîñòü ðàçðàáîòàííîé ìîäåëè.
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We examine the population growth system called Q-processes. This
is defined by the Galton-Watson Branching system conditioned on
non-extinction of its trajectory in the remote future. We find an
explicit form of the generating function of the distribution of limit
states of the system. We prove that this generating function pro-
duces an invariant distribution. As a consequence of this result, a
local limit theorem with a tail part estimate is established.
Keywords: branching system, extinction time, Q-process, Markov
chain, invariant distribution, local limit theorem.

1. Introduction

Models of stochastic branching systems form an essential part of the
general theory of random processes. The dynamic interest in these models
is due to many factors. The first of these, which became the main impetus
for the creation of the theory of branching models, is the possibility of
estimating, with their help, the probabilities of survival of a population of
monotypic individuals. In this regard, the most primitive branching model,
initiated by famous English statisticians H.Watson and F.Galton in the
second half of the 19th century, is now called the Galton-Watson Branching
(GWB) system; see [1], [2], [3], [5] and [8]. Among the random trajectories
of branching systems, there are those that continue a long time. In the case
of the GWB model, the class of such trajectories forms another stochastic
model called Q-process; see [2] and [6]. In the case of continuous-time
Markov branching systems, a similar model, called the Markov Q-process,
was first introduced in [7].

Consider GWB system {Z(n), n ∈ N0} with branching rates {pk, k ∈ N0},
where N0 = {0} ∪ N and N = {1, 2, . . .}, the variable Z(n) denote the pop-
ulation size at the moment n in the system. The evolution of the system
occurs according to the following mechanism. Each individual lives a unit
length life time and then gives k ∈ N0 descendants with probability pk.
This process is a reducible, homogeneous-discrete-time Markov chain with
a state space consisting of two classes: S0 = {0}∪S, where {0} is absorbing
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state, and S ⊂ N is the class of possible essential communicating states.
Throughout the paper assume that p0 > 0 and p0+ p1 > 0 which called the
Schröder case. We suppose that p0 + p1 < 1 and m :=

∑
k∈S kpk <∞.

The system n-step transition probabilities

Pij(n) := P
{
Z(n+ k) = j

∣∣ Z(k) = i
}

for any k ∈ N0

are defined in terms of branching rates {pk, k ∈ N0}. In fact, we observe
that a probability generating function (GF)∑

k∈S0

Pij(n)s
k = [fn(s)]

i
, (1)

where
fn(s) :=

∑
k∈S0

pk(n)s
k,

therein pk(n) := P1k(n) and, in the same time fn(s) is n-fold iteration of
the offspring GF f(s) :=

∑
k∈S0

pks
k. Needless to say that fn(0) = p0(n)

is a vanishing probability of the system starting from one individual. Note
that this probability tends as n → ∞ monotonously to q, which called an
extinction probability of the system, i.e. limn→∞ p0(n) = q; see [2]. The
extinction probability q = 1 if m ≤ 1 and q < 1 when m > 1. Based on this,
the system is called sub-critical, critical and supercritical if m < 1, m = 1
and m > 1 respectively.

Further we are dealing with the GWB system conditioned on the event
{n < H <∞}, where H := min {n ∈ N : Z(n) = 0} is the extinction time.
Let Pi

{
∗
}
:= P

{
∗
∣∣ Z(0) = i

}
and define conditioned probabilities

P
H(n+k)
i {∗} := Pi

{
∗
∣∣ n+ k < H <∞

}
for any k ∈ N.

In [2, p. 58] proved, that

Qij(n) := lim
k→∞

P
H(n+k)
i

{
Z(n) = j

}
=
jqj−i

iβn
Pij(n), (2)

where β := f ′(q). Observe that
∑

j∈N Qij(n) = 1 for each i ∈ N. Thus,
the probability measure Qij(n) can determine a new population growth
system – a discrete-homogeneous time irreducible Markov chain with the
state space E ⊂ N which we denote by {W (n), n ∈ N0}. This is called in

the monograph [2, p. 58] the Q-process. Undoubtedly thatW (0)
d
=Z(0) and

Qij(n) = P
{
W (n) = j

∣∣W (0) = i
}
= Pi

{
Z(n) = j

∣∣ H = ∞
}
,
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so that the Q-process can be interpreted as a “long-living” GWB system.
Put into consideration a GF

w(i)
n (s) :=

∑
j∈E

Qij(n)s
j .

Then from (1) and (2) we obtain

w(i)
n (s) =

[
fn(qs)

q

]i−1

wn(s), (3)

where the GF wn(s) := w
(1)
n (s) = E

[
sW (n)

∣∣W (0) = 1
]
has a form of

wn(s) = s
f ′n(qs)

βn
for all n ∈ N. (4)

Application of iteration for f(s) in the relation (3) leads us to the following
functional equation:

w
(i)
n+1(s) =

w(s)

fq(s)
w(i)

n

(
fq(s)

)
, (5)

where w(s) := w1(s) and fq(s) = f(qs)
/
q. Thus, Q-process is completely

defined by setting the GF

w(s) = s
f ′(qs)

β
. (6)

An evolution of the Q-process is in essentially regulated by the structural
parameter β > 0. In fact, as it has been shown in [2, p. 59, Theorem 2],
that if β < 1 then E is positive recurrent and, E is transient if β = 1. On
the other hand, it is easy to be convinced that positive recurrent case β < 1
of Q-process corresponds to the non-critical case m ̸= 1 of GWP. Note that
β ≤ 1 and nothing but.

Further we consider the positive recurrent case. Let α := w′(1−) < ∞.
Then differentiating (6) on the point s = 1 we obtain α = 1 + (1− β) γq,
where

γq :=
qf ′′(q)

β (1− β)
. (7)

Further, it follows from (3) and (4) that

EiW (n) = (i− 1)βn + EW (n),

where EW (n) = 1 + γq ·
(
1− βn

)
.

First, we write the following assertion, which is direct consequence from
results proved in [4].
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Theorem 1. Let β < 1 and α <∞. Then

ρn(s) :=
∣∣∣wn(s)− πq(s)

∣∣∣ −→ 0 (8)

uniformly in s ∈ [0, 1), where

πq(s) =
s(

1− qγq(1− s)
)2 , (9)

at that γq is defined in (7).

Our principal result appears in Section 2. Here we improve the formu-
lation of Theorem 1, by specifying the explicit approximation rate of the
function wn(s) to the function πq(s). Next, as a consequence of this, we
state a local limit theorem for the positive recurrent Q-processes.

2. Results

We begin by stating our main result which improves Theorem 1, speci-
fying the decreasing rate of the asymptotic estimator ρn(s) in (8).

Theorem 2. Let β < 1 and α <∞. Then∣∣∣wn(s)− πq(s)
∣∣∣ = O

(
βn
)

(10)

as n→ ∞ uniformly in s ∈ [0, 1), where πq(s) is defined in (9).

Remark 1. The progress of our results lies in the fact that the limit
function πq(s) was found explicitly in Theorem 1 and 2. The rate of con-
vergence to this function is defined in Theorem 2 as well.

Since πq(s) is a limit of power series, it may be written as follows:

πq(s) =
∑
j∈E

πjs
j , (11)

where πj > 0. The following result asserting the direct convergence of
transition probabilities Qij(n) to πj immediately follows from Theorem 2.

Corollary 1. Let β < 1 and α <∞. Then

Qij(n) = πj ·
(
1 +O

(
βn
))

as n→ ∞,

where numbers {πj} are coefficients in the power series expansion (11) and
are the invariant distribution for the Q-process, i.e. πj =

∑
i∈E πiQij(1)

and
∑

j∈E πj = 1. Furthermore

π1 =
1(

1− qγq
)2 =

(
Kq

q

)2

,

where Kq is the known Kolmogorov constant in theory of GWB system.
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The well-known Clark-Ocone formula (1984) allows constructing a
constructive integral representation for smooth (in Malliavin sense)
Brownian functionals. In the case of non-smooth functionals, if the
conditional mathematical expectation of the functional with respect
to the natural filtration of the Brownian Motion is smooth, one can
use the Glonti-Purtukhia generalization (2017) of the Clark-Ocone
formula. Here we study functional to which the above results cannot
be applied and derive a constructive integral representation.
Keywords: Brownian functional, Malliavin derivative, Clark-
Ocone formula, Glonti-Purtukhia representation.

Introduction

In the 80s of the last century (Harrison and Pliska, 1981), it became
clear that stochastic integral representation theorems of Brownian func-
tional (along with Girsanov’s absolutely continuous change of measure the-
orem) play an important role in modern financial mathematics. After Clark
(Clark, 1970) obtained the formula for the stochastic integral representa-
tion for Brownian functionals, many authors tried to explicitly find the inte-
grand. The works of Haussmann (1979), Ocone (1984), Ocone and Karatzas
(1991), Karatzas, Ocone and Li (1991), Shyriaev and Yor (2003), Graversen,
Shyriaev and Yor (2006) and Renaud and Remillard (2007) are especially
important in this direction.

We study the question of representing of Brownian functionals as a
stochastic Itô integral with an explicit form of the integrand. The con-
sidered class of functionals also includes functionals that are not smooth in
the sense of Malliavin, to which both the well-known Clark-Ocone formula
( [1]) and its generalization, the Glonti-Purtukhia representation ( [2]), are
inapplicable.

1. Auxiliary concepts and results

Let a Brownian Motion B = (Bt), t ∈ [0, T ], be given on a probability
space (Ω,ℑ, P ), and let ℑB

t = σ{Bu : 0 ≤ u ≤ t}.
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Let C∞
p (Rn) be the set of all infinitely differentiable functions f : Rn −→

R such that f and all its partial derivatives have polynomial growth. Denote
by S the class of smooth random variables F of the form

F = f(Bt1 , Bt2 , . . . , Btn), f ∈ C∞
p (Rn), hi ∈ L2([0, T ]).

It is known that S is dense in L2(Ω).

Definition 1. The stochastic derivative (derivative in the Malliavin
sense) of a smooth random variable F is defined as a random process DtF
defined by the relation (see, [3])

DtF =

n∑
i=1

∂f

∂xi
(Bt1 , Bt2 , . . . , Btn)I[0,ti](t).

D is closable as an operator from L2(Ω) to L2(Ω;L2([0, T ])). Denote its
domain of definition by D1,2. This means that D1,2 is equal to the closure
of the class of smooth random variables in the norm

||F ||1,2 := {E[F 2] + E[||DF ||2L2([0,T ])]}
1/2.

Theorem 1. (Clark-Ocone’s representation formula, [1]) If F is dif-
ferentiable in the sense of Malliavin, F ∈ D1,2, then the following integral
representation holds

F = E[F ] +

∫ T

0

E[DtF |ℑB
t ]dBt (P − a.s.). (1)

Shiryaev and Yor (2003) and Graversen, Shiryaev and Yor (2006) pro-
posed another method for finding the integrand based on the Itô formula and
Levy’s theorem for the Levy martingale Mt = E[F |ℑB

t ] associated with the
considered functional F (as F they considered the so-called ”maximal”type
functionals of Brownian Motion).

Later, using the Clarke-Ocone formula, Renaud and Remillard (2007)
established an explicit martingale representation for Brownian functionals,
which also depend on the trajectory (in particular, here F is a continu-
ously differentiable function of three smooth quantities: from the Brownian
Motion with drift and processes of its maximum and minimum).

It is clear that the class of functionals to which the Clark-Ocone formula
can be applied is limited by the condition that they must be Malliavin dif-
ferentiable. We study questions of the stochastic integral representation of
stochastically non-smooth functionals. Glonti and Purtukhia (2014-2018)
proposed a method for obtaining an integral representation for a non-smooth
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Brownian functionals of a special form using the Trotter-Meyer theorem,
which establishes a connection between the predictable quadratic charac-
teristic of a semimartingale and its local time.

Further, it turned out that the requirement for the smoothness of a
functional can be weakened by the requirement for the smoothness of only
its conditional mathematical expectation. It is known that if a random
variable is stochastically differentiable in the sense of Malliavin, then its
conditional mathematical expectation is also differentiable.

Lemma 1. (see, Proposition 1.2.8 [4]) If F ∈ D1,2, then E(F |ℑB
s ) ∈

D1,2 and Dt[E(F |ℑB
s )] = E(DtF |ℑB

s )I[0,s](t).

On the other hand, the conditional mathematical expectation may be
smooth even if the random variable is not stochastically smooth. For ex-
ample, it is known that I{BT≤c} /∈ D1,2 (the event indicator IA is Malliavin
differentiable if and only if the probability P (A) equals zero or one (see,
Proposition 1.2.6 [4])), but for all t ∈ [0, T ) :

E[I{BT≤c}|ℑB
t ] = Φ

(
c−Bt√
T − t

)
∈ D1,2,

where c is some real constant and Φ is the standard normal distribution
function.

Glonti and Purtukhia (see, [2]) generalized the Clark-Ocone formula to
the case when the functional is not stochastically smooth, but its conditional
mathematical expectation is stochastically differentiable, and proposed a
method for finding the integrand.

Theorem 2. (Glonti-Purtukhia representation, [2]) Assume that gt =
E[F |ℑB

t ] is a Malliavin differentiable functional (gt(·) ∈ D1,2) for almost all
t ∈ [0, T ). Then the following stochastic integral representation is valid:

gT = F = EF +

∫ T

0

νudBu (P − a.s.), (2)

where
νu := lim

t↑T
E[Dugt|ℑB

u ] in L2([0, T ]× Ω).

Here we consider Brownian functionals, which includes non-smooth func-
tionals (therefore, it is impossible to use the Clark-Ocone formula (1)),
depending on the trajectory, and we propose a method for obtaining a con-
structive stochastic integral representation. In addition, the class under
consideration also includes functionals for which even the conditional math-
ematical expectation is not stochastically smooth and, therefore, neither the
generalization of the Clark-Ocone formula (2) is applicable to them.
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To calculate the conditional mathematical expectation, we use the tran-
sition probability of Brownian Motion. As is known

P{Bs ∈ A|ℑB
t } = p(t, s, Bt, A),

where 0 ≤ t ≤ s, A is the Borel subset of the space R1, and

p(t, s, x,A) =
1√

2π(s− t)

∫
A

exp{− (x− y)2

2(s− t)
}dy.

Lemma 2. It is well known that for all measurable bounded function
h :

E[h(Bs)|ℑB
t ] =

∫
R1

h(y)p(t, s, Bt, dy).

2. Main results

Obviously, there are functionals that do not satisfy even the weakened
Glonti-Purtukhia condition. It should be noted that we are familiar with
such functionals for which when taking the conditional mathematical ex-
pectation, a term similar to the original functional is separated from it,
either as a term or as a factor. Such, for example, is the integral over the

Lebesgue measure F =
∫ T

0
f(s, ω)ds of a process f(s, ω) that does not sat-

isfy the Clark-Ocone condition, but satisfies the weakened Glonti-Purtukhia
condition (here the conditional mathematical expectation gives a adapted to
filtration term of the same type). Another functional of this type is I{B∗

T≤x}
(B∗

T = maxt∈[0,T ]Bt), which we learned about from Andrei Ionescu (PhD
student at King’s College London), for which we are grateful (here the
conditional mathematical expectation gives a multiplier of the same type
adapted to filtration).

It is obvious that the mentioned last functional is not stochastically
smooth. Hence, we cannot use the Clark-Ocone formula and we propose
here a method for obtaining a constructive martingale representation1. In
addition, even the conditional mathematical expectation of this functional
is not stochastically smooth and, therefore, neither the Glonty-Purtukhia
generalization of the Clark-Ocone formula (2) is applicable to it.

Theorem 3. Let h(·, ·) : [0, T ] × R1 −→ R1 be a measurable
bounded function continuously differentiable with respect to t and f(s, ω) =

h(s,Bs(ω)), then the function V (t, x) := E[
∫ T

t
h(s,Bs(ω))ds|Bt = x] :=

E[G(t, T )|Bt = x] satisfies the requirements of the Ito formula and for the

1A different method of obtaining the corresponding representation was proposed by
Andrei Ionescu in our personal correspondence.
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functional F (T ) =
∫ T

0
f(s, ω)ds the following stochastic integral represen-

tation is fulfilled

F (T ) = EF (T ) +

∫ T

0

V
′

x(t, Bt)dBt (P − a.s.). (3)

Proof. Due to the Markov property of Brownian Motion

E[G(t, T )|Bt = x] = E[G(t, T )|Bt]|Bt=x =

∫ T

t

E[h(s,Bs(ω))|ℑB
t ]ds|Bt=x.

According to Lemma 2, it is not difficult to conclude that V (·, ·) ∈
C1,2([0, T ]×R1). Hence, using the Itô formula, we have

V (t, Bt) = V (0, B0) +

∫ t

0

[V
′
s (s,Bs) +

1

2
V

′′
xx(s,Bs)]ds+

+

∫ t

0

V
′
x(s,Bs)dBs (P − a.s.). (4)

Again, due to the Markov property of Brownian Motion

V (t, Bt) = E[G(t, T )|Bt = x]|x=Bt = E[G(t, T )|ℑB
t ] (P − a.s.)

and hence, under the conditions of the theorem, the process∫ t

0

f(s, ω)ds+ V (t, Bt) = E[

∫ t

0

f(s, ω)ds|ℑB
t ] + E[G(t, T )|ℑB

t ] =

= E
[ ∫ T

0

f(s, ω)ds
∣∣ℑB

t

]
:= Mt

is a martingale.
Moreover, it is obvious that Mt is a continuous martingale. On the

other hand, a continuous martingale of bounded variation starting from 0
is identically equal to 0. Therefore, in equality (4) the term of bounded

variation plus the additional term (
∫ t

0
f(s, ω)ds) of bounded variation of

the martingale M is equal to zero and, taking into account the equality

M0 = V (0, B0) = E[G(0, T )|B0] = E[F (T )|ℑB
0 ] = EF (T ) (P − a.s.)

the proof of the theorem is easily completed.

Theorem 4. The following stochastic integral representation is valid

I{B∗
T≤a} = P (B∗

T ≤ a)− 2

∫ T

0

I{B∗
s≤a}

1√
T − s

φ
( a−Bs√

T − s

)
dBs (P − a.s),

where φ is the density function of the standard normal distribution.
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Proof. Let f(t, x, y) = E(I{B∗
T≤a}|Bt = x,B∗

t = y). According to the
Markov property of the two dimensional process (Bt, B

∗
t ) we can write

f(t, Bt, B
∗
t ) = E(I{B∗

T≤a}|Bt, B
∗
t ) = E(I{B∗

T≤a}|ℑB
t ).

Hence, f(t, Bt, B
∗
t ) is a martingale. Moreover, it is not difficult to see that

f(t, x, y) = I{y≤a}
1√

2π(T − t)

∫ a−x

−(a−x)

exp{− u2

2(T − t)
}du.

Therefore, all y : f(· , · , y) ∈ C1,2((0, T ) × R). At the same time, B∗
t is

an increasing process. Hence, according to the Itô formula, for all t < T we
obtain that (P -a.s.)

E(I{B∗
T≤a}|ℑB

t ) = P (B∗
T ≤ a) +

∫ t

0

f
′

x(s,Bs, B
∗
s )dBs. (5)

Further, (5) can be rewritten in the following form

E(I{B∗
T≤a}|ℑB

t ) = P (B∗
T ≤ a)− 2

∫ t

0

I{B∗
s≤a}

1√
T − s

φ
( a−Bs√

T − s

)
dBs.

Passing now to the limit in the last relation as t −→ T (the limit of
left-hand side exists by the Levy theorem and the limit of the right side -
since the integrand is square integrable w. r. t. the Lebesgue measure), we
complete the proof of theorem.

REFERENCES

1. Ocone D. Malliavin calculus and stochastic integral representation formulas of
diffusion processes // Stochastics. 1984. Vol. 12. P. 161–185.

2. Glonti O., Purtukhia O. On one integral representation of functionals of Brow-
nian motion // SIAM J. Theory of Probability & Its Applications. 2017.
Vol. 61. � 1. P. 133–139.

3. Nualart D., Pardoux E. Stochastic calculus with anticipating integrands //
Probability Theory and Related Fields. 1988. Vol. 78. � 4. P. 535–581.

4. Nualart D. The Malliavin calculus and related topics (second edition).
Berlin: Springer-Verlag, 2006. 382 p.

Purtukhia Omari — Doctor of Sciences, professor, head of department, de-
partment of mathematics. E-mail: o.purtukhia@gmail.com

Zerakidze Zurab — Doctor of Sciences, professor, professor, department of

mathematics. E-mail: zura.zerakidze@mail.ru



ITMM – 2022

IMPROVING EFFICIENCY OF MONTE CARLO
ALGORITHMS FOR THE SOLUTION SOME

DIRICHLET PROBLEMS

A. Rasulov,G. Raimova

University of World Economy and Diplomacy, Tashkent, Uzbekistan

In this paper we will propose Monte Carlo algorithms for the solu-
tion of the interior Dirichlet boundary value problem (BVP) for the
Helmholtz operator with a polynomial non-linearity on the right-
hand side. The complexity of the proposed algorithms is investi-
gated, and the ways of decreasing the computational work is given.
It should be noted, using a priori information about solutions of
the equations, of interest one can give recommendations on choos-
ing optimal estimators.The results of on computational experiment
show, that with the discussed algorithms we can obtain practically
efficient estimators. The parameter, which is used in calculating
the probabilities of the branching, gives us the opportunity to con-
trol the average quantity of branches and the average number of
the particles in the tree. Thus the estimators were constructed
on trees with a minimal number of branches. Keywords: Monte
Carlo algorithms, Helmholtz operator, dirichlet problem, polynomial
non-linearity, unbiased estimators, branching process, decreasing of
variance.

Introduction

We will consider the Dirichlet problem for non-linear elliptic equations
in the convex domain D, which is bounded and has a smooth boundary Γ

∆u(x) = −f(x, u(x)), u(x)|Γ = φ(x). (1)

Here x ∈ R3, ∆ is the Laplace operator, the function f(x, u) has continuous
derivatives for all x ∈ D and for all u(x), φ(x) ∈ C1(Γ). Let f(x, u) is
|f(x, u)| ≤ N , where N = const, and let it satisfy the following conditions
∂f(x, u)
∂u

≥ 0. Under these condition the problem (1) has a unique solution

[1]. We consider the case when

f(x, u(x)) =

n∑
i=1

ai(x)u
i(x) + a0(x).
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Here ai(x), i = 0, n are smooth functions.
The Monte Carlo algorithms for the solution (BVP) with Helmholtz

operator in linear case deeply developed in work [2]. Using the results of [2],
Rasulov and Sipin [3] the propoesed the appoach connected with branching
Markov proceses and applied this approach to the solution of the following
nonlinear Dirichlet problem

∆u(x) = u2(x) + f(x), u(x)|Γ = φ(x), x ∈ D ⊂ R3.

Futher in [4], Mikhaylov proposed a new approch Monte Carlo solution
nonlinear elliptic equations.

Below we generalized the methods which used in [3], [8], [9].

Let c = sup
x∈D

∂f(x, u)
∂u

≥ φ(x). After transforming (1) we have

∆u(x)− cu(x) = −(f(x, u(x) + cu(x)), u(x)|Γ = φ(x). (2)

Let introduce the parameters αi, i = 0, n+ 1 and they satisfy the
conditions

n+1∑
i=0

αi = 1, where 0 ≤ αi < 1, 0, n+ 1. (3)

1. Construction unbiased estimators of the solutions

Now we will construct unbiased estimators for the solution, u(x), of
problem (2). Using definition from [2] for the point solution we determine
a ball, Kρ(x), and a sphere Sρ(x) with maximal radius ρ and center at x:
Kρ(x) ⊂ D. From the theory of fundamental solutions of elliptic equations,
it’s known that we can use Green’s formula to obtain the following integral
equation

u(x) = (1− q(x))
∫

Sρ(x)

u(y1)
dy1s
4πρ2+

+ 1
c q(x)

∫
Kρ(x)

p(x, y2) [f(y2, u(y2)) + cu(y2)] dy2.
(4)

Here r = |x− y2|,

q(x) = 1− ρ
√
c

sinh(ρ
√
c)
, p(x, y2) =

c sinh((ρ− r)
√
c)

4πrq(x) sinh(ρ
√
c)

Now we transform the equation (4)

u(x) = (1− q(x))

∫
Sρ(x)

u(y1)
dy1S

4πρ2
+ α0q(x)

∫
Kρ(x)

p(x, y2)
a0(y2)

cα0
dy2+
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+

n∑
i=1

αiq(x)

∫
Kρ(x)

p(x, y2)
ai(y2)

cαi
ui(y2)dy2+

+αn+1q(x)

∫
Kρ(x)

p(x, y2)
u(y2)

αn+1
dy2.

In the works [2]- [5] and [6] , a connection branching Markov process
with one type of particle and the solution of polynomial non-linear inte-
gral equation is investigated in detail. Using this connection, in a domain
D, we define a branching Markov process. On its trajectory we construct
the sequence ξt(x)}∞t=1 of unbiased estimators at the point x ∈ D for the
unknown function u(x).

Suppose initially we have a particle at the point x. For a one step tran-
sition, the particle moves with probability 1 − q(x) to the point y1 which
is uniformly distributed on the sphere Sρ(x). In this case the estimator
takes the form of ξ1(x) = 1 · u(y1). Further, with probability α0q(x), the
particle is absorbed at the point y2,which is distributed in Kρ(x) with den-

sity p(x, y2). In this case, ξ1(x) =
a0(y2)

α0c
u(y2). With probability αiq(x),

i = 1 , . . . ,n at the point y2, i particles are generated. Here the estima-

tor has a form ξ1(x) =
ai(y2)

αic
ui(y2). With probability αn+1q(x), at the

point y2, one particle is generated, and ξ1(x) =
1

αn+1
u(y2). New parti-

cles behave the same as their parents. The estimator then takes the form
ξt(x) = ξt−1(x), if the process terminates up to time, t. Otherwise it is
obtained from ξt−1(x) by substituting u(y) with their estimators. If the
particle hits to the boundary, Γ, it is absorbed. In this case ξ1(x) = φ(y),
where y ∈ Γ. Here we constructed a branching Markov process with one
type of particle. For the constructing finite random process ”random walks
on the sphere with branching” we shoud derive an expression for the average
number of branches. Let’s call M(x) the average number of branches in the
trajectory beginning from the point x ∈ D. Further we will consider more
details the case of quadratic non-linearity. Let D be a bounded domain in
R3 with smooth boundary, Γ. We will study the following problem

∆u(x) = u2(x) + f(x),
u(x) |Γ = φ(x) ≥ 0, x ∈ D.

(5)

It assumes that f(x) ∈ C(D), φ(x) ∈ C(Γ). In [7] it was proved that when
f(x) = 0, the solution of the problem exists and is non-negative. Using that
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idea in our paper [10]- [11] , we obtain necessary and sufficient conditions
for the existence of a non-negative solution of (5). Also there was shown
with the probability one, the constructed branching random process will be
absorbed or hit the boundary with finite number of generated particles and
sup
t
Mxξ

2
t (x) ≤ c2., which means the variance of constructed estimators is

finite.

2. Improving the Efficiency of the Algorithms

For problem (5) we will give a modified algorithm to construct of un-
biased estimators. It is possible to decrease the variance (increase the ef-
ficiency of the method) of these estimators. To do this we introduce the
parameter α, where 0 < α < 1. This parameter will control branching and
absorption.

With α = α0 = 1/2, we recover the estimators for solving (5).
Let v(x) = c− u(x), where c > 0 is such that c2 + f(x) ≥ 0.
Then from (5) we get the expression

−∆v(x) + 2cv(x) = c2 + f(x) + v2(x)
v(x) |Γ = c− φ(x)

(6)

Having used the Green’s formula and entered the parameter α info the
integral form of the problem (6), we obtain

v(x) = (1− q(x))
∫
sρ(x)

v(y1)
dys
4πρ2

+

+αq(x)
∫

kρ(x)

p(x, y2)
1

2cαv
2(y2)dy2+

+(1− α)q(x)
∫

kρ(x)

p(x, y2)
[
(c2 + f(y2))/2(1− α)c

]
dy2

(7)

where the functions q(x), p(x, y2) are determined as in (4). We determine
the appropriate branching process in D, and the sequence of unbiased es-
timators analogous to the method described above. In this case, for M(x)
the average number of branches the following assertion is true.

Theorem 1. M(x) the solution of the following Dirichlet boundary
value problem in D:

∆M(x) + 2c(2α− 1)M(x) = −2c(1− α),
M(x)|Γ = 0.
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The proof is omitted, as it is analogous to that of theorem 1 from paper [3]
.

Now we investigate the variance of our estimators. After introducing
the generalized kernel, first integral in formula (7) becomes an integral in
three dimensions. In the second integral in (7) we introduce a generalized
function which transforms the integral on the sphere, kρ(x), to an integral
over the domain D:

v(x) =

∫
D

k1(x, y) v(y)dy +

∫
D

k2(x, y) v
2(y) dy +

∫
D

f1(x, y) dy,

where k1(x, y) = (1− q(x)) δx(y), y∈Γ, k1(x, y) = 0 in y ∈ Γ, δx(y) − is
a generalized density corresponding to points uniformly distributed on the
sphere Sρ(x),

k2(x, y) =
q(x)p(x, y)σ(y′ − y)

2c
, y ∈ kρ(x),

f1(x, y) =
q(x)p(x, y)(c2 + f(y))δ(y′ − y)

2c
.

Here

δ(y′ − y) =

 1, if y′ ∈ kρ(x),

0, if y′∈kρ(x).
Further we denote by: Π0(x, y) = (1−α)q(x)p(x, y)σ(y′−y) the fraction

of the density function for the transition to the point y ∈ kρ(x) ∈ D which
is distributed with density function p(x, y)δ(y′−y), when absorption occurs
at that point. Π1(x, y) = (1 − q(x)δx(y)) is the fraction of the density
function for the transition to the point y, which distributed uniformly on
the sphere Sρ(x) when a particle is born. Π2(x, y) = αq(x)p(x, y)δ(y′−y) is
the fraction of density function for the transition to the point y ∈ kρ(x) ∈ D
which distributed with density p(x, y)δ(y′− y), when two particles are born
at y.

It is obvious that for the construted sequences the squraed unbiased
estimators, ξ2t (x), it is formally, possible to obtain the following integral
equation:

uα(x) =
∫
D

k21(x, y)
Π1(x, y)

uα(y)dy +
∫
D

k22(x, y)
Π2(x, y)

u2α(y)dy +
∫
D

f21 (x, y)
Π0(x, y)

dy. (8)

It is necessary to complete this expression with the equation

uα(x) = (c− φ(x))2 when x ∈ Γ.
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The above integral equation correspond to the following boundary value
problem:

−∆uα(x) + 2cuα(x) =
(
1
2cα

)
u2α(x) +

(c2 + f(x))2

2c(1− α)
,

uα(x) |Γ = (c− φ(x))2

(9)

From (??) follows that the boundary value problem (9) has a unique so-
lution with 0 ≤ uα(x) ≤ c2. Therefore sup

t
Mxξ

2
t (x) ≤ c2. Thus, the uni-

form integrablity of the sequence of estimators {ξt(x)}∞i=1 is shown. Then,
Mxξt(x) = v(x).

Let our branching process begin at x, which is distributed with the initial
density p(x). Then the variance can be written as [5]

Varαξt(x) =

(
h2

p
, uα

)
− (h, v)2.

The following statement is true:

Theorem 2. The variance of the estimator ξt(x) with α < α0 satisfies
with the inequality

Varαξt(x) ≤ Varα0
ξt(x),

where α0 ∈
[
1
2 , 1
)
.

Proof. For the proof of our statement it is enough to show, that uα(x) <
uα0

(x) with α < α0 for all x ∈ D. Let (uα(x))α=α0
= ω(x) the derivative

with respect to α at the point α = α0. Then we obtain:

−∆ω(x) + 2cω(x) =

=

(
uα0(x)
α0c

)
ω(x) +

[
(c2 + f(x))2

(1− α0)
2 − u2α0

(x)

α2
0

]
2c , ω(x)|Γ = 0

(10)

when

α0 ≥ 1

2
, c̃ =

(2c2α0 − uα0(x))

α0c
≥ 0

that value

f̃(x) =

[
(c2 + f(x))2

(1− α0)
2 − u2α0

(x)

α2
0

]
2c

≥ 0.
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It can be easily checked.
The boundary value problem (10) has the form ∆ω(x) − c̃ω(x) =

−f̃(x), ω(x)|Γ = 0. Thus it has a positive solution, via the maximum
principle.

Hence, (uα(x))α=α0
≥ 0 when 1

2 ≤ α0 < 1.□
This result shows the ”inadmissible”domain for α, which should not be

used. Of course, the calculation must be conducted as usual, with ε -biased
estimators.

3. Conclusion

Thus, using a priori information about solutions of the equations, of in-
terest one can give recommendations on choosing optimal estimators.The
results of on computational experiment show, that with the discussed algo-
rithms we can obtain practically efficient estimators. The parameter , which
is used in calculating the probabilities of the branching, gives us the oppor-
tunity to control the average quantity of branches and the average number
of the particles in the tree. Thus the estimators were constructed on trees
with a minimal number of branches. In our case, with probability 0.997,
the exact solution of the problem will be inside of the confidence interval.
Since in the given examples, the exact solutions are known, we can make
sure that mathematical expetation of the estimators are inside of the con-
fidence interval. We can consider the case of when f(x, u(x)) = c · exp(u),
f(x, u(x)) = c · sin(u) and other functions, where c is constant, and after
expanding to the Taylor series above proposed algorithms could be applied
for the solution corresponding boundary value problems.
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In the article presents the results of the study of physiological pa-
rameters of preschool children with practical nutrition. The amount
of macronutrients in the current diet of children was calculated.
Their blood biochemical parameters were studied in the laboratory
to determine the relationship between macroelements in the diet
and biochemical parameters in the blood. Keywords: correlation,
macronutrients, statistical analysis, physiological parameters, body
mass index.

The body of preschool children continues to grow rapidly, the formation
of organs and systems, metabolic processes proceed at a high rate. The cen-
tral nervous system develops rapidly. They are especially characterized by
high motor activity, and this requires a lot of energy. This development of
the child’s body requires a lot of substances necessary for cell formation, pri-
marily proteins, vitamins and minerals [3]. In this regard, special attention
should be paid to the healthy nutrition of preschool children. Therefore, one
of the important tasks is to determine the correlation between the amount
of protein, carbohydrates and fat in the current diet of children of this age
and some biochemical parameters in their blood. At the same time, the
study of physiological and biochemical parameters and the relationship be-
tween these parameters and the functional state of the child’s body was
an interesting question for us. In our study, we found the Pearson corre-
lation to be more favorable than the correlation relationship. Because the
Pearson correlation reflects the linear relationship of the two variables. This
clearly indicates the level of correlation relations. Theoretically, the amount
of macronutrients in human food should be in proportion to the norm in
their body. This means that there can be linear correlations. However, it is
difficult to find such accurate statistics in most sources.

In this way, by assessing the correlations, it is possible to select children
who have a real nutritional problem in the statistics. As a result, it is
possible to explain the causes of physiological backwardness, not due to
pathological processes in the internal organ system, but precisely due to
the lack of equal nutritional levels of food. Of course, it is not surprising
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that such research reveals some of the causes and shortcomings that prevent
children from growing physically and mentally mature. To this end, we set
the goal of determining the amount of macronutrients in the current diet of
children under 5 years of age, total protein, albumin, hemoglobin, glucose,
cholesterol in the blood and monitoring the level of physical development
of children.

Materials and methods: Observations were made at the Kashkadarya
Regional Children’s Multidisciplinary Medical Center in the winter of 2020
and in the summer of 2021. A total of 42 children under the age of 5
were surveyed on their current diet using questionnaires. The daily amount
of protein, fat and carbohydrates in their diet was calculated according
to special tables. In the laboratory department of the center, the meth-
ods of quantitative determination of total protein, hemoglobin, albumin,
glucose, cholesterol from the biochemical parameters of the blood of these
children (biuret, cyanomethemoglobin and bromocresol-based method of
quantitative determination of proteins; enzymatic colorimetric test method
based on glucose oxidase enzyme for quantitative determination of glucose;
cholesterol was determined by the CHOD-PAP method) [1]. The height
and weight of the children were measured and the body mass index was
calculated. The obtained results have been processed in MS Excel and
statistically evaluated.

Obtained results: Observations and studies show that the correlation
of total protein in the diet of children in the winter with the biochemical
parameters in the blood is equal to the total protein r = 0.70 1; with
albumin r = 0.65; correlation with hemoglobin was r = 0.3.

1r = 0.1 − 0.3 weak linear correlation; r = 0.3 − 0.5 linear correlation with average
strength; r = 0.5−0.7 significantly stronger linear correlation; r = 0.7−0.9 strong linear
correlation; r = 0.9− 1 very strong straight-line correlation [2].
* In the study, the correlation coefficient was calculated at a value of p = 0.05
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There was a correlation between total carbohydrate intake and blood
glucose r = 0.71. The correlation between total fat in the diet and total
cholesterol in the blood was r = 0.84.

The results obtained in the summer season proved that the protein in
the diet and the total protein in the blood were r = 0.72; albumin r = 0.66;
hemoglobin was found to be correlated with r = 0.35. Carbohydrates and
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blood glucose have a correlation of r = 0.78, and fats and cholesterol have
a correlation of r = 0.88.

Children’s body mass index was correlated with food: protein r = 0.57,
fat r = 0.66, and carbohydrates r = 0.45. Children’s body mass index
was found to have a correlation with total protein in the body r = 0.60,
cholesterol r = 0.70, glucose r = 0.50.

Evaluation of the results and conclusion: These results mean that
in winter and summer there is a strong linear correlation between protein
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in the blood. To make the study results clear, total protein and albumin,
and with hemoglobin protein showed that there is an average straight-line
correlation. It can be seen that carbohydrates and fats in the diet have a
strong linear correlation between glucose and cholesterol in the blood.

Children’s body mass index is strongly correlated with dietary protein,
fat and blood protein, and cholesterol. The correlation between body mass
index and carbohydrates in the diet and glucose in the blood is moderately
strong. Suffice it to say that the lower correlation of body mass index with
blood glucose is the primary source of energy for these carbohydrates, so it
is used for more metabolic processes than physical development.

These observations show that there is a linear correlation between the
macronutrients in food and the biochemical composition of the blood. The
linear correlation between the physical development of the young organism
and the composition of the food in accordance with the biochemical anal-
ysis of the blood suggests that children with normal physiological status
participated in these observations. The next step is to assess statistically
the extent to which the average amount of macronutrients in the diet of
these children deviates from the norm. As a result, it is easier to explain
the extent to which the deviations from the norm related to macronutrients
in food affect physiometric parameters. This will help explain some of the
nutrition-related deficiencies, make changes to children’s diets, and make
recommendations.
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When studying boundary value problems for some partial differen-
tial equations that arise in applied mathematics, it often becomes
necessary to study solutions to a system of partial differential equa-
tions that are satisfied by hypergeometric functions of many vari-
ables and find explicit linearly independent solutions of the system.
Here we choose M.G. Bin-Saad, J.A. Younis function X

(4)
31 among

his 50 functions to show how to find linearly independent solutions
to PDEs that this function satisfies. Keywords: hypergeometric
function; system of partial differential equations; linearly indepen-
dent solutions.

1. Introduction and Preliminaries

Solutions of many applied problems involving thermal conductivity and
dynamics, electromagnetic oscillation and aerodynamics, quantum mechan-
ics and potential theory are obtainable with the help of hypergeometric
(higher and special or transcendent) functions [6], [9], [18], [20]. Func-
tions of such kind are often referred to as special functions of mathematical
physics. They mainly appear in the solution of partial differential equa-
tions which are dealt with harmonic analysis method [8]. In view of various
applications, it is interesting in itself and seems to be very important to
conduct continuous research of multiple hypergeometric functions. For in-
stance, in [22], a comprehensive list of hypergeometric functions of three
variables as many as 205 is recorded, together with their regions of conver-
gence. It is noted that Riemann’s functions and the fundamental solutions
of the degenerate second-order partial differential equations are express-
ible by means of hypergeometric functions of several variables [1]- [6], [10]-
[16], [19], [21]. Therefore, in investigation of boundary value problems for
these partial differential equations, we need to study the solution of the



Linearly independent solutions... 357

system of hypergeometric functions and find explicit linearly independent
solutions [11]- [16], [21]. Exton ( [24], P. 78-79) introduced 21 complete
hypergeometric functions K1,K2, . . . ,K21 of four variables. In [25] Sharma

and Parihar introduced 83 complete hypergeometric functions F
(4)
1 , F

(4)
2 ,...,

F
(4)
83 of four variables. It is remarkable that out of these 83 functions, the

following 19 functions had already appeared in the work of Exton [24] in
the different notations:
F

(4)
9 = K1, F

(4)
1 = K2, F

(4)
38 = K3, F

(4)
10 = K4, F

(4)
2 = K5, F

(4)
59 = K6,

F
(4)
39 = K7, F

(4)
11 = K8, F

(4)
12 = K9, F

(4)
3 = K10, F

(4)
60 = K11, F

(4)
40 = K12,

F
(4)
13 = K13, F

(4)
77 = K14, F

(4)
78 = K15, F

(4)
79 = K16, F

(4)
82 = K19, F

(4)
81 = K20,

F
(4)
83 = K21.
Each hypergeometric function of four variables has the form

F (4) (x, y, z, t) =

∞∑
m,n,p,q=0

∆(m,n, p, q)
xm

m!

yn

n!

zp

p!

tq

q!
,

where ∆ (m,n, p, q) is a certain sequence of complex parameters. Here, for
example, we choose the function M.G. Bin-Saad, J.A. Younis [26] among its
50 functions

X
(4)
31 (a1, a2, a3; c1, c2, c3, c4;x, y, z, t) =

=

∞∑
m,n,p,q=0

(a1)2m+n(a2)2p+q(a3)n+q

(c1)m(c2)n(c3)p(c4)q

xm

m!

yn

n!

zp

p!

tq

q!
.

(1.1)

Let us define linearly independent solutions of partial differential equa-

tions that this function X
(4)
31 satisfies.

2. The system of partial differential equations for X
(4)
31 .

According to the theory of multiple hypergeometric functions (see [22]),
the system of partial differential equations for the Sharma and Parihar hy-

pergeometric function X
(4)
31 is readily seen to be given as follows:

[
(
c1 + x ∂

∂x

) (
x ∂

∂x
+ 1
)
x−1 −

(
a1 + 2x ∂

∂x
+ y ∂

∂y
+ 1
)(

a1 + 2x ∂
∂x

+ y ∂
∂y

)
]u = 0,

[
(
c2 + y ∂

∂y

)(
y ∂

∂y
+ 1
)
y−1 −

(
a1 + 2x ∂

∂x
+ y ∂

∂y

)(
a3 + y ∂

∂y
+ t ∂

∂t

)
]u = 0,

[
(
c3 + z ∂

∂z

) (
z ∂
∂z

+ 1
)
z−1 −

(
a2 + 2z ∂

∂z
+ t ∂

∂t
+ 1
) (

a2 + 2z ∂
∂z

+ t ∂
∂t

)
]u = 0,

[
(
c4 + t ∂

∂t

) (
t ∂
∂t

+ 1
)
t−1 −

(
a2 + 2z ∂

∂z
+ t ∂

∂t

) (
a3 + y ∂

∂y
+ t ∂

∂t

)
]u = 0,

(2.1)

where u (x, y, z, t) = X
(4)
31 (a1, a2, a3; c1, c2, c3, c4;x, y, z, t). Now by making

use of some elementary calculations, we find the following system of second



358 A. Hasanov, N. Djuraev

order partial differential equations:

x (1− 4x)uxx − 4xyuxy − yyuyy+
+ [c1 − 2 (2a1 + 3)x]ux − 2 (a1 + 1) yuy − a1 (a1 + 1)u = 0,

y (1− y)uyy − 2xyuxy − 2xtuxt − ytuyt−
−2a3xux + [c2 − (a1 + a3 + 1) y]uy − a1tut − a1a3u = 0,

z (1− 4z)uzz − 4ztuzt − ttutt+
+ [c3 − 2 (2a2 + 3) z]uz − 2 (a2 + 1) tut − a2 (1 + a2)u = 0,

t (1− t)utt − 2yzuyz − ytuyt − 2ztuzt − a2yuy−
−2a3zuz + [c4 − (a2 + a3 + 1) t]ut − a2a3u = 0.

(2.2)

Now in order to find the linearly independent solutions of the system (2.2)
we consider u as in the form u = xαyβzγtδw is an unknown function, and
α, β, γ and δ are constants which are to be determined. Calculating the
corresponding derivatives and substituting them into system (2.2), we have

x (1− 4x)wxx − 4xywxy − yywyy + {c1 + 2α−
2 [2 (a1 + 2α+ β) + 3]x}wx − 2 [(a1 + 2α+ β) + 1] ywy+[

α (c1 + α− 1)x−1 − (a1 + 2α+ β) (a1 + 2α+ β + 1)
]
w = 0,

y (1− y)wyy − 2xywxy − 2xtwxt − ytwyt − 2 (a3 + β + δ)xwx

+ {c2 + 2β − [(a1 + 2α+ β) + (a3 + β + δ) + 1] y}wy − (a1+
2α+ β) twt +

[
β (c2 + β − 1) y−1 − (a1 + 2α+ β) (a3 + β + δ)

]
w = 0,

z (1− 4z)wzz − 4ztwzt − ttwtt + {c3 + 2γ−
2 [2 (a2 + 2γ + δ) + 3] z}wz

−2 [(a2 + 2γ + δ) + 1] twt +
[
γ (c3 + γ − 1) z−1−

(a2 + 2γ + δ) (a2 + 2γ + δ + 1)]w = 0,
t (1− t)wtt − 2yzwyz − ytwyt − 2ztwzt − (a2 + 2γ + δ) ywy−

2 (a3 + β + δ) zwz + {c4 + 2δ − [(a2 + 2γ + δ) + (a3 + β + δ) + 1] t}wt

+
[
δ (c4 + δ − 1) t−1 − (a2 + 2γ + δ) (a3 + β + δ)

]
w = 0.

(2.3)

It is noted that the system (2.3) is analogical to the system (2.2). Therefore, it
is required that the following conditions should be satisfied:

α (c1 + α− 1) = 0,
β (c2 + β − 1) = 0,
γ (c3 + γ − 1) = 0,
δ (c4 + δ − 1) = 0.

(2.4)

It is not difficult to see that the system (2.4) satisfies the following solutions:

1 2 3 4 5 6 7 8
α := 0 1− c1 0 0 0 1− c1 1− c1 1− c1
β := 0 0 1− c2 0 0 1− c2 0 0
γ := 0 0 0 1− c3 0 0 1− c3 0
δ := 0 0 0 0 1− c4 0 0 1− c4
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9 10 11 12 13 14 15 16
α := 0 0 0 1− c1 1− c1 1− c1 0 1− c1
β := 1− c2 1− c2 0 1− c2 1− c2 0 1− c2 1− c2
γ := 1− c3 0 1− c3 1− c3 0 1− c3 1− c3 1− c3
δ := 0 1− c4 1− c4 0 1− c4 1− c4 1− c4 1− c4

(2.5)

Finally, substituting all eight solutions (2.5) into (2.3), we find the following
linearly independent solutions of the system (2.2):

u1 (x, y, z, t) = X
(4)
31 (a1, a2, a3; c1, c2, c3, c4;x, y, z, t) , (2.6)

u2(x, y, z, t =

= x1−c1X
(4)
31 (a1 + 2− 2c1, a2, a3; 2− c1, c2, c3, c4;x, y, z, t) , (2.7)

u3 (x, y, z, t) = y1−c2×
×X

(4)
31 (a1 + 1− c2, a2, a3 + 1− c2; c1, c2 + 2− 2c2, c3, c4;x, y, z, t) , (2.8)

u4 (x, y, z, t) = z1−c3×
×X

(4)
31 (a1, a2 + 2− 2c3, a3; c1, c2, c3 + 2− 2c3, c4;x, y, z, t) , (2.9)

u5 (x, y, z, t) = t1−c4×
×X

(4)
31 (a1, a2 + 1− c4, a3 + 1− c4; c1, c2, c3, 2− c4;x, y, z, t) , (2.10)

u6 (x, y, z, t) = x1−c1y1−c2×
×X

(4)
31 (a1 + 3− 2c1 − c2, a2, a3 + 1− c2; 2− c1, 2− c2, c3, c4;x, y, z, t) (2.11)

u7 (x, y, z, t) = x1−c1z1−c3×
×X

(4)
31 (a1 + 2− 2c1, a2 + 2− 2c3, a3; 2− c1, c2, 2− c3, c4;x, y, z, t) (2.12)

u8 (x, y, z, t) = x1−c1t1−c4X
(4)
31 (a1 + 2− 2c1, a2 + 1− c4,

a3 + 1− c4; c1 + 2− 2c1, c2, c3, 2− c4;x, y, z, t) , (2.13)

u9 (x, y, z, t) = y1−c2z1−c3X
(4)
31 (a1 + 1− c2,

a2 + 2− 2c3, a3 + 1− 2; c1, 2− 2, 2− c3, c4;x, y, z, t) , (2.14)

u10 (x, y, z, t) = y1−c2t1−c4X
(4)
31 (a1 + 1− c2, a2 + 1− c4,

a3 + 2− c2 − c4; c1, 2− c2, c3, 2− c4;x, y, z, t) , (2.15)

u11 (x, y, z, t) = z1−c3t1−c4X
(4)
31 (a1, a2 + 3− 2c3 − c4,

a3 + 1− c4; c1, c2, 2− c3, 2− c4;x, y, z, t) (2.16)

u12 (x, y, z, t) = x1−c1y1−c2z1−c3X
(4)
31 (a1 + 3− 2c1 − c2,

a2 + 2− 2c3, a3 + 1− c2; 2− c1, 2− c2, 2− c3, c4;x, y, z, t) (2.17)

u13 (x, y, z, t) = x1−c1y1−c2t1−c4X
(4)
31 (a1 + 3− 2c1 − c2, a2 + 1− c4,

a3 + 2− c2 − c4; 2− c1, 2− c2, c3, 2− c4;x, y, z, t) (2.18)

u14 (x, y, z, t) = x1−c1z1−c3t1−c4X
(4)
31 (a1 + 2− 2c1, a2 + 3− 2c3 − c4,

a3 + 1− c4; 2− c1, c2, 2− c3, 2− c4;x, y, z, t) (2.19)

u15 (x, y, z, t) = y1−c2z1−c3t1−c4X
(4)
31 (a1 + 1− c2, a2 + 3− 2c3 − c4,

a3 + 2− c2 − c4; c1, 2− c2, 2− c3, 2− c4;x, y, z, t) (2.20)

u16 (x, y, z, t) = x1−c1y1−c2z1−c3t1−c4X
(4)
31 (a1 + 3− 2c1 − c2, a2+

+3− 2c3 − c4, a3 + 2− c2 − c4; 2− c1, 2− c2, 2− c3, 2− c4;x, y, z, t) (2.21)
Thus, we have constructed a system of second-order partial differential equa-

tions of hypergeometric type and determined 16 linearly independent solutions
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near the point (0, 0, 0, 0) , which are expressed as hypergeometric functions of 4
second-order variables.
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We consider the Markov branching process allowing immigration.
We are dealing with the critical case, in which the immigration law
has infinite mean and the offspring law have an infinite variance.
We study the asymptotic properties of transition functions and their
asymptotic expansion, in the case when the process is transient. The
main mathematical tool of our research is the generating functions
with regularly varying tails in the sense of Karamata. Keywords:
slow variation, Markov branching process, immigration, transition
functions, state space classification, generating functions, local limit
theorem.

1. Background, aim and basic assumptions

We consider a continuous-time Markov branching process allowing im-
migration. Our main analytical tool is the slow variation (or more general, a
regular variation) conception in the sense of Karamata. The slow variation
property arises in many issues, but it usually remains rather hidden. For
example, denoting by p(n) the perimeter of an equilateral polygon with n
sides inscribed in a circle with a diameter of length d, one can check that
the function π(n) := p(n)/d converges to π in the sense of Archimedes, but
it slowly varies at infinity in the sense of Karamata. In fact, it is known
that p(n) = dn sin (π/n) and then it follows π(λx)/π(x) → 1 as x→ ∞ for
each λ > 0. Thus, π(x) is so slowly approaching π that it can be suspected
that “π is not quite constant”.

Application of Karamata functions in the branching processes theory
allows one to bypass severe constraints concerning existence of the higher-
order moments of the infinitesimal characteristics of the process under study.
Zolotarev was one of the first who demonstrated an encouraging prospect
of application of the slow variation conception in the theory of Markov
branching processes and has obtained principally new results on asymptote
of the survival probability of the process without immigration.
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We deal with the model of population growth called continuous-time
Markov branching process allowing immigration (MBPI). This process can
have a simple physical interpretation: a population size changes not only as
a result of reproduction and disappearance of existing individuals, but also
at the random stream of inbound “extraneous” individuals from outside.
The population of individuals evolves as follows. Each individual existing
at time t ∈ T := [0,+∞) independently of his history and of each other
for a small time interval (t, t + ε) transforms into j ∈ N0\{1} individuals
with probability ajε + o(ε) and, with probability 1 + a1ε + o(ε), stays to
live or makes evenly one descendant as ε ↓ 0, where N0 = {0} ∪ N and N
is the set of natural numbers. Here {aj} are the intensities of individuals
transformation such that aj ≥ 0 for j ∈ N0\{1} and

0 < a0 < −a1 =
∑

j∈N0\{1}

aj <∞.

Independently of these processes, for each time interval j ∈ N, new individ-
uals leave the population with a probability bjε+ o(ε) and the immigration
does not occur with a probability 1+b0ε+o(ε). The immigration intensities
bj ≥ 0 for j ∈ N and

0 < −b0 =
∑
j∈N

bj <∞.

Newly arrived individuals undergo transformation in accordance with the
reproduction law generated by the intensities {aj}, see [9, Ch. VII, Sect. 1].
Thus, the process under consideration is completely determined by infinites-
imal generating functions

f(s) =
∑
j∈N0

ajs
j and g(s) =

∑
j∈N0

bjs
j for s ∈ [0, 1).

Let X(t) be the population size at a time t ∈ T in MBPI. This is a
homogenous continuous-time Markov chain with the state space S ⊂ N0

and transition functions

pij(t) := Pi {X(t) = j} = P
{
X(t+ τ) = j

∣∣X(τ) = i
}

τ, t ∈ T

for all i, j ∈ S. An appropriate probability generating function, see [4],

∑
j∈S

pij(t)s
j =

(
F (t; s)

)i
exp


t∫

0

g
(
F (u; s)

)
du

 ,
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where F (t; s) is generating function of Z(t) is the Markov branching process
initiated by a single particle without immigration components.

It is known that the classification of the state space S depends on a
value of the parameter m := f ′(1−). According to the general classification
of continuous-time Markov chains, the process X(t) is called subcritical,
critical, and supercritical if respectivelym < 0, m = 0 andm > 0, see [9, Ch
VII, Sect. 2]. We consider the critical case only.

We will substantially use the approaches of the theory of regularly vary-
ing functions in the sense of Karamata, see, for instance, [2] and [8]. We
recall that a function L(x) is called slowly varying at infinity (SV∞) if it is
defined on (0,∞), positive and

lim
x→∞

L(λx)

L(x)
= 1

for each λ > 0. The representation theorem states that each SV∞-function
may be written in the form

L(x) = c(x) exp

(∫ x

a

(
ε(u)

u

)
du

)
for some a > 0, where c(x) is a bounded function such that c(x) → c > 0
and ε(x) – continuous function and ε(x) → 0 as x → ∞. If c(x) ≡ c then
L(x) is said to be the normalised SV∞. A function V (x) is called regularly
varying at infinity (RV∞) with index ρ if it is defined on (0,∞) and

lim
x→∞

V (λx)

V (x)
= λρ for all λ > 0.

This is why each RV∞-function can be expressed as V (x) = xρL(x) for
some L(x) being an SV∞-function.

We make the following assumptions on f(s) and g(s):

[fν ] f(s) = (1− s)1+νL
(

1

1− s

)
and

[gδ] g(s) = −(1− s)δℓ

(
1

1− s

)
for all s ∈ [0, 1), where 0 < ν, δ < 1 and functions L(·), ℓ(·) are SV∞. By
the criticality of our process, the assumption [fν ] implies 2b := f ′′(1−) = ∞.
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If b < ∞ then [fν ] holds with ν = 1 and L(t) → b as t → ∞. Similarly,
a generating function g(s) of the form [gδ] generates the law of immigrants
arrival having the moment of δ-order. If g′(1−) < ∞ then [gδ] holds with
δ = 1 and ℓ(t) → g′(1−) as t→ ∞.

Throughout the paper [fν ] and [gδ] will be our Basic assumptions.

2. Main Results

Let

L(x) :=
ℓ(x)

L(x)
,

and γ = δ − ν.
All appearances, the three cases can be divided concerning the classifica-

tion of the state space S, depending on a sign of γ. It was shown in [6], that
S is positive-recurrent if γ > 0, and it is transient if γ < 0. The special case
γ = 0 implies that g(s) = f ′(s) and that L(t) → 1 + ν as t → ∞. And we
get another population process called Markov Q-process instead of MBPI.
We refer the reader to [3] and [5] for the details on the Markov Q-process;
see also [2, Ch I, Part D, §14] and [7] for the discrete-time case.

Our theorems observe asymptotic expansion of transition function p00(t).
Further we use a designation

τ(t) :=
(νt)1/ν

N (t)
,

where the function N (x) is SV∞ such that

N ν(t)L
(
τ(t)

)
→ 1 as t→ ∞.

Theorem 1. Let Basic assumptions hold. If γ > 0, then

lim
t→∞

p00(t) = constant ̸= 0.

More precisely there exists a SV∞-function L0(t), such that L0(t)L
−1(t) → 1

and

− ln p00(t) =
1

γ
L0(1)

(
1 + o(1)

)
as t→ ∞.

Theorem 2. Let Basic assumptions hold. If γ < 0, then

−
(
τ(t)

)−|γ|
ln p00(t) =

1

|γ|
L
(
τ(t)

)(
1 + o(1)

)
as t→ ∞.
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The above limit theorems allow us to obtain complete information about
all possible states of the process under consideration. After all, it is known
that the ratio limit{

µj := lim
t→∞

pij(t)

p00(t)

}
for i, j ∈ S

is an invariant measure, which is unique up to multiplicative constants.
Besides, it is known that the GF M(s) =

∑
j∈N µjs

j satisfies the Schroeder
type functional equation; see [4]. And therefore, the asymptotic form of
transition functions pij(t) follows from that of p00(t).
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In this article, the dynamics of the formation of independent learn-
ing skills of the students of “5130100 – Mathematics” educational di-
rection in learning the practical application of the theoretical knowl-
edge acquired from the theory of probability by logical thinking and
then using proof is presented. Keywords: asymptotic formula,
event probability, hypothesis, competence, experiment, mathemati-
cal expectation.

Introduction

The level of students’ assimilation of the subject material explained to
the students in the training sessions of higher education institutions depends
on the concepts and the pedagogical skills of the professors and teachers,
innovative activities, as well as the teaching method used, the use of demon-
stration tools and technical means, the use of information and communi-
cation technologies. Therefore, the most important thing is to effectively
organize educational activities with broad and deep knowledge of one’s sub-
ject on a scientific basis.

As a result of the analysis of educational literature based on the qualifica-
tion requirements, curriculum, science programs accepted in all bachelor’s
education areas of higher education institutions, students are required to
know the logical basis for proving theorems in the teaching of mathematics,
advanced education it was determined that it is necessary to form indepen-
dent learning skills using lim technologies. As a result, this process leads
students to think freely and independently.

1. Literature review

The role of event and process modeling in subjects probability theory
and mathematical statistics was studied by Laplace, Pearson, M. I. Grabar,
K. A. Krasnyanskaya, G. I. Ivchenko, Yu. I. Medvedev, Sh. Farmonov and
others [1], [2].
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The scheme of development of independent learning skills using the al-
gorithm of logical proof of theorems in mathematics bachelor’s education
programs of higher education institutions is presented in Figure 1 [3].

Figure 1. Scheme of logical proof of theorems

Below we present examples of increasing the motivation of independent
theorem proving based on the integration of teacher and student activities
in proving theorems.

2. DISCUSSION

Example 1. Bernoulli’s formula in which the event A occursm times in
n independent experiments or trials are in the form of Pn(m) = Cm

n p
mqn−m.

When m and n are large numbers in this formula Pn(m), its calculation
leads to certain difficulties, therefore, the question arises of finding another
asymptotic formula for the probability n→ ∞.
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Where, when p = q = 1
2 , the asymptotic formula was found by the

French mathematician Mouvre in 1730, for p ∈ (0, 1) in 1783, english scien-
tist Laplace found an asymptotic formula.

Theorem. If P (A) = p (0 < p < 1) is equal in n independent exper-
iments (trials), the probability that event A will occur m times is equal

to Pn(m) ≈ 1√
npq · φ(x) at n → ∞. In this case, φ (x) = 1√

2π
· e− 1

2x
2

,

x = xn,m = m−np√
npq = |m−np|√

npq < c.

1. Teacher’s activity (coordinating, guiding, cooperation, consulting).
1.1. The condition of the theorem is that the probability of event

A in n independent experiments (tests) is constant and equal to P (A) =
p(0 < p < 1).

Summary of the theorem. The probability that event A will occur
at least m times in n→ ∞ is approximately equal to Pn(m) ≈ 1√

npq ·φ (x) .

1.2. Basic concepts: the probability that event A will occur exactlym
times in n independent experiments (trials) Bernoulli’s formula: Pn(m) =
Cm

n p
mqn−m.

Basic Concept Summary: Appling Stirling’s formula: s! =
√
2πs ·

ss · e−s · eθs , where θs ≤ 1
12s to Bernoulli’s formula: Pn(m) = Cm

n p
mqn−m.

1.3. The system of basic concepts used.

1) Using the Stirling formula for n!, m! and (n−m)!
2) Simplify a fractional expression.

3) Using mathematical expressions |z| < 1, ln(1 + z) = z − z2

2 + z3

3 − · · ·
and ln(1− z) = −z − z2

2 − z3

3 − · · · .
4) Simplifying expression (npm )m( nq

n−m )n−m and evaluation of subtraction
|θn − θm − θn−m| .

5) Determination of m, n−m and m
np from equation x = m−np√

npq .

2. Student’s independent activity in the course of the lesson.
2.1. Application of basic concepts in theorem proving:

Pn (m) = Cm
n p

mqn−m =
n!

m! (n−m)!
pmqn−m (1)

Pn (m) =

√
2π · n · nn · e−n · eθn√

2π ·m ·mm · e−m · eθm
×

× pm · qn−m · n−m · nm√
2π · (n−m) · (n−m)

n−m · e−(n−m) · eθn−m

,

Pn (m) =
1√
2π

·
√

n

m (n−m)
·
(np
m

)m
·
(

nq

n−m

)n−m

· eθn−θm−θn−m (2)
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|θn − θm − θn−m| = |θnm| ≤ 1

12

(
1

n
+

1

m
+

1

n−m

)
(3)

x =
m− np
√
npq

⇒ m = np+
√
npqx = np

(
1 +

√
q

np
x

)
(4)

from this,

n−m = n− np−√
npqx = nq −√

npqx = nq

(
1−

√
p

nq
x

)
(5)

m

np
=
np
(
1 +

√
q
npx

)
np

=

(
1 +

√
q

np
x

)
(6)

n−m

nq
=
nq −√

npq · x
nq

= 1−
√

p

nq
x (7)

An =
(np
m

)m( nq

n−m

)n−m

=

(
m

np

)−m(
n−m

nq

)−(n−m)
(6),(7)
=

=

(
1 +

√
q

np
x

)−m(
1−

√
p

nq
x

)−(n−m)

(8)

Now let’s take the natural logarithm of this equation and according to
equations (4), (5):

lnAn = −np
(
1 +

√
q
npx

)
ln
(
1 +

√
q
npx

)
−nq

(
1−

√
p
nqx
)
ln
(
1−

√
p
nqx
)
(9)

According to the basic concept 3:

lnAn = −np
(
1 +

√
q
npx

) [√
q
npx− 1

2x
2 q
np + o

(
1

n
3
2

)]
−

−nq
(
1−

√
p
nqx
) [

−
√

p
nqx− 1

2x
2 p
nq − o

(
1

n
3
2

)]
= − 1

2x
2 + o

(
1√
n

)
from this, An = e

− 1
2x

2+o
(

1√
n

)
is derived.

|θnm| ≤ 1

12

(
1

n
+

1

m
+

1

n−m

)
=

1

12n

(
1 +

1
m
n

+
1

n−m
n

)
=

(4),(5)
=

1

12n

(
1 +

1

p+
√

qp
n x

+
1

q −
√

qp
n x

)
2.1. As a result of the application of basic concepts, the conclusion of

the theorem is derived:

√
npq · Pn (m) =

1√
2π

· √npq ·
√

n

m (n−m)
·
(np
m

)m
·
(

nq

n−m

)n−m

×
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×eθn−θm−θn−m =
1√
2π

· √npq ·
√√√√ n

np
(
1 +

√
q
npx

)
nq
(
1−

√
p
nqx
)×

×e−
1
2x

2+o
(

1√
n

)
· e

1
12n

(
1+ 1

p+
√

qp
n

x
+ 1

q−
√

qp
n

x

)
=

=
1√
2π

·
√√√√ 1(

1 +
√

q
npx

)
·
(
1−

√
p
nqx
) · e−

1
2x

2+o
(

1√
n

)
×

×e
1

12n

(
1+ 1

p+
√

qp
n

x
+ 1

q−
√

qp
n

x

)
→

n→∞

1√
2π
e−

1
2x

2

3. So, for the natural number Pn(m) ≈ 1√
npq · 1√

2π
e−

1
2x

2

, from this

follows the proof of the theorem.

3. RESULTS

In this case, we express the H0 null hypothesis: there is no significant
difference between two samples in the formation of mathematical compe-
tence when using the scheme of logical proof of theorems, H1 alternative
hypothesis: there is a significant difference between the samples in the for-
mation of professional competence when using the scheme of logical proof
of theorems. In the experiment, the results of 145 students were analyzed
for the experimental and control groups using the method of selection from
groups based on the criterion of proximity of knowledge levels (see Table
1).

Table 1
The results of theoretical written work on the subject “Theory of Probability and
Mathematical Statistics” of the 2nd year students at Karshi State University at
the beginning of the fall semester of 2021

Groups 5 4 3 2 All
“excellent” “good” “satisfactory” “unsatisfactory”

EG 19 22 24 9 74
CG 17 20 24 10 71

Total: 36 42 48 19 145

H0 : “The experimental group (EG) and the control group (CG) have
the same distribution of grades”. We will test this hypothesis with the value
level α = 0, 05. Here is an alternative hypothesis H1: “Experimental group
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and control group have different grade distributions”. We use Pearson’s
compatibility criterion:

χ2 = n1 · n2 ·
m∑
j=1

1

n1j + n2j

(
n1j
n1

− n2j
n2

)
=

1

n1n2
·

m∑
j=1

(n1jn2 − n2jn1)
2

n1j + n2j
.

According to Pearson’s theorem, this statistic tends to χ2 distribution
with degrees of freedom equal to v = m − 1 under the condition that the
H0 hypothesis is true [49, 80].

χ2 =
1

n1n2
·

m∑
j=1

(n1jn2 − n2jn1)
2

n1j + n2j
=

1

74 · 71

(
(19 · 71− 17 · 74)2

19 + 17
+

+
(22 · 71− 20 · 74)2

22 + 20
+

(24 · 71− 24 · 74)2

24 + 24
+

(9 · 71− 10 · 74)2

9 + 10

)
= 0, 19

From χ2 distribution table, we obtain the critical value corresponding
to the degree of freedom v = 4− 1 = 3 and 1−α = 0, 95. The critical point
is that χ2

eg. = χ2
1−α = χ2

0,95 (3) = 7, 815 and χ2
cg. = 0, 19 < χ2

eg. = 7, 815
have the same grade distribution for both groups.

Table 2
The results of theoretical written work on the subject “Theory of Probability
and Mathematical Statistics” at the end of the 2nd year students at Karshi State
University in the fall semester of 2021

Groups 5 4 3 2 All
“excellent” “good” “satisfactory” “unsatisfactory”

EG 31 30 11 2 74
CG 17 21 24 9 71

Total: 48 51 35 11 145

While,

χ2 =
1

74 · 71

(
(31 · 71− 17 · 74)2

31 + 17
+

(30 · 71− 21 · 74)2

30 + 21
+

+
(11 · 71− 24 · 74)2

11 + 24
+

(2 · 71− 9 · 74)2

2 + 9

)
= 14, 90.

χ2
eg = 14, 90 > χ2

cg = 7, 815 here it can be seen that the hypothesis H1

is reasonable.
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Now we compare them by calculating the mathematical expectation and
variance for each group.

M (Xexp.) =
5 · 31 + 4 · 30 + 3 · 11 + 2 · 2

74
= 4, 21;

M (Xtheory) =
5 · 17 + 4 · 21 + 3 · 24 + 2 · 9

71
= 3, 64.

Now we calculate the quadratic mathematical expectation to calculate
the variance:

M
(
X2

exp.

)
=

52 · 31 + 42 · 30 + 32 · 11 + 22 · 2
74

= 18, 40;

M
(
X2

theory

)
=

52 · 17 + 42 · 21 + 32 · 24 + 22 · 9
71

= 14, 26.

From this we calculate and find D(Xexp.) =M(X2
exp.)− (M(Xexp.))

2 =
0, 67 and D(Xtheory) =M(X2

theory)− (M(Xtheory))
2 = 1, 01.

In the control group, the situation did not change much, but in the
experimental group, the average score increased and the deviation of the
scores from the average score decreased even more. That is, the students’
knowledge levels have almost reached each other.

In Tables 1 and 2, we present diagrams of the level of mastery in the
experimental and control groups at the beginning and end of the experiment,
respectively (Figures 2 and 3).

Figure 2. A diagram of students’ mastery at the beginning of the experiment in
“Probability Theory and Mathematical Statistics”
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Figure 3. Diagram of students’ mastery at the end of the experiment in “Proba-
bility Theory and Mathematical Statistics”

4. CONCLUSION

All the work carried out on the implementation of the logical scheme of
proving theorems on the basis of basic concepts of the formation of mathe-
matical competence in students of higher educational institutions allows us
to draw the following conclusions:

— The level of assimilation by students of the subject material explained
to students in the training sessions of higher education institutions has
increased;

— the teacher’s coordinating, guiding, cooperation, consulting activity -
performs the independent activity of the future mathematics specialist
in the course of the lesson;

— teacher and student activity creates a space for individual cognitive ac-
tivity using integration based on “Person-oriented” educational technol-
ogy;

— one of the new conditions for teacher-student interaction is effective use
of information technologies, educational subjects are interested, time
is saved in publishing information, intellectual activity of the student
is improved by organizing two-way communication, brought to develop
logical thinking.

The study showed that the integration of education based on information
technologies and educational technologies makes students’ knowledge ver-
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satile, multifunctional, and fundamental. It also expands their worldview,
prepares them to act correctly in difficult and non-standard situations.
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We consider the Galton-Watson branching system. We deal only
with the non-critical case. We will improve our recent result on
convergence to the well-known Kolmogorov constant by indicating
the rate of convergence. This statement will allow us to determine
the approximation rate in the classical limit theorems. Keywords:
Galton-Watson branching system, extinction time, Kolmogorov con-
stant, basic Lemma, limit theorems.

1. Introduction and backgrounds

Stochastic branching systems are famous mathematical models describe
a population size evolution of reproductive individuals. The Galton-Watson
model, originally evolved as a family survival model in the second half of the
19th century, is the simple branching system. Modern branching systems
models have arisen and progress due to modifications of the Galton-Watson
model; see [1], [2], [3], [5].

Let Z(n) be a population size at the moment n ∈ N0 in the Galton-
Watson branching (GWB) system with branching rates {pk, k ∈ N0}, where
N0 = {0}∪N and N = {1, 2, . . .}. Namely, each individual in the system lives
a unit length life time and then gives k ∈ N0 descendants with probability
pk. This is a reducible, homogeneous-discrete-time Markov chain with a
state space consisting of two classes: S0 = {0} ∪ S, where {0} is absorbing
state, and S ⊂ N is the class of possible essential communicating states.

We assume throughout this paper that p0 > 0 and consider a Schröder
case, i.e. p0 + p1 > 0. We also assume that

p0 + p1 < 1 and m :=
∑
k∈S

kpk <∞.

We are interested in the sub-critical and supercritical where m < 1 and
m > 1 respectively. Denoting q be an extinction probability of the system
starting from one individual, we recall that it is smallest root of the equation
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f(s) = s on s ∈ [0, 1], where

f(s) :=
∑
k∈S0

pks
k

is the offspring generating function (GF). The extinction probability is 1 in
sub-critical case and is less than 1 when the system is supercritical. So, the
supercritical system survives with positive probability.

Put into consideration n-step transition probabilities

Pij(n) := P
{
Z(n+ k) = j

∣∣ Z(k) = i
}

for any k ∈ N0.

A corresponding probability GF
∑

k∈S0
Pij(n)s

k = [fn(s)]
i
, where

fn(s) :=
∑
k∈S0

pk(n)s
k,

therein pk(n) := P1k(n). Needless to say that fn(0) = p0(n) is a vanishing
probability of the system starting from one individual. It tends as n → ∞
monotonously to q, i.e. limn→∞ p0(n) = q; see [2].

Consider a function Rn(s) := q − fn(s). It is clear that Rn(0) → 0 as
n→ ∞. Now denoting

H := min {n ∈ N : Z(n) = 0}

be an extinction time of the system starting from single individual,

Q(n) := Rn(0) = P {n < H <∞}

is a survival probability of the system in the finite time n. In sub-critical
case we see P {H <∞} = 1, hence Q(n) = P {Z(n) > 0}. In this case,
A.Kolmogorov [6] proved that if f ′′(1−) <∞, then Q(n) admits the follow-
ing asymptotic representation:

Q(n) = Kmn
(
1 + o(1)

)
, (1)

where K is the well-known Kolmogorov constant, but it does not have an
explicit form. In this regard, V.Zolotarev [8] expressed regret at the ab-
sence of an explicit expression for this constant in a continuous-time case.
Formula (1) was later re-established under a weaker condition by A.Nagaev
and I.Badalbaev [7], but and wherein the Kolmogorov constant remained
not explicitly calculated. The Kolmogorov result (1) motivates to write
an asymptotic representation Q(n) = Kqβ

n (1 + o(1)) for the case m ̸= 1,
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where β := f ′(q) and Kq is a positive and it by right can be called the ex-
tended Kolmogorov constant. Recently, in the paper [4], the explicit form
of Kq was calculated under the Kolmogorov conditions. Furthermore, for-
mula (1) has been extended to Rn(s) for the the case m ̸= 1 and for all
s ∈ Uq[0, 1), where

Uq[0, 1) :=
{
[0, q) ∪ (q, 1)

}
is a unit interval with a punctured point q.

First, we recall the following Basic Lemma, which was proved in [4] (but
in a slightly different form) and essentially underlies the principal arguments
in calculating the constant Kq.

Lemma 1 [4]. Let m ̸= 1 and f ′′(1−) <∞ for m < 1. Then

sup

{∣∣∣∣ βn

Rn(s)
− 1

Aq(s)

∣∣∣∣ : s ∈ Uq[0, 1)

}
= ρ(n) (2)

where ρ(n) → 0 as n→ ∞, and

1

Aq(s)
=

1

q − s
+ γq,

at that

γq :=
f ′′(q)

2β (1− β)
.

This lemma contributes to the completion of a number of limit theorems,
which has not yet been done till now. Primarily an immediate consequence
is the fact that in sub-critical case Aγ(0) is an explicit expression of the
Kolmogorov constant K mentioned in the formula (1), i.e. q = 1 and

K = A1(0) =
1

1 + γ
,

where γ := b/
(
m−m2

)
and 2b := f ′′(1−) <∞.

Continuing the discussion from the proof of the Lemma 1 in [4], we
obtain the following asymptotic representation for ∂Rn(s)

/
∂s as n→ ∞:

∂Rn(s)

∂s
= −

A2
q(s)

(q − s)2
βn
(
1 + rn(s)

)
, (3)

where rn(s) → 0 as n→ ∞ uniformly in s ∈ Uq[0, 1). Formula (3) plays an
essential role in the theory of non-critical GWB systems. In confirmation
of the above, we can, in particular, refer to the fact that taking s = 0 this
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formula immediately implies the following limit representation for the local
probabilities:

p1(n)

βn
=

1

q2
K2

q

(
1 + rn

)
, (4)

where Kq = Aq(0) and rn → 0 as n→ ∞.
Undoubtedly, of particular interest is the establishment of the approach

rate in (4) as well. In accordance with what was said in the last point, we
will focus on the task of determining the approximation rate at which the
function βn

/
Rn(s) converges its limit function Aq(s).

Our principal result appears in Section 2. Here we first improve the
formulation of Lemma 1, by specifying the explicit approximation rate of
the function βn

/
Rn(s) to the function Aq(s). Next, using this result, we

complete several incomplete limit theorems from non-critical GWB systems
theory.

2. Results

Our proof discussions are based on the following assertion which im-
proves Lemma 1, specifying the decreasing rate of the asymptotic estimator
ρ(n) in (2).

Lemma 2. Let m ̸= 1 and f ′′(1−) <∞ for m < 1. Then

sup

{∣∣∣∣Rn(s)

βn
−Aq(s)

∣∣∣∣ : s ∈ Uq[0, 1)

}
= O

(
βn
)

as n→ ∞,

where

Aq(s) =
q − s

1 + γq · (q − s)
,

at that

γq :=
f ′′(q)

2β (1− β)
.

Since Aq(s) is a limit of power series, it may be written as follows:

Aq(s) =
∑
j∈S0

υjs
j , (5)

where υj > 0. Our first result asserting the geometric decay expansion of
transition probabilities pj(n) immediately follows from Lemma 2.

Theorem 1. Let m ̸= 1 and f ′′(1−) <∞ for m < 1. Then

pj(n)

βn
= υj ·

(
1 +O

(
βn
))

as n→ ∞, (6)

where numbers {υj} are coefficients in the power series expansion (5).
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Remark 1. The asymptotic representation (6) combines and refines
statements (1) and (4), indicating the decreasing rate of remainders. In
fact, first we can see that

υ0 = Kq and υ1 =

(
Kq

q

)2

.

Next, we find the following uniform estimate for the remainder rn(s) in (3):

sup {|rn(s)| : s ∈ Uq[0, 1)} = O
(
βn
)

as n→ ∞.

Theorem 2. Under the conditions of Theorem 1 and on the finite
survival-time trajectories, the mathematical expectation of the number of
descendants has the form

E
[
Z(n)

∣∣ n < H <∞
]
=

1

Kq
·
(
1 +O

(
βn
))

as n→ ∞.
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The article researches the oscillations of a rope moving in the lon-
gitudinal direction. The model takes into account the tension of
the rope, flexural stiffness and resistance of the external environ-
ment. The object of the study refers to a wide range of oscillating
one-dimensional objects with moving boundaries. At a constant
speed of longitudinal motion, the rope oscillations are character-
ized by a set of eigen frequencies. The problem in the presence of
medium resistance was solved by the Kantorovich-Galerkin method.
The equation obtained allows us to find approximate values of the
first two eigen frequencies. The solution was made in the Mat-
lab environment of dimensionless variables, which allows one to
use the obtained results to calculate oscillations of a wide range of
technical objects. Keywords: oscillations of objects with moving
boundaries, boundary value problems, mathematical models, reso-
nant properties.

Introduction

The article examines the transverse vibrations of a rope moving in the
longitudinal direction. The model takes into account the rope tension, Flex-
ural stiffness, and environmental resistance. The object of research refers to
a wide range of oscillating one-dimensional objects with moving boundaries
and loads. Such objects are widely used in engineering. These are ropes of
load-lifting installations [1, 4, 8, 11, 12, 13], flexible links of gears [1, 2, 5],
beams, belt mechanisms, conveyors, etc. The presence of moving boundaries
makes classical methods of mathematical physics inapplicable to solving
such boundary value problems, so they are currently insufficiently studied.

1. Statement of the problem

The equation that takes into account the bending stiffness, rope tension,
and resistance of the external environment has the form:

utt(x, t) + buxxxx(x, t)− a2uxx(x, t) +Gut(x, t) = 0. (1)
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Here u(x, t) is a transverse displacement of the point of a rope with a coor-
dinate x at time t; b = EI

ρ (E is the modulus of elasticity of the material
of the rope; I is an axial moment of inertia of the cross section of the rope;
ρ is the mass per unit length of the rope); a2 = T

ρ (T is a rope tension); G

is a coefficient of resistance of the medium (the force acting per unit length
of the string in single speed cross traffic).

The boundary conditions have the form:

u(vt, t) = 0; u(vt+ l, t) = 0; ux(vt, t) = 0; ux(vt+ l, t) = 0, (2)

where v is the speed of the longitudinal movement of the rope, l is the length
of the oscillating part.

Let us introduce dimensionless variables:

u(x, t) = U(ξ, τ); ξ =
2π(x− vt)

l
; τ =

2π
√
a2 − v2

l
t.

The result is a task with the conditions set on the fixed boundary:

Uττ (ξ, τ) + βUξξξξ(ξ, τ)− Uξξ(ξ, τ)− γUξτ (ξ, τ)+

+λUτ (ξ, τ)− ηUξ(ξ, τ) = 0; (3)

U(0, τ) = 0; U(2π, τ) = 0; Uξ(0, τ) = 0; Uξ(2π, τ) = 0. (4)

Here

β =
4π2b

l2(a2 − v2)
; λ =

Gl

2π
√
a2 − v2

; γ =
2v√

a2 − v2
; η =

Gvl

2π(a2 − v2)
.

The four coefficients of equation (1) can be expressed in terms of three
dimensionless parameters:

α =
v

a
; θ =

4π2b

l2a2
; D =

Gl

2πa
.

The parameters characterize: α is the speed of the longitudinal move-
ment of the rope; θ is the bending stiffness; D is the resistance of the
medium.

In terms of dimensionless parameters, the coefficients of equation (3) are
expressed as follows:

β =
θ

1− α2
; γ =

2α√
1− α2

; λ =
D√

1− α2
; η =

αD

1− α2
.
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2. Sloving the Problem

We solve the problem (3), (4) without taking into account the bending
stiffness (β = 0). We will look for a solution in the form: U(ξ, τ) = µ(ξ)eωτ .

To calculate the function µ(ξ), we obtain the following boundary value
problem:

µ′′(ξ) + (γω + η)µ′(ξ)− (ω2 + λω)µ(ξ) = 0; (5)

µ(0) = 0; µ(2π) = 0. (6)

The solution of the problem (5), (6) is not difficult. As a result of the
solution, an expression for natural frequencies of vibrations is obtained:

ωn = −γη + 2λ

γ2 + 4
+ i

√
(γ2 + 4)(n2 + η2)− (γη + 2λ)2

γ2 + 4
. (7)

Here i is the imaginary unit; n is the ordinal number of the frequency. The
real part of expression (7) characterizes the attenuation of vibrations, and
the imaginary part characterizes the frequency.

If there is no attenuation (λ = η = 0), the expression (7) will take the
form:

ωn = i
n√
γ2 + 4

. (8)

In this case, the proper functions are defined by the expression:

µ(ξ) = sin

(
(1− α)nξ

2

)
+ sin

(1 + α)nξ

2
.

Using a software package developed in the Matlab environment, the
dependences of the eigenfunctions µ(ξ) on the parameter α, which charac-
terizes the speed of the longitudinal movement of the rope, are studied.

Analysis shows that the higher the speed of the rope, the more distorted
the eigenfunctions. Distortion occurs at the boundary moving towards the
running waves.

We solve problem (3), (4) by the Kantorovich-Galerkin method [12]. We
will look for a solution in the form: U(ξ, τ) = µ(ξ)eωτ .

To determine µ(ξ), we obtain the following problem:

L[µ(ξ)] = βµ′′′′(ξ)− µ′′(ξ)− (γω + η)µ′(ξ) + (ω2 + ωλ)µ(ξ) = 0; (9)

µ(0) = 0; µ(2π) = 0; µ′(0) = 0; µ′(2π) = 0. (10)

The function µ(ξ) take the form: µ(ξ) = C1µ1(ξ) + C2µ2(ξ), where
µ1(ξ) = ξ2(ξ−2π)2; µ2(ξ) = ξ2(ξ−2π)2(ξ−π). These functions satisfy the
boundary conditions (10) and are orthogonal on the interval (0, 2π).
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As a result, we get the eigenfrequency equation:

ω4 + 2λω3 + ω2(2.86457β + λ2 + 0.27795γ2 + 1.41853)+

+ω(2.86457λβ + 1.41852λ+ 0.55591γη)+

+(0.82177β2 + 0.77244β + 0.27795η2 + 0.69921) = 0. (11)

This equation allows us to obtain the first two natural frequencies of trans-
verse vibrations of the rope.

3. Conclusion

The article analyzes the transverse vibrations of a rope moving in the
longitudinal direction. The model takes into account the rope tension, Flex-
ural stiffness, and environmental resistance. The solution was made in the
Matlab environment by exact and approximate methods, which allows us to
evaluate the applicability of the Kantorovich-Galerkin method for describ-
ing vibrations of systems with moving boundaries.
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ÀÊÒÓÀÐÍÛÅ ÌÎÄÅËÈ ÐÀÑ×�ÒÀ Â
ÌÅÄÈÖÈÍÅ

Ð.Ê. Øàêåíîâ

ÒÎÎ Àêòóàðíûé Êîíñóëüòàíò, ã. Àëìàòû, Êàçàõñòàí

Äàííàÿ ðàáîòà îñíîâàíà íà àêòóàðíûõ âû÷èñëåíèÿõ íà áàçå ïî-
ëó÷åííûõ ñòàòèñòè÷åñêèõ ñâåäåíèé. Ìû íàçûâàåì àêòóàðíûìè
âû÷èñëåíèÿìè âû÷èñëèíåíèÿ ñòðàõîâûõ ñòàâîê, êîòîðûå îñíî-
âàíû íà ìàòåìàòè÷åñêîé ñòàòèñòèêå. Áàçîé, äëÿ äàííîãî èññëå-
äîâàíèÿ, áûëè âçÿòû ñòàòèñòè÷åñêèå ïîêàçàòåëè çàáîëåâàåìî-
ñòè çàáîëåâàíèåì ñåðäöà. Íà îñíîâå ðåàëüíûõ äàííûõ, áûëà
ñîçäàíà ìàòåìàòè÷åñêàÿ ìîäåëü è ñôîðìóëèðîâàíû äâå çàäà-
÷è, à èìåííî ïðÿìàÿ è îáðàòíàÿ. Â ïåðâîì ñëó÷àå î÷åíü âàæ-
íî ïðàâèëüíî ñôîðìóëèðîâàòü ïîñòàíîâêó ñàìîé çàäà÷è, ðåøå-
íèå çàäà÷è òðèâèàëüíî, òàê êàê âñÿ ñòðóêòóðà ìîäåëè è íóæ-
íûå ñâåäåíèÿ äëÿ ðàñ÷åòîâ çàðàíåå èçâåñòíû. Ïðè ðåøåíèè îá-
ðàòíîé çàäà÷è íóæíî îïðåäåëèòü íåêîòîðûå ïàðàìåòðû ìîäåëè
ïî çàäàííûì õàðàêòåðèñòèêàì ïðîöåññà, ïîðîé äàæå íåêîòîðûõ
ýìïèðè÷åñêèõ äàííûõ. Êëþ÷åâûå ñëîâà: ñòðàõîâàíèå, àêòó-
àðíûå ðàñ÷¼òû, ìàðêîâñêàÿ ìîäåëü, èíòåíñèâíîñòè ïåðåõîäà,
ñòîõàñòè÷åñêèå äàííûå, çàáîëåâàíèÿ ñåðäöà, ãðàô ñîñòîÿíèé,
ñèñòåìà óðàâíåíèé Êîëìîãîðîâà-×åïìýíà.

Ââåäåíèå

Â ïîñëåäíåå âðåìÿ äëÿ îöåíêè ðèñêîâ øèðîêî èñïîëüçóþòñÿ àêòó-
àðíûå èññëåäîâàíèÿ. Ñóùåñòâóåò áîëüøîå êîëè÷åñòâî ìîäåëåé, è îäíà
èç íèõ � âåðîÿòíîñòíàÿ ìîäåëü Óèëêè. Â îñíîâå ðåãóëèðîâàíèÿ ñòðà-
õîâûõ îòíîøåíèé ìåæäó ñòðàõîâùèêîì è çàñòðàõîâàííûì ëåæàò ìåòî-
äû, îñíîâàííûå íà ìàòåìàòè÷åñêèõ è ñòàòèñòè÷åñêèõ çàêîíîìåðíîñòÿõ.
Èìåííî ýòè ìåòîäû ìû íàçûâàåì àêòóàðíûìè ðàñ÷åòàìè.

Â ðåçóëüòàòå ìàòåìàòè÷åñêîé îöåíêè ìû ïîëó÷àåì äâå ïðîòèâîïî-
ëîæíûå çàäà÷è: ïðÿìóþ, ãäå íåîáõîäèìî íàéòè âåðîÿòíîñòè íàõîæäå-
íèÿ èíäèâèäà â îïðåäåëåííîì ñîñòîÿíèè äëÿ çàäàííûõ ïàðàìåòðîâ ìî-
äåëè, è îáðàòíóþ, ãäå íåîáõîäèìî îïðåäåëèòü ïàðàìåòðû ìîäåëè, èñ-
ïîëüçóÿ çíàêîìûå õàðàêòåðèñòèêè èç ýêñïåðèìåíòà. Îáðàòíûå çàäà÷è
äëÿ ìàðêîâñêèõ ïðîöåññîâ íà÷àëè ñâîå ðàçâèòèå îòíîñèòåëüíî íåäàâíî
ïî ñðàâíåíèþ ñ ìåòîäàìè ðåøåíèÿ ïðÿìûõ çàäà÷. Èñïîëüçóÿ ìîäåëü
ñòðàõîâàíèÿ â ìåäèöèíå â êà÷åñòâå ïðèìåðà, ìû ìîæåì âèäåòü, ÷òî
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ïîêàçàòåëè ïåðåõîäà - ýòî êîëè÷åñòâî ëþäåé â ðàçëè÷íûõ "ñîñòîÿíè-
ÿõ"ñèñòåìû çà äàííûé ïåðèîä âðåìåíè. À èìåííî, ýòî áîëüíûå, âûçäî-
ðàâëèâàþùèå è óìåðøèå.

Îñíîâíàÿ öåëü ðàáîòû: ôîðìèðîâàíèå ìåòîäà ðåøåíèÿ îáðàòíûõ çà-
äà÷ ïðîöåññà çàáîëåâàåìîñòè ñåðäå÷íî-ñîñóäèñòûì çàáîëåâàíèåì íà îñ-
íîâå ñòàòèñòè÷åñêîé îñíîâû â ìàòåìàòè÷åñêîé ìîäåëè ñëó÷àéíîãî ïðî-
öåññà.

Ìàòåðèàëû è ìåòîäû èññëåäîâàíèÿ

Ìàðêîâñêèì ïðîöåññîì ìû íàçûâàåì âåðîÿòíîñòíûé ïðîöåññ â ïðî-
èçâîëüíîé ñèñòåìà ñ çàðàíåå èçâåñòíûì êîëè÷åñòâî ñîñòîÿíèé è äèñ-
êðåòíîãî âðåìåíè, êîòîðîå ïîä÷èíÿåòñÿ ïðàâèëó, ïî êîòîðîìó íà ðèñê
ëþáîãî ñîñòîÿíèÿ ìîäåëè â �áóäóùåì� âëèÿåò òîëüêî å¼ ñîñòîÿíèå â �íà-
ñòîÿùåì�.

À.Í. Êîëìîãîðîâûì æå áûëè çàëîæåíû îñíîâû ìàðêîâñêîãî ïðîöåñ-
ñà â ñëó÷àå ñ íåïðåðûâíûì âðåìåíåì. Êîëìîãîðîâ ïîêàçàë, ÷òî äàííûé
ïðîöåññ ïîçâîëÿåò íàì ïîíÿòü ðàçâèòèå ñèñòåìû â êàæäûé èç äèñêðåò-
íûõ �ìîìåíòîâ� âðåìåíè. À èìåííî, èñïîëüçóÿ èñõîäíûå äàííûå, ìîæ-
íî óçíàòü ÷àñòîòó ïåðåõîäîâ ìåæäó �ñîñòîÿíèÿìè� ñõåìû, ýòè èñõîäíûå
äàííûå è áóäóò âõîäíûìè äàííûìè ñàìîé ñõåìû. Îñíîâíûì çâåíîì àíà-
ëèçèðóìîé íàìè öåïè áóäåò íàõîæäåíèå èíäèâèäà â îïðåäåëåííîì ñî-
ñòîÿíèè â îïðåäåëåííûé ìîìåíò âðåìåíè t. Ñàìûé òðèâèàëüíûé ñëó÷àé
ýòî âñåãî äâà ñîñòîÿíèÿ (ðèñ. 1).

Ðèñ. 1. Ñõåìà èç äâóõ ñîñòîÿíèé

Âñå ýòè ñõåìû ëåãêî ðàññ÷èòûâàþòñÿ.
Íàñ áîëüøå èíòåðåñóåò èçó÷åíèå ñõåìû ñ òðåìÿ âîçìîæíûìè âàðèà-

öèÿìè: ¾çäîðîâûé¿, ¾áîëüíîé¿, ¾óìåðøèé¿ � ìû âèäèì, ÷òî â ýòîì ñëó-
÷àå âçíîñû áóäóò óïëà÷èâàòüñÿ, êîãäà ñòðàõîâàòåëü íàõîäèòñÿ â ïåðâîì
ñîñòîÿíèè, à âûïëàòû áóäóò ïðîèçâîäèòüñÿ, êîãäà ñòðàõîâàòåëü íàõî-
äèòñÿ â âòîðîå ñîñòîÿíèå.

Öåïü Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì âûãëÿäèò òàê: Äîïóñòèì,
X(t) � ýòî ñîñòîÿíèå ÷åëîâåêà â âîçðàñòå t (t ≥ 0). Çàäàäèì ñëó÷àé-
íûé ïðîöåññ {X(t), t ≥ 0}. ×èñëî ñîñòîÿíèé áóäåì ñ÷èòàòü ñ÷åòíûì
{1, 2, ..., n}. Òîãäà {X(t), t ≥ 0} � ìàðêîâñêèé ïðîöåññ äëÿ ëþáûõ s,
t ≥ 0 è i, j, x(u) ∈ {1, 2, ...n},
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Ðèñ. 2. Ñõåìà èç òðåõ ñîñòîÿíèé

Pr{X(s+ t) = j | X(s) = i, X(u) = x(u), 0 ≤ u < s} =

= Pr{X(s+ t) = j | X(s) = i}

Ôóíêöèÿ âåðîÿòíîñòè ïåðåõîäà îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

pij(s, s+ t) ≡ Pr{X(s+ t) = j | X(s) = i},

ïðåäïîëàãàåì, ÷òî
∑n

j=1 pij(s, s + t) = 1 ïðè ëþáûõ t ≥ 0 è ,
i, j ∈ {1, 2. . . n}, i ̸= j. Ïðè i ̸= j µij � ýòî èíòåíñèâíîñòü ïåðåõîäà
èç ïîëîæåíèÿ i â ïîëîæåíèå j ïðè s, t, u ≥ 0. Óðàâíåíèå Êîëìîãîðîâà �
×åïìýíà:

pij(s, s+ t+ u) =

n∑
l=1

pil(s, s+ t)plj(s+ t, s+ t+ u), i, j ∈ {1, 2, . . . n}. (1)

Äëÿ ïîëó÷åíèÿ ïåðåõîäíûõ âåðîÿòíîñòåé íåîáõîäèìî ðåøèòü ñèñòå-
ìó äèôôåðåíöèàëüíûõ óðàâíåíèé. À ðàññ÷èòàííûå âåðîÿòíîñòè ïåðå-
õîäà ñâÿçàíû ñ èíòåíñèâíîñòüþ ïåðåõîäà â ïðÿìîé è îáðàòíîé çàäà÷àõ
[4].

∂

∂t
pij(s, s+ t) =

n∑
l=1

pil(s, s+ t)µlj(s+ t) (2)

∂

∂t
pij(s, s+ t) = −

n∑
l=1

µli(s+ t)plj(s, s+ t) (3)

Ãðàíè÷íûå óñëîâèÿ:

pij(s, s) = δij , ãäå � δij =

{
1, åñëè i=j

0, åñëè èíà÷å

Â ñëó÷àå, êîãäà èíòåíñèâíîñòè çàäàíû â íà÷àëüíîì ïðîöåññå, ðåøå-
íèå äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà áóäåò ÿâëÿòüñÿ ïðÿìîé
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çàäà÷åé. Â ñëó÷àå îáðàòíîé çàäà÷è, ìîäåëü ñ íåèçâåñòíûìè èíòåíñèâíî-
ñòÿìè ïðèâîäèò ê àíàëèçó èíòåíñèâíîñòåé íà îñíîâå çàðàíåå èçâåñòíîé
ñòàòèñòè÷åñêîé èíôîðìàöèè.

Âî âðåìÿ ìîäåëèðîâàíèÿ ñõåìû ìàðêîâñêîãî ïðîöåññà íåîáõîäèìî
ââåñòè ÷èñëîâóþ îöåíêó ïîêàçàòåëü êà÷åñòâà, êîòîðàÿ íàõîäèòñÿ â íåêî-
òîðîì èíòåðâàëå. pij(t) èçâåñòíû íàì èç ñòàòèñòè÷åñêîé áàçû äàííûõ.
Çàäàäèì õàðàêòåðèñòèêó òî÷íîñòè èçìåðåíèÿ ñëåäóþùèì îáðàçîì:

|pcmi = ppi | ≤ εi (4)

ãäå pcmi � ïðåäîïðåäåëåííûå òàáëè÷íûå äàííûå î âåðîÿòíîñòè; ppi �
ðàñ÷åòíûå âåðîÿòíîñòè (1). Äàííàÿ ñèñòåìà èìååò ðåøåíèå â íåêîòîðîì
èíòåðâàëå íåîïðåäåëåííîñòè mij , êîòîðûé õàðàêòåðèçóåòñÿ îïðåäåëåí-
íûì äèàïàçîíîì èçìåíåíèÿ Dij (4).

Dij = [min mij ,max mij ]. (5)

Çàäà÷à íàõîæäåíèÿ ðàçðûâà, îõâàòûâàþùåãî äèàïàçîí âîçìîæíûõ
çíà÷åíèé, êîòîðûå ìîæíî îòíåñòè ê õàðàêòåðèñòèêàì ðàññìàòðèâàåìîãî
ïàðàìåòðà (5) ïðè âûïîëíåíèè íåðàâåíñòâà (4), áûëà ïîñòàâëåíà â 1962
ã. îñíîâîïîëîæíèêîì ëèíåéíîãî ïðîãðàììèðîâàíèÿ Ë.Â. Êàíòîðîâè÷åì
[1].

Ðåçóëüòàòû èññëåäîâàíèÿ è èõ îáñóæäåíèå

Âî âðåìÿ èññëåäîâàíèÿ àíàëèçèðîâàëèñü ïðîöåññû, ãäå ìîäåëü ìíî-
ãèõ ñîñòîÿíèé ïðåäñòàâëÿëà ñîáîé ñîñòîÿíèå çàñòðàõîâàííîãî ëèöà ñ
çàáîëåâàíèåì ñåðäöà.

Íàáëþäàåìàÿ ìîäåëü ñîñòîèò èç ÷åòûðåõ ñîñòîÿíèé: ¾çäîðîâ¿,
¾áîëüíîé ïîðîêîì ñåðäöà, íàëè÷èå âðîæäåííûõ ïîðîêîâ ñåðäöà¿, ¾áîëü-
íîé ïîðîêîì ñåðäöà, îòñóòñòâèå âðîæäåííûõ ïîðîêîâ ñåðäöà¿, ¾óìåð¿,
ãäå λij � ÷àñòîòà ïåðåõîäîâ ìåæäó ñîñòîÿíèÿìè.

Ðèñ. 3. Ñõåìà ñîñòîÿíèé

Ïî ñõåìå íà ðèñ. 3 çàïèøåì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé
Êîëìîãîðîâà äëÿ íàõîæäåíèÿ âåðîÿòíîñòè íàõîæäåíèÿ ÷åëîâåêà â êàæ-
äîì èç âîçìîæíûõ ñîñòîÿíèé.
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dp1(t)

dt = λ12p1(t),
dp2(t)

dt = λ12p1(t)− λ23p2(t)
dp3(t)

dt = λ23p2(t)− λ34p3(t)
dp4(t)

dt = λ34p3(t)

(6)

pi(t)(i = 1, 2, 3, 4) � âåðîÿòíîñòü ñîñòîÿíèÿ Ai. Ñíà÷àëà ïðåäïîëà-
ãàåì, ÷òî ÷åëîâåê â ñîñòîÿíèè ¾çäîðîâ¿, çíà÷èò çàäàåì ñëåäóþùèå íà-
÷àëüíûå óñëîâèÿ:

p1(0) = 1, p2(0) = 0, p3(0) = 0, p4(0) = 0. (7)

Óñëîâèå íîðìàëèçàöèè ìîæåò áûòü âûïîëíåíî â ëþáîé ìîìåíò âðå-
ìåíè, òî åñòü èíäèâèäóóì íàõîäèòñÿ â îäíîì èç ÷åòûðåõ ñîñòîÿíèé:

p1(t) + p2(t) + p3(t) + p4(t) = 0, (8)

À òåïåðü ðåøàåì ïðÿìûå è îáðàòíûå çàäà÷è. Òî åñòü èùåì ðåøåíèå
óðàâíåíèé Êîëìîãîðîâà ïðè èçâåñòíûõ èíòåíñèâíîñòÿõ ïåðåõîäîâ, à â
ñëó÷àå, êîãäà èíòåíñèâíîñòè ïåðåõîäîâ íåèçâåñòíû, îöåíèâàåì èíòåí-
ñèâíîñòè ïåðåõîäîâ ïî èñõîäíûì ïîêàçàíèÿì.

Çíàÿ íàéäåííûå íà îñíîâå èñõîäíûõ äàííûõ ñðåäíèå çíà÷åíèÿ èí-
òåíñèâíîñòåé, îáðàòíàÿ çàäà÷à ðåøàëàñü ìåòîäîì Ðóíãå-Êóòòû 4-ãî ïî-
ðÿäêà.

Èíòåíñèâíîñòü ïåðåõîäà äëÿ âåðîÿòíîñòè p1 èç ïðåäûäóùåé ñõåìû
ìû ìîæåì âûðàçèòü ñëåäóþùèì îáðàçîì:

λ12 = −
ln( p1

0.998458 )

t
.

Òàêèì æå îáðàçîì ìû âûðàæàåì äðóãèå èíòåíñèâíîñòè.

Çàêëþ÷åíèå

Ïðîâåäåííûå èññëåäîâàíèÿ íà îñíîâå âåðîÿòíîñòíî-ñòàòèñòè÷åñêîãî
ìîäåëèðîâàíèÿ, îñíîâàííûå íà ðåàëüíûõ äàííûõ, ïîêàçàëè, ÷òî ðàçðà-
áîòàííàÿ ñõåìà-ìîäåëü, à òàêæå êîìïüþòåðíàÿ ïðîãðàììà ìîãóò ñëó-
æèòü äëÿ ïðîãíîçèðîâàíèÿ è êîíòðîëÿ, à ñîáðàííûå ðåçóëüòàòû ìîãóò
ñëóæèòü îñíîâîé äëÿ äàëüíåéøèõ èññëåäîâàíèé â ñèòóàöèÿõ êðîìå ðàñ-
ñìàòðèâàåìîãî ïðîöåññà áîëåçíè ñåðäöà. Àíàëèç äàåò ñòðàõîâùèêàì â
ñôåðå ìåäèöèíû ðåàëüíûé ìåõàíèçì ðàñ÷åòà ñòðàõîâûõ òàðèôîâ.
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Æ.Á. Àçèìîâ 1

1Òàøêåíòñêèé ãîñóäàðñòâåííûé òðàíñïîðòíûé óíèâåðñèòåò, ã. Òàøêåíò,

Óçáåêèñòàí

Â ñòàòüå èçó÷åíî àñèìïòîòè÷åñêîå ïîâåäåíèå âåòâÿùèõñÿ ñëó-
÷àéíûõ ïðîöåññîâ ñ âçàèìîäåéñòâèåì è ìèãðàöèåé ÷àñòèö. Ïî-
ëó÷åíû ïðåäåëüíûå òåîðåìû äëÿ ìîìåíòîâ è çàêîíà ðàñïðåäå-
ëåíèÿ ÷èñëà ÷àñòèö âåòâÿùèõñÿ ñëó÷àéíûõ ïðîöåññîâ ñ âçàèìî-
äåéñòâèåì è ìèãðàöèåé ÷àñòèö.Êëþ÷åâûå ñëîâà: âåòâÿùèéñÿ
ïðîöåññ, âçàèìîäåéñòâèå ÷àñòèö, ìèãðàöèÿ ÷àñòèö, ïðåäåëü-
íàÿ òåîðåìà, ïðîèçâîäÿùàÿ ôóíêöèÿ.

Ââåäåíèå

Ðàññìàòðèâàåòñÿ ìîäåëü âåòâÿùèõñÿ ïðîöåññîâ ñ íåïðåðûâíûì âðå-
ìåíåì è ñ âçàèìîäåéñòâèåì ÷àñòèö. Ïðåäïîëàãàåòñÿ, ÷òî â ïðîöåñ-
ñå ñóùåñòâóþò ìèãðàöèîííûå êîìïîíåíòû. Êàê èçâåñòíî, â îáû÷íûõ
âåòâÿùèõñÿ ñëó÷àéíûõ ïðîöåññàõ (â.ñ.ï.) ïðåäïîëàãàåòñÿ, ÷òî ÷àñòè-
öû ðàçìíîæàþòñÿ íåçàâèñèìî äðóã îò äðóãà. Îäíàêî, âî ìíîãèõ ðå-
àëüíûõ ïðîöåññàõ ðîæäåíèå íîâûõ ÷àñòèö ïðîèñõîäèò ïðè âçàèìî-
äåéñòâèè íåñêîëüêèõ óæå ñóùåñòâóþùèõ ÷àñòèö. Â ýòîì ñëó÷àå èñ-
ïîëüçóåìûé îáû÷íî àïïàðàò ïðîèçâîäÿùèõ ôóíêöèé ìîæåò ïðèìå-
íÿòüñÿ îãðàíè÷åííî è íå äàåò çíà÷èòåëüíûõ ðåçóëüòàòîâ. Âåòâÿùèåñÿ
ïðîöåññû ñ âçàèìîäåéñòâèåì ÷àñòèö â îáùåé ïîñòàíîâêå áûëè ââåäå-
íû Á.À.Ñåâàñòüÿíîâûì â [1] è èçó÷àëèñü â ðàáîòàõ [2]-[5]. Â ðàáîòå
À.Â.Êàëèíêèíà [4] äàåòñÿ îáùèé îáçîð Ìàðêîâñêèõ âåòâÿùèõñÿ ïðî-
öåññîâ ñ âçàèìîäåéñòâèåì, à â ðàáîòå È.Ñ.Áàäàëáàåâà, À.Â.Äðÿõëîâà [5]
ðàññìàòðèâàþòñÿ ïðîöåññû ñ ïàðíûìè âçàèìîäåéñòâèÿìè ÷àñòèö è óñòà-
íîâëåíî ýêñïîíåíöèàëüíîå óáûâàíèå âåðîÿòíîñòè ïðîäîëæåíèÿ ïðîöåñ-
ñà.

Ðåçóëüòàòû è èõ îáñóæäåíèÿ.

Ðàññìîòðèì âåòâÿùèéñÿ ïðîöåññ {µ(t), t ⩾ 0} ñ îäíèì òèïîì ÷àñòèö
è âçàèìîäåéñòâèåì k ÷àñòèö. Ïóñòü µ(t) � ÷èñëî ÷àñòèö â ìîìåíò âðåìå-
íè t âåòâÿùåãîñÿ ïðîöåññà ñ âçàèìîäåéñòâèåì, â êîòîðîì ðàçìíîæåíèå
÷àñòèö ïðîèñõîäèò ñëåäóþùåì îáðàçîì. Â ìîìåíò âðåìåíè t ëþáûå k
÷àñòèö ìîãóò ïðåâðàòèòüñÿ â j ̸= k ÷àñòèö, è ïåðåõîäíûå âåðîÿòíîñòè
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ïðîöåññà Pij(t) = P {Z(t) = j |Z(0) = i} îïðåäåëÿþòñÿ ôîðìóëàìè (ïðè
t → 0, k⩾2 � öåëîå)

Pij(t) = δij + ipj−i+kt+ o(t), i ⩾ k, j ⩾ i− k,

Pij(t) = δij , 0 ⩽ i ⩽ k − 1,

Pij(t) = o(t), j < i− k,

ãäå pj ⩾ 0, j = 0, 1, ..., k − 1, k + 1, ..., pk < 0,
∑∞

j=0 pj = 0, δij �
ñèìâîë Êðîíåêåðà.

Ïðîöåññ {µ(t), t ⩾ 0} èìååò k ïîãëîùàþùèõ ñîñòîÿíèé {0, 1, . . . ,
k -1}. Ïîäîáíàÿ ìîäåëü ðàññìàòðèâàëàñü â ðàáîòàõ [6] è [7], ãäå áûëè
íàéäåíû âåðîÿòíîñòè âûðîæäåíèÿ ïðîöåññà.

Òåïåðü ïðåäïîëîæèì, ÷òî â ïðîöåññå ïðèñóòñòâóþò ìèãðàöèîííûå
êîìïîíåíòû, ò. å. ðàññìîòðèì ñëåäóþùóþ ìîäåëü ïðîöåññà ñ âçàèìîäåé-
ñòâèåì è ìèãðàöèåé ÷àñòèö. Ïóñòü íåçàâèñèìî îò íàëè÷èÿ êàêîãî-ëèáî
÷èñëà ÷àñòèö â ìîìåíò âðåìåíè t, â ïðîìåæóòêå (t+∆t) ñ âåðîÿòíîñòüþ
δ0j + aj∆t + o (t) â ñèñòåìó èììèãðèðóþò j (j = 0, 1, ...) ÷àñòèö, ëèáî
ñ âåðîÿòíîñòüþ qr∆t+ o (∆t) , qr ⩾ 0 èç ñèñòåìû ýìèãðèðóþò r (r = 1,
2, ..., l) èç ñóùåñòâóþùèõ ÷àñòèö, ãäå l � ïðîèçâîëüíîå ôèêñèðîâàííîå

íàòóðàëüíîå ÷èñëî,
∑∞

j=0 aj +
∑l

r=1 qr = 0. Ñîñòîÿíèå òàêîãî ïðîöåññà
â ìîìåíò âðåìåíè t îáîçíà÷èì ÷åðåç Z(t).

Îñíîâíûìè ðåçóëüòàòàìè íàñòîÿùåé ðàáîòû ÿâëÿþòñÿ ïðåäåëüíûå
òåîðåìû, äîêàçàííûå äëÿ ÷èñëîâûõ õàðàêòåðèñòèê è óñòàíîâëåíèå ïðå-
äåëüíîãî çàêîíà ðàñïðåäåëåíèÿ äëÿ ÷èñëà ÷àñòèö âåòâÿùèõñÿ ïðîöåññîâ
ñ âçàèìîäåéñòâèåì è ìèãðàöèåé ÷àñòèö. Ïðè ýòîì íå îãðàíè÷èâàÿ îáù-
íîñòè, ìîæíî ïðåäïîëàãàòü, ÷òî ïðîöåññ íà÷èíàåòñÿ ñ k ÷àñòèö.

Ââåäåì ïðîèçâîäÿùèå ôóíêöèè (ï.ô.)

f(s) =

∞∑
j=0

pjs
j , F (t, s) =

∞∑
j=0

P (µ(t) = j)sj ,

G(t, s) =

∞∑
j=0

P (Z(t) = j)sj

è ïóñòü g(s)� ï.ô. ÷èñëà ìèãðèðóþùèõ ÷àñòèö.
Ëåììà 1. Ïðîèçâîäÿùàÿ ôóíêöèÿ F (t,s) óäîâëåòâîðÿåò ïðè |s|≤ 1

ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ

∂F (t, s)

∂t
=
f(s)

sk−1

(
∂F (t, s)

∂s
−

k∑
i=1

iP (µ(t) = i) si−1

)
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ñ íà÷àëüíûì óñëîâèåì F (0,s)=sk.
Ëåììà 2. Ïðîèçâîäÿùàÿ ôóíêöèÿ G(t; s) óäîâëåòâîðÿåò ïðè |s| ≤ 1

ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ

∂G(t; s)

∂t
=
f(s)

sk−1

[
∂G(t; s)

∂s
−

k−1∑
i=1

iP (Z(t) = i) si−1

]
+ g(s)G(t; s)

ñ íà÷àëüíûì óñëîâèåì G(0; s) = sk.
Òåïåðü áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíÿþòñÿ óñëîâèÿ

f ′(1) = 0, 0 < f”(1) = 2b <∞, (1)

0 < λ =

∞∑
j=0

jaj −
l∑

r=1

rqr <∞. (2)

Òåîðåìà 1. Ïóñòü ìîìåíò EZ(t)n ñóùåñòâóåò äëÿ íåêîòîðîãî n ≥ 1.
Åñëè âûïîëíÿþòñÿ óñëîâèÿ (1), (2), òî ïðè t→ ∞

EZ(t)n ∼ λ(b+ λ)(2b+ λ)...((n− 1)b+ λ)tn.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (1), (2). Òîãäà

lim
t→∞

P

(
Z(t)

bt
< x

)
=

1

Γ
(
λ
b

) ∫ x

0

y
λ
b −1e−ydy, x ≥ 0,

ãäå Γ (x) =
∫∞
0
yx−1e−ydy.

Äîêàçàòåëüñòâî ïðèâåäåííûõ òåîðåì 1 è 2 ïðîâåäåíà ñ èñïîëüçîâà-
íèåì ëåìì 1 è 2.

Çàêëþ÷åíèå.

Ïðîâåäåíî èññëåäîâàíèå àñèìïòîòè÷åñêîãî ïîâåäåíèÿ âåòâÿùèõñÿ
ñëó÷àéíûõ ïðîöåññîâ ñ âçàèìîäåéñòâèåì è ìèãðàöèåé ÷àñòèö. Ïîëó÷åíû
ïðÿìûå óðàâíåíèÿ Êîëìîãîðîâà äëÿ ïðîèçâîäÿùèõ ôóíêöèé ïðîöåññîâ
{µ(t), t ≥ 0} è {Z(t), t ≥ 0}. Òàêæå ïîëó÷åíû ïðåäåëüíûå òåîðåìû äëÿ
ìîìåíòà n-ãî ïîðÿäêà è çàêîíà ðàñïðåäåëåíèÿ ÷èñëà ÷àñòèö âåòâÿùèõñÿ
ñëó÷àéíûõ ïðîöåññîâ ñ âçàèìîäåéñòâèåì è ìèãðàöèåé ÷àñòèö.
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Êàðøèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Êàðøè, Óçáåêèñòàí

Â äàííîé ðàáîòå ïîêàçàí ñïîñîá ïîñòðîåíèÿ ðèìàíîâûõ ñóá-
ìåðñèé, êîòîðûå âîçíèêàþò ïðè èññëåäîâàíèè ãåîìåòðèè îðáèò
íåñêîëüêèõ äèíàìè÷åñêèõ ñèñòåì è èçó÷åíà åãî ãåîìåòðèÿ. Èç-
âåñòíî, ÷òî ãåîìåòðèÿ îðáèò äèíàìè÷åñêèõ ñèñòåì ÿâëÿåòñÿ îáú-
åêòîì ìíîãî÷èñëåííûõ èññëåäîâàíèé â ñâÿçè åå âàæíîñòüþ â
ãåîìåòðèè è äðóãèõ îáëàñòÿõ ìàòåìàòèêè. Êëþ÷åâûå ñëîâà:
ðèìàíîâà ñóáìåðñèÿ, îðáèòà äèíàìè÷åñêèõ ñèñòåì, ñåêöèîííàÿ
êðèâèçíà, ñëîåíèÿ.

Ââåäåíèå

Äèôôåðåíöèðóåìûå îòîáðàæåíèÿ ìàêñèìàëüíîãî ðàíãà ñîñòîÿò èç
äâóõ êëàññîâ - ïîãðóæåíèÿ è ñóáìåðñèé. Ïîãðóæåíèÿ èíòåíñèâíî èçó÷à-
ëèñü ñ ñàìîãî çàðîæäåíèÿ ðèìàíîâîé ãåîìåòðèè. Ïðîñòûìè ïðèìåðàìè
ðèìàíîâûõ ìíîãîîáðàçèé ÿâëÿþòñÿ ïîâåðõíîñòè, âëîæåííûå â òðåõìåð-
íîå åâêëèäîâî ïðîñòðàíñòâî. Ïîíÿòèå ñóáìåðñèè ñôîðìèðîâàëîñü îòíî-
ñèòåëüíî íåäàâíî, âî âòîðîé ïîëîâèíå äâàäöàòîãî âåêà. Äèôôåðåíöè-
àëüíàÿ ãåîìåòðèÿ ñóáìåðñèé âïåðâûå èçëîæåíà â ðàáîòàõ [1] è [2].

Èçó÷åíèå ãåîìåòðèè ñóáìåðñèé, â ÷àñòíîñòè ðèìàíîâûõ ñóáìåðñèé
îêàçàëîñü î÷åíü ïëîäîòâîðíûì â ñèëó òîãî, ÷òî ðèìàíîâû ñóáìåðñèè
èìåþò ïðèëîæåíèÿ âî âñåõ ðàçäåëàõ ñîâðåìåííîé ðèìàíîâîé ãåîìåòðèè.
Ôóíäàìåíòàëüíûå ñâîéñòâà ðèìàíîâûõ ñóáìåðñèé, òàêèå êàê ôóíäà-
ìåíòàëüíûå óðàâíåíèÿ, ñâîéñòâà êðèâèçíû áûëè ïîëó÷åíû J. Cheeger,
D. Gromoll, R. Hermann, B. O'Neil, G. Walschap. Ñâîéñòâà ñîõðàíåíèÿ
ãåîäåçè÷åñêèõ äëÿ ðèìàíîâûõ ñóáìåðñèé è ãåîìåòðèÿ ñëîåíèé, ïîðîæ-
äåííûõ ðèìàíîâûìè ñóáìåðñèÿìè áûëè èçó÷åíû â ðàáîòàõ [3], [4]. Â íà-
ñòîÿùåå âðåìÿ ïîíÿòèå ñóáìåðñèè è îñíîâíûå ðåçóëüòàòû ïî èçó÷åíèè
ãåîìåòðèè ñóáìåðñèé âîøëè â ó÷åáíèêè ïî ðèìàíîâîé ãåîìåòðèè, îíè
èñïîëüçóþòñÿ íå òîëüêî â ãåîìåòðèè, íî âî âñåõ ñìåæíûõ íàóêàõ, òàêèõ,
êàê ìåõàíèêà, òåîðåòè÷åñêàÿ ôèçèêà, òåîðèÿ îòíîñèòåëüíîñòè [7].

Â èññëåäîâàíèÿõ óçáåêñêèõ ó÷åíûõ ïðîôåññîðà À. ß. Íàðìàíîâà [6]
è åãî ó÷åíèêîâ À. Áàéòóðàåâà, Ã. Êàèïíàçàðîâîé ïîëó÷åíû ïîëíàÿ êëàñ-
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ñèôèêàöèÿ ñëîåíèé åâêëèäîâà ïðîñòðàíñòâà, ïîðîæäåííûõ ðèìàíîâû-
ìè ñóáìåðñèÿìè è ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè, ñâÿçàííûå ñ ñåêöè-
îííîé êðèâèçíîé ñëîåâ.

1. Îñíîâíûå ïîíÿòèÿ

Îïðåäåëåíèå 1. Äèôôåðåíöèðóåìîå îòîáðàæåíèå π :M → N ìàê-
ñèìàëüíîãî ðàíãà, ãäå M è N -ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè m è
n, íàçûâàåòñÿ ñóáìåðñèåé ïðè m > n.

Äàëåå ïîä ãëàäêîñòüþ áóäåì ïîäðàçóìåâàòü ãëàäêîñòü êëàññà C∞.
Èçâåñòíî, ÷òî ïî òåîðåìå î ðàíãå äèôôåðåíöèðóåìîé ôóíêöèè äëÿ

êàæäîé òî÷êè p ∈ N ïîëíûé ïðîîáðàç π−1(p) ÿâëÿåòñÿ ïîäìíîãîîáðà-
çèåì ðàçìåðíîñòè k = m − n. Òàêèì îáðàçîì ñóáìåðñèÿ π : M → N
ïîðîæäàåò ñëîåíèå F ðàçìåðíîñòè k = m− n íà ìíîãîîáðàçèè M, ñëî-
ÿìè êîòîðîãî ÿâëÿþòñÿ ïîäìíîãîîáðàçèÿ Lp = {q ∈M : π(q) = p}.

Ðàçìåðíîñòü ñëîåíèÿ ðàâåí ðàçìåðíîñòü ñëîÿ, êîòîðîãî îí ñîñòîèò.
Ïóñòü ∂xi

∂λ = fi(x1, x2, . . . , xn), i = 1, n � äèíàìè÷åñêàÿ ñèñòåìà çàäà-
íî â ïðîñòðàíñòâåRn. Ýòó äèíàìè÷åñêóþ ñèñòåìó ìîæíî ðàññìàòðèâàòü
êàê âåêòîðíîå ïîëå X = {f1, f2, . . . , fn}.

Ïóñòü F -ñëîåíèå ðàçìåðíîñòè k, ãäå 0 < k < n. [8]. Îáîçíà÷èì ÷å-
ðåç TqF -êàñàòåëüíîå ïðîñòðàíñòâî ñëîÿ Lp â òî÷êå q ∈ Lp, ÷åðåç HqF -
îðòîãîíàëüíîå äîïîëíåíèå ïîäïðîñòðàíñòâà TqF . Â ðåçóëüòàòå âîçíèêà-
þò ïîäðàññëîåíèÿ TF = {TqF}, HF = {HqF} êàñàòåëüíîãî ðàññëîåíèÿ
TM è èìååì îðòîãîíàëüíîå ðàçëîæåíèå TM = TF⊕HF. Òàêèì îáðàçîì
êàæäîå âåêòîðíîå ïîëåX ðàçëîæèìî â âèäå:X = Xv+Xh, ãäåXv ∈ TF,
Xh ∈ HF. Åñëè Xh = 0 (ñîîòâåòñòâåííî Xv = 0), òî ïîëå X íàçûâàåò-
ñÿ âåðòèêàëüíûì (ñîîòâåòñòâåííî ãîðèçîíòàëüíûì) âåêòîðíûì ïîëåì.
Íàïîìíèì, ÷òî ñëîåíèå F íàçûâàåòñÿ ðèìàíîâûì, åñëè êàæäàÿ ãåîäå-
çè÷åñêàÿ, îðòîãîíàëüíàÿ â íåêîòîðîé òî÷êå ê ñëîåíèþ, îñòàåòñÿ îðòî-
ãîíàëüíîé ê ñëîåíèþ âî âñåõ ñâîèõ òî÷êàõ.

Îïðåäåëåíèå 2. Åñëè äèôôåðåíöèàë dπ ñóáìåðñèè π :M → N ñî-
õðàíÿåò äëèíó ãîðèçîíòàëüíûõ âåêòîðîâ, òî îíà íàçûâàåòñÿ ðèìàíîâîé
ñóáìåðñèåé.

Äëÿ òî÷êè p ∈ N ÷åðåç t → Xt(p) îáîçíà÷èì èíòåãðàëüíóþ êðèâóþ
äèíàìè÷åñêîé ñèñòåìû X, ïðîõîäÿùóþ ÷åðåç òî÷êó p ïðè t = 0. Îòîá-
ðàæåíèå t → Xt(p) îïðåäåëåíî â íåêîòîðîé îáëàñòè I(p) ⊂ R, êîòîðàÿ
â îáùåì ñëó÷àå çàâèñèò îò äèíàìè÷åñêîé ñèñòåìû X, è îò íà÷àëüíîé
òî÷êè p.

Îðáèòà Lp ñåìåéñòâà D äèíàìè÷åñêèõ ñèñòåì, ïðîõîäÿùàÿ ÷åðåç
òî÷êó p, îïðåäåëÿåòñÿ êàê ìíîæåñòâî òàêèõ òî÷åê y èç N, äëÿ êîòîðûõ
ñóùåñòâóþò äåéñòâèòåëüíûå ÷èñëà t1, t2, . . . , tk è äèíàìè÷åñêèõ ñèñòåì
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X1, X2, . . . , Xk èçD (ãäå k−ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî) òàêèå, ÷òî

y = Xtk
k (X

tk−1

k−1 (. . . (X
t1
1 (p)) . . .)).

Â [6] äîêàçàíà ñëåäóþùàÿ òåîðåìà, êîòîðàÿ ïîêàçûâàåò, ÷òî êàæ-
äàÿ òî÷êà èç îðáèòû L(x0) äîñòèæèìà èç x0 ñ ïîìîùüþ êîíå÷-
íîãî ÷èñëà ¾ïåðåêëþ÷åíèé¿ ñ èñïîëüçîâàíèåì äèíàìè÷åñêèõ ñèñòåì
X1, X2, . . . , Xm â îïðåäåëåííîì ïîðÿäêå.

Òåîðåìà 1. Ìíîæåñòâî òî÷åê âèäà y = Xtm
m (X

tm−1

m−1 . . . (X
t1
1 (x0) . . .)),

ãäå (t1, t2, . . . , tm) ∈ Rm, ñîâïàäàåò ñ îðáèòîé L(x0).
Ýòà òåîðåìà ïîçâîëÿåò ïîñòðîèòü ðàçëè÷íûå ñóáìåðñèè â Rm ñ ïî-

ìîùüþ äèíàìè÷åñêèõ ñèñòåì X1, X2, . . . , Xm ïîëàãàÿ π(t1, t2, . . . , tm) =

Xtm
m (X

tm−1

m−1 (. . . (X
t1
1 (x0) . . .))), áàçîé êîòîðûõ ñëóæèò îðáèòà L(x0).

2. Îñíîâíîé ðåçóëüòàò

Ïðè èçó÷åíèè ðèìàíîâûõ ñóáìåðñèé áûëè ïîëó÷åíû ñëåäóþùèå ðå-
çóëüòàòû.

Íà ïëîñêîñòè R2 ðàññìîòðèì ñåìåéñòâî D, ñîñòîÿùåå èç äèíàìè-
÷åñêèõ ñèñòåì X1 = {1, 0}, X2 = {0, 1} è X3 = {−y, x}. Äëÿ ñå-
ìåéñòâà D = {X1, X2, X3} ïî òåîðåìå 1 îðáèòà äëÿ êàæäîé òî÷-
êè ñåìåéñòâà ñîâïàäàåò ñî âñåì ïðîñòðàíñòâîì R2. Ïîýòîìó, ïîëîãàÿ
π(t1, t2, t3) = Xt3

3 (Xt2
2 (Xt1

1 (O)) ìû ìîæåì îïðåäåëèòü ñëåäóþùóþ ñóá-
ìåðñèþ π : R3 → R2 ôîðìóëîé:

π(t1, t2, t3) = {t1 cos t3 − t2 sin t3, t1 sin t3 + t2 cos t3, } (1)

ãäå O−íà÷àëî êîîðäèíàò â R2.
Òåîðåìà 2. Ñóùåñòâóåò ðèìàíîâà ìåòðèêà g̃ íà ïëîñêîñòè òàêàÿ,

÷òî ñóáìåðñèÿ (1) ÿâëÿåòñÿ ðèìàíîâîé, è ïîðîæäàåò ðèìàíîâî ñëîåíèå.
Ïëîñêîñòü ñ ìåòðèêîé g̃ ÿâëÿåòñÿ ìíîãîîáðàçèåì ñòðîãî ïîëîæèòåëüíîé
êðèâèçíû.

Â îáùèì ñëó÷àå, ðàññìîòðèì òåïåðü ñëåäóþùèå n äèíàìè÷åñêèõ ñè-
ñòåì â Rn :

X1 = {1, 0, 0, ..., 0}, X2 = {0, 1, 0, ..., 0}, . . . , Xn = {0, . . . , 0, 1},
Xn+1 = {−x2, x1, 0, . . . , 0}, Xn+2 = {0, 0,−x4, x3, 0, . . . , 0},

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Xn+k = {0, . . . , 0,−x2k, x2k−1, 0, . . . , 0}, ãäå n = 2k + l.

Â ýòîì ñëó÷àå, èñïîëüçóÿ òåîðåìó 1, ïîëîãàÿ π(t1, t2, . . . , tn+k) =

X
tn+k

n+k (. . . (Xt2
2 (Xt1

1 (O) . . .)) îïðåäåëèì ñóáìåðñèþ π : Rn+k → Rn ïî
ôîðìóëå:

π(t1, t2, . . . , tn+k) = {x1, x2, . . . , xn}, ãäå (2)
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x2i−1 = t2i−1 cos tn+i − t2i sin tn+i,

x2i = t2i−1 sin tn+i + t2i cos tn+i, i = 1, k

x2k+j = t2k+j , j = 1, l

Òåîðåìà 3. Ñóùåñòâóåò ðèìàíîâà ìåòðèêà g̃ íà Rn òàêàÿ, ÷òî ñóá-
ìåðñèÿ (2) ÿâëÿåòñÿ ðèìàíîâîé è ïîðîæäàåò ðèìàíîâî ñëîåíèå, à ìíî-
ãîîáðàçèÿ (Rn, g̃) ÿâëÿåòñÿ ìíîãîîáðàçèåì íåîòðèöàòåëüíîé êðèâèçíû.

Òåîðåìà 4. Êîìïîçèöèÿ ðèìàíîâûõ ñóáìåðñèé òàêæå ÿâëÿåòñÿ ðè-
ìàíîâîé.

Ïðèìåíÿÿ òåîðåìó 4 ê òåîðåìå 2, ïîëó÷àåì ñóáìåðñèè π : R3 → R1

ôîðìóëîé π(t1, t2, t3) = t1cost3 − t2sint3 èëè π : R3 → R2 : π(t1, t2, t3) =
t1sint3+ t2cost3. Ýòà ñóáìåðñèÿ òàêæå ÿâëÿåòñÿ ðèìàíîâîé ñóáìåðñèåé,
ò.å. ïðîåêöèÿ ÿâëÿåòñÿ ïðîñòåéøèì ïðèìåðîì ðèìàíîâîé ñóáìåðñèè.
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Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ
òðåòüåãî ïîðÿäêà ñìåøàííî-ñîñòàâíîãî òèïà â öèëèíäðè÷åñêîé
îáëàñòè. Ñ ïîìîùüþ ìåòîäà Ãàëåðêèíà ïðè íåêîòîðûõ óñëîâè-
ÿõ íà êîýôôèöèåíòû è ïðàâóþ ÷àñòü óðàâíåíèÿ äîêàçàíî ñóùå-
ñòâîâàíèå è åäèíñòâåííîñòü îáîáùåííîãî ðåøåíèÿ â ïðîñòðàí-
ñòâå Ñîáîëåâà. Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, öèëèíäðè÷å-
ñêàÿ îáëàñòü, ñìåøàííî-ñîñòàâíîé òèï, îáîáùåííîå ðåøåíèå,
óðàâíåíèå òðåòüåãî ïîðÿäêà.

Ââåäåíèå

Ðàáîòû [1], [2] ïîëîæèëè íà÷àëî öåëîìó íàïðàâëåíèþ â èññëåäîâà-
íèè ïîñòàíîâîê êîððåêòíûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííî-ñîñòàâíîãî
òèïà òðåòüåãî ïîðÿäêà. Â íèõ ïðåäëîæåí è èññëåäîâàí ðÿä çàäà÷ äëÿ
ìîäåëüíîãî óðàâíåíèÿ ñìåøàííî-ñîñòàâíîãî òèïà. Â. Í. Âðàãîâ [3] ïî-
ñòàâèë è èññëåäîâàë ðÿä çàäà÷ äëÿ óðàâíåíèÿ ñìåøàííî-ñîñòàâíîãî òè-
ïà òðåòüåãî ïîðÿäêà

(
− ∂

∂x
+ α(x, y)

)
(k(x, y)uxx+uyy+a(x, y)ux+b(x, y)uy+c(x, y)u) = f(x, y)

Â äàëüíåéøåì, â ðàáîòàõ Ì.Ñ.Ñàëàõèòäèíîâà [4], Ò. Ä. Äæóðàåâà,
Ó. Î. Ðàõìàíîâà [5], Ë. À. Áîáûëîâà, Ì. Ì. Ñìèðíîâà [6], Ñ. Ã. Ïÿòêîâà
[7], àâòîðà äàííîé ñòàòüè [8] è äðóãèõ áûëè ïîñòàâëåíû è èññëåäîâà-
íû êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííî-ñîñòàâíîãî è ñîñòàâíîãî
òèïà. Îòìåòèì, ÷òî â ðàáîòå È.Å. Åãîðîâà, Â.Å. Ôåäîðîâà [9] èññëåäî-
âàíû êðàåâûå çàäà÷è äëÿ øèðîêèõ êëàññîâ íåêëàññè÷åñêèõ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè âûñîêîãî ïîðÿäêà, â ÷àñòíîñòè äëÿ óðàâíåíèÿ
ñìåøàííî-ñîñòàâíîãî òèïà. Â äàííîé ñòàòüå îáîáùàþòñÿ ðåçóëüòàòû, ïî-
ëó÷åííûå â ðàáîòå [10], ò.å. çäåñü ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ
ìíîãîìåðíûõ ñëó÷àåâ.

Â îáëàñòè Q = { (x, t) : −1 ≤ x1 ≤ 1, (x2, x3, . . . , xn) ∈ D, 0 ≤ t ≤
T} = [−1, 1]×D × [0, T ] = Ω× [0, T ] ðàññìîòðèì óðàâíåíèå
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Lu ≡ uttt − µ(x1)
∂

∂x1
∆u− a(x, t)∆u = f(x, t) (1)

ãäå x1µ(x1) > 0 ïðè x1 ̸= 0, µ(0) = 0 è áóäåì ïðåäïîëàãàòü, ÷òî µ(x1) ∈
C3[−1, 1], a(x, t) ∈ C3(Q̄), D−îãðàíè÷åííàÿ îáëàñòü, x = (x1, x2, . . . , xn).

Êðàåâàÿ çàäà÷à. Íàéòè â îáëàñòè Q ðåøåíèå óðàâíåíèÿ (1), óäî-
âëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì.

u |∂Q = 0 (2)

ut |t=0 = 0 (3)

Îïðåäåëåíèå 1. Îáîçíà÷èì ÷åðåçH(Q) ïðîñòðàíñòâî ôóíêöèé, ïî-
ëó÷åííîå çàìûêàíèåì ôóíêöèé èç C3(Q), óäîâëåòâîðÿþùèõ óñëîâèÿì
(2), (3) ïî íîðìå

∥u∥2H(Q) =

∫
Q

(u2xx + u2xt + u2x + u2t + u2)dQ (4)

Îïðåäåëåíèå 2. Ôóíêöèþ u ∈ H(Q) áóäåì íàçûâàòü îáîáùåííûì
ðåøåíèåì çàäà÷è (1) - (3), åñëè îíà óäîâëåòâîðÿåò ñëåäóþùóþ èíòå-
ãðàëüíîìó òîæäåñòâó

∫
Q

(utvtt + µ(x1)∆uvx1
+ µ′(x1)∆uv − a(x, t)∆uv)dQ =

∫
Q

f(x, t)vdQ (5)

ïðè ∀v(x, t) ∈ C∞
0 (Q).

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ

a(x, t)− 3

2
|µx1

| ≥ δ > 0. (6)

Òîãäà äëÿ ëþáîé ôóíêöèè f(x, t), òàêîé, ÷òî f ∈ L2(Q), ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå çàäà÷è (1) - (3) èç H(Q).

Äîêàçàòåëüñòâî. Ðåøåíèå çàäà÷è (1) - (3) áóäåì èñêàòü ìåòîäîì
Ãàëåðêèíà

um(x, t) =

m∑
i=1

gi(t)φi(x),

ãäå ôóíêöèè φi(x) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è

−∆φi = λiφi, (i = 1, 2, . . .), φi = 0 íà ∂Ω (7)
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à êîýôôèöèåíòû gi(t) íàõîäÿòñÿ èç ðåøåíèÿ ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé

(umttt, φi)0 − (µ∆umx1
, φi)0 − (a∆um, φi)0 = (fm, φi) (8)

gi(0) = gi(T ) = git(0) = 0, i = 1, 2, . . . ,m (9)

Òåîðåìû ñóùåñòâîâàíèÿ äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé ãàðàíòèðóþò íàì ðàçðåøèìîñòü çàäà÷è (8), (9). Òåïåðü
ïîëó÷èì ðàâíîìåðíûå ïî m îöåíêè äëÿ Ãàëåðêèíñêèõ ïðèáëèæåíèé.
×åðåç C, C1, C2 è C3 áóäåì îáîçíà÷àòü ðàçëè÷íûå ïîëîæèòåëüíûå ïî-
ñòîÿííûå, íå çàâèñÿùèå îò m.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû, òîãäà äëÿ ðåøåíèÿ
çàäà÷è (8), (9) âåðíà îöåíêà∫

Q

(u2mt + u2mx + u2m)dQ ≤ C

∫
Q

f2dQ (10)

Äîêàçàòåëüñòâî ëåììû 1. Óìíîæàÿ óðàâíåíèå (9) íà eλtum è
èíòåãðèðóÿ ïî îáëàñòè Q, â ñèëó óñëîâèé (2), (3) è íåðàâåíñòâî Êîøè
ïîëó÷èì∫

Q

eλt
[
3λ

2
u2mt + (a− 3

2
µx1

)u2mx1
+ (a− 1

2
µx1

)u2mx2
+ . . .

+(a− 1

2
µx1)u

2
mxn

]
dQ ≤ C1

∫
Q

f2dQ+ C2

∫
Q

u2mdQ. (11)

Â ñèëó ãðàíè÷íûõ óñëîâèé (2), íåòðóäíî âèäåòü, ÷òî äëÿ ðåøåíèÿ
âåðíàÿ îöåíêà ∫

Q

u2mdQ ≤ C

∫
Q

u2mxdQ. (12)

Òîãäà èç (11), â ñèëó (11) è óñëîâèé òåîðåìû, äëÿ ðåøåíèÿ çàäà÷è (8),
(9) ñëåäóåò, ÷òî âåðíà îöåíêà (10). Ëåììà 1 äîêàçàíà.

Ëåììà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû, òîãäà äëÿ ðåøåíèÿ
çàäà÷è (8), (9) âåðíà îöåíêà∫

Q

(u2mxt + (∆um)
2
)dQ ≤ C

∫
Q

f2dQ (13)
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Äîêàçàòåëüñòâî ëåììû 2. Óìíîæàÿ óðàâíåíèå (9) íà −eλt∆um
è èíòåãðèðóÿ ïî îáëàñòè Q, â ñèëó óñëîâèé (2), (3) è íåðàâåíñòâà Êîøè,
ïîëó÷èì ∫

Q

eλt
[
3λ

2
u2mxt + (a− 1

2
µx1

)(∆um)
2

]
dQ ≤

≤ C1

∫
Q

f2dQ+ C2

∫
Q

(∆um)
2
dQ+ C3

∫
Q

(u2mt + u2mx)dQ.

Îòñþäà, â ñèëó óñëîâèé òåîðåìû è ëåììû 1, äëÿ ðåøåíèÿ çàäà÷è
(8), (9) ïîëó÷èì îöåíêó (13), ãäå, íàïðèìåð, C2 = δ

2 , ò.å. C2 < δ. Ëåììà
2 äîêàçàíà.

Òàê êàê â ñèëó (13) ñëåäóåò, ÷òî ∆um ∈ L2(Ω), èç ýòîãî, àíàëîãè÷íî
êàê â [11], (ñì. ñòð. 32), ìîæíî ïîêàçàòü, ÷òî

um ∈W 2,1
2 (Q) (14)

Èç îöåíîê (10) è (14) ñëåäóåò îãðàíè÷åííîñòü ïîñëåäîâàòåëüíîñòè
ïðèáëèæåííûõ ðåøåíèé {um(x, t)} â ïðîñòðàíñòâå H(Q). Èç ýòèõ îöå-
íîê ñëåäóåò, ÷òî çàäà÷à (8), (9) ðàçðåøèìà. Èç ïîñëåäîâàòåëüíîñòåé
{um(x, t)} ìîæíî âûáðàòü ïîäïîñëåäîâàòåëüíîñòè {umk

(x, t)} è ïåðåéòè
ê ïðåäåëó ïî mk → ∞ â ñèñòåìå (8). Íåòðóäíî ïðîâåðèòü, ÷òî ïðåäåëü-
íàÿ ôóíêöèÿ ïðèíàäëåæèò ïðîñòðàíñòâó H(Q) è óäîâëåòâîðÿåò èíòå-
ãðàëüíóþ òîæäåñòâó (5), ïîñêîëüêó ñèñòåìà {φi(x)} ïëîòíà â L2(Ω).

Äîêàæåì, ÷òî ðåøåíèå çàäà÷è (1) - (3) åäèíñòâåííî.
Åñëè u, v−äâà ðåøåíèÿ çàäà÷è (1) - (3), òî w = u− v óäîâëåòâîðÿåò

óðàâíåíèþ
wttt − µ(x1)wxxx − a(x, t)wxx = 0

è óñëîâèÿì (2), (3). Àíàëîãè÷íî, êàê â ëåììå 1, äëÿ w(x, t) ïîëó÷èì∫
Q

(w2
t + w2

x + w2)dQ ≤ 0.

Îòêóäà ñëåäóåò, ÷òî w = 0 â Q. Òåîðåìà äîêàçàíà.

Çàêëþ÷åíèå

Â äàííîé ðàáîòå äîêàçàíû íîâûå òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèÿ êðàåâîé çàäà÷è (1) - (3), êîòîðûå ïîçâîëÿåò ðàñ-
øèðèòü êðóã ðåøàåìûõ ïðîáëåì â òåîðèè êðàåâûõ çàäà÷ äëÿ íåêëàññè-
÷åñêèõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè.
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ÎÖÅÍÊÀ ÈÍÒÅÃÐÀËÜÍÎÉ ÔÓÍÊÖÈÈ
ÈÍÒÅÍÑÈÂÍÎÑÒÈ

Ã.Ñ. Ñàéôóëëîåâà

Íàâîèéñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò, ã. Íàâîè,

Óçáåêèñòàí

Ðàçðàáîòêà ñîîòâåòñòâóþùåé òåîðèè ñõîäèìîñòè ðàññìàòðèâà-
åìûõ ýìïèðè÷åñêèõ ïðîöåññîâ ê ãàóññîâñêîìó ïðîöåññó áûëà
ïîëó÷åíà ìíîãèìè ó÷åíûìè. Â äàííîé ðàáîòå ðàññìàòðèâàþò-
ñÿ ìîäèôèöèðîâàííûå îöåíêè Êàöà â îáùåé ìîäåëè ñëó÷àéíîãî
öåíçóðèðîâàíèÿ è åå àïïðîêñèìàöèÿ ãàóññîâñêèìè ïðîöåññàìè.
Êëþ÷åâûå ñëîâà: îöåíêè Êàöà, ãàóññîâñêèé ïðîöåññ, èíòå-
ãðàëüíàÿ ôóíêöèÿ èíòåíñèâíîñòè, ýìïèðè÷åñêèå îöåíêè.

Ââåäåíèå

Ì.Êàö èçó÷àë îñîáûé êëàññ ýìïèðè÷åñêèõ ïðîöåññîâ. Ýòè ïðîöåññû
âûáèðàþòñÿ â âèäå ýìïèðè÷åñêîé ñòàòèñòèêè ñ ïîìîùüþ ñïåöèàëüíîãî
ïîäáîðà ñëàãàåìûõ ñ èñïîëüçîâàíèåì íåçàâèñèìîé ïîñëåäîâàòåëüíîñòè
ñëó÷àéíûõ âåëè÷èí Ïóàññîíà ñ ïàðàìåòðîì n. Òàêèå ïðîöåññû èçó÷à-
ëè Ì.×¼ðã¼, Ø.×¼ðã¼, Ï.Ãàåíñëåð, Â. Øòóòå, ß.Þ.Íèêèòèí, Ë.Áåãèí,
Ê.Êëàññåí, Æ.Âåëëíåð è äðóãèå. Ïðîâåäåííîå äî ñèõ ïîð èññëåäîâà-
íèå áûëî ñâÿçàíî ñ êëàññè÷åñêîé ñòàòèñòèêîé Ì.Êàöà. Îêàçàëîñü, ÷òî
â ýòîé ñòàòèñòèêå åñòü ñóùåñòâåííûé íåäîñòàòîê. Äåëî â òîì, ÷òî åå
çíà÷åíèå ìîæåò áûòü áîëüøå 1, â îòëè÷èå îò äðóãèõ îöåíîê ôóíêöèè
ðàñïðåäåëåíèÿ. Ïîýòîìó ìû ïðåäëàãàåì ìîäèôèöèðîâàííûå îöåíêè òè-
ïà Kaöà.

1. Îñíîâíûå ðåçóëüòàòû äëÿ ìîäèôèöèðîâàííûõ ïðîöåññîâ
Êàöà

Ñëåäóÿ ðàáîòàì [1-4], îïðåäåëèì îáùóþ ìîäåëü ñëó÷àéíîãî öåí-
çóðèðîâàíèÿ ñëåäóþùèì îáðàçîì: ïóñòü íàì äàíà ñëó÷àéíàÿ âåëè÷è-
íà Z ñ ôóíêöèåé ðàñïðåäåëåíèÿ H(x) íà âåðîÿòíîñòíîì ïðîñòðàíñòâå
{Ω, A, P}:

H(x) = P (Z ≤ x), x ∈ R.

Äëÿ ôèêñèðîâàííîãî öåëîãî ÷èñëà k ≥ 1, ââåäåì ñóáðàñïðåäåëåíèÿ

H(x; i) = P (Z ≤ x,A
(i)

), i ∈ J = {1, ..., k}
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ñ ïîìîùüþ A(1), ..., A(k)- ïîïàðíî íåñîâìåñòíûõ è îáðàçóþùèõ ïîë-
íóþ ãðóïïó ñîáûòèé. Ïóñòü íà íåêîòîðîì âåðîÿòíîñòíîì ïðîñòðàíñòâå

{Ω, A, P}{(Zm,A
(1)
m , ..., A

(k)
m ),m ≥ 1} ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ

ðåàëèçàöèé c ñîâîêóïíîñòè (Z, A(1), ..., A(k)). Ñóùåñòâóþò òàêèå ýêñïå-
ðèìåíòû, â êîòîðûõ íàðÿäó ñ ñëó÷àéíîé âåëè÷èíîþ Z, âìåñòå ñ íåþ
ïðèõîäèòñÿ íàáëþäàòü è ñîáûòèÿ A(i). Òàêèå ìîäåëè, ãäå íàáëþäàþòñÿ
{(Z,A(i)), i ∈ J} íàçîâåì îáùåé ìîäåëüþ ñëó÷àéíîãî öåíçóðèðîâàíèÿ.
Â äàííîé ðàáîòå îöåíèì íåêîòîðûå ôóíêöèîíàëû ïîëó÷àåìûå ñ ïîäõî-
äÿùèì âûáîðîì Z è A(i). Äëÿ ýòîãî íàì ñíà÷àëà íåîáõîäèìî îöåíèòü
íåïðåðûâíûå ôóíêöèè H(x), H(x; 1), ...,H(x; k).

Ñïåðâà ïîñòðîèì ñëåäóþùèå ìîäèôèöèðîâàííûå îöåíêè òèïà Êàöà
äëÿ H(x) è H(x; i), i = 1, k,

H̃n(x) = 1− (1−H∗
n(x))I(H

∗
n(x) < 1), x ∈ R,

H̃n(x; i) = 1− (1−H∗
n(x; i))I(H

∗
n(x; i) < 1), (x; i) ∈ R× J.

Çäåñü ýìïèðè÷åñêèå îöåíêè Êàöà äëÿ H∗(x) è H∗(x; i), i = 1, k èìåþò
âèä (ñì. [3,4]):

H∗
n (x) =

{
1
n

∑ν(n)
m=1 I (Zm ≤ x) , åñëè νn ≥ 1 ñ âåðîÿòíîñòüþ 1,

0, â ïðîòèâíîì ñëó÷àå,

H∗
n (x; i) =

{
1
n

∑ν(n)
m=1 I

(
Zm ≤ x, δ

(i)
m = 1

)
, åñëè νn ≥ 1 ñ âåðîÿòíîñòüþ 1,

0, â ïðîòèâíîì ñëó÷àå

à òàêæå {ν(m),m ≥ 1} íå çàâèñÿò îò ïîñëåäîâàòåëüíîñòåé
{(Zm,δ

(1)
m , ..., δ

(k)
m ),m ≥ 1} è ñëó÷àéíûõ âåëè÷èí Ïóàññîíà ñ ïàðàìåòðîì

E(ν(m)) = m.

Âî ìíîãèõ çàäà÷àõ íàñ èíòåðåñóåò îöåíèâàíèå ýêñïîíåíöèàëüíûõ
ôóíêöèé èíòåíñèâíîñòåé

{S(i)(x) = exp(−Λ(i)(x)), i ∈ J}.

Çäåñü

Λ(i)(x) =

∫
(−∞,x]

dH(u; i)

1−H(u)
, i ∈ J

à òàêæå

Λ(1)(x) + ...+ Λ(k)(x) = Λ(x) =

∫
(−∞,x]

dH(u)

1−H(u)
,
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ãäå Λ(x) � èíòåãðàëüíàÿ ôóíêöèÿ èíòåíñèâíîñòè, ñîîòâåòñòâóþùàÿ
H(x). Ïîñòðîèì îöåíêè äëÿ Λ(i)(x) :

Λ̃(i)
n (x) =

∫
(−∞,x]

dH̃(u; i)

1− H̃n(u)
, i ∈ J.

Ââåäåì èíòåãðàëüíûå ïðîöåññû èíòåíñèâíîñòè

w(i)
n (x) =

√
n(Λ̃(i)(x)− Λ(i)(x)), i ∈ J

è ïîñòðîèì ñîîòâåòñòâóþùèå èì âåêòîðíî-çíà÷íûå ïðîöåññû:

wn(t) = (w(1)
n (t1), ..., w

(k)
n (tk)), t = (t1, ..., tk).

Ýòè ïðîöåññû ñîîòâåòñòâåííî àïïðîêñèìèðóþòñÿ âåêòîðíûì ïðîöåññîì

Yn(t) = (Y
(1)
n (t1), ..., Y

(k)
n (tk)), ãäå

Y (i)
n (x) =

∫
(−∞,x]

W
(0)
n (u)dH(u; i)

(1−H(u))2
+

W
(i)
n (x)

1−H(x)
−

−
∫

(−∞,x]

W
(i)
n (u)dH(u)

(1−H(u))2
, i ∈ J (1)

Çäåñü ïîäûíòåãðàëüíûå öåíòðèðîâàííûå ïðîöåññû

{W (0)
n (x),W

(1)
n (x), ...,W

(k)
n (x)} ñ êîâàðèàöèîííîé ñòðóêòóðåé

EW
(0)
n (x)W

(0)
n (y) = min{H(x), H(y)},

EW
(i)
n (x)W

(j)
n (y) = min{H(x; i), H(y; j)},

EW
(i)
n (x)W

(0)
n (y) = min{H(x; i), H(y)}.

(2)

ïî ñóòè ÿâëÿþòñÿ ïðîöåññàìè òèïà Âèíåðà.
Â ýòîì ðàáîòå ïðåäñòàâëåíû òåîðåìû àïïðîêñèìàöèè ãàóññîâñêè-

ìè ïðîöåññàìè ýìïèðè÷åñêèõ ïðîöåññîâ, ïîñòðîåííûå ñ èñïîëüçîâàíèåì
îöåíêè èíòåãðàëüíîé ôóíêöèè èíòåíñèâíîñòè â ìîäåëè ïðîïîðöèîíàëü-
íîãî ðèñêà.

Òåîðåìà 1 [3]. Ïóñòü ïîñëåäîâàòåëüíîñòè {ν(n), n ≥ 1} èìåþò
ðàñïðåäåëåíèå Ïóàññîíà c ïàðàìåòðàìè Eν(n) = n. Òîãäà äëÿ ïðîèç-
âîëüíîãî ε > 0 è äëÿ n ïðè âûïîëíåíèè íåðàâåíñòâà

n

log n
≥ ε

8(1 + e/.3)2
, (3)
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ñïðàâåäëèâû îöåíêè

P (|ν(n)− n| > 1

2
(
ε

2
n log n)1/.2) ≤ 2n−εw, (4)

P ( sup
−∞<x<∞

|H∗
n(x; i)−H(x; i)| > 2(

ε log n

2n
)1/.2) ≤ 4n−4εw, i ∈ J, (5)

P ( sup
−∞<x<∞

|H̃n(x; i)−H(x; i)| > 2(
ε log n

2n
)1/.2) ≤ 4n−4εw, i ∈ J (6)

ãäå w = [16(1 + e/.3)]−1.
Íèæå ïðèâåäåíà àïïðîêñèìàöèÿ ïðîöåññà wn(t) ïîñëåäîâàòåëüíî-

ñòüþ Yn(t).
Òåîðåìà 2. Ïóñòü {Tn, n ≥ 1} ïîñëåäîâàòåëüíîñòü òàêàÿ, ÷òî

Tn < TH = inf{x : H(x) = 1}. Äëÿ ε > 0 ñïðàâåäëèâî íåðàâåíñòâî

n

log n
≥ max{32εw2,

2rb2n
w

,
2εb2n
w

}, (7)

ãäå b−1
n = 1−H(Tn) è r ≥ 2.
Íà âåðîÿòíîñòíîì ïðîñòðàíñòâå, ãäå âûïîëíÿþòñÿ óñëîâèÿ òåî-

ðåìû 1, èìååò ìåñòî íåðàâåíñòâî

P ( sup
t∈(−∞;Tn](k)

∥wn(t)− Yn(t)∥(k) > r(n)) ≤ kΦ1n
−β , (8)

Çäåñü r(n) = Φ0b
2
nn

−1/.2 log n, Φ0 = Φ0(ε, r) è Φ1−(àáñîëþòíîå) ïîñòî-
ÿííîå ÷èñëî.

Çàêëþ÷åíèå

Â äàííîé ðàáîòå óñòàíîâëåí ðåçóëüòàòà àïïðîêñèìàöèè ìîäèôèöè-
ðîâàííûõ âàðèàíòîâ, ïîñòðîåííûõ â îáîáùåííîé ìîäåëè ñëó÷àéíîãî
öåíçóðèðîâàíèÿ è äîêàçàíî àïïðîêñèìàöèîííûå òåîðåìû äëÿ ýìïèðè-
÷åñêèõ ïðîöåññîâ, ñîñòàâëåííûõ èç èíòåãðàëüíûõ ôóíêöèé èíòåíñèâíî-
ñòåé.
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×ÀÑÒÍÛÕ ÎÍËÀÉÍ-ØÊÎË

Â.Ê. Øóäåãîâà, À.À. Ñåìàêèí, Â.È. Áðîíåð

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Â íàñòîÿùåé ñòàòüå ðàññìîòðåíû òðåáîâàíèÿ, ïðåäúÿâëÿåìûå ê
ïðîãðàììíûì ïðîäóêòàì, íàïðàâëåííûì íà îðãàíèçàöèþ è ðå-
àëèçàöèþ äèñòàíöèîííîãî îáðàçîâàíèÿ; èññëåäîâàíû ñóùåñòâó-
þùèå â ðîññèéñêîì IT-ñåãìåíòå ïðîãðàììíûå ðåøåíèÿ; ñäåëàí
âûâîä î íåîáõîäèìîñòè ñîçäàíèÿ ïëàòôîðìû, îòâå÷àþùåé ñî-
âðåìåííûì òðåáîâàíèÿì îáðàçîâàòåëüíîé îðãàíèçàöèè äèñòàí-
öèîííîãî îáó÷åíèÿ. Êëþ÷åâûå ñëîâà: äèñòàíöèîííîå îáðà-
çîâàíèå, LMS, ÑÄÎ, CRM, ïëàòôîðìà, ýëåêòðîííîå îáó÷åíèå,
îíëàéí êóðñû.

Ââåäåíèå

Â ñîâðåìåííîì ìèðå çà ñ÷åò ñîâðåìåííûõ òåõíîëîãèé îáðàçîâà-
íèå ñòàëî äîñòóïíûì ïî÷òè äëÿ êàæäîãî ÷åëîâåêà. Ïðè ýòîì îòêðû-
òûì îñòàåòñÿ âîïðîñ óäîáñòâà èñïîëüçîâàíèÿ òåõíîëîãèé â îíëàéí-
îáðàçîâàíèè.

Êîìïàíèè, ïðåäîñòàâëÿþùèå îáðàçîâàòåëüíûå óñëóãè, ÷àñòî èñïîëü-
çóþò ðàçëè÷íûå ñèñòåìû äèñòàíöèîííîãî îáó÷åíèÿ â öåëÿõ ýôôåê-
òèâíîé îðãàíèçàöèè îáðàçîâàòåëüíîãî ïðîöåññà: �Teachbase�, �Moodle�,
�Stepik� è ìíîãèå äðóãèå LMS (àíãë. ¾learning management system¿, èëè
ñèñòåìà óïðàâëåíèÿ îáó÷åíèåì).

Íåñìîòðÿ íà áîëüøîå êîëè÷åñòâî ñèñòåì äèñòàíöèîííîãî îáó÷åíèÿ
(ÑÄÎ), íà äàííîì ðûíêå íåò ïðîãðàììíûõ ðåøåíèé, îáúåäèíÿþùèõ â
ñåáå è èíñòðóìåíòû îáó÷åíèÿ, è èíñòðóìåíòû óïðàâëåíèÿ áèçíåñîì. Ýòî
âûíóæäàåò îáðàçîâàòåëüíûå îðãàíèçàöèè èñïîëüçîâàòü íåñêîëüêî ñè-
ñòåì èëè ñîçäàâàòü ñîáñòâåííûå ïðîãðàììíûå ñðåäñòâà. Î÷åâèäíî, îáà
âàðèàíòà èìåþò ñâîè íåäîñòàòêè: â ïåðâîì ñëó÷àå ñèñòåìà äèñòàíöèîí-
íîãî îáðàçîâàíèÿ íå óñòîé÷èâà èç-çà âîçìîæíûõ èçìåíåíèé êàæäîãî èç
å¼ ýëåìåíòîâ, à âî âòîðîì � ñîçäàíèå ñîáñòâåííîé ïëàòôîðìû ìîãóò ñåáå
ïîçâîëèòü ëèøü êðóïíûå êîìïàíèè, ïîñêîëüêó òàêîå ðåøåíèå ÿâëÿåòñÿ
äîðîãîñòîÿùèì.
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Äëÿ çàïóñêà êóðñîâ ïî ðàçíûì ïðåäìåòàì ïðåäïðèíèìàòåëè òðà-
òÿò ìíîãî ðåñóðñîâ, ÷òî íå ïîçâîëÿåò ðåàëèçîâàòü ýôôåêòèâíîå âçàè-
ìîäåéñòâèå ñ êëèåíòîì íà íà÷àëüíîì ýòàïå ñîçäàíèÿ áèçíåñà. Â ñâÿçè
ñ ýòèì öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ: àíàëèç ïðåäëîæåíèé ðûíêà
ñèñòåì äèñòàíöèîííîãî îáó÷åíèÿ è îïðåäåëåíèå èíñòðóìåíòîâ, óäîâëå-
òâîðÿþùèõ ïîòðåáíîñòè âñåõ ïîëüçîâàòåëåé äèñòàíöèîííîãî îáðàçîâà-
íèÿ: ó÷àùèåñÿ, ðîäèòåëè, ïðåïîäàâàòåëè, àäìèíèñòðàòîðû, ìåòîäèñòû,
ïðåäïðèíèìàòåëè.

1. Òðåáîâàíèÿ ê ïëàòôîðìå ÑÄÎ

Ìèíèìàëüíûå òðåáîâàíèÿ, ïðåäúÿâëÿåìûå ê ïëàòôîðìå äëÿ îáó÷å-
íèÿ, áûëè îïðåäåëåíû íà îñíîâå ëè÷íîãî îïûòà àâòîðîâ ñòàòüè, à òàê-
æå ïóòåì îïðîñà ðåïåòèòîðîâ, ïðåïîäàâàòåëåé, ó÷åíèêîâ è ðîäèòåëåé
ó÷àùèõñÿ Òîìñêîé îáëàñòè. Ñðåäè îïðîøåííûõ áûëè òàêæå ìåíåäæå-
ðû è àäìèíèñòðàòîðû îíëàéí-øêîë, êîòîðûå çàíèìàþòñÿ äîáàâëåíèåì
íîâûõ ïîëüçîâàòåëåé â ñèñòåìó è îòâå÷àþò çà âçàèìîäåéñòâèå ó÷åíèêà
è ïðåïîäàâàòåëÿ. Òàêæå ó÷àñòíèêàìè îïðîñà ñòàëè ïðåäïðèíèìàòåëè,
çàèíòåðåñîâàííûå â îáðàçîâàíèè ñîâðåìåííîãî ïîêîëåíèÿ. Íèæå ïðèâå-
äåíû àãðåãèðîâàííûå òðåáîâàíèÿ, âûâåäåííûå ïî ðåçóëüòàòàì àíàëèçà
îòâåòîâ îïðîñà:

1. Ïðåïîäàâàòåëè. Óïîðÿäî÷åííûå ìåòîäè÷åñêèå ìàòåðèàëû, áûñò-
ðàÿ íàâèãàöèÿ ïî ïëàòôîðìå, ñîçäàíèå òåñòîâ è èíòåðàêòèâîâ ñ ó÷à-
ùèìèñÿ, âîçìîæíîñòü èçìåíÿòü ðàñïèñàíèå âñåõ çàíÿòèé ñ ó÷åíèêàìè,
ïîääåðæêà ôàéëîâ ñ ðàçëè÷íûìè ðàñøèðåíèÿìè, ñîõðàíåíèå äîìàøíèõ
çàäàíèé è çàïóñê âèäåîêîíôåðåíöèé � âñ¼ ýòî íà îäíîé ïëàòôîðìå.

2. Ðîäèòåëü è ó÷åíèê. Áûñòðûé äîñòóï ê äîìàøíåìó çàäàíèþ è âè-
äåîêîíôåðåíöèè, ðàñïèñàíèå çàíÿòèé, ñâÿçü ñ ïðåïîäàâàòåëåì èëè ìå-
íåäæåðîì, ñòàòèñòèêà óñïåõîâ ó÷àùåãîñÿ.

3. Ìåíåäæåð è àäìèíèñòðàòîð. Óäîáñòâî è íàãëÿäíîñòü ñèñòåìû îá-
ðàáîòêè çàïðîñà êëèåíòà, çàïèñè çâîíêîâ è ïåðåïèñîê (ïîçâîëÿþùåé íå
çàáûòü êëþ÷åâûå ìîìåíòû ðàçãîâîðà), àíàëèç ïðîäàæ, âîçìîæíîñòü àâ-
òîìàòè÷åñêîãî óâåäîìëåíèÿ êëèåíòîâ î çàïëàíèðîâàííîì óðîêå èëè î
íåîáõîäèìîñòè îïëàòû àáîíåìåíòà (â ñëó÷àå, åñëè îðãàíèçàöèÿ êîììåð-
÷åñêàÿ).

Óêàçàííûå òðåáîâàíèÿ, äàííûå, ïîëó÷åííûå ïðè îïðîñå ïîëüçîâàòå-
ëåé, è èññëåäîâàíèÿ Êîâàëåíêî Ñ.À., Áàðàáàíîâà À.Â., Ãðåáåííèêîâîé
Í.È. è Ìàëèíîâêèíà Â.À. [5] ïîñëóæèëè îñíîâàíèåì äëÿ àíàëèçà ñóùå-
ñòâóþùèõ ÑÄÎ. .
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2. Àíàëèç ñóùåñòâóþùèõ ïëàòôîðì

Â äàííîì ðàçäåëå ïðèâåäåíû âûâîäû, ïîëó÷åííûå ïðè àíàëèçå ïî-
ïóëÿðíûõ ÑÄÎ.

1. Ïëàòôîðìà ¾Moodle¿ íå ÿâëÿåòñÿ ñàìîñòîÿòåëüíîé ÑÄÎ, à ñêî-
ðåå ïðåäñòàâëÿåò èç ñåáÿ èíñòðóìåíò äëÿ íàñòðîéêè ñîáñòâåííîé ñèñòå-
ìû. Â ¾Moodle¿ ìíîãîå çàâèñèò îò ïëàãèíîâ, ÷òî óìåíüøàåò ñòàáèëü-
íîñòü ïëàòôîðìû, óâåëè÷èâàåò çàòðàòû íà óïðàâëåíèå, ïðè íàñòðîéêå
ñèñòåìû îòíèìàåò ìíîãî âðåìåíè ó å¼ ïîëüçîâàòåëåé è òðåáóåò ðàáîòû
ñïåöèàëèñòîâ [4].

2. Ïëàòôîðìà ¾iSpring Learn¿ óäîâëåòâîðÿåò áîëüøîìó êîëè÷åñòâó
ïîòðåáíîñòåé ïîëüçîâàòåëåé: èìååòñÿ âñòðîåííûé ðåäàêòîð êóðñîâ, ðå-
àëèçîâàíà âîçìîæíîñòü îñóùåñòâèòü âèäåîêîíôåðåíöèþ âíóòðè ïëàò-
ôîðìû, ïîääåðæêà ðàçëè÷íîãî ðîäà ôàéëîâûõ ðàñøèðåíèé, ïîääåðæêà
ìîáèëüíîãî ïðèëîæåíèÿ, íàñòðîåíî îáùåíèå ñðåäè ïîëüçîâàòåëåé ñèñòå-
ìû, ìîæíî äîáàâèòü ëè÷íîå ðàñïèñàíèå. Íåñìîòðÿ íà âñ¼ ïåðå÷èñëåí-
íîå, òàêæå èìåþòñÿ íåäîñòàòêè. Îñíîâíûìè ìèíóñàìè äàííîé ñèñòå-
ìû ÿâëÿþòñÿ: èíòóèòèâíî íåïîíÿòíûé èíòåðôåéñ, âñòðîåííûé ðåäàê-
òîð êóðñîâ íå ïîçâîëÿåò ïðîâîäèòü íåêîòîðûå âèäû ðàáîò, íàïðèìåð,
òåñòû, äîïîëíèòåëüíîå ïðîãðàììíîå îáåñïå÷åíèå ïîëüçîâàòåëü ïîëó÷à-
åò ïëàòíî [3].

3. Ïëàòôîðìà ¾Google Classroom¿ ìîæåò ïîäõîäèòü äëÿ ðåïåòèòî-
ðîâ, ïîñêîëüêó îíà ïðåäëàãàåò âçàèìîäåéñòâèå ó÷åíèêà è ó÷èòåëÿ, à òàê
êàê îòñóòñòâóåò ðîëü ìåíåäæåðà è óïðàâëÿþùåãî êîìïàíèåé, òî äàííàÿ
ñèñòåìà íå ïîäõîäèò äëÿ îíëàéí-øêîë. Òàêæå èìåþòñÿ äðóãèå íåäîñòàò-
êè: íåâîçìîæíîñòü ïðîâîäèòü âèäåîêîíôåðåíöèè, íåîáõîäèìîñòü èìåòü
àêêàóíò Google, âûñîêàÿ âåðîÿòíîñòü èñïîëüçîâàíèÿ äðóãèõ ñåðâèñîâ
Google â ñâÿçè ñ îòñóòñòâèåì àëüòåðíàòèâíîé âîçìîæíîñòè èñïîëüçîâà-
íèÿ èíûõ ñåðâèñîâ [1].

Íà äàííûé ìîìåíò ðàçðàáîòàíà ñèñòåìà óïðàâëåíèÿ îáó÷åíèåì
"Odin"êîìïàíèåé, çàðåãèñòðèîîâàííîé, êàê ÎÎÎ ¾Ëèãà Ñïîðòà¿[2].
Äàííàÿ ñèñòåìà èñïîëüçóåòñÿ ñòóäåíòàìè Òîìñêîãî ãîñóäàðñòâåííîãî
óíèâåðñèòåòà. Êàê óêàçàíî íà ñàéòå äàííîé ïëàòôîðìû, ïîëüçîâàòåëè
ðàçäåëåíû íà òðè ðîëè: ñòóäåíòû, ïðåïîäàâàòåëè, àäìèíèñòðàòîðû, ÷òî
î÷åíü áëèçêî ðàíåå ïðåäñòàâëåíûì òðåáîâàíèÿì.

Ðàçáåðåì ïðåäîñòàâëÿåìûå ïîëüçîâàòåëÿì âîçìîæíîñòè äàííîé
ïëàòôîðìîé.

Ñòóäåíò èìååò ñâîþ ñòðàíèöó ñ çàïîëíåííûìè ëè÷íûìè äàííûìè,
äîñòóï ê îáðàçîâàòåëüíûì ìàòåðèàëàì ôîðìàòà ëåêöèè è ïðàêòèêè,
îáùàòüñÿ ñ ïðåïîäàâàòåëåì â ÷àòå èëè â âèäåîçâîíêå, îñòëåæèâàòü ñîá-
ñòâåííûé ïðîãðåññ â îáó÷åíèè è â ñòóäåí÷åñêîì ðåéòèíãå. Ñðåäè ïðåïî-
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äàâàòåëåé òàêæå âåäåòñÿ ðåéòèíã, íà îñíîâå êîòîðîãî ñàì ñòóäåíò ìîæåò
âûáèðàòü ëó÷øèå äëÿ íåãî êóðñû è ïðåïîäàâàòåëÿ.

Ïðåïîäàâàòåëü ìîæåò ñîçäàâàòü ñâîé êóðñ ñ çàíÿòèÿìè â ôîðìàòå
ëåêöèé, ïàðêòèê, êîíòðîëüíûõ çàíÿòèé, ñîçäàâàòü ñâîå ðàñïèñàíèå, à
àâòîìàòèçèðîâàííîå ñîõðàíåíèå ïðîâîäèìûõ óðîêîâ â ôîðìàòå îò÷åòà
îáëåã÷àåò ïðîöåññ ïðåïîäàâàíèÿ, íàïîìíèíàÿ îá èçó÷åííûõ ìàòåðèà-
ëàõ.

Ôóíêöèîíàëüíîñòü ïëàòôîðìû "Odin"âêëþ÷àåò â ñåáÿ áèðæó îá-
ðàçîâàòåëüíûõ ïðîãðàìì, ÷òî ðàñøèðÿåò âîçìîæíîñòè äèñòàíöèîííîãî
îáó÷åíèÿ, óëó÷øàÿ êîììóíèêàöèþ ñòóäåí÷åñêèõ è ïðåïîäàâàòåëüñêèõ
ñîîáùåñòâ ñðåäè äðóãèõ âóçîâ.

Äàííàÿ ïëàòôîðìà ìåíåå ïîïóëÿðíà, ÷åì âûøå óïîìÿíóòûå, îäíàêî
îíà ïîêðûâàåò áîëüøåå êîëè÷åñòâî òðåáîâàíèé, ïðåäñòîâëÿåìûõ ïîëü-
çîâàòåëÿìè ê ñèñòåìå äèñòàíöèîííîãî îáó÷åíèÿ. Ó÷èòûâàÿ âñå ïîëîæè-
òåëüíûå ñòîðîíû, ïëàòôîðìà "Odin"ÿâëÿåòñÿ ïëàòíîé, ÷òî çíà÷èòåëüíî
ñóæàåò îáúåì ïîëüçîâàòåëüñêîé àóäèòîðèè è ãîâîðèò îá å¼ íåäîñòóïíî-
ñòè.

Òàêèì îáðàçîì áûëî îïðåäåëåíî, ÷òî íà äàííûé ìîìåíò â ðîññèé-
ñêîì ñåãìåíòå ïðîãðàììíûõ ðåøåíèé îòñóòñòâóþò ïëàòôîðìû, êîòîðûå
áû óäîâëåòâîðÿëè òðåáîâàíèÿì ïîëüçîâàòåëåé êîìïàíèé, ïðåäîñòàâëÿ-
þùèõ îáðàçîâàòåëüíûå óñëóãè, à èìåííî îòñóòñòâèå èíñòðóìåíòàðèÿ
óïðàâëåíèÿ îðãàíèçàöèåé è ïðåäîñòàâëåíèÿ îáðàçîâàòåëüíûõ óñëóã.

Íà îñíîâå àíàëèçà äàëåå ïðèâîäèòñÿ ïåðå÷åíü òðåáîâàíèé, ïðåäú-
ÿâëÿåìûõ àâòîðàìè ñòàòüè ê òåîðåòè÷åñêè ïðèåìëåìîé ïëàòôîðìå äëÿ
ïîëüçîâàòåëåé ÑÄÎ.

1. Óäîáíàÿ íàâèãàöèÿ ïî ïëàòôîðìå áóäåò äîñòèãíóòà ñ ïîìîùüþ
èíòóèòèâíî ïîíÿòíîãî èíòåðôåéñà. Òàêèì îáðàçîì, ïîëüçîâàòåëü íå áó-
äåò òðàòèòü ìíîãî âðåìåíè íà çàïîìèíàíèå ðàñïîëîæåíèÿ âêëàäîê è
ïîèñê íóæíîé èíôîðìàöèè;

2. Îïðåäåëåííàÿ ãðóïïà ïîëüçîâàòåëåé (ó÷àùèåñÿ, ðîäèòåëè, ïðå-
ïîäàâàòåëè, àäìèíèñòðàòîðû, ìåòîäèñòû, ïðåäïðèíèìàòåëè) äîëæíà
èìåòü ïîëíóþ ôóíêöèîíàëüíîñòü. Ãîòîâîå ïðîãðàììíîå îáåñïå÷åíèå íå
äîëæíî òðåáîâàòü ñïåöèàëüíûõ çíàíèé äëÿ íàñòðîéêè. Â ïðîòèâíîì
ñëó÷àå íåïîëíàÿ ôóíêöèîíàëüíîñòü ïëàòôîðìû äëÿ å¼ äîïîëíåíèÿ ïî-
òðåáóåò çíàíèé ñïåöèàëèñòîâ, òîãäà ïîäãîòîâêà ïëàòôîðìû äëÿ èñïîëü-
çîâàíèÿ çàéìåò áîëüøå âðåìåíè è äåíåæíûõ ñðåäñòâ;

3. Ïðåïîäàâàòåëÿì âàæíî óäîáñòâî ïðè íàñòðîéêå êóðñà, âîçìîæ-
íîñòü ïðîâîäèòü âñå âèäû ðàáîò (òåñòû, ëåêöèè, ñåìèíàðû) è âèäåîêîí-
ôåðåíöèè ïðÿìî íà ïëàòôîðìå;
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4. Äîñòóïíîñòü ðàñøèðåííîé ôóíêöèîíàëüíîñòè äîëæíà áûòü â îñ-
íîâíîé âåðñèè ïëàòôîðìû áåç çàãðóçêè ïëàãèíîâ;

5. Â êà÷åñòâå äîïîëíèòåëüíîé ôóíêöèîíàëüíîñòè ìîæíî èñïîëüçî-
âàòü èíòåãðàöèþ ñ CRM (ñ àíãë. ¾customer relationship management¿ -
ñèñòåìà óïðàâëåíèÿ âçàèìîîòíîøåíèÿìè ñ êëèåíòàìè). Èìåííî òàêàÿ
èíòåãðàöèÿ ïîçâîëèò äàòü îïðåäåëåííóþ ôóíêöèîíàëüíîñòü(íàñòðîèòü
èíñòðóìåíòû ìåíåäæåðîâ äëÿ ðàáîòû ñ êëèåíòàìè, à òàêæå ãðàìîòíî
ðåàëèçîâàòü îáùåíèå ìåæäó ïîëüçîâàòåëÿìè) è íàñòðîèòü âçàèìîäåé-
ñòâèå âñåõ ãðóïï ïîëüçîâàòåëåé;

6. Ïëàòôîðìà äîëæíà èìåòü âîçìîæíîñòü ïîääåðæèâàòü ðàçëè÷-
íîãî ðîäà ôàéëîâûå ðàñøèðåíèÿ. Óäîâëåòîâðåíèå äàííîãî òðåáîâàíèÿ
ïîçâîëèò ïðåïîäàâàòåëþ äåëèòüñÿ èíôîðìàöèåé â ëþáîì óäîáíîì äëÿ
íåãî ôîðìàòå, à òàêæå ïîëó÷àòü å¼ îò ó÷åíèêîâ;

7. Ïîääåðæêà ìîáèëüíûõ ïðèëîæåíèé. Âàæíî, ÷òîáû äîñòóï ê
ïëàòôîðìå íå áûë îãðàíè÷åí íîóòáóêîì èëè ñòàöèîíàðíûì êîìïüþ-
òåðîì. ×àñòî ïîëüçîâàòåëè áóäó÷è â ïîåçäêå, ñòàëêèâàþòñÿ ñ íåîáõîäè-
ìîñòüþ çàéòè íà ïëàòôîðìó.

8. Ïëàòôîðìà äîëæíà áûòü áåñïëàòíîé èëè ïî äîñòóïíîé äëÿ êàæ-
äîãî öåíå.

Çàêëþ÷åíèå

Ñóùåñòâóåò ìíîæåñòâî ðàçëè÷íûõ ñèñòåì äèñòàíöèîííîãî îáó÷åíèÿ,
êàæäàÿ èç êîòîðûõ èìååò ñâîþ ôóíêöèîíàëüíîñòü, ñèëüíûå è ñëàáûå
ñòîðîíû. Îäíàêî ïîòðåáíîñòè ïîëüçîâàòåëåé ñèñòåì ÄÎ ðàñòóò, âîçíè-
êàþò ïîñòîÿííî ôóíêöèîíèðóþùèå ÷àñòíûå îíëàéí-øêîëû ñ áîëüøèì
êîëè÷åñòâîì êîíòàêòíûõ ÷àñîâ. Àíàëèç ñóùåñòâóþùèõ ïðåäëîæåíèé
ñðåäè ñèñòåì óïðàâëåíèÿ îáó÷åíèåì ïîêàçàë, ÷òî íè îäíà èç ïëàòôîðì
íå ìîæåò ïîëíîñòüþ óäîâëåòâîðÿòü ïîòðåáíîñòè îíëàéí-øêîëû ïî îêà-
çàíèþ óñëóã äèñòàíöèîííîãî îáðàçîâàíèÿ. Òàêèì îáðàçîì, ôîðìèðóåòñÿ
àêòóàëüíîñòü ðàçðàáîòêè ïðîãðàììíîãî ïðîäóêòà, îòâå÷àþùåãî ìèíè-
ìàëüíûì òðåáîâàíèÿì, êîòîðûé ïðåäëàãàþò àâòîðû íàñòîÿùåé ñòàòüè.
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ýêîíîìè÷åñêàÿ øêîëà�, ã. Ñàíêò-Ïåòåðáóðã, Ðîññèÿ

Â ðàìêàõ íàñòîÿùåé ðàáîòû àâòîðû ïðåäñòàâèëè îïðåäåëåíèå
ïóáëè÷íîé èñòîðèè êàê íàïðàâëåíèÿ èñòîðè÷åñêîé íàóêè, îöå-
íèëè ïðîáëåìû ïîïóëÿðèçàöèè ðåçóëüòàòîâ èñòîðè÷åñêèõ èñ-
ñëåäîâàíèé, âûäâèíóëè ãèïîòåçó î ïåðñïåêòèâíîñòè èñïîëü-
çîâàíèÿ ñîâðåìåííûõ ïðîãðàììíî-âû÷èñëèòåëüíûõ è ìåäèà-
èíôîðìàöèîííûõ èíñòðóìåíòîâ â êà÷åñòâå ñðåäñòâà ðàçâèòèÿ
àêàäåìè÷åñêîé èñòîðèè ïîñðåäñòâîì ïîïóëÿðèçàöèè îòå÷åñòâåí-
íîé èñòîðèè â êóëüòóðíî-ðàçâëåêàòåëüíîé ñôåðå â óñëîâèÿõ ÷åò-
â¼ðòîé èíôîðìàöèîííîé ðåâîëþöèè, ïðîâåëè àíàëèç ñóùåñòâó-
þùèõ ìîáèëüíûõ ïðèëîæåíèé ïî ïîïóëÿðíî-èñòîðè÷åñêîé òå-
ìàòèêå è ïðåäñòàâèëè èõ îãðàíè÷åíèÿ ñ òî÷êè çðåíèÿ ðåøåíèÿ
çàäà÷è ïîïóëÿðèçàöèè ðåçóëüòàòîâ èñòîðè÷åñêèõ èññëåäîâàíèé
è àêàäåìè÷åñêîãî èñòîðè÷åñêîãî çíàíèÿ.Êëþ÷åâûå ñëîâà: èñ-
òîðèÿ, ïóáëè÷íàÿ èñòîðèÿ, ïðîãðàììíîå îáåñïå÷åíèå, ãóìàíè-
òàðíûå íàóêè, ïðèêëàäíûå ãóìàíèòàðíûå èññëåäîâàíèÿ, ñîöè-
àëüíûå ñåòè, ïðîãðàììíûå ïðîäóêòû.

Ââåäåíèå

Êîììåðöèàëèçàöèÿ òåõíè÷åñêèõ è ãóìàíèòàðíî-îáùåñòâåííûõ íàóê,
íà÷àâøàÿñÿ â ñåðåäèíå 20 âåêà, êàê îäèí èç îñíîâíûõ òðåíäîâ ðàçâè-
òèÿ ìèðîâîé ýêîíîìèêè [1] óæå ñåãîäíÿ âíîñèò çíà÷èòåëüíûå ïðåîáðà-
çîâàíèÿ â ñëîæèâøóþñÿ ñèñòåìó ñîöèàëüíî-ýêîíîìè÷åñêèõ îòíîøåíèé
ìåæäó àêòîðàìè ñôåð áèçíåñà, ïîëèòèêè, íàóêè, êóëüòóðû, à òàêæå ñî-
öèàëüíîé ñôåðû îáùåñòâà [2]. Ñëåäñòâèåì ýòèõ ïðåîáðàçîâàíèé ÿâëÿ-
þòñÿ ïðîäîëæàþùèåñÿ èçìåíåíèÿ âíóòðè ñàìèõ íàó÷íûõ íàïðàâëåíèé,
â òîì ÷èñëå òåõ � îñîáåííî ãóìàíèòàðíûõ � êîòîðûå ðàíåå íå íàõîäè-
ëè øèðîêîãî ïðèêëàäíîãî ïðèìåíåíèÿ âíå àêàäåìè÷åñêèõ èíñòèòóòîâ:
ïñèõîëîãèÿ, ñîöèîëîãèÿ, àíòðîïîëîãèÿ, ïîëèòîëîãèÿ è äð. [1]. Ïðèìåðîì
ñëåäñòâèÿ âîçäåéñòâèÿ ìèðîâûõ òðåíäîâ íà âåêòîð ðàçâèòèÿ íàó÷íîãî
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çíàíèÿ ÿâëÿåòñÿ ïóáëè÷íàÿ èñòîðèÿ, íà ñåãîäíÿøíèé äåíü ÿâëÿþùàÿñÿ
îäíèì èç íàèáîëåå ìîëîäûõ íàïðàâëåíèé àêàäåìè÷åñêîé èñòîðèè êàê
íàóêè.

1. Ïóáëè÷íàÿ èñòîðèÿ è èíòåðåñ ê èñòîðèè

Ïóáëè÷íàÿ èñòîðèÿ êàê íàïðàâëåíèå çàíèìàåòñÿ èçó÷åíèåì ìåñòà
èñòîðè÷åñêîãî çíàíèÿ â ìàññîâîé êóëüòóðå è ïóáëè÷íîé ñðåäå. Ïðåäïî-
ñûëêè äëÿ âîçíèêíîâåíèÿ ðàññìàòðèâàåìîé äèñöèïëèíû ñêëàäûâàëèñü
ñ ñåðåäèíû 20 âåêà â ÑØÀ. Ôàêòîðîì âûõîäà ðåçóëüòàòîâ èñòîðè÷å-
ñêèõ èññëåäîâàíèé çà ñóãóáî àêàäåìè÷åñêèå ðàìêè ñòàëè êà÷åñòâåííûå
èçìåíåíèÿ â ìàññîâîé êóëüòóðå îáùåñòâà, à èìåííî ðîñò ñîöèàëüíî-
ïîëèòè÷åñêîé àêòèâíîñòè íàñåëåíèÿ, ÷òî îçíàìåíîâàëî íà÷àëî ñòàíîâ-
ëåíèÿ èñòîðè÷åñêîãî çíàíèÿ ÷àñòüþ ïîëèòè÷åñêîãî äèñêóðñà ÑØÀ è
äðóãèõ çàïàäíûõ ñòðàí [3]. Â êà÷åñòâå äðàéâåðà ðàçâèòèÿ ïóáëè÷íîé
èñòîðèè, êàê íàó÷íîãî íàïðàâëåíèÿ, íàçûâàþò ðîñò áåçðàáîòèöû â 70-õ
ãîäàõ 20 âåêà, êîñíóâøåãîñÿ è ïðîôåññèîíàëüíûõ èñòîðèêîâ [4]. Êðî-
ìå òîãî, ðîñò èíòåðåñà øèðîêèõ ñëî¼â îáùåñòâà ê èñòîðèè ìîæåò áûòü
ñâÿçàí ñ îáùèì ïîâûøåíèåì óðîâíÿ îáðàçîâàííîñòè íàñåëåíèÿ.

Íà ñåãîäíÿøíèé äåíü â Ðîññèè îòìå÷àåòñÿ ñíèæåíèå èíòåðåñà ìî-
ëîä¼æè ê øêîëüíîé è àêàäåìè÷åñêîé èñòîðèè [5], ÷òî, áåçóñëîâíî, ñî-
ñòàâëÿåò ïðîáëåìó íàöèîíàëüíîãî ìàñøòàáà. Â ýòîé ñâÿçè è ôîðìèðó-
åòñÿ àêòóàëüíîñòü èññëåäîâàíèé, ïîñâÿùåííûõ ðåøåíèþ ïðîáëåìû íèç-
êîé âîñòðåáîâàííîñòè èñòîðè÷åñêîãî çíàíèÿ ó ìàññîâîãî ïîòðåáèòåëÿ, â
òîì ÷èñëå èñòîðèè ðîäíîé ñòðàíû. Ïî ðåçóëüòàòàì îïðîñà ÂÖÈÎÌ îò
6 äåêàáðÿ 2021 ãîäà, ñî ñíèæåíèåì âîçðàñòà ðåñïîíäåíòîâ ñíèæàëñÿ è
óðîâåíü èñòîðè÷åñêèõ çíàíèé îïðàøèâàåìûõ. Íèæå ïðèâîäèòñÿ ïðèìåð
ñ âîïðîñîì î ïîëíîì íàçâàíèè àááðåâèàòóðû �ÑÑÑÐ�:

Òàáëèöà 1
Îòâåòû íà âîïðîñ ÂÖÈÎÌ �Âû çíàåòå èëè íå çíàåòå, êàê ðàñøèôðîâûâàåòñÿ
ÑÑÑÐ? Åñëè çíàåòå, ïîæàëóéñòà, ðàñøèôðóéòå�, â % [6]

Âîçðàñò 18-24 25-34 35-44 45-59 60

Ñîþç Ñîâåòñêèõ Ñîöèàëèñòè-
÷åñêèõ Ðåñïóáëèê

59 60 76 94 95

Äðóãîé îòâåò 14 17 12 2 2
Íå çíàþ / çàòðóäíÿþñü îòâå-
òèòü

27 23 12 4 3
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×åðåç ïîëãîäà ÂÖÈÎÌ òàêæå ïðîâ¼ë îïðîñ, â êîòîðîì ó ðåñïîí-
äåíòîâ âûÿñíÿëè íàëè÷èå â èõ ñåìüÿõ ðîäñòâåííèêîâ, ó÷àñòâîâàâøèõ â
Âåëèêîé Îòå÷åñòâåííîé âîéíå.

Òàáëèöà 2
Îòâåòû íà âîïðîñ ÂÖÈÎÌ �Áûëè ëè ñðåäè Âàøèõ ðîäñòâåííèêîâ ó÷àñòíèêè
Âåëèêîé Îòå÷åñòâåííîé âîéíû? Åñëè áûëè, òî çíàåòå ëè Âû ïîäðîáíîñòè èõ
æèçíè â ãîäû âîéíû?�, â %[7]

Âîçðàñò 18-24 25-34 35-44 45-59 60

Äà, ÿ ìíîãî çíàþ îá ýòîì èç
ðàññêàçîâ ìîèõ áëèçêèõ, ñåìåé-
íûõ àðõèâîâ (ïèñåì, ôîòî)

24 26 42 51 56

ß çíàþ, ÷òî ìîè ðîäñòâåííèêè
âîåâàëè, íî ïîäðîáíîñòè ìíå
íåèçâåñòíû

48 46 37 37 32

Ñðåäè ìîèõ ðîäñòâåííèêîâ áû-
ëè ó÷àñòíèêè âîéíû, íî î íèõ
ìíå íè÷åãî íåèçâåñòíî

11 10 5 7 5

Íèêòî èç ìîèõ ðîäñòâåííèêîâ
íå ó÷àñòâîâàë â âîéíå

4 6 10 2 3

ß íå çíàþ, ó÷àñòâîâàë ëè êòî-
òî èç ìîèõ ðîäñòâåííèêîâ â
âîéíå èëè íåò

12 12 5 3 3

Çàòðóäíÿþñü îòâåòèòü 1 0 1 0 1

Ðåçóëüòàòû îáîèõ îïðîñîâ äåìîíñòðèðóþò ñðàâíèòåëüíî íèçêèå çíà-
íèÿ ìîëîä¼æè Ðîññèè îá èñòîðèè ñâîåé ñòðàíû, ÷òî äåìîíñòðèðóåò íà-
ëè÷èå ïðîáëåìû ïîïóëÿðèçàöèè èñòîðèè â ïóáëè÷íîì ïîëå.

Ïðè ýòîì ñ ðàçâèòèåì ñîâðåìåííûõ ñðåäñòâ êîììóíèêàöèè ðàñòóò
è âîçìîæíîñòè ïðåäñòàâëåíèÿ èñòîðè÷åñêîãî çíàíèÿ ìàññîâîìó ïîòðå-
áèòåëþ. Íà ñåãîäíÿøíèé äåíü èñòîðè÷åñêèå áëîãè ÿâëÿþòñÿ îäíèì èç
îñíîâíûõ ðàçäåëîâ êðóïíåéøèõ ìèðîâûõ âèäåîõîñòèíãîâ. Èíòåðåñ ñî-
âðåìåííîãî îáùåñòâà, â òîì ÷èñëå ðîññèÿí, ê èñòîðè÷åñêèì Èíòåðíåò-
êàíàëàì äåìîíñòðèðóåò ïîïóëÿðíîñòü ìåäèà-êîíòåíòà, îñíîâîé êîòîðûõ
ÿâëÿþòñÿ ðåçóëüòàòû èñòîðè÷åñêèõ èññëåäîâàíèé [8].

Âûøåîïèñàííîå ÿâëåíèå ìîæåò áûòü îáúÿñíåíî çàêëþ÷åíèåì ÞÍÅ-
ÑÊÎ, íà êîòîðîå çà÷àñòóþ ññûëàþòñÿ èññëåäîâàòåëè îáëàñòåé ïðåïîäà-
âàíèÿ èñòîðèè è ïîïóëÿðèçàöèÿ èñòîðè÷åñêèõ çíàíèé: ñîâìåñòíîå ïðè-
ìåíåíèå ÷åëîâåêîì àóäèàëüíûõ è âèçóàëüíûõ êàíàëîâ ïîëó÷åíèÿ èí-
ôîðìàöèè îáåñïå÷èâàåò 65%-å óñâîåíèå èíôîðìàöèè, ÷òî ñîçäà¼ò ñè-
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íåðãè÷íûé ýôôåêò â ñðàâíåíèè ñ ðåçóëüòàòàì óñâîåíèÿ èíôîðìàöèè
ïðè ïðèìåíåíèè ñðåäñòâ ñëóøàíèÿ (12%) è ÷òåíèÿ (25%) îòäåëüíî äðóã
îò äðóãà [9].

Äðóãîé äîñòóïíîé àíàëîãèåé ÿâëÿåòñÿ òåçèñ Ýäãàðà Äåéëà î ïðå-
ïîäàâàíèè èçó÷àåìîãî ìàòåðèàëà è åãî èñïîëüçîâàíèè â ñîáñòâåííîé
æèçíè êàê �íàèáîëåå ýôôåêòèâíîì ñïîñîáå âûó÷èòü ÷òî-ëèáî�, à òàê-
æå îáû÷íîì ñëóøàíèè èëè ÷òåíèè êàê, íàîáîðîò, íàèìåíåå ýôôåêòèâ-
íîì [10]. È õîòÿ ÷àñòî ïðèâîäèìûå â ñåòè �Èíòåðíåò� âåðñèè òàê íà-
çûâàåìîãî �Êîíóñà Äåéëà� ÿâëÿþòñÿ ëèøü îïèñàòåëüíîé èëëþñòðàöè-
åé âûøåïðèâåä¼ííûõ ñëîâ àìåðèêàíñêîãî ïåäàãîãà è íå ïîçâîëÿþò íàì
îïèðàòüñÿ íà êîíêðåòíûå ïîêàçàòåëè óñâîåíèÿ ó÷åíèêàìè èëè ñëóøà-
òåëÿìè ìàòåðèàëà, îíè òàêæå äåìîíñòðèðóþò ïðèíöèï ðîñòà óñâîåíèÿ
ìàòåðèàëà ïðè èñïîëüçîâàíèè ñëóøàòåëåì áîëåå è áîëåå ñëîæíûõ ñïî-
ñîáîâ ïîçíàíèÿ, ÷åì êëàññè÷åñêèå ñëóøàíèå è ÷òåíèå.

Çàäà÷à ïîïóëÿðèçàöèè èñòîðè÷åñêîãî çíàíèÿ òåñíî ñâÿçàíà ñ ãëî-
áàëüíûì ÿâëåíèåì ðàñïðîñòðàíåíèÿ èíôîðìàöèè è èíôîðìàöèîííûìè
òåõíîëîãèÿìè â öåëîì. Âûäåëÿþò ÷åòûðå èíôîðìàöèîííûõ ðåâîëþöèè,
ïðîèçîøåäøèå â õîäå ðàçâèòèÿ ÷åëîâå÷åñòâà:

1) Ïåðâàÿ èíôîðìàöèîííàÿ ðåâîëþöèÿ � ïèñüìåííîñòü;

2) Âòîðàÿ èíôîðìàöèîííàÿ ðåâîëþöèÿ � êíèãîïå÷àòàíèå;

3) Òðåòüÿ èíôîðìàöèîííàÿ ðåâîëþöèÿ � òåëåãðàô, òåëåôîí, ðàäèî,
òåëåâèäåíèå;

4) ×åòâ¼ðòàÿ èíôîðìàöèîííàÿ ðåâîëþöèÿ � ñåòü ¾Èíòåðíåò¿ [11].

Êàæäûé ïîñëåäóþùèé ýòàï áûë êîðî÷å, ÷åì ïðåäûäóùèé, ÷òî ñâè-
äåòåëüñòâóåò î ïîñòîÿííîì ðîñòå ñêîðîñòè ðàçâèòèÿ èíôîðìàöèîííûõ
òåõíîëîãèé. Òàêæå ìîæíî îòìåòèòü, ÷òî êàæäàÿ íîâàÿ èíôîðìàöèîí-
íàÿ ðåâîëþöèÿ óñëîæíÿåò ñðåäñòâà å¼ ïåðåäà÷è, òðåáóÿ îò ÷åëîâåêà ïðè-
ìåíÿòü âñ¼ áîëüøåå ÷èñëî àóäèàëüíûõ è âèçóàëüíûõ êàíàëîâ ïîëó÷åíèÿ
èíôîðìàöèè è ñðåäñòâ ïîçíàíèÿ (ïî Äåéëó). Ïðè ýòîì êàæäàÿ î÷åðåä-
íàÿ èíôîðìàöèîííàÿ ðåâîëþöèÿ ïîëíîñòüþ íå îòìåíÿåò ïðåæíèå èí-
ñòðóìåíòû ðàñïðîñòðàíåíèÿ èíôîðìàöèè, îäíàêî ïîñòåïåííî ñíèæàåò
èõ àêòóàëüíîñòü è ðàñïðîñòðàíåíèå â ïîëüçó áîëåå íîâûõ.

Èç âûøåïðèâåäåííîãî ìîæíî ñäåëàòü ïðåäïîëîæåíèå, ÷òî îñíîâíîé
ñëîæíîñòüþ ðàçâèòèÿ ïóáëè÷íîé èñòîðèè è îáùåãî ïîâûøåíèÿ èíòåðåñà
ìàññîâîãî ïîòðåáèòåëÿ ê èñòîðè÷åñêîìó çíàíèþ ÿâëÿåòñÿ îòíîñèòåëü-
íî íèçêàÿ ýôôåêòèâíîñòü íàèáîëåå ðàñïðîñòðàíåííûõ íà ñåãîäíÿøíèé
äåíü èíñòðóìåíòîâ ïåðåäà÷è èíôîðìàöèè ÷åëîâåêó. ×òî ñîçäàåò çàïðîñ
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íà èññëåäîâàíèÿ ïðèìåíèìîñòè ñóùåñòâóþùèõ ñðåäñòâ îáðàáîòêè, ïîä-
ãîòîâêè è ïîäà÷è èíôîðìàöèè ê çàäà÷å ïîïóëÿðèçàöèè èñòîðèè, â òîì
÷èñëå îòå÷åñòâåííîé. Â ñâÿçè ñ ýòèì ñîçäàíèå òåìàòè÷åñêîãî êóëüòóðíî-
ðàçâëåêàòåëüíîãî êîíòåíòà, îñíîâîé êîòîðîãî ÿâëÿþòñÿ ðåçóëüòàòû èñ-
òîðè÷åñêèõ èññëåäîâàíèé, ïðåäñòàâëÿåòñÿ â êà÷åñòâå íîâîãî äðàéâà ðàç-
âèòèÿ èñòîðè÷åñêîé íàóêè.

2. Ïîïóëÿðèçàöèÿ èñòîðè÷åñêîãî çíàíèÿ â ïóáëè÷íîì ïîëå

Â êà÷åñòâå ðåøåíèÿ îáîçíà÷åííîé ïðîáëåìû íèçêîãî èíòåðåñà ìàññî-
âîãî ïîòðåáèòåëÿ ê èñòîðè÷åñêîìó çíàíèþ â ðàìêàõ íàñòîÿùåé ðàáîòû
ðàññìàòðèâàåòñÿ èñïîëüçîâàíèå ñîâðåìåííûõ èíñòðóìåíòîâ ïîäãîòîâ-
êè ìåäèà-êîíòåíòà, ñðåäñòâ êîììóíèêàöèè è ìàðêåòèíãà â öåëÿõ ïðî-
äâèæåíèÿ äîñòèæåíèé àêàäåìè÷åñêîé èñòîðè÷åñêîé íàóêè â áîëüøåé
ñòåïåíè â êà÷åñòâå êóëüòóðíî-ðàçâëåêàòåëüíîãî, ÷åì ïðîñâåòèòåëüñêî-
ãî õàðàêòåðà. Òàêèì îáðàçîì, ãèïîòåçîé íàñòîÿùåãî èññëåäîâàíèÿ ÿâ-
ëÿåòñÿ ïðåäïîëîæåíèå î íèçêîé ýôôåêòèâíîñòè òðàäèöèîííûõ ñðåäñòâ
ïîïóëÿðèçàöèè ðåçóëüòàòîâ èñòîðè÷åñêèõ èññëåäîâàíèé è èñòîðè÷åñêî-
ãî çíàíèÿ.

Â êà÷åñòâå ñðåäñòâà îðãàíèçàöèè ïðîäâèæåíèÿ äîñòèæåíèé àêàäå-
ìè÷åñêîé íàóêè â ïóáëè÷íîé ñðåäå àâòîðàìè ðàññìàòðèâàåòñÿ èñïîëüçî-
âàíèå ïîëüçîâàòåëüñêîãî ìîáèëüíîãî ïðîãðàììíîãî îáåñïå÷åíèÿ (ïðè-
ëîæåíèÿ, äàëåå - ÏÎ), êîòîðîå áû ïîçâîëèëî ïðîôèëüíûì ñïåöèàëèñòàì
ïðåäñòàâëÿòü ðåçóëüòàòû íàó÷íûõ èññëåäîâàíèé â êà÷åñòâå êóëüòóðíî-
ðàçâëåêàòåëüíîãî êîíòåíòà äëÿ ìàññîâîãî ïîòðåáèòåëÿ.

Àâòîðàìè áûë ïðîâåä¼í àíàëèç ñóùåñòâóþùèõ îòå÷åñòâåííûõ è çà-
ðóáåæíûõ ìîáèëüíûõ ÏÎ ïîïóëÿðíî-èñòîðè÷åñêîé íàïðàâëåííîñòè, íà-
öåëåííûõ íà ìàññîâîãî ïîòðåáèòåëÿ. Èñïîëüçîâàíèå èíîñòðàííûõ ïðè-
ëîæåíèé, ïî ìíåíèþ àâòîðîâ, â ñåãîäíÿøíèõ óñëîâèÿõ îãðàíè÷èâàåòñÿ
öåëûì ðÿäîì ïðè÷èí, â ÷èñëî êîòîðûõ ïîïàëè îòñóòñòâèå ïîïóëÿðíîãî
ìåäèà-êîíòåíòà îá èñòîðèè Ðîññèè (¾Today's Document¿), ñàíêöèîííûå
îãðàíè÷åíèÿ íà îáíîâëåíèÿ è ïîääåðæêó ïðèëîæåíèé (¾Historypin¿),
à òàêæå ñòðàòåãè÷åñêàÿ çàäà÷à ëîêàëèçàöèè ðàçðàáîòêè îòå÷åñòâåííî-
ãî èñòîðè÷åñêîãî ìåäèà-êîíòåíòà íà òåððèòîðèè Ðîññèè. Àâòîðàìè âû-
äåëåíû ïðèëîæåíèÿ, ïðåäëàãàþùèå ïîëüçîâàòåëþ ïàññèâíîå ïîòðåáëå-
íèå èñòîðè÷åñêîãî â ôîíîâîì ðåæèìå ìîáèëüíîãî óñòðîéñòâà (¾History
Today¿), íàãëÿäíóþ èíôîãðàôèêó è âèçóàëèçàöèþ (¾World History
Atlas¿, ¾History: Maps Of World¿) èëè ïðèëîæåíèÿ, ïîñòðîåííûå â âè-
äå èíôîðìàöèîííî-ñïðàâî÷íîé ñèñòåìû (¾Èñòîðè÷åñêàÿ áèáëèîòåêà¿,
¾Redigo¿). Òàêæå àâòîðàìè ñòàòüè áûëè âûäåëåíû ïðèëîæåíèÿ, èñ-
ïîëüçóþùèå êîíöåïöèþ èãðîôèêàöèè ïðè ïîòðåáëåíèè èñòîðè÷åñêî-
ãî çíàíèÿ (¾Êðóãîçîð¿) èëè ïîñòðîåííûå â êà÷åñòâå èãðû (Civilization
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Revolution 2), ÷òî ðàññìàòðèâàåòñÿ êàê ïîïóëÿðíîå íàïðàâëåíèå óâåëè-
÷åíèÿ âîâëå÷¼ííîñòè ïîëüçîâàòåëÿ. Íàèáîëüøèé èíòåðåñ àâòîðîâ áûë
âûçâàí ìîáèëüíûìè ïðèëîæåíèÿìè, ïîäàþùèå ìåäèà-êîíòåíò â çàâè-
ñèìîñòè îò ïîâåäåíèÿ ïîëüçîâàòåëÿ (¾izi.TRAVEL¿) è èñïîëüçóþùèå
ýëåìåíòû èãðîôèêàöèè ïðè èñïîëüçîâàíèè (¾TripQuest¿).

Ïðè âñ¼ì ìíîãîîáðàçèè ìîáèëüíûõ ðåøåíèé, ïîñâÿù¼ííûõ ïîïóëÿðíî-
èñòîðè÷åñêîìó êîíòåíòó, áûë âûâåäåí ðÿä èõ îãðàíè÷åíèé ïî ïîïóëÿ-
ðèçàöèè ðåçóëüòàòîâ èñòîðè÷åñêèõ èññëåäîâàíèé è àêàäåìè÷åñêîãî èñ-
òîðè÷åñêîãî çíàíèÿ. Ê òàêîâûì îòíîñÿòñÿ:

1) Åäèíèöû ìåäèà-êîíòåíòà ïðèëîæåíèé (âèäåîðîëèê, ñòàòüÿ èëè ñî-
îáùåíèå) çà÷àñòóþ ¾ïðèâÿçàíû¿ ê êîíêðåòíûì ôèçè÷åñêèì îáú-
åêòàì (çäàíèÿì, óëèöàì, äîñòîïðèìå÷àòåëüíîñòÿì) èëè èñòîðè÷å-
ñêèì ëè÷íîñòÿì, íî íå ó÷èòûâàþò ïðîòÿæ¼ííûå èëè àáñòðàêòíûå
îáúåêòû, êîòîðûå ìîãóò áûòü ñâÿçàíû ñ èñòîðè÷åñêèìè ñîáûòèÿ-
ìè (ïðåäìåò ñïîðà ãîñóäàðñòâ, ìåñòà ñðàæåíèé èëè íàáåãîâ è ò.ä.);

2) Ïðèëîæåíèÿ ÷àùå âñåãî ïðåäñòàâëÿþò èñòîðè÷åñêèé ìåäèà-
êîíòåíò, ïîñâÿù¼ííûé ãîðîäàì èëè, ðåæå, áîëåå ìåëêèì íàñåë¼í-
íûì ïóíêòàì, çà÷àñòóþ èãíîðèðóÿ èñòîðè÷åñêèå ñîáûòèÿ èëè ìå-
ñòà çà èõ ïðåäåëàìè;

3) Â ïîëîâèíå ñëó÷àåâ ïðèëîæåíèÿ îðèåíòèðîâàíû íà òóðèñòîâ â êà-
÷åñòâå ñâîåé öåëåâîé àóäèòîðèè, à íå íà áîëåå øèðîêîãî ïîòðåáè-
òåëÿ.

4) Â áîëüøèíñòâå ñëó÷àåâ ïðèëîæåíèÿ íå èìåþò ýëåìåíòîâ âçàèìî-
äåéñòâèÿ ñ ïîëüçîâàòåëåì èëè ýëåìåíòîâ èãðîôèêàöèè;

5) Â ïîäàâëÿþùåì áîëüøèíñòâå ñëó÷àåâ ìåäèà-êîíòåíò ôîðìèðóåò-
ñÿ íà îñíîâå ðàíåå îáðàáîòàííîé îáùåäîñòóïíîé èíôîðìàöèè, ÷òî
èãíîðèðóåò ðåçóëüòàòû îòíîñèòåëüíî íåäàâíèõ èñòîðè÷åñêèõ èñ-
ñëåäîâàíèé;

6) Ïðèëîæåíèÿ ïðåäëàãàþò íåïðîòèâîðå÷èâîå èñòîðè÷åñêîå çíàíèå,
êîòîðîå â ðåàëüíîñòè ÷àùå âñåãî èìååò ñïîðíûé è ñïåêóëÿòèâíûé
õàðàêòåð, ÷òî òðåáóåò åãî îáúåêòèâíîãî ðàññìîòðåíèÿ ñ ðàçëè÷íûõ
òî÷åê çðåíèÿ, â òîì ÷èñëå ïðîòèâîïîëîæíûõ;

7) Â áîëüøèíñòâå ïðèëîæåíèé îòñóòñòâóþò ñèñòåìû âçàèìîäåéñòâèÿ
ñ ¾ïîñòàâùèêàìè¿ èñòîðè÷åñêîãî çíàíèÿ, òî åñòü ñ äèïëîìèðîâàí-
íûìè èñòîðèêàìè;
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Òàêèì îáðàçîì, áûëè îïðåäåëåíû îãðàíè÷åíèÿ ïðåäñòàâëåííûõ íà
ðîññèéñêîì è çàðóáåæíîì ðûíêàõ ìîáèëüíûõ ïðîãðàììíûõ ðåøåíèé ïî
ïîïóëÿðèçàöèè ðåçóëüòàòîâ èñòîðè÷åñêèõ èññëåäîâàíèé è àêàäåìè÷å-
ñêîãî èñòîðè÷åñêîãî çíàíèÿ, íèâåëèðîâàíèå êîòîðûõ ïîìîæåò ñîçäàòü
ðàçðàáîò÷èêàì óñòîé÷èâîå êîíêóðåíòíîå ïðåèìóùåñòâî. Êðîìå âûÿâ-
ëåíèÿ çàÿâëåííûõ îãðàíè÷åíèé, àâòîðû îòìå÷àþò, ÷òî áîëüøèíñòâî ñî-
âðåìåííûõ ïðèëîæåíèé ïîïóëÿðíî-èñòîðè÷åñêîé íàïðàâëåííîñòè, â òîì
÷èñëå, ðîññèéñêèõ, íå îòâå÷àþò òðåáîâàíèÿì, äèêòóåìûì ÷åòâ¼ðòîé èí-
ôîðìàöèîííîé ðåâîëþöèåé, à òàêæå çàäà÷åé óñëîæíåíèÿ ñïîñîáîâ ïî-
çíàíèÿ èñòîðè÷åñêèõ çíàíèé ìàññîâûì ïîòðåáèòåëåì è óâåëè÷åíèÿ åãî
âîâëå÷¼ííîñòè â äàííûé ïðîöåññ. Èòîãîì âûøåñêàçàííîãî ÿâëÿåòñÿ óâå-
ðåííîñòü àâòîðîâ â àêòóàëüíîñòè ðàçðàáîòêè â ñîîòâåòñòâèè ñ ðåçóëü-
òàòàìè êîíêóðåíòíîãî àíàëèçà è çàÿâëåííûìè òåçèñàìè îòå÷åñòâåííîãî
ìîáèëüíîãî ïðèëîæåíèÿ ïî ïîïóëÿðèçàöèè ðåçóëüòàòîâ èñòîðè÷åñêèõ
èññëåäîâàíèé.

Êîíöåïöèÿ ïëàíèðóåìîãî ê ðàçðàáîòêå ÏÎ ïðåäïîëàãàåò ïóáëèêà-
öèþ èíôîðìàöèè îá èñòîðè÷åñêèõ ñîáûòèÿõ ñ ¾ïðèâÿçêîé¿ ê êîîðäè-
íàòíîé ñåòêå íåêîòîðîé òåððèòîðèè (ðåãèîíà èëè ñòðàíû), ñ êîòîðîé êî-
íå÷íûé ïîòðåáèòåëü êóëüòóðíî-ðàçâëåêàòåëüíîãî êîíòåíòà (îñíîâó êî-
òîðîãî ñîñòàâëÿåò èñòîðè÷åñêîå çíàíèå) ìîæåò îçíàêîìèòüñÿ ïðè ñâî¼ì
íàõîæäåíèè â ñîîòâåòñòâóþùåé ëîêàöèè, ÷òî îáåñïå÷èò ñâÿçü àâòîðîâ è
ïîòðåáèòåëåé ðåçóëüòàòîâ èñòîðè÷åñêèõ èññëåäîâàíèé â ðàìêàõ îäíîé
èíôîðìàöèîííîé ñèñòåìû. Â êîíå÷íîì ñ÷¼òå îæèäàåòñÿ, ÷òî èñïîëüçî-
âàíèå ýëåìåíòîâ ðàçâëåêàòåëüíîãî õàðàêòåðà â ïðîöåññàõ ïîïóëÿðèçà-
öèè èñòîðè÷åñêîãî çíàíèÿ ïîñðåäñòâîì ñîçäàíèÿ è òèðàæèðîâàíèÿ ïðî-
ãðàììíîãî ïðîäóêòà ïîâûñèò èíòåðåñ ìàññîâîãî ïîòðåáèòåëÿ ê èñòîðè-
÷åñêîìó çíàíèþ, êàê ê êóëüòóðíî-ðàçâëåêàòåëüíîìó êîíòåíòó, ÷òî, ñî-
îòâåòñòâåííî, ïîâûñèò âîñòðåáîâàííîñòü ðåçóëüòàòîâ èñòîðè÷åñêèõ èñ-
ñëåäîâàíèé ñïåöèàëèñòîâ-èñòîðèêîâ è îáùèé óðîâåíü çíàíèÿ íàñåëåíèÿ
Ðîññèéñêîé Ôåäåðàöèè î ðîäíîé èñòîðèè.

Çàêëþ÷åíèå

Òàêèì îáðàçîì, â ðàìêàõ ðàáîòû áûëè ïðèâåäåíû ïðåäïîñûëêè ñòà-
íîâëåíèÿ ïóáëè÷íîé èñòîðèè â êà÷åñòâå íîâîãî íàïðàâëåíèÿ àêàäåìè-
÷åñêîé èñòîðèè, à òàêæå ðàññìîòðåíà ïðîáëåìà ñðàâíèòåëüíî íèçêîãî
óðîâíÿ çíàíèé ñîâðåìåííîãî ðîññèéñêîãî îáùåñòâà îá èñòîðè÷åñêèõ ñî-
áûòèÿõ, â òîì ÷èñëå â ñåãìåíòå îòå÷åñòâåííîé èñòîðèè. Ïî ðåçóëüòà-
òàì àíàëèçà ñòàòèñòè÷åñêèõ äàííûõ îá óðîâíå çíàíèé íàñåëåíèÿ Ðîñ-
ñèè èñòîðèè ðîäíîé ñòðàíû è äàííûõ î ïîïóëÿðíîñòè èñòîðè÷åñêîãî
Èíòåðíåò-êîíòåíòà â êà÷åñòâå îäíîé èç ïðè÷èí îçíà÷åííîé ïðîáëåìû
çàÿâëåí íûíåøíèé èíñòðóìåíòàðèé ïðåïîäàâàíèÿ è ïîïóëÿðèçàöèè èñ-
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òîðèè, êîòîðûé ñåãîäíÿ íå îòâå÷àåò óðîâíþ ðàçâèòèÿ ñîâðåìåííîãî îá-
ùåñòâà êàê îáùåñòâà ïîòðåáëåíèÿ, â òîì ÷èñëå ïîòðåáëåíèÿ èíôîðìà-
öèè. Êàê ïðåäñòàâëÿåòñÿ àâòîðàì íàñòîÿùåé ðàáîòû, ýòî ôîðìèðóåò àê-
òóàëüíîñòü íàó÷íîãî è ìàðêåòèíãîâîãî èññëåäîâàíèÿ ïåðñïåêòèâíîñòè
ïðèìåíåíèÿ ñîâðåìåííûõ èíôîðìàöèîííûõ òåõíîëîãèé, à èìåííî îð-
ãàíèçàöèè ñåòåâîãî âçàèìîäåéñòâèÿ èñòîðèêîâ è ïîòðåáèòåëåé ïîñðåä-
ñòâîì ñîçäàíèÿ ôóíêöèîíàëüíîãî ïðîãðàììíîãî îáåñïå÷åíèÿ (ñîöèàëü-
íîé ñåòè) ïðè ïîääåðæêå èíñòðóìåíòîâ ñîâðåìåííîé ïóáëè÷íîé íàóêè
â êà÷åñòâå ñïîñîáà ïîâûøåíèÿ èíòåðåñà íàñåëåíèÿ ê ðåçóëüòàòàì èñòî-
ðè÷åñêèõ èññëåäîâàíèé.
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ÑÎÇÄÀÍÈÅ ÎÁÐÀÇÎÂÀÒÅËÜÍÛÕ ÏÐÎÃÐÀÌÌ
ÄËß ÈÒ ÈÍÄÓÑÒÐÈÈ Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ

ÏÐÎÄÓÊÒÎÂÎÃÎ ÏÎÄÕÎÄÀ

Ì.Â. Âûãîëîâà, Ä.È. Ãðèö

Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò (íàöèîíàëüíûé

èññëåäîâàòåëüñêèé óíèâåðñèòåò), ã. Äîëãîïðóäíûé, Ðîññèÿ

Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò, âåäóùèé òåõíè÷å-
ñêèé âóç Ðîññèè, çàíèìàåò ëèäèðóþùèå ïîçèöèè â ðåéòèíãàõ
THE, MosIUR, Forbes, ARWU è RAEX. Â ïîñëåäíèå ãîäû âêëþ-
÷èëñÿ â ñåðüåçíóþ êîíêóðåíòíóþ áîðüáó íå òîëüêî ñ êëàññè÷å-
ñêèìè âóçàìè, íî è ñ êîðïîðàòèâíûìè óíèâåðñèòåòàìè è îíëàéí-
ïëîùàäêàìè, êîòîðûå ãîòîâÿò ïðîôåññèîíàëîâ âñå áîëåå âûñî-
êîãî óðîâíÿ â ÈÒ è ñìåæíûõ îáëàñòÿõ. Ãîòîâèòü âîñòðåáîâàí-
íûõ ðûíêîì ñïåöèàëèñòîâ ñòàíîâèòñÿ ñëîæíåå, ïîñêîëüêó ñòåê
òåõíîëîãèé ïîñòîÿííî ìåíÿåòñÿ. Íåîáõîäèìî èìåòü êîíòóð îá-
ðàòíîé ñâÿçè ñ ðàáîòîäàòåëÿìè �àíàëèçèðîâàòü òðåáóåìûå êîì-
ïåòåíöèè è êîððåêòèðîâàòü êîìïåòåíòíîñòíóþ ìîäåëü âûïóñê-
íèêîâ. Îðèåíòèðîâàòüñÿ íà life long learning ñòóäåíòîâ. Ýòè çà-
äà÷è â ÌÔÒÈ ðåàëèçóåò öåíòð ¾Ïóñê¿ ñîâìåñòíî ñ Ôèçòåõ-
øêîëàìè. Â ñòàòüå ðàññìîòðåí ïðîäóêòîâûé ïîäõîä ê îðãàíèçà-
öèè ðàáîòû îáðàçîâàòåëüíûõ êîìàíä. Ïðåäñòàâëåíû íåñêîëüêî
ïðèìåðîâ ðåàëèçàöèè ïðîåêòîâ: ñîçäàíèå îíëàéí-ìàãèñòðàòóð,
ïðîãðàìì ÄÏÎ è ÌÎÎÊ ÌÔÒÈ, ìîäåðíèçàöèÿ ÎÏÎÏ.
Êëþ÷åâûå ñëîâà: âûñøåå îáðàçîâàíèå, ïðîãðàììû îíëàéí ìà-
ãèñòðàòóð, ìîäåðíèçàöèÿ îñíîâíûõ ïðîôåññèîíàëüíûõ îáðàçî-
âàòåëüíûõ ïðîãðàìì, ïðîäóêòîâûé ïîäõîä.

Ââåäåíèå

ÌÔÒÈ íà ïóòè îò ìîäåëè èññëåäîâàòåëüñêîãî óíèâåðñèòåòà ê óíè-
âåðñèòåòó ïðåäïðèíèìàòåëüñêîìó. Îäíèì èç êëþ÷åâûõ ýòàïîâ òàêîãî
ïåðåõîäà ìîæåò ñòàòü ñîçäàíèå ïðåäïðèíèìàòåëüñêèõ êîìàíä âíóòðè
àäìèíèñòðàòèâíîãî ÿäðà Óíèâåðñèòåòà. Â 2021 ãîäó íà áàçå öåíòðà
äîïîëíèòåëüíîãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ è öåíòðà ðàçâèòèÿ
äèñòàíöèîííîãî è ýëåêòðîííîãî îáó÷åíèÿ áûë ñîçäàí Öåíòð äîïîëíè-
òåëüíîãî, äîïîëíèòåëüíîãî ïðîôåññèîíàëüíîãî è îíëàéí-îáðàçîâàíèÿ
"Ïóñê".

Öåëü � çàïóñòèòü â ÌÔÒÈ êîììåð÷åñêè óñïåøíîå íàïðàâëåíèå
îíëàéí-ìàãèñòðàòóð, ñîåäèíèâ âûñîêèé ñòàíäàðò êà÷åñòâà îáðàçîâàíèÿ
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Ôèçòåõà ñ öèôðîâûìè òåõíîëîãèÿìè è lean- èëè áåðåæëèâûì ïîäõîäîì
ê óïðàâëåíèþ ïîðòôåëåì îáðàçîâàòåëüíûõ ïðîäóêòîâ.

1. Îñíîâíûå ïðèíöèïû ðàáîòû

Â 2021 ãîäó Öåíòðîì ñôîðìóëèðîâàíà ãèïîòåçà: â îñíîâå êàæäîãî
âîñòðåáîâàííîãî ðûíêîì ïðîäóêòà ëåæèò ñêèëëñåò èëè íàáîð íàâûêîâ
âûïóñêíèêà. Ñ îäíîé ñòîðîíû, êîìïåòåíöèé èç ïðîôåññèîíàëüíûõ è îá-
ðàçîâàòåëüíûõ ñòàíäàðòîâ, ñ äðóãîé ñòîðîíû - íàâûêîâ ïðîåêòíîé ðà-
áîòû, ïîäõîäîâ ê ðåøåíèþ ïðîáëåì, îïûòà â ðåøåíèè ïðîåêòíûõ çàäà÷
èíäóñòðèè. Ñîòðóäíèêè Öåíòðà "Ïóñê"ñîáèðàþò ñêèëëñåò äëÿ êàæäîé
ïðîãðàììû âìåñòå ñ ïðåäñòàâèòåëÿìè êîìïàíèé è âåäóùèìè ó÷åíûìè.
×òîáû ñîçäàòü ïðîãðàììû ïîä áûñòðî ìåíÿþùèåñÿ òðåáîâàíèÿ ê ñêèëë-
ñåòàì, â öåíòðå ðåàëèçîâàíû ñëåäóþùèå ïðèíöèïû è èíñòðóìåíòû.

1) Ïðîäóêòîâûé ïîäõîä â îíëàéí îáðàçîâàíèè - ñîçäàòü ñðåäó äëÿ ïðî-
åêòèðîâàíèÿ è ðàçðàáîòêè îáðàçîâàòåëüíûõ ïðîãðàìì ïî ìåòîäîëî-
ãèè Agile, êîòîðàÿ ïîçâîëèò ñäåëàòü ýôôåêòèâíûé ïðîöåññ ïðîèç-
âîäñòâà è çàïóñêà îáðàçîâàòåëüíûõ ïðîãðàìì, ïîâûñèò êà÷åñòâî è
ïðàêòè÷åñêóþ îðèåíòèðîâàííîñòü îíëàéí-ïðîãðàìì ÌÔÒÈ.

2) Â öåíòðå ¾Ïóñê¿ ðåàëèçîâàíà ìàòðè÷íàÿ óïðàâëåí÷åñêàÿ ñòðóêòóðà:
îòäåë ïðîäóêòîâîé ðàçðàáîòêè, îòäåë ñîïðîâîæäåíèÿ îáðàçîâàòåëü-
íûõ ïðîãðàìì, îòäåë ìàðêåòèíãà è ïðîäàæ, ðóêîâîäèòåëè ïðîåêòîâ
(ÄÏÎ, Ìàãèñòðàòóðû, Îíëàéí-ïëàòôîðìû). Ðóêîâîäèòåëè ïðîåêòîâ
âûïîëíÿþò ôóíêöèè âëàäåëüöåâ ïðîäóêòà â Agile ìåòîäîëîãèè.

3) Ïðîåêòíîå óïðàâëåíèå. Äëÿ ñîçäàíèÿ ïðîäóêòà, îáðàçîâàòåëüíîé
ïðîãðàììû ëþáîãî îáúåìà - îò ìàññîâîãî îòêðûòîãî îíëàéí-êóðñà
äî ïðîãðàìì îíëàéí ìàãèñòðàòóð è ÄÏÎ, ôîðìèðóåòñÿ ïðîåêòíàÿ
êîìàíäà èç ðóêîâîäèòåëÿ ïðîåêòà è ñîòðóäíèêîâ îòäåëîâ ðàçðàáîò-
êè, ïîääåðæêè è ïðîäâèæåíÿ.

4) Ïëàíèðîâàíèå ïî öåëÿì - ñîòðóäíèêè ïðîåêòíîé êîìàíäû ðàáîòà-
þò â ðàìêàõ êàðòàëüíûõ öåëåé. Öåëè, óòâåðæäåííûå íà êâàðòàë,
äåêîìïîçèðîâàíû íà ñïðèíòû ïî 2 íåäåëè. Êîíòðîëü âûïîëíåíèÿ
öåëåé ïðîèñõîäèò â ðàìêàõ ñïðèíòîâ.

5) Èíñòðóìåíòû: ñòóäèè ñàìîçàïèñè, öèôðîâàÿ ñèñòåìà óïðàâëåíèÿ îá-
ðàçîâàòåëüíûì ïðîöåññîì.

6) Êîíòåíò îíëàéí-ïðîãðàìì ñîçäàåòñÿ èçíà÷àëüíî êàê äåòàëè êîí-
ñòðóêòîðà - ñàìîñòîÿòåëüíûå áëîêè, êòîðîðûå ìîãóò áûòü èñïîëü-
çîâàíû â ðàçëè÷íûõ îáðàçîâàòåëüíûõ ïðîäóêòàõ.

7) Ðàáîòà ñ ïàðòíåðàìè: íàøè ïðîãðàììû ñîçäàþòñÿ ñ ó÷åòîì ìíåíèÿ
ïîòåíöèàëüíûõ ðàáîòîäàòåëåé, ñ ó÷àñòèåì êðóïíûõ èãðîêîâ edtech-
ðûíêà.
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2. Ðåàëèçàöèÿ îíëàéí ìàãèñòðàòóð

Öåíòð ¾Ïóñê¿ ÌÔÒÈ ðàçâèâàåò ïðîãðàììû äîïîëíèòåëüíîãî îáðà-
çîâàíèÿ è ïðîôåññèîíàëüíûå îíëàéí-ìàãèñòðàòóðû â òåñíîé ñâÿçêå ñ
èíäóñòðèàëüíûìè ïàðòíåðàìè, ýêñïåðòàìè ðûíêà è âåäóùèìè edtech-
ïëîùàäêàìè.

Ïðîôåññèîíàëüíûå îíëàéí-ìàãèñòðàòóðû öåíòðà � ýòî ïðèêëàäíûå
ïðîãðàììû, â êîòîðûõ ôóíäàìåíòàëüíàÿ àêàäåìè÷åñêàÿ áàçà ÌÔÒÈ
óñèëåíà ïîääåðæêîé ýêñïåðòîâ ðûíêà è èíäóñòðèàëüíûõ ïàðòíåðîâ.
Ëåêöèè, ñåìèíàðû, õàêàòîíû, ìàñòåð-êëàññû, ãðóïïîâûå ñïðèíòû � ãèá-
êîñòü îáðàçîâàòåëüíûõ ôîðìàòîâ â ïðîãðàììàõ ïîìîãàåò ëó÷øå óñâàè-
âàòü ìàòåðèàë è ñðàçó âíåäðÿòü íîâûå ïðàêòèêè â ñâîþ ðàáîòó. Â ïðî-
öåññå ó÷åáû ñòóäåíòû ïîëó÷àþò íå òîëüêî ýêñïåðòíóþ ïîääåðæêó îò
ïðåïîäàâàòåëåé è ìåíòîðîâ, íî è ìîòèâàöèîííóþ � îò êóðàòîðîâ, ÷òî-
áû íå òåðÿòü íàñòðîé è âñå óñïåâàòü. Åùå îäíà îòëè÷èòåëüíàÿ ÷åðòà
ïðîôåññèîíàëüíûõ ìàãèñòðàòóð öåíòðà � ïîäõîä ê âûïóñêíîé ðàáîòå.
Êðîìå ìàãèñòåðñêîé äèññåðòàöèè òðàäèöèîííîãî àêàäåìè÷åñêîãî ôîð-
ìàòà, ñòóäåíòû ìîãóò âûáðàòü ãðóïïîâîé ïðîåêò ïî ðåøåíèþ ðåàëüíîé
èíäóñòðèàëüíîé çàäà÷è èëè ðàçðàáîòêå íîâîãî ïðîäóêòà äëÿ îòðàñëè.

Â îñåííåì ñåìåñòðå 2022 ãîäà ñòàðòîâàëè 5 ïðîãðàìì ñ îõâàòîì â
áîëåå ÷åì 380 ñòóäåíòîâ: "Ïðèêëàäíîé àíàëèç äàííûõ â ìåäèöèíå";
"Íàóêè î äàííûõ"; "Óïðàâëåíèå öèôðîâûì ïðîäóêòîì"; "Ôèíàíñîâûå
òåõíîëîãèè è àíàëèòèêà Áèîèíôîðìàòèêà".

3. Ìîäåðíèçàöèÿ ÎÏÎÏ

Â 2021 è 2022 ãîäó ñîòðóäíèêè Öåíòðà ó÷àñòâóþò â ìîäåðíèçàöèÿ îñ-
íîâíûõ ïðîôåññèîíàëüíûõ îáðàçîâàòåëüíûõ ïðîãðàìì Ôèçòåõ-øêîëû
ïðèêëàäíîé ìàòåìàòèêè è èíôîðìàòèêè â ðàìêàõ ïðîåêòà ÌÔÒÈ è
ÀÍÎ ÂÎ "Óíèâåðñèòåò Èííîïîëèñ".

Ïðîâåäåíà ìîäåðíèçàöèÿ è àêòóàëèçàöèÿ áàçû äèñöèïëèí îñíîâíîé
îáðàçîâàòåëüíîé ïðîãðàììû âûñøåãî îáðàçîâàíèÿ ¾Êîìïüþòåðíûå íà-
óêè è èíæåíåðèÿ¿ ïî íàïðàâëåíèþ 09.03.01 ¾Èíôîðìàòèêà è âû÷èñëè-
òåëüíàÿ òåõíèêà¿, íàïðàâëåííûõ íà ðàçâèòèå öèôðîâûõ êîìïåòåíöèé ó
ñòóäåíòîâ, äèñöèïëèíû ìîãóò áûòü èñïîëüçîâàíû ñòóäåíòàìè âñåõ íà-
ïðàâëåíèé ïîäãîòîâêè äëÿ ôîðìèðîâàíèÿ ñîáñòâåííîé îáðàçîâàòåëüíîé
òðàåêòîðèè (ÈÎÒ). Ñîñòàâëåíà è ñîãëàñîâàíà ñ ðàáîòîäàòåëÿìè êîì-
ïåòåíòíîñòíàÿ ìîäåëü âûïóñêíèêà, îïèñàíèå ÎÏÎÏ, ó÷åáíûé ãðàôèê,
ðàáî÷èé ó÷åáíûé ïëàí, êîìïëåêò ðàáî÷èõ ïðîãðàìì äèñöèïëèí.

Ðàçðàáîòàíà ó÷åáíî-ìåòîäè÷åñêàÿ äîêóìåíòàöèÿ ïî ó÷åáíûì ïðåä-
ìåòàì, êóðñàì è äèñöèïëèíàì, ïðåäóñìàòðèâàþùèì ôîðìèðîâàíèå ïðî-
ôåññèîíàëüíûõ êîìïåòåíöèé ïî ïðèìåíåíèþ öèôðîâûõ òåõíîëîãèé;
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ðàçðàáîòàíû ïðîãðàììû øåñòè îíëàéí-êóðñîâ äëÿ ðåàëèçàöèè äèñöè-
ïëèí ¾Ïðèêëàäíàÿ êîìáèíàòîðíàÿ îïòèìèçàöèÿ¿, ¾Ïàðàëëåëüíûå è
ðàñïðåäåëåííûå âû÷èñëåíèÿ¿, ¾Îñíîâû âåðîÿòíîñòè è òåîðèÿ ìåðû¿,
¾Ìàøèííîå îáó÷åíèå¿, ¾Ïðèêëàäíîå ìàøèííîå îáó÷åíèå¿, ¾Ôîðìàëü-
íûå ÿçûêè è òðàíñëÿöèè¿ âêëþ÷àþùèå îïèñàíèå îíëàéí-êóðñîâ, èõ
ñòðóêòóðû è îïèñàíèÿ ñïîñîáîâ êîíòðîëÿ çíàíèé ó÷àùèõñÿ.

Â 2021 ãîäó ïîëó÷åíû ïîëîæèòåëüíûå îòçûâû íà âèäåî-êóðñû îò
îáðàçîâàòåëüíîé îðãàíèçàöèè: ¾Ñáåð Óíèâåðñèòåò¿ è ïîòåíöèàëüíîãî
ðàáîòîäàòåëÿ ÀÍÎ ¾Òèíüêîôô Áàíê¿. Ïðîãðàììà â öåëîì ïðîøëà ðå-
öåíçèðîâàíèå îòðàñëåâîé ðàáî÷åé ãðóïïîé ÈÊÒ è ïîëó÷èëà ïîëîæè-
òåëüíûå îòçûâû ó÷àñòíèêîâ. Ïðîâåäåíà àïðîáàöèÿ îñâîåíèÿ ñòóäåíòàìè
äèñöèïëèí ñ èñïîëüçîâàíèåì ÑÖÒ â îñåííåì ñåìåñòðå 2021/2022 ó÷åá-
íîãî ãîäà.

Ðàçðàáîòàíû ìåòîäè÷åñêèå ðåêîìåíäàöèè äëÿ îáðàçîâàòåëüíûõ îð-
ãàíèçàöèé ïî àêòóàëèçàöèè îñíîâíûõ ïðîôåññèîíàëüíûõ îáðàçîâàòåëü-
íûõ ïðîãðàìì âûñøåãî îáðàçîâàíèÿ � ïðîãðàìì áàêàëàâðèàòà ïî íà-
ïðàâëåíèþ ïîäãîòîâêè 09.03.01 Èíôîðìàòèêà è âû÷èñëèòåëüíàÿ òåõ-
íèêà, íàïðàâëåííûõ íà ôîðìèðîâàíèå ó ñòóäåíòîâ ïðîôåññèîíàëüíûõ
êîìïåòåíöèé ïî ïðèìåíåíèþ öèôðîâûõ òåõíîëîãèé â ñîîòâåòñòâóþùèõ
ïðèîðèòåòíûõ îòðàñëÿõ ýêîíîìèêè.

Â 2022 ãîäó êîìàíäà ÌÔÒÈ ðàáîòàåò ñîâìåñòíî ñ êîìàíäîé Òîì-
ñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà íàä ìîäåðíèçàöèåé íåñêîëüêèõ
ïðîãðàìì ïî íàïðàâëåíèÿì ïîäãîòîâêè 09.03.01 Èíôîðìàòèêà è âû÷èñ-
ëèòåëüíàÿ òåõíèêà (çà èñêëþ÷åíèåì íàïðàâëåííîñòè (ïðîôèëÿ) ¾Êîì-
ïüþòåðíûå íàóêè è èíæåíåðèÿ¿), 09.04.01 Èíôîðìàòèêà è âû÷èñëè-
òåëüíàÿ òåõíèêà, 09.03.03 Ïðèêëàäíàÿ èíôîðìàòèêà (çà èñêëþ÷åíèåì
íàïðàâëåííîñòè (ïðîôèëÿ) ¾Ïðîãðàììíî-òåõíè÷åñêèå ñðåäñòâà èíôîð-
ìàöèè¿), 09.04.03 Ïðèêëàäíàÿ èíôîðìàòèêà. Ïðîâåäåí îïðîñ ðàáîòî-
äàòåëåé, ñôîðìèðîâàíà óíèâåðñàëüíóþ ìîäåëü öèôðîâûõ êîìïåòåíöèé
è êîìïåòåíòíîñòíûå ìîäåëè ïðîãðàìì ïî íàïðàâëåíèÿì ïîäãîòîâêè,
ñîçäàíû îíëàéí êóðñû, äëÿ îáó÷åíèÿ ñêâîçíûì öèôðîâûì òåõíîëîãè-
ÿì. Àïïðîáàöèÿ ðàçàðáîòàííûõ ïðîãðàìì íàìå÷åíà íà îñåííèé ñåìåñòð
2022ãîäà.

Çàêëþ÷åíèå

Ãèïîòåçà î âîñòðåáîâàííîñòè ïðîäóêòîâ, ñîçäàííûõ íà îñíîâå ñêèëë-
ñåòà âûïóñêíèêîâ ïîäòâåðäèëàñü: ê îáó÷åíèþ íà íîâûõ ìàãèñòåðñêèõ
ïðîãðàììàõ ïðèñòóïèëè áîëåå 380 ÷åëîâåê â îñåííåì ñåìåñòðå 2022 ãî-
äà. Êîìïåòåíòíîñòíûå ìîäåëè âûïóñêíèêîâ áàêàëàâðèàòà è ìàãèñòðà-
òóðû ïî íàïðàâëåíèþ Ïðèêëàäíàÿ èíôîðìàòèêà, ñîçäàííûå ñîâìåñòíî
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ñ ÈÒ-êîìïàíèÿìè è ïàðòíåðñêèìè óíèâåðñèòåòàìè, ðàáîòàþò âíóòðè
îñíîâíûõ îáðàçîâàòåëüíûõ ïðîãðàìì è ïîëó÷àþò õîðîøèå îòçûâû.

Ïîäòâåðäèëàñü ãèïîòåçà îá ýôôåêòèâíîñòè ïðîäóêòîâîãî ïîäõîäà ê
ñîçäàíèþ è ìîäèôèêàöèè îáðàçîâàòåëüíûõ ïðîãðàìì. Ðåàëèçîâàíà ìå-
òîäèêà óïðàâëåíèÿ ïîðòôåëåì: ïðîâåðêè ãèïîòåç, çàïóñêà, ðåàëèçàöèè,
ïîñòîÿííîãî óëó÷øåíèÿ ïðîãðàìì.

Âûãîëîâà Ìàðèíà Âëàäèìèðîâíà � ê.ò.í., ðóêîâîäèòåëü íàïðàâëåíèÿ
"Îíëàéí-ïëàòôîðìûÖåíòð "Ïóñê". E-mail: vygolova.mv@mipt.ru

Ãðèö Äàðüÿ Èãîðåâíà � äèðåêòîð ïî öèôðîâèçàöèè îáðàçîâàíèÿ. E-mail:
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ÐÀÑÏÐÅÄÅËÅÍÈÞ ÄÎÕÎÄÀ

À.Â. Ëîæíèêîâà, È. Å. Àíäðååâà

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Òîìñê, Ðîññèÿ

Àâòîðû îòòàëêèâàþòñÿ îò òåçèñîâ Ê. Øâàáå î ¾âåëèêîé ïåðå-
çàãðóçêå êàïèòàëèçìà¿ ïîñëå ïàíäåìèéíîãî êðèçèñà-2019 è Ì.
Àëüáåðà î ïðåâîñõîäñòâå ¾ðåéíñêîé¿ ñîöèàëüíîé ìîäåëè êàïèòà-
ëèçìà ïî ñðàâíåíèþ ñî ñïåêóëÿòèâíîé íåîàìåðèêàíñêîé (àíãëî-
àìåðèêàíñêîé ìîäåëüþ). Îïèñàíà êëàññèôèêàöèÿ êðóïíåéøèõ
öèôðîâûõ ïëàòôîðì-àãðåãàòîðîâ ïî òèïó ïðåäïðèíèìàòåëüñêî-
ãî ïîâåäåíèÿ. Â ñòàòüå àíàëèçèðóåòñÿ ñîâðåìåííàÿ 2020-2022
ãã. äåÿòåëüíîñòü îðãàíîâ âëàñòè ÑØÀ â èíòåðåñàõ íà¼ìíûõ
ðàáîòíèêîâ â ñôåðàõ ãèã-ýêîíîìèêè è ôàñò-ôóäà. Ïðåäñòàâ-
ëåí ïîëîæèòåëüíûé îïûò Êîàëèöèè çà ñïðàâåäëèâîñòü ïðèëî-
æåíèé (CAF) ïî ñíèæåíèþ êîìèññèîííîãî âîçíàãðàæäåíèÿ â
ãèã-ýêîíîìèêå. Êëþ÷åâûå ñëîâà: ðàñïðåäåëåíèå äîõîäà, öèô-
ðîâûå ïëàòôîðìû-àãðåãàòîðû, îáëåã÷åííûå ýêîñèñòåìû, òèïû
ïëàòôîðì, âëàëåëüöû ïëàòôîðì, ñàìîçàíÿòûå, íåçàâèñèìûå
ïîñòàâùèêè.

Ââåäåíèå

Áèîëîãè÷åñêàÿ êîíöåïöèÿ ¾ýêîñèñòåìû¿ ïîëó÷èëà øèðîêîå ðàñïðî-
ñòðàíåíèå â ñîâðåìåííîì áèçíåñå. Íàïðèìåð, êðóïíåéøèé èãðîê ãèã-
ýêîíîìèêè Alibaba èñïîëüçîâàëà òåðìèí ¾ýêî-ñèñòåìà¿ â ïðîñïåêòå IPO
(êðóïíåéøåì â èñòîðèè) â 2019 ãîäó íå ìåíåå 160 ðàç. Êëþ÷åâîé òå-
çèñ ñåãîäíÿ ïîëó÷èë øèðîêîå ðàñïðîñòðàíåíèå â ìåíåäæìåíòå: ¾ïëàò-
ôîðìû îáúåäèíÿþò øèðîêèé ñïåêòð ðåëåâàíòíûõ ðåñóðñîâ è ïîìîãà-
þò ïîëüçîâàòåëÿì ïëàòôîðìû ïîäêëþ÷àòüñÿ ê íàèáîëåå ïîäõîäÿùèì
ðåñóðñàì¿ [1]. Äîáàâèì åùå îäèí òåçèñ: ¾Ïëàòôîðìû ìîãóò áûòü ýô-
ôåêòèâíûì ñðåäñòâîì ñîçäàíèÿ íîâîé ñòîèìîñòè¿ [2]. Ïëàòôîðìû ðå-
àëèçóþò ðàçíûå áèçíåñ-ìîäåëè. Íàïðèìåð, App Store è Google Play âî-
ïëîùàþò âûñîêîìàðæèíàëüíûå áèçíåñ-ìîäåëè ñ ìàêñèìàëüíîé öåíîé
ïðîäóêöèè è óñëóã. Äðóãîé ïîäõîä ðåàëèçîâàí, ê ïðèìåðó, íà ðûíêå ãî-

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî
ïðîåêòà � 19-29-07137 ìê.
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ðîäñêèõ ïåðåâîçîê: íà ïëàòôîðìàõ ïðåäëàãàþòñÿ òîâàðû è óñëóãè ïî
íèçêîé öåíå èëè äàæå áåñïëàòíî ðàäè ðàñøèðåíèÿ êðóãà êëèåíòîâ.

1. Îñíîâíûå ðåçóëüòàòû

Íà ìèðîâîì ñîâðåìåííîì ðûíêå íàáëþäàåòñÿ ÿâíàÿ òåíäåíöèÿ óõî-
äà îò êîíöåïöèè ¾êëàññè÷åñêîé îðãàíèçàöèè¿ (èåðàðõè÷åñêèå îðãàíèçà-
öèè ñî çíà÷èòåëüíûìè ôèçè÷åñêèìè àêòèâàìè è áîëüøèì êîëè÷åñòâîì
øòàòíûõ ñîòðóäíèêîâ) ê òàê íàçûâàåìûì îáëåã÷åííûì ¾ýêîñèñòåìàì¿.
Â òàáëèöàõ 1-3 ìû îïèøåì òèïû öèôðîâûõ ïëàòôîðì [3].

Òàáëèöà 1
Ïëàòôîðìû ñ âåñîìûìè ôèçè÷åñêèìè àêòèâàìè

Íàçâàíèå Êîëè÷åñòâî Èìóùåñòâî, Âûðó÷êà, Ïðèáûëü,
êîìïàíèè ñîòðóäíèêîâ ìëðä. äîëë. ìëðä. äîëë ìëðä. äîëë
(ïëàòôîðìû) (÷åë.)

Samsung 287 439 304,907 197,705 18,453
Electronics
(Tizen)

Daimler 298 655 339,456 193,346 2,660
(Moovel)

Òàêæå ê ïåðâîìó òèïó ïëàòôîðì îòíîñÿòñÿ êîìïàíèè General
Electric (Predix) è Johnson Controls (Panoptix).

Òàáëèöà 2
Ñìåøàííûå ïëàòôîðìû: øèðîêàÿ ýêîñèñòåìà ïëþñ ôèçè÷åñêèå àêòèâû è ñî-
òðóäíèêè

Íàçâàíèå Êîëè÷åñòâî Èìóùåñòâî, Âûðó÷êà, Ïðèáûëü,
êîìïàíèè ñîòðóäíèêîâ ìëðä. äîëë. ìëðä. äîëë ìëðä. äîëë
(ïëàòôîðìû) (÷åë.)

Amazon 1 298 000 321,2 386,064 21,33
(App Store)

Apple 147 000 323,888 274,515 57,4
(App Store)

Êî âòîðîìó òèïó ïëàòôîðì îòíîñèòñÿ òàêæå Xiaomi (MI App Store).
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Òàáëèöà 3
Ïëàòôîðìû îáëåã÷åííîãî òèïà

Íàçâàíèå Êîëè÷åñòâî Èìóùåñòâî, Âûðó÷êà, Ïðèáûëü/
êîìïàíèè ñîòðóäíèêîâ ìëðä. äîëë. ìëðä. äîëë óáûòîê,
(ïëàòôîðìû) (÷åë.) ìëðä. äîëë

Uber 22 800 33,252 11,139 -6, 678
Technologies∗

Google 135 301 319,616 182,527 40,269
(Google Play)

∗Uber Technologies �281 â ðåéòèíãå Fortune Global 500 â 2021 ã. Ê
ïëàòôîðìàì îáëåã÷åííîãî òèïà îòíîñÿòñÿ òàêæå Airbnb (Airbnb app) è
Priceline (Booking.com).

Â ïåðèîä êðèçèñà COVID-19 öèôðîâûå ïëàòôîðìû-àãðåãàòîðû áû-
ëè íàçâàíû åãî ãëàâíûìè áåíåôèöèàðàìè. Íî ñ äðóãîé ñòîðîíû, ïðîèñ-
õîäèëî è îáîñòðåíèå ïðîáëåì â ñàìûõ ðàçíûõ ñòðàíàõ. Òàê, â 2020 ã. â
Ðîññèè (Ìîñêâà) ïðîøëè çàáàñòîâêà êóðüåðîâ-ñàìîçàíÿòûõ â ¾Delivery
Club¿ íà ðûíêå äîñòàâêè åäû [4] è âòîðàÿ ãîëîäîâêà òàêñèñòîâ-
ñàìîçàíÿòûõ íà ðûíêå òàêñè [5]. Âëàñòè øòàòà Êàëèôîðíèÿ â 2020 ã.
îáÿçûâàëè àãðåãàòîðîâ Uber è Lyft íàíèìàòü òàêñèñòîâ â øòàò êîìïà-
íèé âìåñòî îôîðìëåíèÿ ñàìîçàíÿòîñòè [6]. Îäíîâðåìåííî â ÑØÀ ñî-
îáùåñòâî ðàçðàáîò÷èêîâ ïðèëîæåíèé (Basecamp, Blix, Blockchain.com,
Deezer, Epic Games, Åâðîïåéñêèé ñîâåò èçäàòåëåé, Match Group, News
Media Europe, Prepear, Protonmail, SkyDemon, Spotify è Tile) ñîçäà-
ëî ¾Êîàëèöèþ çà ñïðàâåäëèâîñòü ïðèëîæåíèé (CAF)¿. ¾Êîàëèöèÿ çà
ñïðàâåäëèâîñòü ïðèëîæåíèé � ýòî íåçàâèñèìàÿ íåêîììåð÷åñêàÿ îðãà-
íèçàöèÿ, îñíîâàííàÿ âåäóùèìè îòðàñëåâûìè êîìïàíèÿìè äëÿ çàùèòû
ñâîáîäû âûáîðà è ÷åñòíîé êîíêóðåíöèè â ýêîñèñòåìå ïðèëîæåíèé¿ [7].

Èòàê, ìû íàáëþäàåì ðàçíûå ñòðàíû è ðàçíûå ðûíêè, ÷àñòíûå è ïóá-
ëè÷íûå ïëàòôîðìû, íî ïðè ýòîì îáíàðóæèëè îáùóþ ïðîáëåìó: îäèíà-
êîâî óïîìèíàåìàÿ âûñîêàÿ ïëàíêà 30% êîìèññèîííîãî äîõîäà ïëàòôîð-
ìåííîé êîìïàíèè. Ìîãóò ëè ïëàòôîðìû, öèôðîâûå ýêîñèñòåìû áûòü
ýôôåêòèâíûìè â ðàñïðåäåëåíèè äîõîäà ìåæäó âñåìè ó÷àñòíèêàìè ýêî-
ñèñòåìû? Îòâå÷àÿ íà âîïðîñ, ìû ïðåäëàãàåì ñëåäóþùèé òåçèc, îñíîâû-
âàÿñü íà òåîðèè âîñïðîèçâîäñòâà. Âëàäåëüöû ïëàòôîðìåííûõ êîìïàíèé
è ïðîãðàììíîãî îáåñïå÷åíèÿ ïåðåêëàäûâàþò áðåìÿ èíâåñòèöèé â ôèçè-
÷åñêèå àêòèâû è ÷åëîâåêî-÷àñîâ íà òàê íàçûâàåìûõ ñâîáîäíûõ àãåíòîâ
(íà ñàìîçàíÿòûõ è íåçàâèñèìûõ ïîñòàâùèêîâ), à òàêæå ïåðåðàñïðåäå-
ëÿþò ïðèáûëü ïðåèìóùåñòâåííî â ñâîþ ïîëüçó (Ðèñóíîê 1).



Âåëèêàÿ ïåðåçàãðóçêà êàïèòàëèçìà 435

Ðèñ. 1. Ó÷àñòíèêè öèôðîâûõ ýêîñèñòåì: âëàäåëüöû ïëàòôîðì, ïîêóïàòåëè,
ñàìî-çàíÿòûå è íåçàâèñèìûå ïîñòàâùèêè

Çàêëþ÷åíèå

Íåñìîòðÿ íà òî, ÷òî âëàñòÿì øòàòà Êàëèôîðíèÿ â ÑØÀ íå óäàëîñü
ðåàëèçîâàòü ñâîþ èíèöèàòèâó ïî ñîêðàùåíèþ ñàìîçàíÿòîñòè è ðàñøè-
ðåíèþ çàíÿòîñòè íà ðûíêå ãîðîäñêèõ ïåðåâîçîê [5], íåäàâíî Áëóìáåðã
ñîîáùèë î íîâîé îôèöèàëüíîé èíèöèàòèâå ýòîãî øòàòà â ñôåðå òðóäà
è çàíÿòîñòè. Ðå÷ü èä¼ò î ïîâûøåíèè ìèíèìàëüíîé ïî÷àñîâîé îïëàòû
ñòðóäà ñ 15 äî 22 äîëëàðîâ â ñåêòîðå ôàñò-ôóäà. Èòàê, íà ôîíå òåêóùå-
ãî êðèçèñà, íà÷èíàÿ ñ ïàíäåìèéíîãî êðèçèñà-2019, â íåîàìåðèêàíñêîé
ñïåêóëÿòèâíîé ìîäåëè êàïèòàëèçìà ïðîÿâëÿåòñÿ òåíäåíöèÿ íà ñîêðà-
ùåíèå ìåñòà â ìîäåëè ðûíî÷íûõ áëàã è óâåëè÷èâàåòñÿ, êàê â ¾ðåéíñêî-
ÿïîíñêîé¿ èíäóñòðèàëüíîé, ñîöèàëüíîé ìîäåëè, ìåñòî ñìåøàííûõ áëàã,
ïðåæäå âñåãî ïðåäïðèÿòèé è çàðïëàò íà¼ìíûõ ðàáîòíèêîâ.
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