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3AJAYA ABTOMATHNYECKOI'O
PACIIOSHABAHWNA 3/IAHUII B

BOJOOXPAHHBIX 30HAX
HA CIIVTHMNKOBBIX CHUMKAX

C.B. I'mimun

Cubupcrutl gedeparvhoti ynusepcumem, 2. Kpacroapck, Poccus

PazpaboTrka cucrem pacrio3HaBaHua N300parKeHUN ABJIAETCS OTHUM
W3 AaKTyaJIbHBIX M BOCTPEOOBAHHBIX HAIIPABJIEHUU B 00/IACTH HC-
KYCCTBEHHOTO WHTEJIJIEKTa, MAIlIUHHOTO O6y‘{eHI/Iﬂ " aHaJIn3a JaH-
vbIX. B mammoil pabote paccMarpuBaeTcs mpobaeMa OOHADYKEHUs
Ha CIIyTHUKOBBIX CHUMKAX 3,£[aHHﬁ U IIOCTPOEK, HAXOAAIINXCA B BO-
JOOXPAHHBIX 30HAX.

KiroueBslie cioBa: Pacnosnasanue 06pasos, pacnodnasarue 30a-
HU, PACTLO3HABAHUE 60000TPAHHBLT 30H, DACNO3HABGHUE HA CNYM-
HUKOBBT CHUMKAT, GETMOMAMUYECKOE PACTO3HABAHUE 00Da306.

BBemenue

B macrosiiiiee BpeMs B 001aCTH PA3BUTHS aHAIN3A JAHHBIX M MAITHHHOTO
oby9IeHNsT aKTYaTbHBIM SBJISIETCST BOMPOC pa3pabOTKM CHCTEM PACIO3HABA-
Hust u3obpaxkenuit. Ocoboe BHUMaHUE yie/sieTcss Tpobieme oOHAPY KeHUsT
Ha, CIIyTHUKOBBIX CHUMKAX 3JaHUHM U MOCTPOEK, HAXOMSAIIUXCI B BOJOOXPAH-
HBIX 30HaX. B coorBeTcTBUM ¢ «Bomubkim komekcom Poccuiickoit @eneparmms
— «BomooxpaHHBIMHU 30HAME SABJSIOTCSA TEPPUTOPHUH, KOTOPHIE MPUMBIKAIOT
K 0eperoBoii JIMHUN MOPEH, PEeK, PYUYbeB, KAHAJIOB, 03D, BOJIOXPAHUJINIIL U
Ha KOTOPBIX YCTAHABINBAETCS CIIENHATBHBIN PEXKUM OCYIITECTBICHNUSA XO35H-
CTBEHHON MW WHOH JeATEJIbHOCTA B IENIAX IPEIOTBPAINIECHASA 3arPI3HEHUS,
3aCOpEHVsi, 3auJIeHNsT YKA3aHHBIX BOIHBIX O0OBEKTOB M WCTOIIEHUS WX BOJ,
a TaK>Ke COXPAHEHUS CPeIbl OOMTAHUSI BOJHBIX OMOJIOTMYECKHUX PECYPCOB
¥ JIpyruX OOBEKTOB YKWBOTHOTO W PACTUTENIHHOTO MHUPA», T. €. (DYHKIHO-
HUAPYIOT OrpaHUYeHHs HA HCIOJb30BaHUE JAHHOH TEPPUTOPHUHU. 3AKOHOIA-
TeJIbHBIMA OPTraHAMHK CTPAHBI IPUHAT BOJHBIN KOIEKC, B CTATHAX KOTOPO-
IO IIEPEYUCJIEHbI OTPAHUYEHHS HA JEATEeJbHOCTh B BOIOOXPAHHBIX 30HAX,
a TaK’Ke YKa3aHbI TMapaMeTPhI MUPUHBI BOJOOXPAHHON 30HBI JJIsi Pa3JIHd-
HBIX TEPPUTOPHIi, 3aBUCSIINX OT BOJHOIO OOBEKTA W €ro XapaKTEPUCTHK.
NaauBuayanbHOE CTPOUTENTHCTBO B BOJOOXPAHHON 30HE OCYIECTBISIETCS C
y4yeToM nosioxkenuii cr. 65 Boanoro konekca P®. Ceenenust o rpaHuiiax Bo-
JJOOXPAHHBIX 30H W IPAHUIAX MPUOPEKHBIX 3AIMUTHBIX MMOJIOC BOJIHBIX 00b-
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eKTOB BHeceHbl B EiuHbIil rocyapcrBeHbiii peectp HepprkuMoct. Ceejie-
HUst 00 OXPAHHBIX 30HAX BOJHBIX 0OBEKTOB HAXOAATCH B IOCYAAPCTBEHHOM
BogHOM peecTpe. CTPOUTENHCTBO HA YIaCTKAX, KOTOPHIE TOJTHOCTHIO UJIH Ja-
CTUYHO BXOJAT B BOJOOXPAHHYIO 30HY, MOIMYCKAETCS TOJBKO MPHU yCIOBUU,
9TO J0M He OyIeT 3arps3HsATb BOAOEM U OyAyT COOJIONEHBI BCE CAHUTAPHBIE
HOpMbI. CTPOUTETLCTBO JTIOOBIX OOBEKTOB B BOJIOOXPAHOI 30HE €3 COriaco-
BaHUs BJiedeT 33 cOO0N OTBETCTBEHHOCTD, IpepaycMoTpernyio cr. 8.42 KoAll
P®. K coxajiennio, Kak MOKA3bIBAET CTATUCTUKA, COOPAHHAS CIyKOAMU TI0
KOHTPOJIIO B ¢epe TIPUpOIONoNIb30Banns, 0koso 20% 3acTpOoRIMKOB JOIyC-
KAIOT HAPYIIEHUs TPV BO3BEJICHUHN HEIBMKUMOCTH B BOJIOOXPAHHBIX 30HAX.
[Mpuyém 3HaUUTENbHAS YACTh HAPYIIUTEIEH BO3BOIAAT OOBEKTHI HEIBUIKU-
MOCTH C HAPYIIEHUEM I'PAHUI] BOIOOXPAHHBIX 30H, HAHOCHA YIIEpO BOIHBIM
obbekTam, mecTHol (ayme u dope. I[Toaromy 3amaua oOHApPYKEHUS 31a-
HUW W TOCTPOEK, HAXOMSAIINXCS B BOIOOXPAHHBIX 30HAX, SABJISETCS BAYKHOM
¥ IPAKTUYIECKH 3HAYMMOM. Ha 1aHHblii MOMEHT CAMBIM TOMYJISAPHBIM UCTOY-
HUKOM [IJIsi COCTABJIEHUsI KAPT MECTHOCTH SIBIISIFOTCSI CITy THUKOBBIE CHUMKH,
YTO SABJISETCS CJIEJCTBUEM TOBBIIIEHUs] KAY€CTBA CIyTHUKOBBIX CHUMKOB U
ux gpocrynnoctu. s ymo0HOM paboThl ¢ KApTaMu Ha, CILy THUKOBBIX CHUM-
KaX pa3MedaloTCs Pa3INIHbIe O0bEKTHI MECTHOCTH, BKJIIOYAs MPUPOIHBIE U
HMCKYCCTBEHHBIE. B HACTOsAIIEe BpeMsi CaMbIM aKTyaJbHBIM CITOCODOM MOJIY-
JeHus WHQOPMAIUU ABJIAETCA PACIOZHABAHUE CHUMKOB B ABTOMATHIECKOM
pPEeRUME, 9TO HAMPSAMYIO CBA3aHO C yBEJUIEHHEeM OObEMOB YyIaCTKOB 3€MJIH,
HEOOXOIUMBIX [IJIE 0OPabOTKK B caMmble KpaTkue Cpoku. MamumHaaoe o0yde-
HUEe TpU Caoxkupieiics crenudrke 00paboTKu WHMOPMAIINKA TPUBOIUT K
HEOOXOIMMOCTH TTPUMEHEHHUsT MAITMHHOrO MeToaa Kak 0Oaszosoro. Ilpum wmc-
TOJTF30BAHUY TAKOTO MeToa (hOPMUPYIOTCS JAHHBIE, TOCTYITHBIE /I aHa-
JINTUKHU CO CTOPOHBI CHENUATUCTOB, AHATU3UPYIONIUX Pe3yIbTaThl 00paboT-
KU CHUMKOB.

Henwio nccieoBanms SBASIETCS pa3paboTKa HOBOTO aJTOPUTMA pPacio-
3HABAHUS 3aHWI B BOJOOXPAHHBIX 30HAX HA CIYTHUKOBBIX CHUMKAX. Jljis
ABTOMATH3AIMU IPOIECCA HEODXOINMO HAYYIUTHh AJTOPUTM T00ABIATH HA
KapThl MHOTOYTOJILHUKH IOMOB 663 yIacTus JTIO/Iel, & TAaK¥Ke ONPEeIessiTh —
HAXOJATCS JIM TIOCTPORKH HA PA3PENIeHHOM PACCTOSHUU OTHOCHTEHHO BO-
JIOEMOB.

1. 3a,11aqa paciiosHaBaHUA 00BbEKTOB B BOOJOOXPaHHBIX 30HaAX

Pemenne moctaBiaeHHo#M 332N B 9YACTH CHUMKOB, MOJYYAEMbIX C KOC-
MHUYECKUX allapaToB WM JPOHOB, KOTOPBIE JAI0T BO3MOXKHOCTH OoJiee jie-
TAJIBHOI'O PACCMOTPEHUA CHUMKOB, ABJIAETCA YACTHBIM CJlydaeM TaKoW 3a-
Jladu, KaK pacmo3naBanue 06pa3os. [lepednciiim OCHOBHBIE 3TAIIBI PEITEHUS
3a/1a4¥ PACIIO3HABAHUSA OOBHEKTOB PACIO3HABAHUS 3IAHUN B BOJIOOXPAHHBIX
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30HAX HA CIYTHUKOBBIX CHUMKAX — BBISBJIEHHE OOBEKTOB ONPEIEEHHBIX
KJIACCOB Ha N300DarKeHUIX:

1. Bormenenne o6beKTOB HA M300PAXKEHHUH IIyTEM CEIMEHTAINN C JATh-
HefuM 1IpeodPa30BaHueM BbLIE/JIEHHbIX CEIMEHTOB I 3alIMCH OObEKTOB B
3aBUCHMOCTH OT METOJA JeMU(pPUPOBAHUSI.

2. Anamm3 06BHEKTOB.

3. Knaccudukaims o0beKTOB.

4. HaxoxKeHue pacCTOSHHS MEXKIY PaCIO3HABAEMBIMU OObHEKTAMHU.

5. BbiBox pesysibrara pelleHust 3a/a9M.

IIpu ompenenennn pacro3HABAEMbBIX OOBEKTOB, JJIsI COKPAITEHNSA BHIOO-
pa MOCTPOEK, TMPETAraeTCs UCIOIb30BATh HAJIOKEHUEe JaHHBbIX Poccrara o
[IPOBEPEHHBIX 3JaHUAX. B nanHoit pabore paccMarpuBalOTCs JIBa METOJA
PAaCIO3HABAHNUS HA, CIIy THUKOBBIX CHUMKAX: AaBTOMATHIECKOE PACITO3HABAHNE
TOCTPOEK ¥ PACIO3HABAHWE OOBEKTOB C MOMOINBIO (DUIBTPAIUU C UCIOTIhb-
30BanmeM Mackwm Jlamnaca.

2. METO,I[ ABTOMATUY€CKOI'o pacCiio3HaBaHuUd KOHTYPOB 3ﬂaHI/II'71

Kaxxmoe n3obpazkenne mpeaBapuTeIbHO 00pabaTbIBAETCs, TyTEM H3BJIe-
deHus TOU nHGOPMAIME, KOTOPAs MOMOraeT yCTPAHUTH IIyMbl, HE MOIXO0-
JAIHe MAJIEHbKUEe OOBEKThI W PA3PBIBLI. 3IaHNe HA M300parKeHWn — 3a-
MKHYTBIH KOHTYD CO CTOPOHAMMU, MOJIYYEHHBIMU MO 3HAUYEHUSIM CJIeIYIOIINX
COCTABJIAIONINX: KOJIMYIECTBO pedep, YIJIOB, TOYE€K CTHIKOBKHU U OTJIMIHBIM OT
OKPY?KEHHs IBETOM. AJITOPUTM ABTOMATHYIECKOTO PACIIO3HABAHUS OO'HEKTOB
(3manuil) BBIMIAAUT CaeLyiomuM 06pa3oM:

1. Tloctpoenme CTPyKTYpPHOH MOIETN M300PAXKEHMSI.

2. Iloctpoenue momenu B Buze rpada.

3. Bwigenenne KOHTYpOB 3maHUil 13 HAOOPA 3AMKHYTHIX KOHTYPOB, JIN0OO
UX 00bEeIUHEHUIA.

4. TlocToOpabOTKa MAHHBIX HJId OObeINHEHHST «OOIeil KapTHHBI» pac-
CTAHOBKHU OOBEKTOB.

ITocTpoenue cTpyKTypHOi#i Mojiesn n300parkeHust

B uccienoBanuu B KadecTBe OJHOMMEHHOIO METO/A BBIOPAH METOJI MO-
[IUKCEJILHONO UTEPATUBHOIO YTOHYEHUsI, KOTOPbBIN YIOBJIETBOPSET KPUTEPH-
sM BbIOOpKU. Ha KOHEYHOM m300paskeHuu ODO3HAYAIOTCS TPAHUIIBI, COOT-
BETCTBYIOIINE MPUHATHIM KPUTEPUIM:

() = b 0

Pmingpcgpmazv (2)
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rae P, — mepumerp TeKyiiero KOHTypa; P — mepumerp MUHAMAIbLHO OIU-
CaHHOI'O NIPAMOYI'OJIbHUKA BOKPYI' TeKyllero Kourypa P, k, — moporosoe
3HAYEHUE JJIs ONPEIeJIeHNsT COOTBETCTBHUS TEKYIIEro KOHTypa (PDopMe IMpsi-
MOYTOJNBHUKA; Ppin, Pmer — MUHAMAJIbHOE W MAKCHUMAJIHHOE TOPOTOBbLIE
3HAYEHUS JJisl TEKYIIero epuMerpa. JHadenue k, = %, rIe 3 X 3 KB. MeT-
pa pa3mep 06JsIaCTH HA MECTHOCTH, KOTOPbINf COOTBETCTBYET OJHOMY ITHKCE-

JTIO T300PaKEHNS.

HOCTpOGHI/Ie Moae/ i

Ha sTom stame ma o6paboTaHHOM M300parkeHWN BLIOMPAIOTCS OCOOLIE
TOYKM (TOYKHU, YUCJIO CBAZHOCTU KOTOPBIX HE PABHO ABYM). PesybraroM sB-
JsieTcst MOzenb n3obpakenus B Buge rpada G(P;, D;;), rae P; — MHOXKeCTBO
Bepmun rpada P; = P, UP;,, P;) — MHOXKeCcTBO 0COOBIX TOYEK, KayKIasd U3
KOTOPBIX COOTBETCTBYET M30JMPOBAHHON MJIM TOYKE BETBJIEHHS HA BEKTOP-
HOIT MOJesin u300paxkenus (1.e. UMEIOTCs B BUuy OJM3KKUE K BOILOOXPAHHBIM
30HAM 31aHus), P;, — MHOXKECTBO MPOMEKYTOUYHBIX CYIIECTBEHHBIX TOYEK,
D;; — muoxecTBO pebep rpada (paccTosHus MexIy KOHTypamn) [1].

BrijesieHne KOHTYpPOB 3JIaHWA

B pmamnoit pabore sl BBIJENE€HUS 3aMKHYTBIX KOHTYPOB HCIIOJb3yeT-
Csl TIOMIATOBBIA METOI, MO3BOJIAIONINI CHU3UTH BBIYUCIUTETHHBIE 3ATPATHI.
Ha mepsoMm 3rtame crpoutcs 6a3uc npOCTPAHCTBA MUKJIOB {Z; } mjis Momenn
BEKTOPHOTO M306paskennsi. Qmpenesernne BeKTOPHOTO OMUCAHNS MHOXKECTRA,
6a3uCHBIX IUKJIOB {Z;} CBOIUTCS K MONCKY pebep u c6opy W3 JTAHHBIX MOPHU-
30HTANEH 1ETOCcTHOrO 00beKTa |2]. s onpemenenuss MHOXKECTBA {Zit}i\[: 0
UCTIOJIBL3YETCS AJTOPUTM IBPUCTUYECKOTO TIOMCKA, B KOTOPOM B KadeCTBE
dbyukuuu onenku Texyiero cocrosuus BoicTynaer: y(C) = % > 7, T1€
C' — uposepsembiii KOHTYDP, Ly — cymmapHas AnuHa pebep, MOMaBIINX B
JIaHHBIE CeKTOpa, L — mepumerp KOHTYpa, Yy — HEKOTOPOE TOPOroBOe 3Ha-
YeHUe, Y — MPABUJIO JIJisl [IPUHSTUS PEIIEHUs O TOM, YTO KOHTYD sIBJISIETCS
snanveM [3]. Tlocsie OKOHYAHMS MOWCKA OCYIIECTBIISIETCS MTPOBEPKA KPHUTE-
pusi 1715 KoETypa C' ¢ HAMJTy9medl OLeHKOd 7(0) U NPUHSTHE PENIeHus O
TOM, SIBJISIETCS JIK 9TOT KOHTYD 31aHueM [4].

ITocTobpaboTKa JaHHBIX
Basada CIemyIOMero mara — yaydiidTh HOJyYeHHbIe JAHHBIE, 3aKJ0-
YAOIIUecss B YJAJEHUN HEHYXKHBIX BEPINUH, BBIIPAMJIECHUH YIJIOB KaXK-
JIOO KOHTYDA W [PABUJIBHOM PA3MEIIECHUH JIAHHBIX HA HCXOIHOM u300-
N N

paxennu. Ilycrs C = {C;},L; — MHOXKeCcTBO HallJIEHHBIX KOHTYDOB
i R — U 6 ; A =
3namuii, R, = {rj}jzl MHOXKECTBO pebep 4-ro KoHTypa, A; =
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{(a)x = L(rgy i) |7k Tht1 € R} — MHOXKeECTBO yruioB i-ro Kourypa. To-
IJla OLTMMU3AlMd BEKTOPHOIO LIPeICTaBIeHus MOKeT ObITh Ollpe/lesieHa, 11y-
TEM MUHWUMH3AIWA TeJIeBOi (QyHKINHA CICAYIOMEero BUIA:

N—-1N;—1

mo= 5 S5 (o2 (n-F). o

i=0 k=0

Ota (yHKIHA, IO CyTH, OTBEYAET 34 YMEHBIICHHE OTKJIOHEHHS YTJIOB
KOHTYPOB OT IIPEINOJIAraeMbIX IPAMBIX yIiioB. OnTuMU3amyusa OCyIeCTBIa-
eTcsd IyTeM HOMCKa KaxK IOl BEepIIMHbL IO3UIMU, B KOTOPOil obeciieuuBaeTcs
MWHWMAaJbHOe 3Ha4YeHne Berancasemoro R(G) [5]. Ha nocieanem mrare Bbiie-
JIsieM Ha M300parkeHnn MOJIENIN KOHTYPOB 3aHWHA, KOTOPbIE COTIOCTABIIAIOTCS
CTPOEHHUAM HA M300parKeHU! € MOMOIIBIO MOJIYYeHHbIX JaHHBIX [6].

3. Meton onpejiesieHnsi BOJOOXPaHHBIX 30H

Jlnst ompeneneHns BOJOOXPAHHBIX 30H Ipeajaraercsa mnpu obpaboTke
U300paKEHUsT U BBIJIEJECHHH KOHTYPOB OOBEKTA HCIOJIb30BATH AJITOPUTM
dunprpanuu ¢ ucnosb3oBanueM Macku oneparopa Jlannaca. Ilpu 3apanee
3a/IaHHBIX 3HaUeHUsSX 1BeToB B opmare RGB Bommbie pecypchbr OyayT BbI-
JIeJIeHbl TEMHBIM IIBETOM, YTO TO3BOJUT COKPATHUTH KOJMYECTBO OOJIacTei
pacmo3HaBaHusa. AJITOPUTM ONPEIeeHUs BOTOOXPAHHBIX 30H BBINISIAT CIIe-
aytorum obpasom: Iepesox RGB-uzobpazkenus: B 1iseroByo mojens YUV
(uBeTOBas MOAE/Ib, KOTOPAs COCTOUT U3 APKOCTH Y U JIBYX 1BETOPA3HOCT-
ubrx KomnoueaT (U u V), Koropas 3amaercs ClIeAyIonmM o6pa3om:

Y =0,299R + 0,587G + 0, 1145, (4)
U =0,493(B - Y), (5)
V =0,877(R-Y). (6)

Buiasaernue no ysemy obaacmu 6001020 pecypca ¢ nocAedyrouum evide-
aeHuem konmypa. Jaa naaHONl 00pabOTKM MCIOJIb3YeTCsS MacKa OIepaTopa
Jlammaca. K kaxoit Touke m300parkennsi ¢ KOOPAMHATAMY &, Y TPUMEHSIET-
cs oneparop Jlamaca, hbopmysia KOTOPOro BBIMJIAAUT CIAEAYIOMIM 00pa30M:
L(f(mvy)) = —f(l'—l,y—l)—2~f($,y—l)—f($+1,y—1)—2-f(.’1?—1,y)+
12-f(:v,y)—2-f(x+1,y)—f(x—1,y+1)—2~f(x,y+1)—f(x+1,y—|—1).

3adanue Houx 3Havenul ysema no adpecam Puavmpa. lanunas duib-
Tpamys MO3BOJSET YCIENTHO MOIydarh WHQPOPMAIMI0 O KOHTYPax pejbe-
da MecTHOCTH HA CIYTHUKOBBIX CHUMKAX s OCTEAYIOIIell BEKTOPU3AIUH.
Pacno3naBanue BOJOOXPAHHBIX 30H 10 33JJAHHbIM XaPaKTepUCTUKaM (KOH-
TypaMm u hopMe, TPAIUEHTY [BETA).
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4. OmnpeneseHne pacCcTOTHUSA
Me2K/y paclo3HaBaeMbIMU O0beKTaMu

s periennsi JaHHOM 3a1a49u OyIyT MCHOIB30BATHCS M300PAKEHUS, B
KOTOPBIX TIMKCETI0 N300PaYKeHNsT COOTBETCTBYET 00JIACTH HA MECTHOCTHU Pa3-
mepoMm 3 X 3 kB. meTpa. mes manuyio nadOpMAIUIO, BBIYACISIETCS PACCTOS-
HU€e OT KOHTYPa 00beKTa IPOBEPIEMOrO KJIACCa /10 00beKTa, KOTOPKI orpe-
JIeJISTeTCS KJIACCOM BOIOOXPAHHOM 30HbI. B manHoit paboTe s onpeneieHnst
PACCTOSAHUSA WCTIOJB3YeTCs METPUKa, BBefdeHHas ['epmanoM MUHKOBCKHM, &
UMEHHO PACCTOAHHUE T'OPOJICKUX KBAPTAJIOB:

di(pq) =YY Ipi, — @i, (7)

j=1i=1

rae d — PacCTOsHWE MKy OObEeKTaMHu, p; U ¢; — TOYKHU, COEIUHSEMbIe
PSAMOif, 4 — Pa3MEPHOCTbH IJIOCKOCTH, j — Kosm4decTBO nukceseit. C ygerom
BBITITECKA3aHHOTO MOXKHO TIOCTPOUTD CJIEAYIONINI aJITOPUTM:

1. BpiOupaiorcsi CpaBHUBAEMbBIE TI0 PACCTOSHUIO OOBEKTHI M3 KAXKIOTO
KJTACCA.

2. OnupenensroTcsi BCEBO3MOYKHBIE PACCTOSHEST MEXKJLY KarKJOil mapoit
TOYEK P U ¢, KOTOPbIe 6epyTCs U3 KazK/JI0r0 KJacca.

3. C mnoMompio COPTHPOBKHU OTPEIENIAETCS HAaUMEHbINee PACCTOSHNE
MEXKy OObEKTAMU.

4. TIpoeepsieTcsi COOTBETCTBUE TOJIYYEHHOIO PACCTOSHUS C KOHTPOJIb-
apiMu cooTHOIeHusIMr BK P®. KoHTpOobHBIE COOTHOIIEHNS OTIPEAeISIIOTCS
B COOTBETCTBUHU € MAaKCUMAJbHOW MUPUHON Bomoema. KOHTPOJIbHBIE COOT-
HOIIIEHUST 33JA0TCA (HOPMYJIOH:

rae d,, 3aBUCHAT OT IMHUPWHBI Bomoema, W.
5. Ecim mocTpoiika He TPOXOIUT TPOBEPKY, TO 00BEKT MOXKHO CIUTATH
HE3aKOHHBIM.

3akJiroueHue

B nmannoit crarbe paccMoTpeHa TpobieMa paco3HABAHUS 3IaHUN B BO-
JOOXPAaHHBbIX 30HAX Ha CIIYTHHKOBbLIX CHHMKaX. BI)IIII/I OIIMCaHbl METO/ aB-
TOMATHYECKOTO PACTO3HABAHUS MOCTPOEK W AJTOPUTM OTpEeEeTeHuUsT BOMIO-
OXPAHHBIX 30H C MOMOINBIO (DUIBTpAINK HA OCHOBe Macku Jlammaca. Me-
TOJ, aBTOMATHYECKOI'O O6Hapy)KeHHH IIOCTPOEK B OIIPEIACJICHHBIX O6JI&CT5{X
n300paskeHn#t OCHOBAH HAa BEKTOPHON MOJEINW W BKIIOYAET B CeOs MOMCK
3aMKHYTBIX KOHTYPOB Ha M300PaKE€HUU C BbIIEJIEHHEM KOHTYPOB 3IAHMI.
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IT'MBPUHBIN AJITOPUTM IIOMCKA

AKAJEMUNYECKOTI' O IIJIATIATA
NCXOAHOTI'O KOJA C UCIIOJIb3OBAHUVEM
ITAPCEPA ANTLR

A.C. Bopkumn, /1. O. 3mees

Hayuonaavnoiti uccaedosamenverud
Tomcexuti 2ocydapemeennutl yrnusepcumem, 2. Tomcex, Poccua

MHOTHEe TeXHWYECKWe BBICIINE YYeOHBIE YUPEKIEHUS OIEHUBAIOT
33/[a9M 0 TPOTPAMMUPOBAHUIO CTYAEHTOB HA CIEITHAIM3MPOBAH-
HbIX IaTdOpMax /i MPOBEJEHUs KOHTECTOB, OJAHAKO IIPU OIEH-
K€ CIAHHBIX PEIIeHwil TPernogaBaTe/b JOCTATOYHO MHOTO BpPEMEHU!
TPATUT HA TPOBEPKY WX YHUKAJIHHOCTU. Be3yc/ioBHO, STa pyTUHHAS
pabora MoxkeT GbITh ABTOMATU3UPOBAHA IIyTEM IIPUMEHEHUs] HEKO-
TOPOI CHUCTEMBI TIOUCKA, aKaIeMUIeCKOTo Tiiarnata. B mamHoil cra-
The PaCCMATPUBAETCS THMOPHUIHBIN AJITOPUTM CPABHEHUS WCXOJIHBIX
KOJIOB Ha OCHOBE IsiTH PA3JIMYHBbIX METOJIOB: 10 TEKCTOBBbIM U Ou-
HapHBIM MPEJACTABIEHUSM MTPOTPAMMBI, & TaK¥Ke Ha Oa3e JeKceM u
abCTPAKTHBIX CHHTAKCUYECKUX JIEPEBHEB, TTOJIYIEHHBIX C MCIIOJIb30-
Banuem napcepa ANTLR. IIpeoxkeHnbiii moaxo moKa3aJs BbICO-
Ky 3(pdEeKTUBHOCTh KaK Ha JIETEKTUPOBAHUN HEOOIBITUX MACKU-
pyomux M3MeHeHwil, TaK U Ha 00jiee KPYIMHBIX CTPYKTYPHBIX IIpe-
06pa3oBaHUdgX IPOrPAMMHOIO KOJA.

KuroueBsie cioBa: Ilagzuam ucrodnozo xoda, 2ubpudnoili anzo-
PUMM GHIMUNAGZUATIG, CPAEHERUE CTONCECTIU NPOZPAMM, CTLOCOObL
npedcmasaerus npozpamm, obpazosanue 6 chepe [T, ANTLR.

BBemenue

MNurepaktuBHast 1miargopMa € aBTOMATHYIECKOH IIPOBEPKOH 3aad
«CodeHedgehog» [1] y»ke HECKOIBKO JIeT aKTHBHO HCHOJB3YETCs TIPerno-
maBarenavu u cryaeatamu Boicmeit IT-mkonsr TT'Y a1 m3ydenunsa ocHOB
MPOTPAMMUPOBAHUS U AJropuTMuku. K COXKAJIEHUIO, CIlydan CIUCHLIBAHWS
CTAHOBSITC CJIMINKOM 9YaCTbIM SIBJIEHHEM, & WX ODHAPYKEHWE — JIOBOJIHHO
TPYA03ATPATHAS OLEPAIIUA.

Permenviem mannoit mpobsreMbl cTajia pa3paboTKa MOMYJIsS AHTUTIIATHATA,
JIJIS UCTIOIBb3YEeMOI CHCTEMbI, OCHOBHAS II€JIb KOTOPOTO — MOMOIIb B BBIHE-
CEeHWM BEPWKTA, 110 OPUTHHAJIBHOCTH CIAHHOTO CTYIEHTOM ITPOrPAMMHOIO

ABTOpEI BEIPAXKAIOT GJIATOZAPHOCTL PYKOBOACTBY Bricmreit IT-mikonsl u corpymgHu-
KaM YIIP TT'V 3a oka3zaHHYIO NOJJIEPKKY IIPU CO3JaHUU JAHHON pabOTHI
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KO JIJIst KasK/IOW U3 CYIIECTBYIONMX B PAMKAX KOHTECTA 33729, HAIIPUMED,
ImyTeM OTOOparKeHus pelreHuil, Hanbojee MOXOXKHUX Ha 1mesaeBoe. KonedHo,
CYIIIECTBYET MPOrpaMMHOe oDecIiedenne, TaK NIl WHaYe pernaoliee JaHHY 0
3azady [2], HO OHO He ymoBJeTBOpsieT creruduKe KCIUyaTHPYEeMOil TiIaT-
GOpPMBI U TTOCTABIEHHBIM TPEOOBAHUAM Ha Pa3pabOTKYy.

Co3manue OMMCAHHOTO MOJYJIsl YCJIOXKHSETCsT HECKOJbKUMU (DAKTOPAMH.
Bo-uepsbix, MmHorue 3ajauu (Haupumep, ajaropurMbl COPTUPOBKU) TPEOYIOT
HEDOJIBITOTO KOJINYIECTBA, KO U WX CJIOKHO HAMUCATH OPUTHHAIBHO, MOITO-
My QJITOPUTM JIOJIXKEH 3TO YUUTHIBATH M HE JIABATH JIOYKHOTIOJIOKUTEIHHBIE
cpabarbiBanusa. Bo-BTOPBIX, CTYJEHTHI 9acTO MPUOEral0oT K MACKUPYIOIIIM
PeobPABOBAHUSM C IEJTBI0 CKPBITHS (PAKTA CIUCHIBAHUS, U ATOPUTM TTOUC-
Ka IJIAruaTa JI0JIZKEH ObITh MPEIEJbHO yCTONYNB K TAKUM MOIU(DUKAIUIM.

1. Knaccudukanmsa 3anMCcTBOBaHUM MCXOTHOTO KoJa

B ucciepoBanusx 1o gannomy HanpassieHuio [3] Bbruessior oxkoso 12
TUTOB 3aMMCTBOBAHUS KOIA: OT KOIMUPOBAHUS TEKCTa 0e3 M3MEeHEeHWi 0
CTPYKTYPHBIX MOAMMUKAIUN OTIEIbHBIX YacTeil mporpaMmMbl. B manpHeit-
IeM MbI OyIeM MPUAEPKUBATHC Dosiee 00ITeil 9eThIPexXyPOBHEBOH KTACCH-
dbukanuu [4]:

1) TIporpammHubIi KOJ CKOMMPOBAH 0€3 KAKUX-JUOO U3MEHEHWH (MHBIME
CJIOBaMU, UJACHTHYEH OPUTHHAJY C TOYHOCTHIO 0 KOMMEHTAPUEB);

2) Koa ckomupoBaH C «KOCMETHYECKUMH» 3aMEHaMU WICHTU(DHUKATOPOB
(umen byHKIMI U IEPEMEHHBIX, TUIIOB JAHHBIX, CTPOKOBBIX JINTEPAJIOB);

3) Kox moxker BKIIOYATH 3aMMCTBOBAHKM BTOPOI'O THIIA, & TAKIKE MOJM-
duKamM CKOMUPOBAHHOTO OPUTHHAJA TMyTeM JI0DABIEHUs, PEIAKTHPO-
BaHUs WJIU yIaJjieHus ero (pparMeHTOB WM W3MEHEHWE TOPSIKA WX WC-
[TOJTHEHW ST, HE BJIUSIOIINE HA JIOTUKY CaMOi MPOTrPaMMBI;

4) TIporpamma HEKOTOPHIM OOPA30M MEPEIKCAHA C ODIIUM COXPAHEHUEM JIO-
ruKy paboThl ¥ (PYyHKIMOHATIHLHOCTH, OJTHAKO CHHTAKCHYECKH OHA MOXKET
abCOIOTHO OTIMYATHCS OT OPUTHHATIA.

KavecTBennasa cucTtemMa aHTHIJIArAATa JOJXKHA XOPOIIO OIPEaeIsaTh
[ePBbIE TPU TUIIA [JIATHATA U3 KJIACCU(MUKAIUY BBIIIE. 3ANMCTBOBAHUS €T~
BEPTOrO TUIA 3ATPYAHUTEbHbBI JJIs BbISABICHHUS U YACTO IIPE/ICTABIISIOT CO-
00l KOTMPOBAHKE CAMOTO AJITOPUTMA, & He JYacTeil KOIa OpUTHHAIBLHOMN Mpo-
TPAMMBI, YTO HE SIBJISETCS TJIarMaTOM KaK TAKOBBIM.

2. Paszpaborka ajropurMa aHTHUIJIaruaTa

OneHuTh CXOXKECTh ABYX MPOTPAMM JPYTL C APYTOM MOXKHO MHOTHME
crmocobamu. B xome paboThl OBIIO BBISIBIEHO W MPUMEHEHO MATH Hambosee
YHUBEPCATBHBIX U 3(PPEKTUBHBIX OIXOI0B:
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— Text-based meron 3akai0o9aeTcd B CPABHEHWH TEKCTOBBIX IIPEICTABIIE-
HUIl IPOrpaMM HA OCHOBE HEKOTOPOH METPUKH, HAIPHUMED, PACCTOSHUS
Jlepenmreitna 6o /Ixxapo-Bukiepa. Jlanubiil cmocod oTndaercs CBO-
eifi CKOpPOCTHIO W MPOCTOTOMH, HO PE3YIHTATHBHOCTH OBICTPO CHUZKAETCS
JlazKe Ha «KOCMETHYECKUX» MOMM(DUKAIMIX.

— Token-based meron ocHoBaH Ha MPEOOPA3ZOBAHUN KJIIOYUEBBIX CJIOB IIPO-
IPAMMBbL B [I0CJIEA0BATEJILHOCTD JIEKCEM $13bIKa IIPOIPAMMUPOBaHUs (J1a-
Jiee TIPOCTO TOKEHOB). I1O/IyYeHHbIE TOKEHBI CPABHUBAIOTCS JIFOOBIM J10-
CTYIHBIM CIIOCOOOM. DTOT AJTOPUTM TOPA3I0 TOUHEE MPEIBIIYINEro, TaK
KaK UTHOpPUPYET BCe M3MEHEHUsd BTOPOIrO THUIIA, OJHAKO OH BCE eIe He
CIIPABJISIETCST CO CTPYKTYPHBIMU U3MEHEHUSIMHU.

— Metric-based meros opeaesisier Ha MOy YEHHBIX B IPEILIAYIIEM METOIEe
TOKEHAX HEKOTOPHIE METPUKY (HATIPUMED, KOJI-BO UCHOJIb3yEMbIX IIUKJIOB
U YCJIOBHBIX KOHCTPYKIHii), & Jajiee CUUTAET CXOXKECTh IPOrpaMM Ha
OCHOBE KOJIMYECTBA COBIAIAMOIINX METPUK. B I€JI0M, aJrOPUTM MOXKET
OTJINYHO JIOMOJIHSIET IPYTHe METOAbl AHTHILIATAATA, OJHAKO OH YacTO
JaéT ommbouHbIi pesyapraT!.

— AST-based noaxox rpebyer npejcraB/eHus KOJAa B Bue abCTPAKTHOIO
cuHTaKCuYecKoro nepesa (manee mpocro AST, Abstract Syntax Tree).
B rakom dopmare mporpaMMbl CPABHUBAIOTCS JIIOOBIM TOCTYIIHBIM CITO-
cODOM: OT «HAMBHOTO» MOJCYETA COBMAIAIOIINAX Y3JIOB JI0 MPOJBUHY THIX
MeTO/I0B Ha OCHOBe paccrosuns Zhang-Shasha [5]. Yacro ganustii ciocod
cuuraercs naubosiee abdexrusnbivM [6], HO B TO 2Ke BpeMs ero CJIoKHee
BHEIPHUTH: TOMUMO TocTpoerus camux AST, HyKHa peajgn3amys ajro-
PUTMa WX CPABHEHWS W MOTYT MOTPEOOBATHCS IOMOJHUTEIHHBIE TTPE0D-
Pa30BaHUA JIEPEBHEB.

— Binary-based meron Tpebyer mpOXOKIeHHS KOJOM 3TaIld KOMITHAJISITAN
(unu unrepnperauun). Ilonyuennoe Gunaphoe npejcrasienue (accem-
O/IepHBIA JTUCTUHT WU GANTKOM) CIY’KUT OCHOBON sl JaJIbHERIIero
cpaBHeHus mporpamMM. [IoMUMO BBICOKOI TOYHOCTH HA 3aMMCTBOBAHMSX

1B wactrocTH, MeTOs yCHenrHO OTpabaThiBAeT HAa MPOrPAMMAaxX C MEePeHMEeHOBAHUEM
[IepeMeHHBIX U M3MEeHEHHeM YCJIOBHH U IIMKJIOB, HO MOMEHTAJIBHO Jerpajupyer IpPU J0-
0aBJIEHNH He MMEIOIMMX CMBICIA omepanuii (mo Tumy O0BSBIEHHS IyCTOrO LUKJIA WJIH
HHUIHAJIU3AINN HEUCIIOIb3yEeMBIX [IePEMEHHBIX )

2Ha npakTuke GbLIO BEISBJIEHO, YTO TAPCEP MOYKET BHIIATH CIUIIKOM <BBITSHYTHIE>
JIePEBbs; TAKOE BCTPEYAETCS y A3BIKOB € OOJBIINM JEKCHYECKHM CJIOBapeM (HaIpuMep,
C++), a HA «COKPAIEHHBIX» NEePeBbiax cpaBHeHHE paboraer s¢ddexTnBHER
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3

1-2 Tuna’, ajgropuTM MOXKET JaTh HEIJIOXO# pe3ysbTar Ha Moauduka-

nudax Tperbero TI/IHa4.

lM'ubpuaHbIl AITOPUTM, 3AKIIOYAIOIIUICS B UCIOJIH30BAHUN KOMOMHAITAN
[IATH BBIMIENEPETUCTEHHBIX TOIXO0I0B, MO3BOIAET MOJMYIUTh HAMOOIBIIYIO
3(pPEeKTUBHOCTD AETEKTUPOBAHUS PA3HOTO PO/IA 3aUMCTBOBAaHUM Oarogaps
HCIIOJIb30BAHUIO JIYYIIIX CTOPOH KarK/I0r0 U3 JJAHHBIX CII0c000B. Metos mpo-
M3BOINT CPABHEHWE IIEJIEBOM MPOrpaMMbl ¢ HEOOJIBINON BHIOOPKOI peIreHnii
JPYTUX CTYIEHTOB, M €0 PeaI3alius BKII09aeT B ce0si HECKOIBKO MPOCTHIX
MITaroB:

1) ®opmaruposBanue u HOpMaaU3aLUs (B T.4. yJa/leH1Ue KOMMEHTAPUEB) UC-
XOIHOTO KOZA, JJIsT TIOBBIMEHNsT TOYHOCTH TE€KCTOBBIX CPABHEHWIA;

2) Tlosyuenue MpOMEKYTOYHBIX IPEICTABIEHUN POrpaMMbl (€€ TOKEHOB,
AST u accembyiepHOrO JTUCTHUHT);

3) HemocpencTBeHHO CpABHEHWE MOy YeHHBIX (POPMATOB BHIIENEPEINCIEH-
HBIMH METOJAME;

4) BolHeceHne BepAUKTa HA OCHOBE MOJIYYEHHLIX KOI(DQMUIMEHTOB CXOKe-
CTV W BBIYACJICHWE JIOTMOJHUTENBHBIX MOJE3HBIX CTATHCTHK, HATIPUMED,
IUCTIEPCHN W KBAHTHUJICH PACIPEIeICHAs 3THX KO3 (MDHUINEHTOB JIst BCEi
BBIOODKH PEIIeHMI .

B kawecrBe mHCTpyMeHTa mjis TojxyueHus jekcem u AST mist wax-
JIOf TPOTPaMMBI OBILT MCIOJb30BAH MAPCEP C OTKPBITHIM MUCXOTHBIM KOIOM
ANTLR [7]. IIporpaMmma IIHPOKO HCIOJIb3YETCs JJIs MOCTPOEHHUST MHOTHX
SI3BIKOB IPOTPAMMUPOBAHUS, YTUIUT U (PPEHMBOPKOB, a TAKKe MOXKET OBbITh
HaCTpoOeHa /i PabOThl C IPAMMATHKOI JII0OOr0 S3bIKA IIPOrPAMMHUPOBA-
uusi. CoobIecTBO yKe m00aBUIIO TMOMIEPKKY 0OJIee IBYyX COTEH Hambojee
HOMyJIAPHBIX U3 HuX [8]. B Moaysme aHTWIIarmara JaHHbINA Tapceep ChIrpast
PEIIAIONTY 0 POJIb, MO3BOJINB PEAM30OBATH CAMY JIOTUKY CDABHEHUH, HE 3a/1y-
MBIBasCh O MPODJIEMe MOTYy9eHNsT HEOOXOIUMBIX [JIsi HUX TPOMEXKYTOIHBIX
npelCcTaBJICHUA.

3MeKHe CTPYKTYpHbIE H3MEHEHHS HaCTO ONTHMI3HPYIOTCA KOMIUIATOPOM, 8 PA3HBIe
peanmsanuu 0AHOTO QyHKIHOHAIA (K IPUMEpY, IUKJIA) AT OAMHAKOBBLH acceMbepHbLil
JIUCTUHT

40 raKo BBLIO BEISIBIICHO, UTO HEKOTOPHIE CTPYKTYPHBIE H3MEHEHHUST (manpumep, n3me-
HEHUE TUIIOB JAHHBIX) MOI'YT MOMEHTAJBHO IIOHU3UTH CXOXKECTh IPOTPAMM Ha HECKOJIBKO
eCATKOB IIPOLIEHTOB

5Meznnannoe 3HaueHrEe GAM3KOE K MAKCHMAIBHOMY ¥ HH3KAsS JHCIEPCHS TOBODAT O
IPOCTOTE 3343491 — B 3TOM CJIy4ae MOXKHO YBEDEHHO JaBaTh OTPULIATE/bHBIH BEDIAUKT HA
HaJU4YHe B PeIleHNHU 3auMCTBOBAHUN
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3. IlosryyenHble pe3yJIbTaThI

1t TeCTUPOBAHUST TIOJIY YEHHOTO THOPUIHOTO AJITOPUTMA, OBLIA UCTIO/h-
30BaHa HEOOJIBINAS CUHTETHYECKAs BHIOOPKA, BKIIIOYAIONIAS HEKOTOPHIE MO-
nudukanuu nporpamm Ha a3bikax Java u C++ ( 750 cumBOIIOB) Jj1st Beex
YETBIPEX THUIIOB 3aMMCTBOBaHUil. B Ka4ecTBe TEKCTOBBIX METPUK HCIIOJIb30-
Basuch paccrosuue Jlepenwreiina u LCS (Longest Common Subsequence),
a mis cpasuenuss AST ucnonn3oBasach «HAWBHASI> CTPATErwsA. YCPEeIHEH-
HbIE PE3YJIbTATHI JJIs KayKI0r0 METO/a OTAEJbHO MpeIcTaBIeHs B Tab. 1.

Tabyma 1
CpeaHuii TPOIEHT CXOKECTH MPOrPAMM C PA3IMIHBIMU MOIM(DUKATIVSAME IS Pa3-
HBIX METOIOB aHTHILIATAATA,

Moaudukaims Text | Token | Metric | AST | Binary

ﬁiﬁe‘ff”e KOMMETTAPYES | 00% | 100% | 100% | 100% | 99%

PedopmarupoBanme koma

97% | 9% 92% 93% | 100%
(run 2)

JlobaBjieHre HEUCIOJIb3ye-
MbIX 3aBucuMocTeil (run 2)

89% 92% 85% 91% 99%

IlepenmenoBanme WIEHTH-

85% 100% 100% 96% 98%
duxkaropos (tun 2)

N3menenue Tumos JAHHDBIX

97% 99% 100% 98% 85%
(tum 2-3)

M3menenne nopsiiKa UCIIOJ-
HeHus Kozxa (rum 3)

8% 86% 95% 91% 81%

Brigenenne dacreit kKoma B

oy (i 3.4) 65% | 4% | 2% | 51% | 67%

VY3KuM MECTOM CTaJIO HOJIyY€HUE IPOMEXKYTOYHBIX (DOPMATOB JTAHHBIX:
obparmenne Kk ANTLR 115t Kask 10 porpaMMbl 3aHIMAJIO IPUMEPHO CEKYH-
1y, B TO BpeMs KaK aJITOPUTMUIECKAs 9aCTh PAdOTasIa MOYTH MOMEHTAJIBHO.
Periermem mpobemMbl CTAIO UCIOIB30BAHUE KIITMPOBAHUS MTPEICTABICHNH,
ITO3BOJIUBIIIEE IOy YaTh PE3yJIbTAT AHTUILJIATUATA IPUMEPHO 32 1-2 CeKyH bl
Juist BBIOOPKU 13 50 penieHuil ¢ «IIporperbiMy KIIIEM.

Ilo pe3ymbpTaTamM MTOTOBOTO TECTHPOBAHWS, AJITOPUTM B CPEJIHEM BbIJIa-
BaJI CJIEYIONINE TTPOIEHTHI CXOKECTH MPOTPAMM C 3aMMCTBOBAHUSIMH Pa3-
JIMYHBIX TUNOB (B 3aBUCUMOCTHU OT CUJIbI U3MEHEHMUI):
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1) Bawmmvcrsosanus tuma 1: 99-100%
2) BaumcrBoBanus Tuna 2: 94-98%
3) BammcreoBaHus THNa 3: 87-96%
4) BammcreoBanus Tuna 4: 65-82%

3akJiroueHue

lubpugnas MeTOIMKa MOUCKA AKAIEMUYECKOrO IJIardaTa MOKA3bIBAET
HEILJIOXHE PE3YJIBTATHI JJIs JEeTEKTUPOBAHUS MHOTOYHMCIEHHBIX KOJOBBIX MO-
audukanuii ¥ I0BOJIBHO yCTOHYMBA KO MHOTMM MAaCKHPYIOHIEM Hpeobpa-
soBanusaM. CTOUT OTMETHTH W THOKOCTH TOJIYUYEHHOTO AaJrOpPUTMA: IJIst
CPABHEHWST TPOMEXKYTOUYHBIX MPEICTABICHNH, MPEIOCTABICHHBIX TapCePOM
ANTLR, MOKHO BHEIPHUTH JIIOOYIO >KEJIAeMyI0 CTPATErdi0. 3HAYUTEIbHYIO
9aCThb BPEMEHHU PabOThI MOXKET 3aHMMATH OOpAIleHne K JAHHOMY IapCcepy,
OJIHAKO 3Ta IPOOIEMa HUBEJTMPYETCA MCIOJIb30BAHMEM KIIIUPOBAHUS IIPO-
MEKYTOYHBIX (POPMATOB HPOrPAMM.
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JNCKPETHO-KOCMHYCHOE
ITPEOBPASOBAHUE JIJIA C2XKATUA
TUNEPCIEKTPAJIBHBIX N30BPAYKEHUI

B ®PNUTOCAHUTAPHOM KOHTPOJIE
3EPHOBDBIX KVJIBTVYP

A. K. Capunosa, I1. A. /lynaes, A. M. BekbGaeBa

Kasazckul aepomezrnuyveckud ynusepcumem um. C. Cetlipyaauna,
2. Hyp-Cyaman, Kasaxcman

Pabora mocssimeHa OMMUCAHUIO pa3pabOTKY aJIrOPUTMOB CXKATHUS TH-
MEPCIEKTPATBHBIX a39POKOCMUYECKUX U300ParKeHUH Ha OCHOBE JIHC-
KPETHBIX OPTOTOHAJIBHBIX PEOOPA30BAHUI C IEJIBI0 ITOCJIELYIOIe-
TO CXKaTugd B CUCTE€MaX AUCTAHIIMOHHOTO 30HIWPOBAHUA BQMHI/I nu
naeHTHGUKAINN 3200/1€BAHNA 3€PHOBBIX KY/IHTYD HA OCHOBE CHUM-
KOB T'HIIEPCIIEKTPAJIbHOrO M300pakeHus. B KadecTBe aJIrOpUTMOB
CXKaTHsl, HeOOXOIMMOrO [IJIsi COKPAIleHust 00beMa Iepe1aBaeMoil nH-
dopmaruum, IpeIaraeTcs UCI0Ib30BaHue pa3paboOTaHHBIX METO/I0B
CXKaTus Ha OCHOBE IIpeobpa3oBanuii Yosiuia-Ajamapa u JUCKPeTHO-
KOCHHYCHOTO ITpe0OpPa30BAHMSI.

KiroueBbie ciioBa: lunepcnexmpasvhvie u306padicenus, anzo-
PUMMDBL COCAMUSA, COHCAMUY C NOMEPAMU, UCKPEMHO-KOCUHYCHOE
npeobpasosanue.

BBemenue

Tl'unepcnekrpanbabie AN JI33 HEOOXOMMMBI [1JIs8 MOHUTOPHHIA IPUAPO/I-
HBIX PECYPCOB U [IOCJIEICTBUI Ype3BblYaiinbix curyanuii u T.u. [1, 2, 3, 4, 5].

Baxxaocts mpobiieMbl CKaThsg B TOM YHCJIE CBA3aHA C IPoOIeMoit Kop-
PEKTHOI'O XpaHEeHM# JAHHbBIX JMCTAHIMOHHOIO 30HIMPOBAHMS, ILIOCKOJIBKY
CYIIECTBYIOIINE METOABI 0OPADOTKYM MYJIbTUCIPEKTPAIBLHBIX M300parKeHuii
1m0 (PUTOCAHUTAPHOMY KOHTPOJIIO HE 00EeCrednBaiOT O0jiee TOYHBIE TaHHBIE
BBU/LY U3JIUIIHEH HHGOPMALMH, I STOTO IPEIIAraeTcsl NCI0Ib30BaTh -
[epCIeKTPpabHble H300pazkKeHust, KOTOpble 00JIaJai0T PAI0M IIPEUMYIIECTB
JIJIs olIpeieieHus 3a00JieBaHuil 36PHOBBIX KYJIbTYP.

Perienvie mannoit mpobIeMBI C TOMOIIBIO METOIOB CYKATHST ODECTIE€UNBAET:
moBbIIeHne 3hHEKTUBHOCTH YIPABJIEHNUS CJIOXKHBIMA TEXHUIECKUMU CHCTE-

JlaHHOe ncciie[0BaHNe IPOBOJUIOCH B PAMKaX IPAHTOBOTO (DHHAHCUDYEMOTO IPOEKTa,
KOKCOH MOH Pecny6muku Kazaxcrana Ne AP09561922 «Pa3spaboTka MaTeMaTH4ecKo-
ro anmaparTa Mo IPUMEHEHUIO THIIEPCIeKTPAILHBIX H300parkennil 4y (PUTOCAHUTAPHOIO
obciie[OBaHuS 3€PHOBBIX KYJIBTYD MPU a3POKOCMUYECKOH CHEMKE>.
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MaM¥ 33 CYeT OMEPATHUBHOIO IOJIyYeHUsS BAaXKHON mHMOpMAINU U3 CHKATHIX
JIAHHBIX; yMeHbIIeHre OOJIbUINX MOTOKOB HU(POBbIX JIAHHBIX; IIOBBIIIEHUE
MaMSATH BBIXOIHBIX YCTPONCTB 3amucu UHGOPMAIWN; TOBBIIIEHNE TOJJIOCHI
MPOIIYCKAHUS KAHAJIA.

CoBpeMeHHbIe KOCMUYECKUe CHUCTEMbI JIMCTAHIIHOHHOTO 30HIUPOBAHUS
Bemun ([I33) xapakrepusyiorcs GOJbIIUM Pa3HOOOPA3MEM, B UX COCTABE
uctoab3yorcd kocmudeckue aunnaparbl (KA), koropbie Bemyr cbeMKy B
PA3IMYHBIX IUAMA30HAX 3JIEKTPOMATHUTHOTO CIIEKTPA C PA3PEIEHNEM OT
HECKOJIbKUX KHJIOMETPOB JI0 HECKOJIBKHX JeCATKOB caHTUMeTpoB [3]. B Ha-
CTOSIIIEE BPEMS OFHON U3 BEAYIINX TEHIEHIUN PA3BUTUS KOCMUYIECKUX CH-
crem /133 gBisercs mepexos K NIMPOKOMY HUCIOTH30BAHUI0 GOPTOBBIX MHO-
roCIeKTPasIbHbIX U runepcnekTpasibubix cucrem (I'C), paboraoiiux B Buu-
voMm u MK-n1uana3oHax m OCYIIECTBIISIIONINX CheMKY B COTHSIX CIEKTPAJIb-
HBIX KaHAJOB [4].

B macrosiiiiee Bpems paspabOTKa MPOrPAMMHBIX CHCTEM JJIsT CXKATHS
C TOTEPSMHU JAHHBIX ABJISIETCS aKTyaJdbHON 3amadeit. B pemennn manHOit
3a/1a9¥ CYIIECTBYIOT Da3/IMYHbIE HAIPABJIEHUS WCCJIEIOBAHUS, B KOTOPBIX
AKTUBHO BEJ/LyTCd MUCCIEN0BaHUsA B 00sacTu pa3paboTKu ajaropurMoOB C2Ka-
st [6, 7, 8]. AJrOPUTMBI U CITOCOOBI CIKATHS € MOTEPSIMU JTAHHBIX OXBATHI-
BAIOT MTUPOKWIA CIIEKTD CXKATHUS.

1. DrTansl aJiropurMa cxkKatTmd

Pazpaboranbl aaroputMbl 00paboTKu runepcnekTpagbabix AU ¢ more-
pPSME Ha OCHOBE JUCKPETHbIX mpeobpaszoBanwmii. [lociaenoBareibHOCTD ITa-
OB CJIE/IYTOIIAS.

1. IIpeoOpa3oBanue CTPYKTYpBbI JAHHBIX HA, OCHOBE WCXOJHOTO T'H-
mepcrekrpagbioro AU, 3nHadenusi KO3(DMDUIMEHTOB, Ha OCHOBE YOJIIIA-
Anamapa Tpex ypoBHEd.

2. OpurunanbHOE TPeoOpPa30BaHKE CTPYKTYPHI JAHHBIX HA OCHOBE HC-
XOJHOTO TunepcrnekTpaabuoro AV, xpamsamiero suadennst K03 OUIMEHTOR,
Ha, OCHOBE JHUCKPETHO-KOCHHYCHOTO TTPEOOPA30BAHNS C TeHEPUPOBAHHOM Tab-
JIATE KBAHTOBAHUS.

3. TlpeobpazoBanue MOMYYEHHBIX CTPYKTYP JAHHBIX HA OCHOBE 3TANOB
1-2 myTeMm creHepupOBAHHON TAOJUIBEI KBAHTOBAHUS KO3(MPUITHEHTOB.

4. Ucnosb3oBaHue CTAHAAPTHBIX KPUTEPHUEB KAYE€CTBA BOCCTAHOBJIEH-
HBIX M300paKeHuii.

5. Crxkarue TOMyYEeHHBIX CTPYKTYP dTarna 4 OMHUM U3 CTAHIAPTHBIX IH-
TPOMUIHBIX ATTOPUTMOB.

6. DKCHeprMeHTATbHOE UCCIIEI0BAHUE AJTOPUTMOB IPe0OPA30BaHUs IO
CTEIEeHU CXKATUS U KAYECTBY BOCCTAHOBJIEHHBIX JTAHHBIX.
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PaccymoTrpum sTanbr aaropuTMoB moapooHee.

2. TIpeobpa3oBanue YouJira-A gaMapa

IIpoBesiennbie 3KcHepuMEHTHI Pa3pabOTAHHON [POrPAMMBbI IIPOUJLIIO-
CTPUPOBAHBI HA PUCYHKaxX 1, 2.

Mpeobpaoranue Yonua-Agamapa x

n 0 (16369 | 0 | 0 |158 69 | O |80 150 69 | 0 |*||Pafnycnewnosarpyxew!
TlyTs K McxoaHoMy cparny: DAABT 1217233 rst

0 |24 16963 | 0 |208 168 |69 | D 112 166 63 | O Hazsarne padouen nanxu: '2021.05.24 23-35-48'
Pazmep: 104x104

Vexonras maTpuia coxparena & daiin
0 |80 168|695 | O 48 166 69 | O |40 156 |69 | O Manka nporpammsiinput rst

0 |40 (152 69 | 0 |24 |151| 69 | 0 (152|146 69| O Mpeodpazoearme Yonwa-Anamapa ycneuHo ssnonHeHo! [2:2]
3anuceiBaeM MaTPULY B da
Manka nporpammsiConversation.rst

06patHoe NpeoSpazosanme Yonwa-Agamapa npowno ycnewro! [2:2]
3annceiBaem pezybTaT B (ain
Manka nporpammsiReconversation.rst

CraTucTka:

0 192 14863 | 0 |16 154|639 | D | 56 166 63 | O KOnMuec T80 namereHHsx nemenHTos - 1899
KonAuec T80 HETPOHY Thix 3neMerToR - 3509
D 64148 69 O (232 15069 | 0 |0 142 63 O paznua snemenTos -3

-
< >

Bribepute MaTpuy AnA 0TOGPaXeHNA:  BuiGepuTe HAaCTPORKY MaTPHL:

® WcxonHan OTKpbITh OTKpHITE

O OTdOpMaTHPOBaHHaA Paawep Matpuu Anamapa: 2 o~ | ST Qain | nanky nporpammbi
® M= OTmeyaTk MaTpULL LIBETOM BrinonHnTe npeobpasosanie
O O6paTHo npeobpa3oBaHHan (/oBpaTHoe)

Puc. 1. TIpeoGpa3oBanue MaTPUIBI TUIIEPCIIEKTPAIbHBIX AV

O6paTHoe Ipeobpa3oBaHUe

B paspaborannoii nporpamme mnpeobpas3oBanus Yoora-Ajgamapa st
KOJIMPOBAHUS A9POKOCMHUIECKUX M300paKeHuil BKJIIOYAIOT B cebs 2 Ha 2,
4 ma 4, 8 Ha 8 MPeoOPA3OBAHHBIX MUKCEJIEH, B MPOAHATU3UPOBAHHOM 0030~
pP€ UMEIONUXCS HAYYHBIX pa3pabOTOK B TAKOM MpeoOpPA30BAHWM HE CYIIE-
CTBYeT TONBITOK 8 Ha 8, MTaHHBI (DAKT SIBJISETCS HOBU3HOM B MPOBEICHHOM
HCCIeIOBaHNN. B manmbHEAIeM IaHupyeTcss UCCIeI0BATh U PeaTH30BaTh
BeiiBier npeobpaszoBanue Xaapa U CPABHUTH IKCIEPUMEHTATbHBIE UCCIIE10-
BAHUS C IIPEJJIOKEHHBIM U pa3paboTaHHbIM YoJrna-AgaMapa npeodpas3osa-
HUA, a TaKXKe C CYIIECTBYIOIMUMU Hay YHBIMN paBpa6OTKaMI/I Y4YECHbIX.

Ha pucysnke 3 mpeacraBjieHbl HCXOAHBIE U MPe0OPa30BAHHBIE M300parKe-
HUs TTOCJIe TpeobpasoBanus Youma-A qamapa.

3akJiroueHue

Ha ocHoBe mpoBemeHHBIX HCCIEIOBAHUII CIEAYET CIE/ATh CJIETYIOIIHe
BbIBOJIbI:
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Mpeobpaoranue Yonua-Agamapa x

Pain ycnewro sarpyxen!
My Te K nexoaHomy cpariny: DAAII1217\2\33 rst
Hazsarne padouen nanxu: '2021.05.24 23-35-48'
Pazmep: 104x104

Vicxopmas maTpuLa coxparena & paiin
Manka nporpammsilnputrst

MpeoBpazosanme Yonwa-Anamapa ycnewso ssnonsexol [2:2]
3anuceiBaeM MaTPULY B da
Manka nporpammsiConversation.rst

O6paTHoe npeoSpazosarye Yonua-Aamapa npowno ycnewso! [22]
3annceiBaem pezybTaT B (ain
Manka nporpammsiReconversation.rst

Cratucrka

KOMUUECTEO M3MeHeHHEX 3nemeHTos - 1899

KONMUeCTs0 HETROMY TeIX 3neMeHTOE - 3509
pasHuLa 3MeMEeHTOB - 3

< >

BeiGepute MaTpuLly ANA 0TOOPaXEHMA:  ByiGepiTe HAaCTPORKM MaTpHL:

O Wcxonxan OTKpbITh, OTKpHITE

O OTdOpMaTHPOBaHHaA PaaMep MaTpuu Alamapa RST chaiin | nanky nporpamms!
om PasoBanHan & OTmevaTe MaTpyLL LBETOM BrinonHnTe npeobpasosanie

® O6paTHo npeobpa3oBaHHan (/oBpaTHoe)

Puc. 2. O6parHoe peobpa3oBaHre MATPUIII MUIEPCIEKTPATBHBIX AT

1018
Vi om BTN 1t Sand O U 63151

S

|

Puc. 3. Vlcxommbie u ipeobpa30BaHHbIE N300PAKEHUST

— pa3paboTKa aJropuTMOB HA OCHOBE AMCKPETHBIX MPEoOpPA3OBAHHUIT TIO3-
BOJISIET TIOBBICUTH CTEMEHb CxKaTus 10 R = 12;

— MOpeJjIaraeMblii TOAXOJ C MOTEPSIMHU OIPEIe/sTeTCs B aJIalTUBHBIX
mpeobpa3oBaHUAX, OCHOBAHHBIX Ha MpeobpasoBaHuu Yourra-A mamapa,
JINCKPETHO-KOCHHYCHOI'O [IPE0OPA30BAHNS U CI€HEPUPOBAHHON TaOIHIIbI
KBAHTOBAHUS U IIOCJIEAYIOIMIEr0 aIalTUBHOIO KOAMPOBAHUS;

— MOJIyY€HHBbIE pEe3yJbTaThl CPABHEHUsI MTPEOOPA30OBAHHBIX THUIEPCIIEK-
TpasibHBIX AVl ¢ TOMOIIBIO MOIYYEHHBIX KOIMMUIIHEHTOB TO3BOJISIOT
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IPeAnoNoKuTh IGPEKTUBHOCTD MPUMEHEHNS JAHHBIX HCCIEIOBAHUN €
aJAITUBHBIM KoaupoBanueM Xaddmana;

— CpaBHEHWE KPUTEPUEB KAYECTBA C TIOMOIIBIO CTAHIAPTHBIX METPUK Kade-
CTBa MO3BOJIAIOT OTMETHUTh, YTO THIECTeKTpasbHbie AVl BOCCTaHOBJIEHBI
C BBICOKHM KAY€CTBOM U MUHUMAJBHBIMU TIOTEPSIMHU.
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OB30P CIIOCOBOB PABPABOTKU

KJIMEHTCKNX BEB-IIPUJIOXKEHUN
N IIPEVMMVYIIIECTBA NCIIOJIbBSOBAHUN I

IT'EHEPATOPA CTATUYHBIX CANTOB
C. ®. ITapanos

Havyuonaavhvili uccaedosamensberut
Tomckuti 2ocydapecmeennvitli ynusepcumem, 2. Tomck, Poccus

B macrosimee BpeMsi MMEETCH MHOMXKECTBO CIHOCODOB pPa3pabOTKH
KJIMEHTCKOM dactu BeO-npuiioxkenuii. Haunbosiee pacupocrpaneHHbI-
MU CPeJI HUX SIBJISTIOTCS OJTHOCTPAHUYHBIE TTPUJIOKEHUsI, CEPBEPHBII
PEHIEPUHT U TeHEPATOP CTATUYIHBIX caiiToB. OCHOBHBIMU 3aa9aMu
paboThl SBJIAIOTCH AHAIU3 KaXK/I0I'0 UHCTPYMEHTA C 1eJIbIO BblsiBJIe-
HUS UX IPEUMYIIECTB U HEJIOCTATKOB, a TAK¥Ke MPUBECTHA aPTYMEHTHI
B II0JIb3y UCIIOJIL30BaHUs M€HEPATOPA CTATUIHBIX CANTOB.
KimroueBbie cioBa: Beb-npuaoosicenue, 00HOCMPAHUNHBLE NPULO-
JICEHUA, CEPBEPHBLY peHdepune, 2eHepamop CMAMUYHBLET CAtmos.

st aHamn3a KazkI0ro Crocodba pa3paboTKu B pacdeT OyayT IPUHIMAT-
Csl CITEYTOIUe KPUTEPUH:

SEQ, T.e. HACKOJIBKO XOPOIIO BEO-MIPUIOKEHUE MOKET ObITh PAHMKHUPO-
BAHO B [TOMCKOBBIX CHCTEMAX;

CkopocTh 3arpy3ku u paboThl BEO-IIPUIIOKEHUS;

JIerkocTh CO3MaHus TUHAMWYECKUX TOJIH30BATEIBCKUX UHTEPGEHCOB.

1. OgHOCTpaHWYHBbIE BEeO-IPUIIOKEHUST

Onnocrpannunbie BeG-npunoxenus (Single page applications, SPA)
nmeroT TonbKo oaay HTML-crpamruity. Bo Bpemst 3arpy3ku BeO-IPUIOKEHNS,
cepBep ornpasiser myctyio HTML-crpanuity, a KOHTEHT IUHAMHYIECKH Te-
HEPHUPYETCsl IPU IOMOIIYU CHenuaabHbIX JavaScript-daiiiios B 3aBucumMocTu
or nedicreuii nosmk3oBaresns [1, 3]. SPA MoxHO co3marh npu momMoriy dhpeim-
BopkOB Vue u Angular win 6ubsmoreku React. Ha pucynke 1 orobOparkeHa
cxema paborsr SPA.
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Y )

MNepBOHAaYanbHBIA 3anpoc -
»~
MNyctas HTML-cTpaHuua
g
KnueHT - CepBep
Mocneayrowme sanpochbl -
»
i
.

Puc. 1. Cxema pa6orst SPA

ITocme mepBOHAYANBHOrO 3allyCKa MOPUIOXKEHHs, Opay3ep 3arpyzkaer
TOJIBKO KOHTEHT CTPAHMIIBL U IUHAMUYIECKN OTOOparkaeT ux Ha sxpane. Ilpu
9TOM KaK/I0€ M3MEHEHHUEe COJIEP2KUMOIO CTPAHUIBL HE Bieder 33 coboil me-
pe3arpy3Ky CTPaHHMIIBI, YTO CYHIIECTBEHHO IIOBBIIIAET CKOPOCTH IIPUJIOKEHU
U yiIydmiaer nosb3oBaresnbckuii narepdeiic [5]. Ognako, SPA He sBisIOT-
cd IPY>KeCTBEHHBIMU K ITOMCKOBBIM CHCTEMaM HU3-3a TOrO, YTO IPH 3aIlyCKe
BeO-tipuioKeHus 3arpyzxkaercsa nycrtasgs HTML-crpanuta.

2. CepBepHbI# peHJepPHUHT

[Ipunoxkenusi, pa3spabGoOTaHHbIE NPU HOMOIIM CEPBEPHOrO PEHJEPUHTA
(Server side rendered, SSR-upusioxenus) cozepxkar muoxecrso HTML-
CTPAHUI], KOTOpbIE TEHEPUPYIOTCA HA CEpBEPEe MPH KaXKIOM 3ampoce. 3a-
tem, roroBeie HTML-cTpanusl mocTymaoT Ha Opay3ep u 0TOOpaXKaroTCs
ua skpane [3, 4]. IIpu paspaborke SSR-upusiokeHuii MOXKHO BOCIIOJIB30-
Barbcsa ¢dperimBopkamu Next.js mmm Nuxt.js. Ha pucymke 2 mpeacrapieHa
cxema paborsl SSR-upuitokenui.
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3anpoc -
>
E
HTML-CTPaHMLUa ¢ KOHTEHTOM
< FeHepupyeT
KnuenT CepBep CTpaHULbI
3anpoc C KOHTEHTOM
>
!
HTML-cTpaHMua ¢ KOHTEHTOM
<&
-«

Puc. 2. Cxema paborsr SSR-npuitoxenmit

IMpu 3arpyske crpaHuipl OyAyT COAEPKATH KOHTEHT, moatomy SSR-
npunoxkenus sapisitorca SEO-npyxkecrBenubivu. CepBep MOXKeT JIErko
BCTPOUTH JUHAMUYECKUN KOHTEHT B 311 cTpanuiibl. O HAKO HEOOXOMMMOCTh
reHepaluy CTPAHUIL TTPU KaXKIOM 3aIpoce HETATUBHO BJIUSET Ha CKOPOCTH
3arpy3KU MPUJIOKEHUS .

3. I'enmepaTop cTaTUYHBIX CANTOB

Teneparop craruunbix caiito (Static Site Generator, SSG) — uncrpy-
MeHT, KoTopbiii TeHepupyer HTML-crpanuisl Ha OCHOBE CO3MAHHBIX pa3-
paboruukom 1abiaoHoB. Beb-npuioxkenus, co3ganubie mocpegacrsom SSG,
cocroaT n3 mHOKecTBa crarudabix HTML-cTpanuil ¢ Hy2KHBIM KOHTEHTOM,
KOTOPBIE KOMITUJIUDPYIOTCS BO BpeMsi COOPKY MPUJIOKEHUS JI0 €€ PA3BEPThI-
Bauns [2, 3]. Barem, HTML-cTpanunbl ¢ KOHTEHTOM, a Takxke JavaScript-
daiinbr 3arpyxkarorcst Ha cepBep. IIpu mepBoHAYAIBLHOM 3ampoce OT KJTH-
€HTa, CepBEp OTMPABJSET HYKHYIO CTPAHUIL, a Jajee MpUioKenue Oy-
ger GyHKIoHUpoBaTh Kak SPA w3-3a nasmuus JavaScript-daiiios, koro-
pble MOTYT BCTABJSTL NUHAMWYECKHUH KOHTEHT B BEO-CTPAHUILY. DTO OCBO-
00K TaeT OT HEOOXOAMMOCTH MeHepUpPOBaTh u 3arpyzxkarh HTML-cTrpanwist
mpyu KaxkaoMm 3ampoce. Ha pucynke 3 mpuBegena cxema paborsr SSG-
MPUJIO2KEHU.
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Y )

nEpBOHa‘-IaI'IbeIH 3anpoc >
_____ N
““““ HTML-cTpaHMLa C KOHTEHTOM

g

KnueHT - CepBep
Mocnegyrowme sanpocsl >
i
.

Puc. 3. Cxema paborsr SSG-mpusoxeHunit

B SSG-npuno)eHusx MOMCKOBBIE CHCTEMbBI MOTYT PACIO3HATH COJIEPIKU-
MO€ CTPAHWIL W3-33 HAJNYUs KOHTEHTA B HUX. KpoMme TOro, Takue mpuio-
JKeHust 001aJAI0T OOJIbIIEH IIPOU3BOAMTEIBbHOCTHIO, TAK KAK CTPAHUIIBL yIKEe
CreHepupoBaHbl B MOMeHT cOopku. @peiimBopku Gatsby u Gridsome siBjs-
IOTCsI XOPOITTUMHU WHCTPYMEHTAMU jIsi pa3paboTku SSG-pUIoKeHui.

3akJroueHune

Pe3ynbraTsl Bcex pacCMOTPEHHBIX CITIOCOO0B pa3pabOTKN BEO-TPUIOKEHU
MOKHO TIOJIBITOXKUTH B Tadsmie 1.
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Tabymma 1
Tabsmuia cooTBeTCTBUS PACCMOTPEHHBIX CIIOCOO0B Pa3paboTKu KpHUTEPUIM

Crocob pa3zpaboTku SEO CKOpOCTh JlerkocTh co37aHMs
3arpysku AWHAMUYIECKUX
u paboTer OJIB30BATEBCKAX
nuTepdeicon
OHOCTDAHUTHBIE He coorsercrByer | CoorBercrByer CooTBeTcTByeT

npunoxenns: (SPA)

CepBepHBIi CooTBeTCTBYyeT He coorBercTByer | CooTBETCTBYET

perjepuHr (SSR)

I'eneparop CoorBercrByer CoorBercrByer CoorBercrByer
CTATUYHBIX
caiftos (SSG)

[Tpu HeoObxoaumocTu paspaborku SEOQ-apyKecTBeHHBIX BEO-TTPUIIOKEHMIA
C IMHAMUYECKUM M0JIb30BATEIbCKAM UHTEPMEHCOM, UMEIONUX C BBICOKYIO
CKOPOCTbH 3arpy3Ku U PAbOTHI, [Ie1eCO00OPA3HO NCIOIB30BATH TEHEPATOD CTa-
TUYHBIX CAATOB.
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RESPONSE TIME ANALYSIS
IN FOG COMPUTING SYSTEM

WITH THRESHOLD-BASED
OFFLOADING MECHANISM
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Fog computing systems can solve many problems that clouds can-
not effectively deal with, such as providing real-time analysis and
local management capabilities, connecting and protecting powerful
devices with limited network penetration, bandwidth, and avail-
ability. In this work, we develop the probabilistic model with three
types of nodes that describe the task service process on mobile de-
vices, the fog node and the remote cloud. Taking into account the
heterogeneity in the processing volumes of mobile computing tasks,
we present the analytical framework to analyze the response time
characteristics of the model.

Keywords: Fog computing, offloading, queuing model, response
time.

Introduction

As fog computing spreads from cloud devices to end users, it has a pro-
found impact on communication with customers [1]. Wireless gateways in
homes are becoming hazy nodes that will serve not only as a network gate-
way, but also as a local computing and storage server [2, 3]. An in-vehicle
fog node can make the vehicle an integral part of the end-to-end services
provided by fog computing and cloud devices, for example by helping to
update software on many microcomputers in the car and allowing the user
to reconfigure applications and user interface in the car [4, 5].

The main motivation of the fog computing deployment is strict require-
ments on the response time of real-time mobile applications. Fog computing
brings the computing infrastructure closer to the end user, thus decreasing
the response time [6].

The reported study has been funded by RFBR, project 20-07-01052.
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In this paper, we assume that the processing volume of mobile tasks is a
discrete random variable with a certain probability distribution. A descrip-
tion of the system, a mathematical model is presented, and an analysis of
the results is given and conclusions are drawn.

1. System Description

We consider a mobile computing offload scheme with three computing
levels: a mobile device, the fog node and the remote cloud computing sys-
tem. Mobile devices run applications, which consume a large amount of
computing resources and power. According to the internal policy of a mo-
bile device, some tasks are offloaded to the fog node. Since the capacity of
the fog node is limited, some of the tasks are sent to the remote cloud.

Mobile device Fog nede Cloud

F

tz
) P

¢ I
— Hﬂ‘_ﬂf‘f

Figure 1. An example for local processing of a task, offloading to the fog node
and offloading to the cloud.
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Figure 1 shows an example of offloading and sending a request to the fog
node. The response time ¢; corresponds to the local processing of a task on
mobile device. In this case, the mobile device consumes much power, but
has the lowest response time, which consists of only the processing time.
The response time t5 corresponds to the offloading to the fog node. In this
case, the mobile device wastes energy on sending a task into the fog over a
wireless channel, but saves energy on computations. The resulting response
time is the sum of the transmission delay and the processing time at the fog
node. The last response time t3 corresponds to the case when a task is sent
to the cloud, but at the same time it takes a lot of time to deliver data.

2. Mathematical model

Figure 2 shows the proposed offloading scheme. As shown in Figure 2,
mobile devices are connected to the fog node, and each of mobile devices
generates a Poisson flow of tasks with the intensity \;,i = 1,2, ..., V.

Fog nade

Cloud

A "

i

Figure 2. Model in terms of a queuing systems.

Let v; be a random value of the processing volume of a task from mobile
device i with the distribution function V;(x), and p; is the constant task
serving rate, measured in MIPS (Million Instructions Per Second). We
assume that the "light”tasks (that is, v; < W7) are processed locally, if the
processing volume of a task is between Wy and Wy (W7 < v; < W), then
it is sent to the fog node, and "heavy”tasks (v; = Wa) - to the cloud. Thus,
the offloading probability from the i-th mobile device can be obtained using
the following formula:

mig = Vi(Wh), (1)
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T2 = Vi(Wa) — V;(Wh), (2)

mig =1 —Vi(Wa). (3)

Let us define the distribution function Vsp ;(z) of the processing volume
of tasks that are served locally. Using the rules for calculating conditional
probabilities, we get

{(’Ui < J?) N (U,‘ < Wl)} _

P
Viup,i(z) = P{v; < z|lv; < W1} =

P{”Ui<W1}
P{v; < x}
T < W Vi(z) ,
_ ) P{u; <Wi} R - Lo < Wi; @
M $>W 1 Z}>W .
P{UZ‘<VV1}7 b & L

Then, we can evaluate the CDF of the locally processing time:

TMD,i('T) = ]D{vz <z ‘ v < W1} = P{’UZ < ,uix\vi < Wl} =

i
Vi (piz) Wy
7‘T < .

=V ) = i1 i 5

MD,l(/sz ) {1’12 12/1 ( )

The distribution of the service time makes it easy to obtain the average
service time at mobile device 7 ty/p i, as well as the second moment tg\?m.
These parameters are used to estimate the average sojourn time 7y/p ; for

a locally processed task using the well-known Pollachek-Khinchin formula:

¢ )‘it?\/ID,i 6

TMD,i =tMD; + m (6)

Consider the CDF of the processing volume of tasks from i-th mobile
device on the fog node Vi ;(z).

P{Ui <z, Wi <v; < WQ} _
PIWi<vi<Wa}

0,z < Why;

Vi(:c)—va(Wl)7W1 <z < Wy, (7)

Ti,2

1,z > Ws.

VFJ(Z‘) :P{UZ‘ < ‘ Wy <v; < WQ}:

- P{’Ui <z, Wi vy < WQ} _
T2
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Similarly, the processing time CDF TF; on a fog node is:

TFJ(Q'}) = P{:l < x\Wl < < WQ} = VFJ‘(/LFZ‘). (8)
F

We also calculate the CDF of the processing volume of tasks from the
i-th mobile device on the cloud Vg ;(x).

{vi <z,0; > Wa}
P{v; > Wa}

7P{’Ui<l', 'Ui}WQ} {O,l‘gW%

VC7Z'(.’£):P{’Z)¢<ZL' | Vi >W2}:P

9)

Vi(z)—=Vi(Wa)

ﬂ-ls 5,3

)

,.73>W2.

The distribution of the processing time on the cloud for tasks originated
from mobile device i has the following form:

Tci(x) =P {Uz <z|v = WQ} = Ve.i(pneox). (10)
27e]

The total response time is the conditional sum of processing and trans-
mission delays. The task from the i-th MD is processed locally with the
probability 7; 1; on the fog node with probability m; » and on the cloud with
probability ; 3. Thus, the CDF of the response time T;(x) is

Ti(z) = (1 —m1)Tmp,i(x) + mi2Tri(x —2Aq)+
+7T3TC,Z'(CL' —2A — 2A2)7 (11)

where Ay and A are the constant transmission delays from a mobile device
to the fog node and from the fog node to the cloud, respectively.
Finally, the average response time 7; of the i-th mobile device is

n=0-m1)Tmp; + 2201 + Tr;) + 13(2A1 + 200 + 1¢),  (12)

where 77 ; and 7¢; are the average serving times on the fog node and the
cloud, respectively.



Response time analysis in fog computing system 35

3. Conclusion

In this article, we develop the analytical framework for the analysis of the
fog computing system with the threshold-based offloading mechanism. We
take into account that tasks generated by applications on mobile devices can
vary significantly in terms of the processing volume. We accurately derived
formulas for CDFs of the processing time on each node and obtained the
CDF of the response time.
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The article is aimed at researching the reliability of an unmanned
high-altitude module based on a mathematical model of k-out-of-
n:G system. The analytical model of k-out-of-n:G system is con-
sidered and the impact of the coefficient of variation of the system
elements’ lifetime on its operating probability without failure is in-
vestigated. Several machine learning methods are used to calculate
reliability characteristics for arbitrary input data based on practi-
cally significant parameters, the accuracy of which is expressed in
terms of estimated mean values.

Keywords: Tethered unmanned high-altitude platform, k-out-of-n
system, system’s reliability, coefficient of variation, sensitivity anal-
ysis, machine learning, neural network.

Introduction

Unmanned aerial vehicles (UAVs) are widely used in both civil and mil-
itary fields. They are used in various situations, for example, for organizing
telecommunications infrastructure, monitoring, and video surveillance, cre-
ating navigation systems, and others [1]. In this regard, ensuring the reliable
and long-term functioning of such systems is an important task. Currently,
high-altitude tethered telecommunication platforms based on UAVs have
been widely developed [2]. The long-term operation of such platforms is
due to the possibility of high-power transmission of energy through a cable-
rope that connects the aircraft and ground vehicles.

Due to the multi-rotor architecture of the high-altitude module, k-out-of-
n systems, and some others, which are based on Markov process approaches,
are often used to describe its behavior with further reliability analysis [3], [4].
These models have been widely studied, various assumptions about the
structure of such a model, for example, the dependence and independence

Supported by the Russian Foundation for Basic Research, project no. 19-29-06043
and the RUDN University Strategic Academic Leadership Program.
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of the system’s elements, the shape of life and repair times distributions,
and others were considered [5]. However, the influence of some hidden
characteristics such as second moment and coefficient of variation has not
been sufficiently studied.

In this paper, the reliability of unmanned high-altitude module of a
tethered telecommunication platform is investigated using the k-out-of-n:G
system, the influence of the coefficient of variation on the system’s character-
istics is analyzed, and machine learning, namely neural networks, is applied,
which makes it possible to determine with high accuracy a satisfactory level
of module reliability at different initial parameters.

1. Problem setting

Due to the multi-rotor architecture of the high-altitude module, which
consists of n identical engines, consider homogeneous k-out-of-n:G system.
Such a system consists of n elements and remains operational iff at least
k out of n elements are operational. Denote by A;, i =1,2,..., lifetimes
of the system elements. Suppose that these random variables are indepen-
dent and identically distributed, thus the corresponding cumulative density
function is defined as A(t) = P{A; < t}. Suppose also that instantaneous
failures are impossible and their mean times are finite:

A(0) =0, a= /000(1 —A)dt.

For the system investigation introduce process J = {J(¢), ¢ > 0} with
J(t) = number of working components in time ¢

with the set of states E = {j = 0,k}, where j is number of working units.

Denote also by T time to first system failure T = inf{t : J(t) € E;},
where By = {j = 0,k — 1} is the set of good (UP) states. Thus, we are
interesting in calculation of reliability function

R(t) = P{T > t}.

2. Analytical Model and Sensitivity Analysis

For homogeneous k-out-of-n:G system we have A;(t) = A(t) (i = 1,n).
It is well known, the probability that at time ¢ exactly ¢ elements of the
system from n are in a working state has the form

P(t) = CF (1 — A(t)) At)".
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Thus, the reliability function of such a system (the probability of the system
operating for a certain amount of time ¢ without failure) is

n
R(t)=P{T >t} =) Ci(1—A(t))"At)"". (1)
i>k
As an example, consider the 4-out-of-6:G system. It is supposed that
the lifetime of the system’s units have the following distributions:
— Gamma [F (1/112,(11)2)];
a
— Gnedenko-Weibull [GW |, ———— | | ;
[ (“ L+ 1/u)>]
a
— Log-normal |LnN (In ———, +/In (1 + 2 ﬂ,
© { < Vi Vi)
where a is the expected lifetime of the system’s elements and v is its co-
efficient of variation. g is the shape parameter of GW distribution, it is

selected based on the value of v.
In our experiments we choose a = 1 and v = [0.1,0.5, 1, 5, 10].

R(t)

1.0

s
)

0.8

Figure 1. Reliability function R(t) on the time ¢

Fig. 1 shows the dependence of system reliability function on the time
t. Black, red and blue colors denote the I';, GW, and LnN distributions,
respectively. As it can be seen from the curves, the reliability function of the
system is asymptotically insensitive to the form of the distribution function
of the lifetime at fixed mean and coefficient of variation v < 1. At the same
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time for v > 1, we can notice that this insensitivity disappears and the
system loses its reliability very quickly. We can conclude that the behavior
of the system depends on the value of v.

3. Machine learning methods and their application to the task

In queuing and reliability theories, machine learning methods are used
to study various probabilistic and time characteristics of complex systems,
as well as where it is impossible to obtain results either analytically or using
simulation.

The application of machine learning techniques for analyzing the relia-
bility of an unmanned high-altitude module is due to the following factors.
Firstly, the conclusion of Section 2 makes it clear that some hidden param-
eters of the system, namely the coefficient of variation in our case, have a
significant impact on its behavior and performance. Secondly, from a prac-
tical point of view, the operating time of the system is estimated by its
average value, while the shape of the lifetime distribution function is un-
known and can only be assumed based on some statistical data. Moreover,
the proposed model can be useful and used by engineers at the development
stage of such modules to determine a highly reliable system architecture
(parameters k, n), select components that satisfy a sufficient value of the
parameter v, and also predict how long the module will operate a satisfac-
tory level of system reliability.

As machine learning methods [6], we will consider the followings from
scikit-learn (for regressions) and TensorFlow (for neural network) libraries.
— Linear regression (LinReg),

— Polynomial regression (degree = 3) (PolyReg),

— K-nearest neighbors regression (n-neighbors = 5) (KNN),

— Regression chain (Multi-Output Regression) with cross-validation (scor-
ing = MSE) based on Support vector regression (kernel = rbf, or-
der=[1,0]) (MultiReg),

— Artificial neural network with two hidden layers (optimizer = RMSprop(le-
3), loss = MSE, batch size = 96) (ANN).

To train the model using Formula (1) the training dataset was generated,
in which A(t) ~ T, and further was divided to train and test sets.

Consider the results of application of machine learning techniques for
analyzing the reliability of an unmanned high-altitude module. Tab. 2 shows
the mean square error (MSE) for the two predicted values on the training
set. Tab. 3 demonstrates MSE, mean absoulute error (MAE) as well as the
coefficient variation (R?).
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Table 1
Variables for machine learning models and their ranges
Type | Variables Symbol Range
Input | Total number of system’s elements n 4—-10
Needed number of elements in op- k 2—(n—-1)
erating states
Mean lifetime a 0.1-1
Coefficient of variation v 0.01 -1
Output | Reliability R 05—-1
Time to system’s satisfactory level t >0
of reliability
Table 2
Accuracy of training
LinReg | PolyReg KNNg | MultiReg ANN
MSE of R | 0.009382 | 0.001858 | 0.001411 | 0.100988 | 0.018045
MSE of t | 0.032887 | 0.021047 | 0.004005 | 0.022871 | 0.042639
Table 3
Accuracy of testing
LinrReg | PolyReg KNN MultiReg ANN
MSE of R | 0.00933 | 0.001875 | 0.002359 | 0.015983 | 0.018042
MSE of t | 0.019145 | 0.022580 | 0.003869 | 0.050609 | 0.042577
MAE of R | 0.073982 | 0.029946 | 0.020822 | 0.092072 | 0.105326
MAE of t | 0.109634 | 0.111218 | 0.040997 | 0.177255 | 0.168281
R? of R 0.469286 | 0.894559 | 0.897647 | 0.097334 | 0.142539
R? of t 0.747440 | 0.706204 | 0.934491 | 0.342006 | 0.239067

Analyzing the results obtained, we can note that MSE estimate for all
cases lies in a satisfactory interval. MAE estimate shows the relative value of
the prediction error. In our task, MAE > 0.05 is considered unsatisfactory.
Therefore, of all cases, only KNN shows the achieved accuracy result. R?
estimate indicates how well the constructed model adequately describes the
initial data. From it, we see that the best result is again shown by K-nearest
neighbors regression.
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4. Conclusion

The paper investigates the reliability of an unmanned high-altitude mod-
ule based on a mathematical model of the k-out-of-n system and machine
learning methods. Analytical results show the dependence of the system
reliability on the coefficient of variation of the lifetime. The application of
machine learning methods has shown that K-nearest neighbours regression
describes the reliability of the system in the best way. In the future, it is
planned to improve the selected model to achieve more accurate predictions.
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O06bekToM uccnenoBanus AaHHON craTtbu G-CeThb ¢ HEHANEKHBIMU
MHOTOJIMHEHHBIMEA CUCTEMaMHU MaccoBoro obcayxusanus (CeMO),
B CJIydae, KOrqa o0Imee “1C/Io 3asBOK B CHCTEMAX CeTH, & TAKXKe THC-
s10 maawii o6cayxuBanug (J10) 6onbimoe, Ho orpannvenno. Jannas
CeTh SIBJISIETCS MATEMATHIECKONH MOIE/IhI0 OMJITMHTOBOI CHCTEMBI.
st marroit CeMO mpoBeien acuMIITOTHYIeCK Ui anan3. BeiBeaeHo
ypasuernne Koamoroposa—®okkepa—Ilmanka mas mioTHocTeir pac-
npejiesiennst BeposiTHocTei coctostamit. C IMOMONIBIO ammapara Xa-
pakTepuCTHIeCKUX (HYHKIUN BHIBEIEHBI W PEIIEHBI CUCTEMBI TU(]-
dbepernmanpabix ypasaennit (1Y), KOTOPBIM yJ0BIETBOPAIOT CPEI-
Hre uncya 3asgBok u JIO B cucremax ceTu, a TaKyKe AVCIIEPCUN JaH-
HBIX YHUCEJI.

KimroueBsle ciioBa: Acumnmomueckut aHaAU3, CPEOHEE YUCAO 3a-
ABOK, OUCMEPCUU “UCAG 3aAB0%K, HenadéxcHoe obcayocusanue, G-
cemn.

BBemenue

G-ceru maccoBoro obcayxxusanust (CeMQ), BuepBble BBeIEHHbIE B CTa-
Tbe [1] B craiuoHapHOM PEXKUME U B CTaTbe [2] HePEXOIHOM UMEIOT IIUPOKOEe
[IPUMEHEHUE B KA4ECTBE MATEMATUYECKUX MOJEJIEH KOMIBIOTEPHBIX CHCTEM
u cereii (KC) ¢ yuérom meficTBUs Ha HUX KOMIIBIOTEPHBIX BUPYCOB. B cra-
The [3] Gl HalieHbl TOX0Abl JaHHON cetn. B crarbe [4] B crammorapHOM
pexkuMe GBLITO PACCMOTPEHO MOBEJEHNE KOMITBIOTEPHBIX BUPYCOB HE TOTBLKO
KaK IOBPEXKJIEHUE TI0Ib30BATEIBCKUX 3AIIPOCOB, HO W BBIBOJA M3 TPOS KOM-
ILIOTEPA II0JIH30BATEN, T.€. TAK HA3BIBAEMbIX 3aIPy304HBIX BUPYCOB. DTO
G-ceTy ¢ HeHAIEXKHBIMHI cHCTeMaMn MaccoBoro obcayskusannst (CMO). Oxa-
HaKo B paborax [5] GblIa paCCMOTPEHA JAaHHAS CETh B IEPEXOTHOM DesKuMe
MEeTO/IOM IOCJ/IEI0BATEbHBIX Npub/uzkenuii. AcuMnrorudeckuii anasms Ce-
MO upu 6osibIIIoM, HO OMPAHUYEHHOM YHCJIE 3asBOK ObLIT BIIEPBBIE BBEIEH
B pabore [6], nas G-cereit 6e3 ocobennocreit — B pabore [7]. Jaunas cra-
Thst 0600mIaeT pesyabTarhl pador [5], [7]. Byaem mcnomn3oBaTh MeTOTWKY
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[IOJIyYE€HUsl PE3YJIbTATOB B ACUMIITOTHYECKOM Cjiydae OOJIbLIOr0 YUC/a 3a-
aBoK [8]. esb paborbl — paccyurarb CPEAHEe U JUCIEPCUIO YUCJIa 3aABOK
B CMO ceru n umcia ucnpasubix JIO, ucciemoBaTh KOPPEISIUI0 MEXKITY
YHUCJIOM 3asBOK B PA3HBIX CHCTEMAX.

1. Onucanue cetu

Paccmorpum orkpeityio G-cers [1] , cocrosiyio uz n CMO, B Kax 0
U3 KOTOPBIX (DYHKIMOHUPYET M; HEHAJIEKHBIX JuHuil 00ciayxuBanus (J10)
U B KOTOPYIO HOCTYIAIOT W3 BHEIIHEH Cpejbl MPOCTEHIIe MOTOKU 0JIO-
SKUTEIBHBIX W OTPUIIATEILHBIX 3aBOK C MHTEHCUBHOCTSIMU COOTBETCTBEHHO
Ad; 1 Ag; , 4 = 1,n. Bpemena ucrnipasroii paboTsi n Bocctanonienn JIO mve-
10T TIOKa3aTe/IbHyI0 DyHKIMIO pacupenesenus (b.p) ¢ mapaMerpaMu «;, i,
i = 1,n coorsercrsenno. jurensnoctu BoccTanoprenus JIO Takxke cau-
TAIOTCS HE3aBHCUMBIMHU ¥ PACIPEIEJIEHHbIME 10 MOoKa3aresbuoit ¢.p. Ta-
KuM 00paszom 4ducso ucupasuo paboraomux JIO B kaxkoit uz CMO moxer
OBITH OMUCAHO TIPOIECCOM THben n pazmuoxkenus. O6o3naunm vepes d; (t)
KosimdecTBO mcnpasubix JIO B moment Bpemenu t,0 < d;(t) < my. Ipo-
[IECCHI, OMUCHIBaMONHEe u3MeHenne ducia ucnpasabix JIO B pazuasix CMO
cerTH, He3aBUCUMBI. [[JTUTeIbHOCTH OOCTY > KUBAHUS [TOJIOXKUTETBHBIX 3a5BOK
onuoii JIO B CMO S; pacipe/iesienbl 110 IKCIOHEHIIUATBHOMY 3aKOHY C I1a-
pamerpom p;, ¢ = 1, n. OTpunarenbuas 3asBKa, TOCTYTHUBINAS B HEKOTO-
pyto menycryio CMO ceru, yHHYTOXKAET OIHY 3asiBKYy B Heii, He Tpedyer
obcayKuBaHUSA W Cpa3y mokugaer cerb. [lostomy B Kaxkmoit CMO cernm
MOT'YT ODOC/Ty?KMBATHCSA TOJTBKO IOJIOKUTETbHBIE 3asgBKH, U TOBOPs 00 00-
CIIY?KUBAHUU MOJIO)KUTEJILHBIX 3asBOK, OOBIYHO JIJisi KPATKOCTA UX HA3bI-
BAIOT TMPOCTO 3asiBKamu. [ToNoKuTeNIbHAS 3adBKa, MOCTE OOCIYKUBAHUS B
CMO S; ¢ BepOSTHOCTHIO p;;- nepexomnT B CMO S; Kak TOJOXNTEeNTbHASA

3adBKa, C BEPOATHOCTHIO p;j KaK OTpUIaTEJIbHAA 3adBKa U C BEPOATHOCTHIO
n

Pio=1— E (pjj +p;j) TIOKUJAeT CeTh, ¢, j = 1,n.
Jj=1
Cocrosinue TaHHOM CeTH B MOMEHT BPEMEHH ¢ OMUCHIBAECTCH BEKTOPOM

z(t) = (d(t); k(1)) = (di(t), oo dn(t); K1 (), ooy k(1)) (1)

rae k;(t) — gucno 3agaBok B cucreme S; B MoMmeHT Bpemenu t. Dymkimo-
HUPOBAHKE CETH ONPEEJISIeTCs ABYMs OJJHOBPEMEHHO IMPOTEKAIONUME [1PO-
neccamn — d(t) n k(t). Tpomecc z(t) siBasiercs nenbio Mapkora (IIM) ¢
HEmpepbIBHBIM BpemeHeM. [lycts I; 0003HA9aeT 7M-BEKTOP BCE KOMIIOHEH-
THI KOTOPOT'O HyJIEBLIE, 3a HCKJIOYEHHeM -0, paBHOH eJuHuIe, i = 1,n.
Moxkuo nokazarb, uro BepostHocTu cocroguuii P(d, k,t) ymosnersopsior
caenyrouieil cucreme pasHocrao-auddepentpanbibix ypasaenuii (PIY):
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[AG + Aoy + wamin(ds, k) + i (my — di) u (ds))+
1

a

7

dP(d, k, t) u

toud;] P(dk,t)+ > A§, P(d k=T, )+ (mi — di + 1) u(d;) x

i=1

xP(d—1, k, t)+o; (L+d)P(d+T, k, )+ |Ag+
=1

+p; min (d;, ki + 1) | pio+

n

+> p (L=u(k) || P(dk+ 1, 6)+ > pimin(dik; + 1) x
j=1

i,j=1
x [ pfu(k;) P(d, k+1;—I;,t)+p P(d, k+1;+1;,t)]. (2)

2. BwiBoa ypaBuenus Kosmoroposa-®okkepa-Ilianka

Husa pemenus cucrembr (1) Gymem paccMaTpuBaTh aCUMITOTHYECKUN
citydait 60JbIIoro Yrciia moaoKuTebHbixX 3asBoOK B CeMO u JIO Bo BHen-
Heit cpeje,koropoe obo3unadum 4depe3 K, 1. e. nosoxkum, uro K >> 1. ua
TOrO, YTOOBI HANTY BUI PACIIPEJETIEHNS BEPOSATHOCTEH COCTOSTHUN CJTy YaiftHO-
ro BekTopa k(t), mepeiiieM K OTHOCUTEJIBHBIM [IEPEMEHHBIM U PACCMOTPUM
BekTop X (1) = K 'k (t), y; (t) = K~'d; (t). BosmoskHbIe 3HAYEHUS STOTO
BEKTOpA Npu (PUKCUPOBAHHOM ¢ IPUHAIIEXKAT O'PAHUYEHHOMY 3aMKHYTOMY
MHOXKECTBY

G= {(y,x) = (Y1y oy Yny X1y ooy )iy 20,4, 20,1 =1, nm,

ixigLiyiémiK_l}. (3)

=0 =0

Bocuosibsyemcs cuenyromeit annpoxkcumanueii dbyuxkuuu P (d, k, ):

K*"P(d, k, t) = K"P(yK, xK, 1) =p(y, @, t) (4, 2) € G,
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rorga cucrema PIIY (1) nepemnuiercs B Buje:

op(y, x, ,t)

ot =K

INgb
—~

[£ (As + Ag:) + pa min (g, 1) +

(3

+vi (i — i) u

yi) + iy p(y, X, ,t)+

+KZP‘&EP(X—% O +yili—yi+e)uly)p(y —ei, x, t)+

toi (e +y)p(y +ei x, t)] + KZ A gi € + i min (yi, 7 + €) (pio+
i=1

+> ps(L—u(x;) )| p(y, x +ei )+ K Y pimin(y,
Jj=1 i,j=1
xz+€)[p:;u(x])p(Ya X +61_6J7t)+p;p(Y7 X +€Z+ejyt)] . (4)

B cayuae, xorga p (x, t) sBIsieTcs qBaXK bl HEMpPepbIBHO JuddepeHnnpye-
MO#t 110 X (DYHKIIHEl, TO CIIPABEJIUBBI CJIEAYIONINE PABJIOKEHUS:

)

ply, xtes, ) =ply, x, ) +e2@x 0 200bx0 4, (2)

Ox; 2 Ox?

2 92
plyten x, t)=p(x, t)£e2xl S OPExl 4o(c2),

o oply, x, t) Iy, x, 1)
p(y, x+e te;, t)=p(y, x, t)+5< oz, + oz, +

52 82]) (Ya X, t) 82]? (y7 X, t) 82]? (y7 X, t) 2
= +2 j =
+ 9 ( 81'12 3%3% 8353 +o (E ) 2N 07 n,
min (y;, ¢; + €) = min (y;, ;) +eu (y; — ;) + 0 (52) . (5)

[Moucrasus B (4) maHHble PA3JIOKEHUs, IOJYYUM CIIEIYIOIIEe YTBEPK ICHHE:

Teopema 1. Iliornocrs pacupenenenus p(x, t) BeKTOpa OTHOCH-
TeTLHBIX HepeMeHHBbIX npu K — oo ¢ Tounoctsio g0 O (¢2), rae ¢ = K1,
yaosaerBopsier ypasueruio Komvoroposa—Pokkepa—Iliranka

ly.xt) _ (0 (,m )
ot o ; 6% (A’L (y7X,t)p(y,x,t))

0
9w (Az('Q) (y,x, t)p(y, x, t))) +
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n
€ 0?

, (B(l)(y,x tp(y,x, t)) +

2
+5 2 (o (B ply.x.0) ©

rae

AD (v, x, 1) = 7 (I — i) w (i) —ovyi, B (y, %, 8) = i (I — i) w (i) + i,

AP (y.x,t) = (A = Agi) e+ > gy min (y;, ;) pl (), (7)
j=1

B<2)(Y7 X, t) ()‘(SLz + Aaz) € — My min (yja x])p:z*7

2 . ok 1 . .
BP(y, x,t) = —pymin (I, 2;) pif (x), B (y,x,8) = 0,5 # 1,
vae

*(x) = { (i — i) w () — (0 +05) (L= w (), G # 7

(i —piz) uw (@) = 1= (pf; +pi;) A —u(xy)), i =],

P**(X)_{ (v5i - pﬂ) u(e:) - (pw+pw)(( i) —1), j#1,
7 (pu pu) (x1)+1_(p” +p”)( (xj)—l), 1=7.

NsBectHO, uTO Xapakrepucrnieckas bynknusa (A, t) = fR2" erz’ p(z,t)dz,
I? = —1, Taxxe aBugeTcs 3aKOHOM PacTpeIesIenust CITy9aifHOTO TPOITeCCa.
[MomuoxkuB 06e wactu (4) Ha ez’ , IDOMHTETPUPOBAB IO 2 U yYUTHIBASA
OlIpe/Ie/IeHHbIE HAYAIbHbIE W TPAHUYHbIE YCJIOBUs, ypaBuenue (7) CBOAUTC

K YPABHEHUIO I XaPAKTEPUCTUIECKON DyHKITHH:

Op(A, 1)
SD / Z A( ) (y,x,t) Jr>‘n+1A )(Y7X;t))7
R2n

=1

—fZZ()\i)\ B( )(y,x t)+ )\nﬂ)\nﬂB( )(y,x, t) p(z,t)e”‘szm. (8)

Ucnonp3yst n3BeCTHBIE CBONCTBA XAPAKTEPUCTUUIECKON (DYHKIINU, B paboTe
[8] 6bLM mosydensl cucTembl Y 175 onpe/iesieHrsi HAYaIbHBIX MOMEHTOB
[EPBBIX JBYX HOPsIIKOB BEKTOPOB X (), ¥ () cooTBeTCTBEHHO:

L = MA . —_—
dt v dt

MAN (y(t), x(t),i =T,n. 9)
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dwEM)(t) 1 1 1 1,1 .

S — A (0 0) + AL (v ) + B (), ik =Ton,
dvY (1) S
= AP (v 0) 44 (v 0) 4B 00, 1k = T2,
Paccmorpum nepsbie 2 ypaBHeHus cucreMbl (7) B SBHOM BHJIE:

AN (t BN 5 .
dt( ) = ()‘(J)ri - )‘Oi) + Z Hj 1M1 (dj (t), Nj(t)) Dji (N), (10)
j=1
dd;(t = — _
50— o (o~ ) w(@s(0) — o (1), = T,

B pexume maceimenus, T.e. min (d;(t), N;(¢)) = d;(t),d;(t) > 0,Vt peme-
HUE NIOCJIEAHUX yDABHEHUil umeer Bu:

- d;(0)
= Ni(t) = (N = Ag)) t + Zuji(?%e—(%”i)%
= @i + i)
il

Vi + o

[Mocrostrras C' HAXOAWUTCA W3 HAYAIBHBIX ycaoBmii. B ciaydae dyHKmonn-

POBAHUSI CETH B PEXKUME HU3KON HArpy3KH, T.e. KOTIa min (Ej (1), Nj(t)) =

N;(t),Vt cucrema ypasuenuit (10) sBsieTcss cHCTEMOHl OZHOPOAHBIX YPaB-

HEHUi ¢ HOCTOAHHBLIMU KO3(h(MUIMIHTAME, PENICHHe KOTOPOH TakxKe He CO-
CTaBJIAET TPYIA.

Pemenne cucrempr (7) MO3BOJSIET ONPENEINTh MATEMATHYECKUE OXKU-
JTaHUs W IWCTIEPCUM W B3aMMHBIE KOPPEIAIMOHHbIE (DyHKIUH, KOTOPHIE B
obmeM Ciaydae — JeTepMUHUPOBAaHHbIe (DYHKINU BPEMEHH, ONMpPEIEISIONNAE
COOTBETCTBEHHO CPEHION TpaekTopumio mpomecca &;(t) u paccesanue BOKPYT
Hee, i = 1, n. UaTepBaT (1/1-(1)(75) + 0;(t)) — unTEpBaJI, B KOTOPbIl C BEPOST-
HOCTBIO OKOyO 0,7 momanaroT peanmsanuu &;(t) B cydae uxX HOPMATBHOTO
pacrtpenenenns, i = 1,n. CMenanuble HAYaJILHBIE MOMEHTHI BTOPOTO MMO-
PsIKa, Vf,i’l)(t) = M (&;(t)&,(t)) HA3BIBAIOTCS B3AUMHLIME KOPPEJISIIHOHHBI-
mu byHKIHaME unn GyHKImaME Kpocc-Koppessnun &;(t) u &, () B MoMeHT
BpeMeHu t.

(p;ri — p;i)t +C.
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3akJroueHne

B crarne mpoBenen acummnrornydeckuii anaan3 G-ceTu ¢ HEHAIEKHBIMU
vuorouneitabivu CMO u HalieHbl BhIpAYKeHUS JJIs CPEIHErO JHCJIa 3a-
sBOK U ucnpasubix JIO u ux mgucnepcuii. Tak Kak ¢ GOJBINON TOIHOCTHIO
IJIOTHOCTH PACHPEIETIeHNsT BEPOATHOCTEN COCTOSHUN yIOBIETBOPSET yPaB-
nennio Konmoroposa-®@okkepa-Ilnanka, T0 BEpOSITHOCTH COCTOSHHI UMEIOT
HOpMaJIbHOE pacipejiesienre, mapaMeTpbl KOTOPOTO HaiIeHbI.
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ITPOI'HO3VPOBAHUE
IIVIATE2KECIIOCOBHOCTHN KJIMEHTOB BAHKA
C NCIIOJIb3OBAHVEM METO/10B
MAININMHHOT'O OBYYEHUA HA JTAHHBIX,
OTOBPAHHBIX C IIOMOIIIBIO PACYHETA
KO®PUNIIVMEHTOB WOE 1 IV

1. 1. Byrakosa, E. FO. JIucosckas

Hayuonaavhol uccaedosamenberud
Tomexutl 2ocydapemeennnil ynusepcumem, 2. Tomck, Poccus

B nammoit pabore paccMaTpUBAIOTCS OCHOBHBIE METOIBI MAIIMHHO-
ro o0y JeHus i MPOrHO3UPOBAHNUS IIIATEXKECIIOCOOHOCTH KJIMEHTOB
6aHKa ¥ METOIbl OIEHMBAHMS KAYeCTBA WX pabOTHI Ha MPEIOCTAB-
JICHHBIX JTAHHBIX. /[jI9 NIpOrHO3MpOBaHNUA I1eIeBOT0 IPU3HAKA B JaH-
HOIl paboTe OyayT PaCCMOTPEHBI TAKUE METOIbI KAK: JJOTUCTUIECKAS
perpeccusi, CAyYaiHbIi Jec, MeToHd OuKaNmmX cocemeii M MeToT
OTIOPHBIX BEKTOPOB. [I1s cpaBHeHmsi pabOTBI METOMOB OYyIyT TpH-
MeHEeHbI MeTpuKu accuracy, recall, precision, F;, AUC ROC, AUC
PR, nanexc Ixuau. Ha ocHOBe 3HaWeHMT METPHUK CIEIAH BBIBOJ, O
TOM, 9TO PACCMATPUBAEMbBIE METO bl TPUMEPHO OJMHAKOBO XOPOIIO
paboraror.

KuaroueBsbie ciioBa: Jlozucmuueckas pezpeccud, cayuatinoi sec,
MEMO0 ONOPHBLT BEKMOPOS, MM BAUNCATWUT cocedets, MEMPUKY
KA4eCmea.

BBemenue

B name Bpemsi 06/1acTh MAIMMHHOTO 00yYeHUsT HAOMPAET OOJIBIIYIO MO~
MyJISpHOCTE B cdepe Ousneca, GUHAHCOB, cdhepe yCIyT, TPOMBINIEHHOCTH.
B gacrrOCTH, B DAHKOBCKOM /I€JI€ /111 TPOIHO3MPOBAHUSI I1J1ATEXKECTIOCOOHO-
ctu knueaTa. CBOEBPEMEHHBINH AHAIN3 KPEIUTHOTO MOTEHIIMAA 3aeMIIUKA,
[TOMOZKET TPEIOTBPATHTH HEBO3BPAT KPEJIUTHBIX CPEJICTB U n3beKarh OaHK-
porcrBa GAHKOBCKON OpraHU3aIUu.

1. O630p mcecaeayeMbIX JaHHBIX

st Toro, 9TOOBI HA TPAKTHKE MOCMOTPETh pabOTy aJrOpUTMOB BOC-
HOJIb3yeMcsl HaOOpOM JAHHBIX ¢ cafita kaggle.com [1] o kimentax Gamka
«Tuabkodd», 1715 KOTOPOTO TIPETIATAETCS IO JAHHBIM U3 AHKETHI C UCITOJb-
30BaHHEM AJTOPUTMOB MAIIMHHOINO OOyYeHUs MPeIcKa3arh (PakT HATHIWs
nedosra. Habop mamuabix comepkut nndopmanuio o 205296 kiuenrax u 17
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UPU3HAKAX, D KOJIMYECTBEHHBIX (BO3PACT, CKOPUHIOBbI 6aJul, KOJIUIECTBO
obparenuil B 6aHK, J10X0/, KOJIMYECTBO OTKA3AHHbIX 3adBOK), 7 KaTeropu-
aJIbHBIX (KOJIMYECTBO CBsI3edi ¢ IPYIUMU KJIHEHTAMU, YPOBEHb 00pa30BaHus,
OJI, KOJIMYECTBO JIET, KOTOPOE 3aABUTEIb ABJIACTCA KIMEHTOM OaHKa, THII
JKATILIOMAIH, JTOJIKHOCTh, PErUOH), 4 OMHAPHBIX NPU3HAKAX (HATHIHE aB-
TOMOOHJIIST, ”HOMAPKH, JOXO/A BBIIIE CPETHETO, 3arPAHNACIOPTa) n 1 meme-
BOIO Lpu3HaKa (Hajauuue 1edosra y KJIMeHTa).

2. OT6op IpU3HAKOB

ITepen obyuenneM MoAe VM HA JAHHBIX MMPEIBAPUTEHHO WX HYIKHO 00-
paborars. OOpaboTKa JaHHBIX COCTOUT U3 JIBYX ITAIOB: MEPBUYHAS 00pa-
00TKa JaHHBIX U 0TOOP MHMOPMATUBHBIX MPU3HAKOB. B manHo# padore oT-
60p NMPU3HAKOB MPOU3BOAMIICS C MOMOIIBI0 pacdera koddduruentor WokE
(Weight of Evidence) nuist npu3nakos ¢ nocseayromeil OLeHKOli npeicKa3a-
TEJbHON CHJIbI OTOOPAHHBIX (PAKTOPOB C IMOMOIIBIO pacdeTra KoddduipmenTa
IV (information value) [4]. TToxpoGHoe ommcanwe TpexBAPUTENLHON 00pa-
OOTKU AHHBIX BBIXOIUT 33 PAMKHU TaHHOM paboThi. Pesyibrarom nmpumene-
HUsI TPETIOKEHHBIX METOJOB SIBJISIIOTCS, CIEIYIOIIne OTOOPAHHBIE TTPH3HA-
ku: ZKwunmiomans: crymus, 2Kunmiomais: oM, JomKHOCTh: HAYaIbHUK,
Basun: [-2.387; -2.116], Basur: [-2.116; -1.865], Basur: [-1.865; -1.566], Basu:
6ombie -1.566, Cea3p ¢ kauentamu: 2, Cesa3p ¢ kaunentamu: 3, CBaA3b C
KJIneHTamu: 6osee 3.

3. IToaroroBKa JaHHBIX JJid OOyYeHHUS MojeJsieil

Bynem ycioBHO Ha3bIBATh KJIMEHTOB <«IIJIOXMMU», €CJIM 3HAYEHUE I1eJIeBO-
ro npusnaka — AedOT, HHaYe «XOporuMuy. st mocTpoeHus Mojesneit cHa-
JaJjia Hy>KHO Pa3/ejuTh BHIOOPKY HA TPEHHPOBOYHYIO, HA KOTOPOH MOJEH
Oyzer 00y4aTbCsi W TECTOBYIO, HA KOTOPOil MbI OyZIeM MPOBEPATH KAIECTBO
mozeneit, B orromernu 80/20 (Tabawnna 1).

Tabymmia 1
Pacrnipesenenue 1aHHBIX B BBIOOPKAX
Tun BeIOOPKHT KommgecTBo KommgecTBo Homns
«XOPOTIHX» «TLTOXUX > «TLIIOXWX »
KJINEHTOB KJINEHTOB KJINEHTOB
Ucxonnas 144631 18748 11,48 %
Tpenupopounas | 115652 15051 11,52 %
Tecroras 28979 3697 11,31 %
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4. MeTpuku g ONeHKN KadecTBa MOJdeJIN

Pabora momenu MoxkeT ObITH OXapaKTEPU30BAHA, C TIOMOIIBIO TAKUX KPU-
TEPUEB KA4eCTBA KAaK: OMMOKHU TEPBOTO W BTOPOTO POJA, accuracy, recall,
precision, Fy1, AUC ROC, AUC PR, nanekc Txxunu. Ilepen naganom pac-
CMOTDEHUsI METPHUK BBEJEM BaxkKHOe moHsTHe Marpuibl omubok (Puc. 1).

dakTuyeckuid Knacc
nedont He gedont

™ FP
true positive false positive
(MeTUHHO NonoXMUTENbHBIA Knace) TSI, T ST =1 ST T

FN ™
false negative . true negative
GEELE TR RIS (4eTiHHO OTpULETENEHEIA Knace)

CnporHo3upoBaHHbIi
Knace
He gediont gedont

Puc. 1. Marpuna omubok

Metpuka accuracy obimas Jjst BCeX KJIaCCOB M He TPUMEHNMA B 33/1a9aX
¢ HecOaJIaHCHPOBAHHO! BBIOODKOI, KAK M B paccMaTpuBaeMoil 3aade [3]

TP+TN
TP+FP+FN+TN’

st paBUIIBHOM OIEHKH KAadecTBa PAbOTHI ATITOPUTMOB HYKHO UCIOb-
3oBaTh MeTpuku recall, precision [3]:

. TP TP
precision = TPLFP’ recall = TPIEN
Recall, noka3piBaer Kakasi /10y O0bEKTOB, [IOJIOKUTEILHOIO KJIACCA LIPeJ-
cKazajia MoJIeslh N3 BceX OOBEKTOB TMOJIOXKUTEIHHOTO Kiacca. Precision no-
Ka3bIBAET KaKas J0Jisi 00beKTOB, KOTOPYIO MOJIENh IIPe/ICKa3aIa KaK M0JIo-

JKUTETBHYIO JEeHCTBUTETHHO ABISETCS MOTOKUTETHHOMN.

Takxxe mpu obydennn mojenau cyinecTByioT omubku I-ro u II-ro poma
False Positive u False Negative. B paccmarpuBaemoit 3amade ommbky I-
0 pOJia MOYKHO WHTEPIPETHPOBATH KAK KOMMEDUECKUI PUCK, CBA3AHHBIM
C OTKa30M KpeauTocmocobubiM Kimentam. Ommbka II-ro poma xapakrepu-
3yeT KPEIUTHBIA DPUCK, CBI3AHHBIN C KOJUIECTBOM HEKPEIUTOCIOCOOHBIX
K/IMEHTOB, KJIACCH(UIMPOBAHHBIX KaK KpeauTocnocodubix. Ecau recall n
precision sSBISIOTCS OJIMHAKOBO 3HAYMMBIMU JIJIsl 331491, UCHOJIb3yeTcs F-
Mepa (cpejiHee rapMOHUYECKOe ABYX Merpuk recall u precision) [3]:

accuracy =

2 2 x precision x recall
1 =

precision + recall
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ROC-kpuBasi — rpaduk, MOKa3bIBAIOIIMHA 3aBUCAMOCTb MEXKJY BEPHO
KjaccuuuupyeMbiMu 00bekTaMu 10J02KuTesibHOro Kaacca (T'PR) u j10x-
HO TIOJIOKUTEJIBHO KJIACCU(DUIMPYEMBIMU O0bEKTAMU HETATUBHOTO KJIACCA

(FPR) [2]

TP FpP

TPR= 75N FPR= 57N

Merpuka ROC AUC (Area Under Curve) uamepsieT mjiomaib Mo, Kpu-
Boit ROC' (Puc. 2), uem cusnbree Kpytusna ROC-KpuBoii, TeM GOIbIIE 110~
maab noJ Heil u rem Jydiie paboraer Monesb [2].

Ha ocnoee merpuku ROC AUC MOXKHO BBIYUCJIUTH IPYTYI0 METPUKY —
naAeKe JKunn

Gini = 2% (ROC AUC —0.5),

JeM BbIle WHIEKC JIXKuHu, TeM JIydiie TUCKPUMUHUDYIONAsA CIOCOOHOCTH
MOIEIH.

P R-xpuBas — rpaduk, IOCTPOEHHBII B KOOpAUHATAX Tecall u precision.
[Tnowaxnp nox PR-kpusoit (AUCPR) jydiue ucuo/b30Barh s 3324 C
HecOasaHcnpoBanHoil BeIGOpKOii (Puc. 3).

Puc. 2. T'padux ROC-kpusoit Puc. 3. I'padpux PR-kpusoit

5. IlocTpoenune Mmogesei

ITocrpoum Ga3oBble MOmEnN Ay BCeX anropurmoB. s ymobceTsa 060-
3HaueHnit mpouymepyem momenu. Mogens 1 — Jlorucruueckas perpeccus,
Mogens 2 — Meron Omuxkaiimux coceneit, Momens 3 — Curyuaiinbiii jec,
Mogens 4 — Merox omopubix BeKTOpOB. Momenun Obuin peasim30BaHBI C
nomorpio 6ubnmorek Python (LogisticRegression, KNeighborsClassifier,
RandomForestClassifier, SVC). Pesynbrarbr paborbl 6a30BbIx Mozedeil 10-
Ka3bIBAIOT, UYTO MOIEHN HE 0COD0 CUJIBHO OTJIMYAIOTCS APYT OT APYTa CBOEH
MIPEICKA3ATEIHHON CIOCOOHOCTHIO, TIOITOMY [IJIsT KAYKI0M MOJIEN HYKHO O~
no6paTh napamerpbl, KOTopbie OyayT yaydmars ux (Tabauna 2). Takxke s
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mozesieit 1, 3 u 4 6bu1 nupumenen meroy Ganancuposku [3, 2]. Koaddunu-
€HT PEryJIapU3AlMU JIOIMCTUYECKOH PErpeccuy MOy YH/ICH CJAMIIKOM 0O0JIb-
0¥, MOZIETh MOTJIA IEpEOOy IUThCS, TIOITOMY HY KHO TIPOBEPUTH € TOMOIITHIO
kpocc-Baaumanuu Ha 10 doamax. ITocse mposemenns KpoCc-BaJIUIAINT, BbI-
ACHUJIOCH, YTO CHJILHBIA KO3(D(DUIMEHT PEryIapU3alyd MOYTH HUKAK HE I10-
BJIMA] HA IPEJCKA3ATEbHYIO CIIOCOOHOCTH MOJE/IH, 3HAYEHUS METPHK U3-
MEHHJIUCH COBCEM HEMHOTO.

Tabyma 2
ITonobpanubie mapaMerpbl

Monenb I'uneprrapameTp SHaueHne
Mogens 1 | Koadbdunuenrt perynspuzanuu | 0,0064281
Mogens 2 | KonudecTBO coceeit 3
Mogenn 3 | Uncao geperhen 267

Yucao npu3HAKOB log2

I'ny6una nepesa 1200

Yucmo 06bEKTOB B JTUCThIX 4
Mogmens 4 | Koadbdunuent perynspusanun | 1

Tamma 1

Bun aapa rayccoBoO fIpo

Ilomobpanmbie rumnepnapaMerpbl U IPUMEHEHNE MEeTO1a OATAHCUPOBKH K
HEKOTOPBHIM AJTOPUTMAaM 3HAYUTETHHO YIYUMIAIN TPeICKA3aTEeThHYIO CITO-
cobnoctb Mozesnei (Puc. 4, Tabnuna 3).

FP
10637

TN
18342

Puc. 4. Marpuna omu6ok Mozeneil ¢ momo6panHBIMu THTIEprapaMmerpamu: a) Mo-
nmenb 1, 6) Mogess 2, 8) Monens 3, r) Momens 4
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Tabyma 3

Suadenus MeTpuk 6a30BbIX MOZEJIEH LOC/e 104060pa TUIIIEePIAPAMETPOB

Metpuka | Mogens 1 | Mogenb 2 | Mozens 3 | Mogens 4

precision 0,168052 0,125000 0,174900 0,174773

recall 0,667027 0,000541 0,602380 0,602651

Fy 0,268467 0,001077 0,271089 0,270964

AUC PR | 0,149768 0,113148 | 0,1503433 -

3akJiroueHue

IIpumenenue To#t WM WHOI MOIETN 3aBHCUT OT KOHKPETHOH 3amaqu. B
3aJa4ax IIPOrHO3a HEeJIMHEHHbIE MOJE/IN, TAKUe KAaK CJIyYalHbIN JIeC U MeTO/L
OTIOPHBIX BEKTOPOB MOKA3BIBAIOT JIYUIINAE PE3yIbTaThI.

Paccmorpennbie B paboTe ajropuTMbl MTOKA3aal XOPOIIYIO MPEecKa3a-
TEIbHYIO CIIOCODHOCTDH [1JIsi WCIOJIb30BAHUS B 3aa9aX ITPOTHO3WPOBAHUS
ILTATEXKEeCIIOCOOHOCTH KIMeHTOB Oanka. B mamHoit pabore mo merpuke Fi
Jrydiie Bcero ce0si mposiBUIIa MOZEIb Caydaitnoro jeca. Hecmorpst va mocro-
uHCTBa Merosa Osmzkaiiuux coceleil (Lpocras peajusalus, XOPOLas WH-
TepIpeTalys, HaCTPAUBAHUE MUIEPIAPAMETPa), OH MOKA3aJl HE OU€Hb XOPO-
e pe3yJIbTaThl Ha JJAHHBIX, 110 CDABHEHUIO C IPYTUMHU METOJAMMI, BEPOATHO
n3-3a MPoOIeMbl HecOATAHCHPOBAHHOCTH TAHHBIX.
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OTBOPA MPU3HAKOB JAJ14d JAJIBHEMIIIETO
ITPOTHO3NPOBAHUA
ITJIATE2KECIIOCOBHOCTU KJIMEHTOB BAHKA

. . Byrakosa!, E.TO. JIncosckaa', I. B. Baitmeepa?

1 . .
Hayuonasvnot uccaedosamenverut
Tomcxuti 20cydapemeennviti ynusepcumem, 2. Tomcx, Poccuas,

2X5 Retail Group, 2. Mocksa, Poccus

B mammoit paboTe paccMaTpUBAIOTCA OCHOBHBIE STAIBI 00PAOOTKU
MeTobl 0TOOpA MPU3HAKOB JJIs UX JaJIbHEAIIero uCroabL30BaHus B
AJICOPUTMAX MAUIMHHOIO OOydYeHwMs i IOCTPOEHUsI MOJEJEH, KO-
TOpBIE IIPEeJIHA3HAYEHbI [JIsi TPOTHO3WPOBAHUS ILIATEXKECIOCOOHO-
cTu KJueHToB OaHka. B pabore ObLIM pacCMOTPEHBI TAKHE CIIOCO-
661 or6opa npusHakoB Kak: paciaer kodpdunmenros WoE (Weight
of Evidence) mia mpu3HAKOB € TIOCIEMYIOMIEH OMEHKON TpeacKa3a-
TEJIbHON CHIBI OTOOPAHHBIX (PAKTOPOB C IIOMOMILIO pacdeTra Kod(-
dbunpenra IV (information value) u ouenka Ba)KHOCTH LIPUSHAKOB C
MOMOIIHIO AJTOPUTMA CIIYHIAHHOTrO Jieca coBMecTHO ¢ MeTomoM RFE
(recursive feature elimination), 0CHOBAHHOTO HA JIOTHCTUIECKON pe-
rpeccuu.

Kuarouessie caoBa: Obpabomxa dannvz, WoE (Weight of Evidence),
IV (information value), xeanmosanue (6unnunz), sozucmuvecKas
pezpeccus.

BBemenue

Iepen obyuennem Momeaw Ha JAHHBIX TPEIBAPUTENBHO WX HYXKHO 00-
paborars. OObI9HO, 0OPAOOTKA JAHHBIX COCTOUT U3 JABYX DTAMOB: MEPBUY-
Hasg 00paboTKa JaHHBIX (yJajieHue BBIOPOCOB, yaajieHue 1yOIuKaToB U3 Bbi-
GOpKM, 3aMeHa WU yJaJleHue MPOIYIIeHHbIX 3HadeHuii), orbop uHdopma-
TUBHBIX IIPU3HAKOB (TaK KaK it oDydeHus Mojesieii HeoOXOAUMbL HEe BCe
MPU3HAKY, & TOJBKO Te, KOTOPHIE B DOJIBINEH CTEMeHN BINSIOT HA IEJIEBYI0
MPU3HAK).

1. O630p mcciaenyeMbIX HJaHHBIX

st Toro, 9ToObI HA TPAKTHKE MTOCMOTPETh paboTy aJrOpUTMOB BOC-
moTb3yeMcs HabopoM JaHHBIX ¢ cafita kaggle.com o kimenTax 6anka « Tuwb-
kodd» [1], 11 KOTOPOro npemiaraercs 1o JAHHbIM U3 aHKETbI € MCIIOJIb-



OcHosgHbie 3Tansl 0bpaboTkn u MeTogbl 0TOOpPa NPU3HAKOB 57

30BaHUEM AJTOPUTMOB MAITUHHOIO O0ydeHHUs MpeacKa3aTb (hakT HATHINAA
gedoara.

Habop manubix comepkut muapopmanmio o 205296 kanentax u 17 mpu-
3HaKaX, 5 KOJIMIECTBEHHBIX (BO3PACT, CKODUHIOBBI aJl1, KOJIUIeCTBO 00pa-
mieHuii B 6aHK, JOXO/I, KOJMYECTBO OTKA3AHHbIX 3a4BOK ), 7 KATErOPUAJIbHBIX
(kom4ecTBO CBs3€il C APYIUMU KJIMEHTAMU, yPOBEHb 00PA30BaHMsl, [10J1, KO-
JITYECTBO JIET, KOTOPOE 3asBUTEIb SIBISIETCS KINEHTOM OAHKa, TUIT XKHJIILITIO-
13,1, JIOJIZKHOCTD, PETUOH ), 4 OMHAPHBIX MPU3HAKAX (HAJIAYINE ABTOMOOUIIA,
UHOMAaPKH, JOXO/I& BBIIIE CPEIHEr0, 3arpaHIaciopTa) u 1 1ejeBoro npu3Ha-
ka (majmaue aedoiiTa y KIUEHTA).

2. IlepBuYHBI aHaAJU3 JJaHHBIX

ITocne mpoBeieHns IEPBUYHONO aHAJIN3A JAHHBIX OBbLT yIAJEH TPU3HAK
«JIaThI TIOJAYNU 3adBJIEHUs», T.K. OH HE HeCeT B cebe HMKAKON I10JI€3HOU WH-
dopmanuu s gaspHedielr paboTbl, HO BO3MOXKHO 3TOT HPU3HAK MOXKHO
OBLIO MCCJIETIOBATH HA, CE30HHOCTH W HE YIAJISATh 3TOT MPU3HAK CPa3y, yIa-
JeHbl ayosmkarel. Beutn o0HApYyKeHbl u 00pabOTAHbBI MPOITYCKHA BO BCEM
Habope maHHLIX. [T mMpu3HAKa «KOJWYECTBO OTKA3AHHBIX 3asIBOK» OBLIA
IpOBeIeHa MPoBepKa Ha nHdopMmaTuBHOCTh. KomndecTrBennbiit mpu3nak Oy-
JIeM CcYuTarb HernH(MOPMATUBHBIM, €CJIHM B HEM OOJIBIIUHCTBO CTPOK C O/U-
HAKOBLIMW 3HAYEHUSAMA. BRIOpanubIii Tpu3Hak okasancsa va 82% nemndop-
MATHUBHBIM CJIEOBATEIBHO €r0 MOXKHO yAAJUTh. B HEKOTOPBHIX MpU3HAKAX
ObLIM OOHAPYKEHBI BBHIOPOCHI HA OCHOBE MEKKBAPTUJIHLHOIO pa3Maxa, 3Ha-
9eHUsi, KOTOPbIE HE MOMAJIN B 3TOT OTPE30K ObLIN YIAJIEHBI.

3. Or6op npusHakoB

Huist Jiydiiero ornpejiesieHusi TOro, Kakue HPU3HAKU BJIUAIOT HA BEPO-
ATHOCTD Je0JITa, KJIMEHTA, HYy2KHO PACCMOTPETb B3AUMOOTHOLLEHUS MEZK LY
EeJIEBBIM MTPU3HAKOM U OCTaJIbHbIMHU pu3Hakamu. Ha ocnose rpadudeckoro
PEJICTAB/ICHNUS 3aBUCUMOCTEH ObLIU BbIIEJIEHbI IPU3HAKU, KOTOPBIE OKA3bI-
BalOT BoJIblllee BIMHUE Ha 3HAYeHue LeseBoro npusnaka (Puc. 1).

Iocsie nepBuYHOro aHanM3a JAHHBIX, HY?KHO OCYIIECTBUTH OTOOD LPU-
3HAKOB, IIOTOMY YTO /s OOY4YeHUs AJrOPUTMOB HYXKHbI HE BCE LPU3HAKH,
a TOJIBKO T€, KOTOPBIE B OOJIBINEl CTENEHN BIUIOT HA UTOTOBBIA PE3y/IbTaT.

g orbopa npu3HaKOB OyIyT MCIOJb30BAHBI CIELYIONNE METO/IbL:

1) WoE (Weight of Evidence) ¢ mocyemyrormeii onenkoii mpeackasaTenbHoil
cuiibl OTOOpaHHBIX (BaKTOPOB ¢ momolbio anropurma IV (information
value) [2];

2) OueHka BaxKHOCTH IIPU3HAKOB € TIOMOIIBIO AJITOPUTMA CJIy9aiiHOrO Jieca.
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Pacnpepenenue KAHEHTOB NO cKopuHrosoMmy Ganny Aons pedonTa B 3JABMCHMOCTH OT KOAWYECTEA CBASER
B 3ABMCHMOCTH OT HANKYMA nedonta € APYrMMM KAMEHTaMK Banka

15 o 012

Bann kanenTa
&
o

fons pedont

o 1 1 2 3 Gonee 3
Hanweme pedonTa (0 - ve pedonT, 1 - pedonT) KonwsecTeo canAden ¢ ApYTusMM knnerTamm GaHxa

a) 6)

Puc. 1. a) I'padux pacupenesenus KJIMEHTOB 110 CKOPUHIOBOMY 0aJjuly B 3aBUCHU-
MocTu oT Hagmausa gedonra, 6) Homas medonra B 3aBECHMOCTH OT KOJMIECTBA
CBsI3ei ¢ APYTUMU KINEHTaMU OAHKa

ITepen reM Kak HadaTh paboTy MO OTGOPY MPU3HAKOB MEPBBIM CIIOCO-
6OM HYKHO BCE KOJMYECTBEHHBIE HENMPEPHIBHbIE MPU3HAKK PE0OpPa30BaTh
B KaTeropuaJjibHble, UCNOJbL3ys KBanroBaunue (6unnunr) [4]. Ksanrosanue
— 3TO TpoIecc 0OpabOTKU JAHHBIX, KOTOPBIH MMO3BOJISIET PA30OUTH TUAIIA30H
KOJIMYECTBEHHOIO [IPU3HAKA HA 33/IAHHOE KOJHYECTBO UHTEPBAIOB (OUHOB)
U TIPUCBOWTH KaXKJIoMy OnHy HasBaHue. KBaHToBaHWMe GbIBAET JBYX BHJIOB:

1) HUnmepsasvnoe. nana3on 3uadeHuil 1euTcs HA OAMHAKOBbIE HHTEPBA-
JIBI, B KayKJIOM HEe OyIeT CIUIIKOM MHOTO WU MAJIO JTaHHBIX.

2) Keanmuavnoe. lupuna wHTEPBAJOB OyJeT pa3jindHa, HO B KaXKIbIil
MTOIAIET IPHUMEPHO OJMHAKOBOE KOJIUIECTBO 3HAUCHUIL.

B macroseit pabore mpuMeHsieTcss BTOPOil By KBanToBauus. C momo-
IIbI0 KBAHTOBAHUS OyIyT MPeoOpa30BaHBI CJIEAYIONINE TPU3HAKU: BO3PACT
KJIMEHTa, CKOPUHTOBBI 6AJIT U MOX0/ KJINEHTA.

4. OTbGop IMPU3HAKOB HMEPBBIM CIHOCOGOM

Kosdpbunuenr WoE orrocuTesnbHO fanHO# 3318491, XapaKTEPUIYET CTE-
[I€Hb OTKJIOHEHUs YPOBHS 1eDOITOB B JJAHHON IPYIIE OT CPEHEro 3HAYEHM s
B BBIOOPKE.

Hna pacaera WoE HYXKHO 1T KayKJIOTO KATErOPHAILHOTO MPU3HAKA
M I8 KaxKJIoW TPYNIbI BHYTPH NPU3HAKA BBIYUCINTH YHCJIO KJIUEHTOB C
nedosnrom («mioxue» KimeHTbl) u 6e3 gedonra («Xopoiiues KIUEHTbI) U
paccuuTaTh KO3(PUIHMEHT IO ciieayomei popmyte:

WoFE; =In <&> ,
qi
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rJie © — HOMEpP I'PYIIbl BHYTPU HPU3HAKA, P — JIOJIHA «XOPOIIUX» KJIUEHTOB
cpeau BCeX «XOpomux», g — A0J1d «IIJIOXHUX» KJIMEHTOB Cpeau BCEX «IIJIOXHUX».
IMocne pacuera WOE paccunTbiBaercss nHGOPMAIMOHHAS TIEHHOCTD (KO-
sddunment IV), KOTOpBIl XapakTepu3yer CTATUCTUYECKYIO 3HAYMMOCTH
MIpU3HAKa, IO CAeayIomeit ¢popmMye:
n

i=1

st onpeenennsi MpecKa3aTeIbHOM CUIIbI IPU3HAKA HA OCHOBE pacye-
ra IV Bocuosb3dyemces cuepyroweil knaccudukanueii (3uavenue IV — Ipeu-
cKa3aTesrbHas CUIa):
— < 0,02 - orcyrcrsyer,
— 0,02 -0,1 — au3Kad,

0,1—-0,3 — cpennsas,
— > 0,3 — BBICOKAA.

JI71st mpU3HAKOB, KOTOpHIE OBLIN BHIOPAHBI KaK HanboJee 3HAYNMbIEC HI-
JKe TpeacrapieHa Tabsmma 1 co 3HauenumsMu Koddgdummenta IV. Iloce
oTOOpa TPHU3HAKOB CO3JAHBI (PUKTHUBHBIE MPU3HAKK C MOMOIIHLI0 dummy-
KoJupoBanus [3].

ITycTs ouH U3 TPU3HAKOB X ; TIPUHAMAET 110 3H&'~I€HKﬁ {b1,...by}, Torma

J

JIIS KasKJI0To OOBbeKTa ¥/ MOXKHO 3aMEHHTh IPH3HAK X; Ha M — 1 IpH3HaKOB

co suauennsivn {0, 1}:
Z zj[xg :bk} ke {l,....m—1},

rae I [A] — ungukarop cobbrrust A.

Tabymma 1
Buauenus kodbdurmenta IV 1a Hanbosiee 3HAIUMBIX TPU3HAKOB
[Ipuznax Suagenne [V
KonuyecTBo cBsi3eit ¢ apyrumu KiImeHTaMu 0,13
CKOppHHTOBBIH OaJLI 0,27
Tun xunmmomagu 0,11
Twun 3aHUMaEeMOit TOJKHOCTH 0,10
Yuciio sier, KOTOPOe 3asBUTEND ABJISIETCH KJIMEHTOM 0,10

Tlocmenamm marom B oTOOpE MPU3HAKOB MEPBBIM CIIOCOOOM SIBJISIETCSI
YJAJIEHHE CUIBHO KOPPEJIUPYIOIMX MEXK/ly co00i IPU3HAKOB (U3 ABYX [IPH-
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3HAKOB HY?KHO OCTaBUTH T€, y KOTOPbIX 3HadeHme Kodbdunuenrta WoE
60J1bLLE), JJist ITOr0 OblIU HOCTPOeHbl Marpulpl Koppessiuuit (Pucynok 2).

MaTpHua NapHLEIX KOPPENAUMA MeX Ny PUKTHEHEIMH NepeMEHHEIMH NOCNE YAANEHHA NPH3HAKA

1. XMunnnowaas: CTyAus -0.15 m -0.0078 -0.0056 0.0062 0.022 -0.032 -0.02 015

2. Munnnowank: AoM -0.15 -0.047 0.00037 0003 00036 -0.01 0.0041 0.0055 0.0044

3. JONXHOCTE: Ha4anbHUK m -0.047 0.0037 0.003 -0.00044 -0.012 0.025 0.018 -0.084

4. bann: [-2.387; -2.116] -0.0078 000037 0.0037 -0.25 -0.25 -0.25 -0.0071 -0.012 0.011
5. bann: [-2.116; -1.865] -0.0056 0.0036 0.003 -0.25 -0.25 -0.25 00018 00027 -0.0029
6. bann: [-1.865; -1.566] 0.0062 00036 -000044 -025 -0.25 -0.25 0.01 00098 0012
7. bann: > -1.566 0.022 -0.01 -0.012 -0.25 -0.25 -0.25 0.021 0.019 0.024
8. CBA3b C KNMeHTamn: 2 -0.032 0.0041 0.025 -0.0071 0.0018 0.01 0.021 0.1 -0.18
9. CeA3b C KAMEHTaMu: 3 -0.02 0.0055 0.018 0.012 0.0027 00098 0.019 0.1 011
10. CBA3b € kAnenTamu: Bonee 3 015 00044 0.084 0011 00029 0012 0.024 -0.18 -0.11

1 2 3 4 5 6 7 8 9 10

Puc. 2. Marpuma koppessmuit MeX 1y (PUKTUBHBIMI TPU3HAKAMH TIOCJIE YIAJIeHUe
CHJIBHO KOPPETUPYOUNX IPU3HAKOB

Takum 00pa3oM WTOTOBBI HAOOP MAHHBIX cocrouT w3 10 oTobpaHn-
HBIX TTEPBBIM CIOCOOOM Mpu3HAKOB: 2Kumiomaas: cryans; 2Kuamioma,ab:
nom; JloimkaocTh: Havanbuuk; Basr: [-2.387; -2.116]; Basu: [-2.116; -1.865];
Bas: [-1.865; -1.566]; Basui: 6oubiie -1.566; Cesa3b ¢ kauenramu: 2; CBsisb
¢ kamentamu: 3; CBs3b ¢ KimeHTamu: bosee 3.

5. OT60p MPU3HAKOB BTOPBLIM CIIOCOOOM

Bropoii cmocob orennBaeT BayKHOCTH KaxK/IOTO MPH3HAKA HA OCHOBE aji-
ropuTMa CIydaitHoro Jjeca. s 3Toro Hy»KHO 00yYHUTH MOJE/]h HA TPEHU-
POBOYHOIT BRIOOpKE m mocuuTaTh out-of-bag ommbky mist Kaxkmaoro o0bek-
Ta 910 BBIOOPKH. Oumbka ycpemHsieTcs: s KayKI0ro 3JIEMEHTa 10 BCe-
My CJIy4YaifHOMY Jiecy. JHAYEHUS KAXKIOrO MPU3HAKA MEPEMEITUBAIOTCS JIJTs
BCeX 00BEKTOB 00y4atoniell BHIOOPKH U BBIYUCICHUS OMINOKU IIPOU3BOIATCS
3aHOBO, Y4TOOBI OIEHUTH BAYKHOCTH MpPU3HAKA. deM OOIbINe yMEHbIaeTCs
TOYHOCTH TPEICKA3AHWI 13-33 MCKJIIOYEHUs WJIM TEPECTAHOBKU MPU3HAKA,
TeM BaykKHEe 3TOT MPU3HAK.

>icoop 1 (yi = ?71@) Yicoopw 1 (Z/z‘ = @\1(27)
|0OBW)| |OOB®)| ’

FIY(z;) =

rme OOB® — out-of-bag ommbka mis gepesa t € {1,..., N}, N — xommde-
CIBO JIEPEBBEB B CILyYailHOM Jlece, & — LIPU3HAK, Ul KOTOPOrO OLEHUBACTCS
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(1)

BasKHOCTD, ¥,

~(t
3HAKa, yf T)Fj — IpeACKa3aHue Mocje YAAJIeHUs I [IePeCTAaHOBKH [IPU3HAKA.
Jlamee TpOM3BOIMTCSA PAcUeT BAYKHOCTH TPU3HAKA TI0 BCEM JIEPEBHIM B
CyYaffHOM JieCce M MOXKET OBITH MPECTABJIEH B IBYX (OpPMaX: HEHOPMAJIH-

30BAHHON W HOPMAaJIU30BAHHO

— LIpeJiCKa3aHue liepej] yJajleHueM Ui 11ePecTaHOBKON 11pu-

N
1 N -Fl(x;
Fl(z;) = + > Ff(t)(ffj)azjzia( i),
t=1

IJie 0 — CTaHJAPTHOE OTKJIOHEHHUE PA3HOCTENH.

B Tabnune 2 npuBenensr pacuérsr KOIDDUIMEHTOR /15 siTH Hanboee
BayKHBIX MPU3HAKOB. J[JIs1 majabHeHIero anain3a ObLI10 BrIOpano 24 mpu3mHa-
Ka JJIs KOTOPBIX HOPMAaJIM30BaHHOE 3Hadenue 60sbie 0,02.

Ha BoiOpaHHBIX MpU3HAKAX OBLT HUCIOIB30BAH METO PEKYPCHBHOIO CO-
kpamenuss RFE (recursive feature elimination) B coueranuu c jorncrude-
cKoii perpeccueii. B manuoii pabore 3TOT METOm OBLIT MCITOIB30BAH KAK [10-
TTOTHSTOIINI, HO TAKYKE MOYKET OBITH MCIIOIH30BAH, KAK W CAMOCTOSITE/IHHBIH.

Tabyma 2
BaxxHOCTH TPU3HAKOB
IIpusnax Henopmanuzosannoe | Hopmanuzosammoe
3HAYEHUE 3HAYEHUE
Pernon: MCK 227.8 0,043968
Kunnnomans: crynus | 207,4 0,040031
ITom: MyzKCcKoOI 199,0 0,038410
Bas: >-1.566 189,4 0,036557
Basu: [-1.865; -1.566] 182,1 0,035148

CyT1b Merosa: MoJe/b 00y4aeTcs Ha MCXOJAHOM HabOpe IPU3HAKOB, OLle-
HUBAET WX 3HAYUMOCTDH U MCKJIIOUAET HAUMEHEE BAYKHBIN MPU3HAK, MTPOIECC
TOBTOPSIETCS 10 TE€X MOpa TOKA He OyAer MOJIydeHO ONTHUMAJIBHOE WJIN 3a-
JTAHHOE KOJIMYECTBO MPU3HAKOB, KAXK/IOMY MPU3HAKY MPUCBANBAETCS DAHT,
yeM BBIIIEe PaHT, TeM BasKHee [IPU3HAK.

Takum o6pa3zom UTOroBbIN HAOOP AaHHLIX cocTrouT u3 10 oToOpaHHBIX
BTOpBIM crmocobom mpu3nakos: O6paszosanue: BII; ZKunnnomans: crymus;
Basn: [-2.116; -1.865]; Basur: [-1.865; -1.566]; Bama: > -1.566; CBsi3b ¢ Kin-
enramu: 6bostee 3; Hanmuame apromobuns; Kanenr Oamka: Oosee 3; Permon:
CIIB; Pernon: MCK.
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3akJroueHne

ITocte paccMOTpeHUsT METOIOB TIO OTOOPY MPU3HAKOB OBLIO YCTAHOBJICHO,
9T0 00a METOIa OTOMPAIOT MPUMEPHO ONMHAKOBBIC NMpU3HAKH. JlJIs OreHKn
PpaboTBI METOIOB B OyIyImeM IpPeIIaraeTcs MOCTPOUTh MONETH HA, JAHHBIX
OTOOpPAHHBIX ABYMS METONAMHE, CPABHUTD UX, UCIIONb3yd METPUKH KA4ECTBA,
U CIes1aTh BLIBOZ, O paboTe Momeseil Ha JAHHBIX, OTOOPAHHBIX PA3HBIME Me-
romamu. TaksKe MPEIJIAraeTcs MPOBEPUTH KAYECTBO MOJENIeH Ha 0TOOpaH-
HBIX JAHHBIX TIOCJIe TPUMEHEHUs MeToa undersampling, KOTOPBIH TpeTHa-
3HAYEH [ 0AJJAHCUPOBKU JAHHBIX.

CIINCOK JINTEPATYPbI
https://www.kaggle.com/c/fintech-credit-scoring. —Kaggle. 2021.

ITynuna FO. C. Kpurepum xagecrsa paGorsl knaccubuxatopos. // Becr-
HUK YJIbSTHOBCKOTO TOCYIapPCTBEHHOIO TEXHIYEeCKOro yHuBepcureTa. 2015, Ne 2.
C.67-70.

3. Kapmunckui A. M. CpaBHUTE/IbHBIM aHAIM3 METO/IOB TPOTHO3UPOBAHUS OAHK-
POTCTB poccuiickux cTponTebHbIx Komnaunuii. // Busnec-undopmaruka. 2019.
Ne3. C. 52-66.

4. Hlynuna FO. C. TIporao3upoBaHue KpeIuTOCIIOCOOHOCTH KJIMEHTOB HA OCHOBE
MeTOZ0B MalMHHOro o0ydenusi. // @uuancer u kpegur. 2015. Ne27. C.2-12.

Byrakosa Jlapes JJMurpueBHa — CTYIEHT MHCTUTYTA NPUKJIATHON MaTeMa-
THKU U KOMIbIOTepHBIX HayK. E-mail: bugashkal7Q@Qinboz.ru

JIncosckast Exkarepuna FOpbeBHa — k.d.-M.H., go1ieHT Kadeapsl TeOpUN Be-
POSITHOCTEH B MaTeMaTUYeCKO CTATUCTUKY HMHCTUTYTA IPUKJIAJHON MaTeMaTUKN
1 KoMubloTepHbIX HayK. E-mail: ekaterina_ lisovs@mail.ru

BaiimeeBa lN'anmnaa BiaaguMupoBHa — crapmuil MeHeKep 1Mo padbore ¢ 6071b-
mumu gaaabivu. E-mail: baymeevag@gmail.com



MaremaTudeckasi Teopus
TejieTpadpuka 1 Teopus
MaCCOBOI'0 OOCJIY>KIBaHUS



ITMM - 2021

DISCRETE TIME QUEUE WITH SELF
INTERRUPTION RESULTING REDUCED
PRIORITY

M. P. Anilkumar®, K. P. Jose?

LT, M. Gout. College, Tirur - 676502, Kerala, India
2 Dept. of Mathematics, St.Peter’s College, Kolenchery - 682 311, Kerala, India

This paper considers queues with a discrete-time priority that are
formed by customers’ interruption in service. The interrupted cus-
tomers are moved to a lower priority queue. Both preemptive and
non-preemptive discipline to the service of lower priority customers
are taken into account. We use Matrix-Analytic Method to analyze
this model. The marginal distributions of the two queue lengths in
each discipline are analyzed.

Keywords: Peemptive, non-preemptive, Markovian arrival pro-
cess, discrete phase-type distribution, matriz-analytic method.

Introduction

White and Christie [1] introduced priority in queueing theory in 1958.
Priority queues can be classified into two i) preemptive and ii) non-
preemptive. In the case of preemptive priority, the service with the lower
priority is interrupted when a customer with high priority arrives during
the service, while in non-preemptive cases, the arriving customer with high
priority is only served after the current service has been completed. An
overview of priority queues is done by Brodal [2]. The author attempted to
list some of the directions on priority queuing models that have gone over
the past 50 years. The matrix geometric method for the priority queue with
a discrete-time queue is discussed by Alfa [3], The author has extended the
structure of the rate matrix R obtained by Miller [4] to the discrete case.

Customers with high priority or customers with low priority can gener-
ate from the queue during a service; these are referred to as self-generated
priority or self-generated interruption. The self-generated priority queue
with MAP arrivals and service time distribution as phase-type is described
by Krishnamoorthy et al. [5], where the capacity of the priority customer
intake is one and the remaining priority customers generated are consid-
ered lost. Interruptions in queues occur for many reasons, such as server
failures, servers taking an emergency brake, and customers who have incom-
plete information or are distracted. Jacob et al. [6] investigated an infinite
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capacity queuing system with a single server to which customers arrive ac-
cording to a Poisson process and the service time follows an exponential
distribution. The customer interruption takes place according to a Poisson
process and the interruption duration follows an exponential distribution.
The self-interrupting customers will enter a finite buffer size and any inter-
rupted customer who finds the buffer full is considered lost. The concept of
the self-interrupting infinite buffer for lower priority in continuous time was
analyzed by Krishnamoorthy and Manjunath [7]. Anillumar and Jose [8]
generalized this model to discrete-time cases with MAP arrivals and phase-
type service processes. A discrete-time priority queueing inventory model
with customer-induced interruption was also analyzed by Anilkumar and
Jose [9]. In this paper, we generalize the service process and interruptions.

1. Modeling

We consider an infinite capacity single server discrete-time queue in
which arrival of customers are modeled by Markovian arrival process hav-
ing n phases with representation (Dp, D1). Then the arrival rate A = ¢ Dy,
where ¢ is the stationary probability vector of Dy + D;. There are two
types of priority queues P; and Ps. Customers who arrive in the system
first enter the high priority queue. During his service, he may or may not
interrupt the service. The primary service is considered to be the time till
absorption of a discrete-time Markov chain that has two absorbing states
and which is represented by the transition probability matrix

S(1) S°(1) S°2(1)
T = 0 1 0
0 0 1

with initial probability 5(1) and transient matrix S. If a customer inter-
rupts the service, he is transferred to a low priority queue P3. The same
server serves customers in these two queues one at a time according to their
priority. Once an interrupted customer in P, receives service, he will have
no further interruption during service (except when P; customers arrive in
preemptive case). After completing the service, customers in both queues
leave the system. A customer in Py is taken for service only when no cus-
tomer is present in P; and no customer in P; ahead of him. The arrival
of customers in P; during the service of Py, may or may not affect the
service. In other words, service Ps is either according to preemptive or non-
preemptive discipline. The processing times of customers in P, are discrete
phase-type distributed random variables with parameters (5(2), S(2)) and
dimension msy each.
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Notations

—_

Ni(n) : Number of P; customers in the sustem at an epoch n.
N(n) : Number of Py customers waiting for service an epoch n
I(n):The arriving phase of a customer

J(n): The service phase

a=1—awhere 0 <a<1

e : Column vector of 1’s of appropriate order

S9(2)+ S(2)e=e

N

~N O O i~ W
—_ DO

2. Preemptive Priority

We assume that the priority of service in Py is in the preemp-
tive discipline. = The arrival of the customer during the service of
the non-priority queue affects the arrival of customers in P;. Now
{(N1(n), N2(n),I(n), J(n)),n = 1,2,3,..} is a Level Independent Quasi-
Birth Death process (LIQBD) on the state space A; U Ag U Ag, where

AQ = {(Oai27ja kQ);iQ = 071 g] < Tl,l < k2 < m2}7
A3 = {(i17i27j7k1);i1 2 17i2 2 071 <.]< n71 < kl < ml}-

The transition probability matrix P of this process is given by

Boo Boi O
By A1 Ao

P = Ay A A ,

where the elements of P are square matrices of order S and are given by

B By
BOO BOO BOl BOl
BOO = BgO B(l)O s BOl = B(%l B(%l ’
By Bgl)o Al A% .
BlO BlO A2 AQ
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Ap AY A
A AY 4
A= Al A9 , Ag = Al ;

BG0 = Do, Byi = Do @ 5°(2), Bgy = Do ® S(2), By = Do ® S°(2)8(2),
BEY = D1 @ B(1), B, = D1 ® S°(2)8(1), By = D1 @ S(2)eB(1),
BY§ = Do ® S°(1), BYy = Do ® §"(1)B(2), By = Do ® S°(1)B(2),
Al = (Dy® S(1)+ Dy ® S°(1)3(1)), A9 = Dy @ S2(1)8(1), Ay = Dy @ S(1),
A3 = Do ® S°(1)B(1), A3 = Dy @ S%(1)B(1).

Theorem 1. The system is stable, if and only if,

B2)(I-5(2) e

AB()(I = S5(1)) e+ AB(1)(T — S(l))_lea(I —S(1))-18%2(1)

<1. (1)

The proof can follow using intuitive argument.

Steady State Analysis

Since the matrix P has the structure of quasi-birth and death process
and the individual phases are infinite, one can use the generalization of
matrix geometric method described by Neuts [10] to the case of infinite
sub matrix suggested by Miller [4]. For this, first we find the minimal non
negative solution R of the matrix quadratic equation,

R?As + RA, + Ay = R,

whose spectral radius is less than one. Since, Ay, A; and A, has upper
triangular structure, we can see that the rate matrix R also has the upper
triangular structure given by,

Ry Ri Ro
Ry R
R = Ry

Here, Rg will be the minimal non negative solution of Ry = (A} + R2)(I —
A1)~ which can be calculated using iterative method. Then successively
find Ry, Ra, ... recursively calculated.
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Steady State Probability Vector
Let x = (zg,21,%2,...) be the steady state probability vector of P.
That is xP = x and xe = 1, where e is the infinite column vector of 1’s
Then z;11 = ;R for i > 1.
To find the boundary probability vectors(zg, z1), consider the following sys-
tem of equations
zoBoo + x1B10 = o,
w0 Bo1 + 21(A1 + RAs) = x1.

From the second equation, we have
x| = .1‘0301(] — Al — RAQ)_l.

Substituting 1 in the normalizing condition, zge + z1(I — R)"'e = 1, one
can solve for zg and ;.

Marginal Probability Distributions

Let P;(v) be the probability that there are i jobs of in the queue P, for
v=1,2,1>0

pz(l) = €,

_ 1 (2)
Pi(2) = zoi—1ye(nma) + 1 (I — R)™f;,

where f3; is an infinite column matrx whose (inm; + 1) to (i + 1)nmi*
entries are one and remainig values are zeros.

3. Non-preemptive Self Generated Interruption

The transition probability matrix has the same structure as discussed
earlier but some difference in the finite blocks. There is no change in the
stability condition. The rate matrix R possesses upper triangular structure
as in the preemptive case and the only difference is that, each R; is block
lower triangular matrix having order n(mj + msz) of the form

Ri:[il 0_]
51 Il

4. Conclusion

This paper looked at discrete-time, self-interrupting priority queues of
MAP arrivals and service as the time till absorption of an absorbing Markov
chain which has two absorbing states through which a customer leaves the
system after service or the interrupted customer moved to lower priority
queue. Matrix-Analytic Method is used to analyze the model. The marginal
probability distribution of queue length is discussed. For future studies, one
can consider the chance of abandoning the service if interruption happened.
Incorporation of inventory of items is also another interest of study.
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A two-way communication system is modeled in this paper. A re-
trial queueing system with a finite and an infinite sources is used
in the model. Requests from the finite source are the first order or
regular customers, while the requests from the infinite source are
the second order or the invited customers. In case of an idle server,
the second order customers are called for service. The non-reliable
server is subject to random breakdowns, and even to catastrophic
breakdown, i.e all of the requests at the server, in the buffer, and in
the orbit are sent back to the sources. The novelty of this paper is to
investigate the effect of catastrophic breakdown in a two-way com-
munication environment. The goal is to determine the steady-state
probabilities and the system characteristics with the help of a soft-
ware package. Figures illustrate the effect of the system parameters
on the performance measures.

Keywords: Two-way communication, catastrophic breakdown.

Introduction

For modeling various fields of infocommunication and computer sciences,
the retrial queueing systems are one of the well-known and widely spread
models. Results can be found in works of Falin, Templeton, and more
authors [5, 9]. Several models assume, that the customers generate their re-
quest from a finite number of population. In some cases, these finite source
models are more realistic and give a better description of the considered
application [1, 4]. In addition, the considered real-life systems are unfortu-
nately non-reliable, that is the server can lose its efficiency or may break
down. These type of a non-reliable systems were investigated e.g. in [10].

Furthermore, a new general model was developed not to lose the re-
quests, who are not able to wait for the server in the queue or in the orbit.
They can register for the service and later the idle system can call (outgoing
call) for these customers (two-way communication systems). The first and
later results can be found e.g. in [2, 3, 7].

The research work was supported by the Austro-Hungarian Cooperation Grant No
1066u4, 2020.
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In this paper a special two-way communication system is considered. It
is called searching for customers. Two types of customers are considered.
The organization has a finite number of regular or goodwill customers. They
are the first order customers, making primary calls towards the organization,
i.e. the server. These clients are served according to the retrial queueing
model. During the busy period of the server, the incoming customers are
sent back to the orbit, where they can retry their requests. These customers
are represented with a finite number of the source. During the idle periods
of the server, outgoing calls are performed towards the customers in the
second, infinite source. The clients in this infinite source (second order
customers) will contact the organization with some special interest. In case
of a busy server (meanwhile another regular customer might be arrived),
this special second order customer is treated as a non-preemptive priority
client. They are sent into a priority buffer.

The non-reliable server is subject to random breakdowns. The focus
of this paper is a special type of breakdowns, the catastrophic breakdown.
Retrial queueing models in which customers are removed from the system
due to catastrophic or disaster events have been studied extensively in the
literature. Modeling special systems, e.g. automatic teller machines needs
different types of breakdowns. A catastrophic event can be, for example,
mechanical failures or power outages. Disaster events are known also as an
arrival of a negative customer. When a negative customer arrives at the
system, it immediately removes the positive customer from service. The
case, when a negative customer removes all the positive customers from
the system at once, is called a disaster. Disaster events not only break the
service of the current customer but break down the server. The customers
from the server, the orbit, and the priority buffer are sent back to the source.
Detailed studies on negative customers can be found in [6, 8], and reference
therein.

The remaining parts of this work contain the following. In Section 1
the model definition, the underlying Markovian process with 2 dimensions,
and the applied parameters are described. In Section 2 the steady-state
probabilities are considered, and some performance measures (utilization,
response times, etc.) are provided with the help of MOSEL-2 tool. At the
end of the paper, the results are summarized in a Conclusion.

1. Description of the model

The system is modelled by a single-server retrial queueing system with
a finite and an infinite sources. The functionality of the model is displayed
in Figure 1.
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Figure 1. The system model

The system has two sources. The first one is finite with the first order
customers, the number of customers is N. These customers generate a job
towards the server using the exponential law with parameter \;. For the
first order customers there is no queue at the server. After the service, the
job goes back to the source can generate a new request again. The service
time is also exponential distributed with parameter p1. When the server is
busy, the incoming job is transferred to the orbit. The size of the orbit is
N. From the orbit the jobs after an exponential random time interval with
parameter v retry their request to the server until they are served. The
model has second order customers in an infinite number of sources. These
customers generate triggered requests only. The idle server makes outgoing
calls towards this infinite source, and the second order customers generate
a request to be served. The generation is also exponential with parameter
Az2. The distribution of service times is also exponential with parameter pus.
When a second order customer finds the server busy, the job is transferred
to a priority buffer. In case of an idle server, a second order customer is
called from this buffer. The size of the buffer is one, because in case of an
idle server, there is no outgoing call when a customer is in the buffer.

In this model the single server is unreliable, it may subject to breakdown.
Here the catastrophic break-down is considered. This is the situation when
a disaster event removes all of the customers from the system (from the
orbit, from the buffer, and from the server after interrupting the service).
The repair of the system starts immediately. The breakdown parameter is
Yo and y; for idle and busy servers, respectively. <5 is the parameter of
the repair. The considered times are exponentially distributed. During the
breakdown period, the sources are blocked, they are not able to generate
requests.
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Let us denote O(t) and S(t) the number of requests in the orbit and the
state of the server at a given time point of ¢:

0, when the server is idle,
1, when the server is busy
S(t) = with a first order. customer,
2, when the server is busy
with a second order customer,
3, when the server is down.

The state-space of the underlying Markovian-process (S(t), O(t)) can be
described as a set of {0,1,2,3} x {0,1,2,..., N} elements. Although the
system has an infinite source, the maximum number of the customers in
the system is (N + 1) (IV in the orbit and one second order customer under
service), there is no stability problems regarding the system. The state
space is finite.

For buffered and non-buffered models the system balance equations can
be formulated. The steady-state system probabilities are:

pi; = lim P(S(t) =,0(t) =3),i=0,1,2,3and j =0,1,..N
t—o0

Solving manually these balance equations is rather difficult. There exist
several effective tools for performing the background calculations. In this
paper, the MOSEL-2 tool was used. When the steady-state probabilities are
calculated, this tool provides the well-known performance characteristics.
These measures are obtained using the following formulas, e.g. average
number of jobs in the orbit

3 N
0= ZZOP(S,O).

s=0 0=0

2. Numerical results

The most important goal of these types of stochastic systems is to obtain
the performance measures and system characteristics. Usually the through-
put, utilization, response times, waiting times, queue length are considered.
Here the utilization and response time are focused.

There exist several methods to calculate the system measures. Solving
directly the balance equations is rather difficult in most cases. Effective soft-
ware tools can be used to get the steady-state system probabilities. From
these probabilities the performance measures can be computed directly or
by the help of the considered tool. Because solving directly the balance
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equations is rather difficult, the MOSEL-2 tool is used. The system equa-
tions are solved by the SPNP (Stochastic Petri Net Program). The following
figures illustrate the most interesting numerical results.

Mean Response Time

Figure 2. Mean Response Time vs. A;

In Figure 2 and 3 the running parameter is A = \q, the first order
generation rate. In Figure 2 the mean response time can be seen for two
different failure rates (o = 1 in this figure). The catastrophic breakdown
is applied. For a higher failure rate lower response time can be observed
because the jobs are more often kicked off to the source.

Figure 3 displays the server utilization. p; = 4 and pe = 2. This is the
reason, that the utilization is higher in the catastrophic case than in the
normal breakdown case.

Utilization

Figure 3. Server utilization vs. A1

3. Conclusion

A special two-way communication system was investigated here. First
order customers come from a finite source, while in the case of an idle server,
second order customers can reach the system via a direct call. Different cases
can be considered. Failure rates are set to be equal for idle server, for server
with first order customer, and for server with second order customer. Two
different cases were considered. The system subject to general breakdown
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and catastrophic breakdown. In this short abstract only two measures, the
mean response time and the server utilization were investigated. Of course,
more characteristics with more parameters can also be considered.

10.
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LIMIT BEHAVIOR AND STABILITY OF APPLIED
PROBABILITY SYSTEMS

E. Bulinskaya

Lomonosov Moscow State University, Moscow, Russian Federation

The models arising in such applications as insurance, inventory,
telecommunications, finance, population dynamics and others are
of input-output type. Hence, another interpretation of these ele-
ments lets pass from one applied domain to another. Discrete-time
models became popular during the last decade because in some situ-
ations they give a more appropriate description of system function-
ing. Therefore we consider two models (discrete- and continuous-
time ones) in the framework of reliability and cost approaches, study
their limit behavior, stability and reliability.

Keywords: Limit behavior, stability, optimization, reliability.

Introduction

It is well known that one has to choose an appropriate mathematical
model in order to study a real process or system. The most frequently
used models in such applied probability domains as insurance, inventory,
telecommunications, finance, population dynamics and many others are de-
scribed by the six-tuple (T, Z,Y,U, ¥, L) (see, [3]). Here T is the planning
horizon, Z = (Z(t),t € [0,7]) and Y = (Y (¢),t € [0,7]) are input and
output processes, respectively. A system may be deterministic, stochastic
or mixed. That means, either both processes are deterministic (stochastic)
or one of the processes is stochastic and the other one is deterministic. Giv-
ing different interpretation to input and output we can study the systems
from different applied domains using the same model. The system state
X =V(Z,Y,U) depends on input, output and control U via functional ¥
describing the system structure and performance mode. The control may be
applied to input Z, output Y or system structure ¥. According to the choice
of the objective function £, there exist two approaches (cost and reliability
ones), see, [4]. In the first case we calculate the (expected) costs entailed
by system functioning and want to minimize them. In the second one the
aim is to minimize the probability of system failure (ruin) or maximize the
time of uninterrupted system performance.

Supported by the Russian Foundation for Basic Research project Ne 20-01-00487
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Below we consider two models in order to take into account different situ-
ations. Since insurance is the oldest applied probability domain we describe
the models in terms of insurance company functioning. Thus, Section 1
deals with a mixed-type model, namely, discrete-time model of insurance
company using non-proportional reinsurance and bank loans. The premium
inflow is deterministic, whereas the claim amounts are stochastic. First of
all, we prove that the optimal loan policy is characterized by a sequence of
critical levels. After that we establish the system stability using the Kan-
torovich metric, then prove the strong law of large numbers (SLLN) and
central limit theorem (CLT) for the company surplus.

In Section 2 a generalization of the classical Cramér-Lundberg model is
considered. The company is supposed to issue several types (say, n) of poli-
cies. Premiums, as well as claims, are random. Their flows are described by
generalized Poisson processes. The reliability approach is employed. More
precisely, the ruin probability is calculated using the martingale technique.
Analog of the Lundberg inequality is also obtained. Some special types of
claims and premiums distributions are treated.

Due to lack of space the proofs are omitted.

1. Non-proportional reinsurance and bank loans

Suppose that the claims arriving to insurance company are described
by a sequence of independent identically distributed (i.i.d.) non-negative
random variables (r.v.’s) {X;,i > 1}. Here X, is the claim amount during
the i-th period (year, month or day). Let F'(x) be its distribution function
(d.f.) having density ¢(x) and finite expectation. The company uses non-
proportional reinsurance with retention a and bank loans. If a loan is taken
at the beginning of period (before the claim arrival) the rate is b; whereas the
emergency loan after the claim arrival is taken at the rate by with be > b;.
Our aim is to choose the loans in such a way that the additional payments
entailed by loans are minimized. Denote by M the premium acquired by
direct insurer (after reinsurance) during each period. Clearly,

M=1+pB)EX —(1+B)E(X —a)t.

Here 81 and (5 are the safety loadings of insurer and reinsurer respectively,
usually, 81 < Bs.

If x is the initial capital and y is the capital after the bank loan, then
f1(z), the minimal expected additional cost during one period, is given by

fi(@) = minfby(y — z) + b2 E(min(X, a) — (y + M))"]. (1)

y=x
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Clearly, (1) can be rewritten in the form:

fi(z) = —biz + g;ifmlGl(y)a Gi(y) = by + b2 Elmin(X, a) — (y + M)]*.

Now let f,(z) be the minimal expected costs during n periods and « the
discount factor for future costs. Then, using the dynamic programming,
see, e.g., [1], one easily obtains the following relation:

falz) = _blx"'IyH;BGn(y)a Gn(y) = G1(y) + aE fr-1(y + M — min(X, a)).

It is not difficult to prove by induction the main optimization result.

Theorem 1. Let F(M) < 1 — Z—; < F(a), then there exists an in-
creasing sequence of critical levels {y, },>1 such that

fo(x) = bz + { Gn(z), if = >y, 2)

The sequence is bounded by 7 satisfying the equation H(y) = 0 where
H(y) = Gi(y) — biov.
Corollary 1. If M =0 then lim y, = 7.
n—oo

For M > 0 such statement is not valid. To verify this fact the numerical
analysis was carried out using Python.

Suppose now that we have two different sequences of claims {X,} and
{Y.,,} with distribution functions F'x and Fy respectively.

The corresponding minimal n-step costs will be denoted by f, x and
fn,y, other functions and constants depending on distribution will be
marked by subscripts X and Y, as well.

The distance between distributions will be measured in terms of the
Kantorovich metric.

Definition 1. Let random variables X and Y, defined on the same
probability space, possess finite expectations. The distance based on the
Kantorovich metric is given as follows:

H(X,Y) = /

oo

|F'x (t) — Fy (t)| dt

where F'x and Fy are the respective distribution functions of X and Y.

The distance between the cost functions is measured in terms of the Kol-
mogorov uniform metric. Thus, we are going to study

Ap = Sl;p |fn,X($) - fn,Y(l')|

To this end we need the following
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Lemma 1. Let functions g;(y), i = 1,2, be such that |g1(y) —g2(y)| <
d for some ¢ > 0 and any y, then sup | ir>1f 9 (y) — igf g2(y)| < 0.
Tz Y2 y>a

Now we are able to estimate Aj.
Lemma 2. Assume »(X,Y) = p, then A; < bap.

To formulate the main result demonstrating the model stability put
D, — ba(1—a™) + bi(a—a™)
n = .

-« l-a
Theorem 2. If #(X,Y) = p, then A,, < Dpp.
The last problem for this model is the limit behavior of the company surplus

as the planning horizon n tends to co. Let x be the initial capital. Since we
(a) _
o=

use the reinsurance treaty with retention level a at each step, put X
min(Xy, a) where X denotes the claim amount in the k-th period.
According to Theorem 1 the optimal policy of insurer is characterized
by the sequence of critical levels y,, as follows. At the first step of n-step
process it is necessary to raise the initial capital to level y, if x < y, and
take no loan otherwise. Thus, if Z,gn) is the surplus at the k-th step of the

n-step process then Zé") =gzandfork>1

n a n (3)
ZM e M-x9 ZM s g

Z](fn) _ { Yn+1—k + M - X}E;a)z Z]Sri)l < Yn+1—k>
Theorem 3 (SLLN for surplus). For > a — M with probability 1

Z

n

—6(a)=M—EX@ as n — .

Thus, we can formulate the following
Corollary 2. The ultimate ruin probability of the company is equal
to 1if 6(a) < 0.
One uses the properties of convergence in distribution, see, e.g., [2], and the
properties of Gaussian distributions to derive the asymptotic normality.
Theorem 4 (CLT for surplus). For x >a— M

AR VA

— N, as n — oo,
\/VarZr(Ln)

here N has Gaussian distribution with parameters (0,1) and 4 signifies
convergence in distribution.

Hence, it is not difficult to obtain the bounds on the size of surplus with
probability 1 — ¢ for small ¢ > 0 and choose the appropriate values of
retention level a and safety loadings 3;, 1 = 1, 2.
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2. Generalized Cramér-Lundberg model

In order to make the model more realistic, we will consider n categories
of insurance (not a single one), replace the compound Poisson process by
a generalized Poisson process and include the investment. Based on these
conditions, a risk model is set up to find (by the martingale methods) the
formula of ruin probability and its upper bound. Thus, we put

U(t) =u1 + (u1 —u2 —uz)(b—c+d) + S(2),

S(t) = ugrit + us(rot + aB(t)) + Z Z i(j) _ Z Yi(j)~

Here U(t) is the capital of insurance company and S(¢) is the gain at time ¢,
uy is the initial reserve of insurance company, us is invested in a non-risky
asset, ugz is used in venture capital, r1 is rate of return of us, uz(rat +aB(t))
is income from investment of uz in a Brownian motion with parameters 7o,
a (rq is drift parameter, a is volatility, B(t) is a standard Brownian motion),
b is interest rate, c is inflation rate, d is exchange rate. Clearly, parameters
satisfy the following inequalities ¢ > 0,u; > 0,us > 0,uz > 0,77 > 0,79 >
0,a > 0. Furthermore, N;(t) and M;(t) are Generalized Poisson processes
()

providing inhomogeneity of premiums and claims flows, X;”’ represents the

ith premium, while Yi(j ) is the ith claim amount for the jth insurance
branch. All r.v.’s possess finite means and variances.

Lemma 3. Surplus process {S(t),t > 0} has stable independent in-
crements.

Lemma 4. There is a function h(r) satisfying the relation
Elexp(—rS(t))] = exp(th(r)).

Lemma 5. Equation h(r) = 0 has only one positive root R.

Theorem 5. For the Doubly Generalized Poisson multiple risk model,
the upper bound of ruin is

o(u) < exp[—R(u1 + (u1 —ug —u3)(b — c+d))].

Theorem 6. For the Doubly Generalized Poisson multiple risk model,
the ruin probability is
(u) = exp[—R(u1 + (u1 — ug — u3)(b — ¢+ d))]
4 Elexp|—RU(T)]|T < ] ’

here T is the ruin time, that is, T = inf{t > 0: U(¢) < 0}.
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Conclusion

Two new insurance models were studied. The first one is discrete-time
model of insurance company using non-proportional reinsurance and bank
loans. The aim is minimization of expected additional costs associated with
loans during n periods. It is proved that the optimal policy is determined by
an increasing bounded sequence of critical levels. The model stability is es-
tablished in terms of Kantorovich metric. For the optimal company surplus
SLLN and CLT are proved. Further investigation direction is treatment of
incomplete information, see, [5].

The second model describes a company having several business lines.
The model is doubly stochastic and uses investment in risky and non-risky
assets. Moreover, the input (premiums flow) and output (claims flow) are
generalized Poisson processes (not compound ones). The properties of com-
pany surplus are studied. This model illustrates the reliability approach,
providing the ruin probability. Next step is investigation of system stability
and choice of optimal parameters, as in [6].
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We consider a multiserver multiclass retrial system with classical
retrials, and present a new short proof of the sufficient stability
(positive recurrence) condition of the system.

Keywords: Multiserver multiclass system, retrial system, stability
condition, regenerative processes, outgoing calls.

Introduction

The importance of retrial queues in modeling modern wireless telecom-
munication systems is well-known. To motivate it, we mention the most
important sources, such like [1, 2, 3, 4]. However there are still many dif-
ficult problems in the performance and stability analysis such systems. In
this work we focus on the stability analysis, and using regenerative argu-
ments present a new short proof of the known sufficient stability condition
of such retrial system. This proof is not only much shorter that that have
been used earlier (see [1, 10]) but also allows easily to cover more general re-
trial systems with the so-called 'outgoing’ calls [8]. Although many papers
have investigated steady-state performance of retrial queues, still a little
attention is devoted to stability conditions outside the Markovian setting,
which is the topic of this research.

In this regard, we first mention a fundamental work [1] in which a de-
tailed stability analysis of a general G/G/1-type single-server retrial queue
is developed. We note that the authors study the system with a stationary
input process and non-exponential retrial times, and also investigate the
convergence rate to a stationary regime.

The stability of multiserver retrial systems is studied in a few papers.
For instance, the paper [1] studies such a system with a finite buffer, batch
Markovian arrival process, phase-type service time distribution and a gen-
eral retrial rate, and stability analysis is based on the corresponding embed-
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ded Markov chains. We note that a comprehensive bibliography on research
related to retrial queues can be found in the recognized sources [2, 3, 4].

In the present paper, we consider the stability of a multiserver retrial
M/G/1 queue with independent Poisson inputs of different classes of pri-
mary customers, with generic (exponential) interarrival times 7; with rates
A; = 1/E7;, with iid service time {S,(f)} of class i-customers (with generic
service time S and rate y; = 1/ES®) and with class-dependent exponen-
tial retrial times, ¢ =1,..., N.

If an arriving class-i primary customer finds all servers busy, he joins
the corresponding (infinite capacity) orbit . Then, after exponentially dis-
tributed times, the customer attempts to capture server until he finds an
idle server. We use the regenerative approach [5, 9] to reprove the stability
condition, and this work thus continues our previous works [10] and [8]. In
the work [10], the proof has been based on the negative drift of remaining
work (in the single) orbit, while in the paper [8], we suggested the approach
utilizing the positive drift of the idle time of server, under a predefined con-
dition. In a contrast, in the current analysis we observe the system at the
departure instants and evaluate the idle time of servers after each departure.
This approach leads to a radical simplification of the stability analysis and,
as we show, can be directly applied also to the system with outgoing calls.
It means that if server is idle, it initiates a private outgoing call [8]. The
idea to consider the output process is not new of course. For instance, the
analysis of M/G/1-type retrial system in [1] is based on the analysis of an
embedded Markov chain representing the orbit size at the service comple-
tion epochs. It is shown that this chain is ergodic under condition A\/u < 1.
It is well-known that the latter condition is stability criterion of a standard
buffered M/G/1 queueing system with work-conserving service discipline.

The main difference of a retrial system with classical one, from the point-
of-view of stability analysis is that, in such a system, after each service com-
pletion, the server becomes idle for a random time until the beginning of
the next service, implying a loss of server capacity after each departure, and
thus the service discipline turns out to be not work-conserving. However,
the service discipline in the retrial queueing system with classical retrials
approaches the work-conserving discipline in the corresponding buffered sys-
tem as the orbit size increases, and by this reason, it is called asymptotically
work-conserving [10].

The main contribution of this paper is to present a new short proof of
the sufficient stability condition of this model, which also allows easily to
consider the system with the outgoing calls.
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The rest of this paper is organized as follows. Section 2 describes the
basic model and describes the regenerative structure of the process. In
Section 3 we give the basic balance equation and outline the proof of stability
condition.

1. Description of the model

In the present paper, we consider the stability of a multiserver retrial
M/G/1 queue with independent Poisson inputs of different classes of pri-
mary customers, with generic (exponential) interarrival times 7; with rates
A; = 1/E7;, with iid service time {S,(f)} of class i-customers (with generic
service time S and rate p; = 1/ES®™) and with class-dependent expo-
nential retrial times, ¢ = 1,..., N. (It is straightforward to extend analysis
to a renewal input process where each customer belongs to class ¢ with a
probability p;.)

If an arriving class-i primary customer finds all servers busy, he joins
the corresponding (infinite capacity) orbit i. Then, after exponentially dis-

tributed times, with the rate u(()z), the customer attempts to capture server

until he finds a server idle. Denote pg = min ugf). This is the so-called
classical retrial policy, and if the orbit size (denoted by Q(t) at instant ¢)
equals N, then the retrial rate at this instant is lower bounded by pgN.

To describe the regenerative structure of the system, we denote by Q(t)
the total number of customers in the system at instant ¢~, let {¢4} be the
arrival instants of the superposed input (Poisson) process and denote by
Q(t) = Qr. Then the regeneration instants {T},} of the process {Q(t), t >
0} are recursively defined as

Tosr = inf(ty > T, : Qr=0), n>0, (1)

where we put Ty := 0. The generic regeneration period, the distance be-
tween two regeneration points, is denoted by 7. We call the regenerative
process {Q(¢)} (and the queueing system) positive recurrent (stable) if the
mean regeneration period is finite, ET < oo, and it implies stability of the
system, while if ET' = oo then the system is called null-recurrent or unsta-
ble. Analogous properties hold for the queue-size process considered at the
departure instances {dy}, which is analysed below.

2. Stability analysis

Denote by p; = M s, p =Y, p; and outline the proof of the following
statement.

Theorem 1. If p < m then the system under consideration is positive
recurrent, ET < oco.
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Denote by V;(t) the total workload which class-i customers bring in the
system in time interval [0, t]. Also let V(t) = >_, Vi(t). Moreover, denote
by W (t) the remaining work in all orbits at instant ¢, and let I(¢) be the
total idle time of all servers in interval [0, t]. Assume that the system is
initially empty. Then the following balance equation holds:

V(t) = W(t) +mt — I(t), t >0. 2)

It is easy to find, using the Strong Law of Large Numbers, that with prob-
ability 1 (w.p.1)

. V()

Jfim == =3 pi=p, (3)
1

regardless of whether the system is stable or not. Indeed it follows from

theory of cumulative processes [11], that convergence in mean in (3) holds

as well. Now we assume that the system is null-recurrent that is ET = oo,

and in this case
Q(t) = oo in probability as t — oc. (4)

This can be proved by contradiction: if we assume that @ # oo then it
follows that ET" < oo, see for instance [9]. Then we must show that indeed
EI(t)/t — 0 as t — oo. However, in this research, we focus on another
variant of the proof based on the following form of the balance equation
constructed at the departure instances:

W(d,) =V(dy) — md, + I(dy), n > 1.

where, recall, {dj } are the departure instances. To simplify notation, denote
by

W(dy) =Wy, V(dy) =Vy, I(dn) = I, Q(dn) = Qp, n > 1.

Then in particular, in the zero initial state case, when the 1st customer
arrives at instant £; = 0 in an empty system, we obtain

n—1
In = ZAk’ n 2 1,
k=1

where A = I(dg4+1) — I(dy) is the idle time of a server between the kth and
(k 4+ 1)th departures and, by construction, I; = 0. Note that the following
uniform upper bound holds regardless of the states of orbits:

sup EA, <1/, (5)
k
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Then we prove the most challenging step. Namely, we show that, under
assumption (3),
nl;rrgo EL,/n =0. (6)

A key observation is that, provided Qf > n, the mean idle time after the
kth departure is upper bounded by the constant

1
C(n) = ——,
() A+ npg
and C(n) — 0 as n — oo. This shows that, if Qp > n, then EA, < C(n)
and can be done arbitrarily small for n large enough. The further analysis
is based on the assumption (3). In particular, we show that, for arbitrary
€ > 0, the convergence in mean

EI
§:=limsup — < e (7)
n—oo N
holds, implying § = 0. The final step of analysis is to rewrite the balance
equation (2) as
EW, =EV, —d, + EI,,

divide both sides of this expression by d,, and letting n — oco. It eventually
gives p > m. This contradiction with the main assumption of Theorem
shows that assumption (3) is false and @, # oo. Then we show that the
latter results implies that the remaining regeneration time 7'(d,,) at instant
d,,, also satisifies

T(d,) # oo, n — oo.

The rest of the proof follows by a standard argument based on the 'unload-
ing’ procedure [9] and 'regeneration’ condition
min P(7 > §®) >0,
1<iSN
which holds in this system automatically.
We also give a new short regenerative proof of stability condition of the

system with the outgoing calls and extend the stability analysis to multi-
server system.

3. Conclusion

In this work, we develop a new and short regenerative proof of the sta-
bility condition of a multiclass retrial system with classical retrials. Unlike



Stability analysis of retrials 87

previous proofs, we focus on the departures customers from the system, and
provided the number of orbital customers increases infinitely, show a con-
tradiction with a predefined negative drift condition, which thus turns out
to be a sufficient stability condition.
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We consider logarithmic asymptotics of the large deviation prob-
ability in a single-server queue with Poisson input, where server,
after completion of service, seeks a customer from an orbit (retrial
customer) for the next service, unless new arrival captures server.
Service times of the input and orbital customers have different dis-
tributions. Under stability assumption, the asymptotic of the prob-
ability that the number of customers in the system reaches a high
threshold within a regeneration cycle is found. The example for
exponential retrieval time is given.

Keywords: Retrial queue, large deviations, overflow probability.

Introduction

The retrial queues (systems with the orbit) are widely used nowadays for
describing modern computer and service systems [1, 2]. In such systems, if
an arrival finds server busy, it joins infinite-capacity virtual orbit and repeat
attempts to get service or wait until server select him for the next service. In
practice it happens for example, when customer try to capture the manager
calling several times or when customer leaves contact information and waits
for calling back.

In these systems one of the important quality of service parameter is
the probability that the number of waiting customers exceeds a given large
threshold. The probability that describes this situation is called the overflow
probability, and it can be studied by large deviation analysis. Previously
this probability has been studied for the classic multi-server buffered system
in [3]. Then this result has been adapted for the asymptotic analysis of the
overflow probability in the tandem queues in [4], for the multi-server single-
class retrial queue in [5] and for the multi-class retrial queue in [6].

In this work we construct the exact logarithmic asymptotics for the
overflow probability for the single-server system with Poisson input and
one orbit with different service times of the input and orbital customers.
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We assume that the sequence of the seeking times is iid with a general
distribution. For our analysis we apply the technique developed in [5].

1. Description of the model

We consider a single-server system with Poisson input. There is an
infinite-capacity virtual orbit in the system. A new customer joins the or-
bit if server is busy upon the arrival. When the customer leaves system
after being served, server begins to seek a customer from the orbit to be
served next according to the First-Come-First-Served discipline: if the re-
trieval time is completed before the next arrival, the server begins to serve
the oldest customer from the orbit. If a new customer arrives during the
retrieval time, the server stops seeking process and begins to serve this new
customer. The described model is well-motivated by practical applications,
see [1, 2, 5].

In the described system we suppose that service time of the customer
depends on whether it visits the orbit or not. We consider that the service
time of the orbital customer has different distribution than the service time
of the input customer that meets empty server upon the first arrival to the
system and gets service immediately.

We assume a Poisson input of customers arriving at the instants {¢,},
with exponential interarrival times 7,, = t,,41 —tn, t1 = 0 with input rate A.
Denote S,, the independent identically distributed (iid) sequence of service
times of the customers that meet empty server upon arrival and get service
immediately without going to the orbit. If a new arrival meets a busy server,
it needs to go to the orbit. This orbital customer will be served later, and
we denote its service time S2". The sequence of S9" is also iid. Moreover,
retrieval times {A4,,} are assumed to be iid as well, where A,, is the seeking
time after the (n — 1)-th departure from the system, and we put A; := 0.
Denote input service rate p = 1/ES, orbital service rate p°" = 1/ES°"
and retrieval rate v = 1/EA. The difference between distribution of service
times S and S(°") is motivated by practical applications. For example,
when customers from the orbit require a shorter identification process by
the server, we can assume that S >, S©") [2].

We study the logarithmic asymptotics of the stationary overflow proba-
bility Py that the number of customers in the described system exceeds a
fixed level N during regeneration cycle, as N — co. The further analysis is
based on the approach that has been previously applied in the works [5, 6].

2. Asymptotic of the overflow probability

We remain the number of customers in the system unchanged if assume
that each new customer arriving in the system joins the orbit regardless of
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the state of server. If a new customer arrives during a seeking time, then
the server starts to serve the oldest orbital customer immediately instead
of the new arrival, which in turn joins the ’end’ of the virtual orbit. If the
seeking time of the server is not interrupted by the newly arrived customer,
then the behaviour of the system remains as in conventional system: the
server takes the oldest customer from the orbit. When the served customer
leaves the system, server starts to seek the next orbital customer, and the
process repeats. We stress that possible change of the order of the customers
in this (modified) system does not change distribution of the total number
of customers in this system because of the stochastic equivalence of the
service times of the customers. On the other hand, this replacement of the
customers is convenient for the analysis, because we keep the order of the
service the same as the order of arrivals, that is, we preserve FIFO discipline.
It allows us to consider the original system with the orbit as a classic buffered
system and moreover, applying coupling method, to use the same service
times in both system (original and modified) for each nth customer entering
server in each system. (For more detail see [5].) Furthermore, the idle time
of the server before initiation of the nth service can be interpret as a part
of the service time of the next customer, and hence we can define the nth
service time in the modified system as

S =S, 1y +5C(1 = 1,) + min(r, Ay,),

where

L - 1, if 1, < Ay,
"0, i T, > A

So, § = S+ with probability P(r < A), and S = S©") 4+ with probability
P(r > A). Then exponential moment of S can be written as

Ee’S = E[e?SH7)|r < AP(r < A) + E[?S“7 T |7 > AIP(r > A).
By independence S and T,
E[e?H)|r < AIP(r < A) = Ee?E[e7; 7 < A],

where, by the independence 7 and A,

Ele’;7 < A] = / P Xe ™ MP(A > z)dx.
0
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Assume 6 < A. Then, by integration by parts, after some algebra,

/Oo P Xe ™ MP(A > x)dx = Lu — fa(A—9)),
0 A—0

where fa(s) := Ee™*4 is the Laplace transform of the random variable A.
Similarly, by the independence S(°") and A we get

E[’C" |7 > AP(r > A) = Ee”SVE[e4; A < 7],

where 0
™A <7 = [ e NP < o) = a0~ ).
0

The log moment generating function for r.v. S can be then written as

Ee?S(1— fa(A—0)) + Ee”S" fa(A—0)] .

Ag(0) = log Ee?S = log {)\_ 5

Stability condition in this case becomes
A1 = fa(M\)ES + fa(MES©V] + AEmin(r, A) < 1. (1)

Now we define the maximal moment indexes

6, = sup(d > 0 : Ee?%" < o0) >0, (2)
0y = sup( > 0 : Ee?® < 00) > 0, (3)
3 = sup(f > 0 : Ee’ < o0) > 0. (4)

Then the following result for the logarithmic asymptotic for the Py are
proved as in [5].

Theorem 1. Assume that condition (1) holds true. Then
li i1 Py =A(—0.) (5)
Ngnoo N O8FN = fr ¥
where parameter 6* is defined as

0, = sup (o <0 <min(\,0;, 0, 03) : A (—0) + Ag(6) < 0). (6)
6



92 E. Morozov, K. Zhukova

3. Example

In this section we calculate function A(f) and parameter 6, for the case
of the exponential distributions of the service and retrieval times.

Since the input is Poisson, let the interval 7 be exponential with param-
eter \. We consider exponential service time S with parameter p, service
time S(°") of the orbital customers is exponential with parameter ;(°") and
retrieval time A is exponential with parameter . In this case, as it is easy
to calculate parameters (2)-(4)

01 = M(OT')’ 92 = W, 93 =7

For the Poisson input

A-(—0) =log TER

Since retrieval and service times are exponential,

2 E0S = M geosen _ W

fA(A_Q):,Y+A70a ,LL797 N(Or)_g'

Then

Ag(0) = log EefS = log [)\ A

05695(1 — fa(N—0)) + Ee?S fa(n — 9)]

A 1 A—0 plor) ~ }

—1 . ) )
Og{x—e =0 Yt A—60 a6 yrr—0

Then parameter (6) satisfies

6. = sup (0 € (0, min(y, p°", 1)) :

N2u(\ — ) FAutr)
TR G T OaET e g <)

4. Conclusion

In the paper we consider single-server queueing system with an orbit,
where the server needs some time to choose an orbital customer. We study
the logarithmic asymptotics for overflow probability that the number of
customers in the system reaches a high level N within a regeneration cycle.
The system is fed by a Poisson input and the server retrieval time is assumed
to be generally distributed. Moreover, the different service times for input
and orbital customers are considered. The example is included as well.
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This paper is devoted to the analysis of retrial queue with an ar-
bitrary distribution of service times, collisions, and non-persistent
customers. Our aim is to investigate the number of customers in the
orbit of the system. To this end, we use the asymptotic-diffusion
method to build a diffusion approximation for the steady-state dis-
tribution of the number of customers in the orbit.

Keywords: Retrial queue, collision, non-persistent customer, dif-
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Introduction

Retrial queues arose as models of communication systems. The basic
phenomenon of such systems is the retrial behavior of customers: if the
server is busy upon arrival, the customer enters the orbit and repeats the
attempt to access the server after a random amount of time.

There are several modifications of retrial queues that reflect the system
features such as collisions and non-persistent customers, which appear in
various switching communication systems and CSMA-based networks [1].
In recent years, queueing systems with collisions are of interest due to the
reborn of IEEE 802.11 wireless LANs. In paper [2], authors describe the
markovian retrial queue with collisions and shows applications of persistence
to modeling CSMA-CD protocols. In paper [3], the author consider similar
markovian model and takes into account the impatience of customers.

Nazarov and Sztrik with their research group have considered several
models of finite-source retrial queues with collisions [4, 5, 6]. The phe-
nomena of non-persistent customers in retrial queues was considered in [7].
Lakaour and his colleagues have considered markovian models with colli-
sions, transmission errors and unreliable server (8, 9].

We consider retrial queue with arbitrary distribution of service times,
collisions and r-persistent customers. We build diffusion approximation for
the number of customers in the orbit and construct the approximation of
its probability distribution under the limit condition of growing delay in the
orbit.
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1. Model Description and Problem Definition

We consider a retrial queue with an arbitrary distribution of service
times defined by the distribution function B(x). The input is stationary
Poisson process with rate A. If the server is idle upon arrival, the incoming
customer occupies it for service. Otherwise, the collision occurs and one of
the customers joins the orbit. The other customer can also join the orbit
with probability 7 or leave the system with probability (1 — r).

At the orbit, a customer waits for some random time and tries again to
occupy the server. The duration of delay follows an exponential distribution
with rate o.

Let k(t) denote the state of the server at instant ¢: 0, if the server is
idle; 1, if the server is busy. Let i(¢) denote the number of customers in
the orbit at instant t. We also introduce process z(t), which represents the
residual service time. Thus, process {k(t), i(t), z(¢)} has variable number
of components and exhaustively describes the system state. We denote the
probability distribution of process {k(t), i(t), z(t)} as follows:

Py(i,t) = P{k(t) = 0,i(t) = i}, Pi(3,2,t) = P{k(t) = 1,i(t) =i, 2(t) < z},

and introduce the partial characteristic functions

oo o0

Ho(u,t) =Y " Py(i,t), Hi(u,z,t) =Y e/ Pi(i, z1),
=0 =0

where j is the imaginary unit. The Kolmogorov system of differential equa-
tions for the partial characteristic functions has the following form:

GHO(u,t) _ . aHo(u, t) 8H1(u,0,t)
= —AHy(u,t) + jo on T+ 55 +
+Xed(1 4+ r(e? — 1)) Hy (u, t) — jo(1 4+ r(e?™ — 1))8H57(5’t)7
0H(u,z,t)  OHy(u,z,t) OHi(u,0,t)
ot N 0z a 0z — AH(u, 2, 1)+
. aHl(uazvt) _x 7juaH0(uat)
+]078u + AHp(u,t)B(2) — joe —u B(z). (1)

After that, we sum up the equations of system (2). Taking the limit by
z — 00, we obtain
OH (u,t)

T (e —1)x
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(‘3H0(u, t)

X {jae‘j“au + A1+ redYHy (u, t) — jaraHl(u’t)} . (2

ou

Solving system (2) and equation (4) in the limit by ¢ — 0, we derive
drift and diffusion coefficients of approximating diffusion process.

2. Asymptotic-Diffusion Analysis

In system (2) and equation (4), we introduce the following notations:

o=¢, u=c¢cw, T=E¢t,

Hy(u,t) = Fo(w,,¢), Hi(u,z,t) = F1(w, z,7,¢), (3)
and obtain the system of equations
F F F
Ea 0(’[1)77'76) _ —AFo(vaﬁ) +]8 O(vavE) + 0 1(w707775)+

or Jw 0z
—&—/\ej“’s(l + T(erE _ 1))F1(w,7', E) _](1 + r(e]wg - 1))8 1((;1;,)7" 5)7
E8F1(w,z,7',5) _ OF(w,z,7,e)  OFi(w,0,7,¢)

or 0z 0z

— AR (w, z,1,8)+

‘8F1(w,z,7',s) . ,ngaFO(vavg)
+J Em + AFo(w, 1,€)B(2) — je Em B(z),
€8F(w,7’,8) _ (ejws _ I)X
or

. F , F'
% {je—ywsao(w’ﬂg) F A+ rel ") Py (w, 7, €) _jral(wm} (@)

ow ow

We solve system (1) in the limit by ¢ — 0 and formulate the following
theorem.

Theorem 1. In considered retrial queue, under the limit condition
o — 0, the following equality holds:

2o (7)) -0

where z(7) is a solution of differential equation

2 (1) = —x(r)ro + [N+ (A + z(7))r])r1, (5)
values g, 71 have the following form:
B 1 _1-B*(A+2)
T T B Ot T 2B (A ta) (©)

Here B*(s) is the Laplace-Stieltjes transform (LST) of the distribution func-
tion of the service times B(x).
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From (4), we denote function
a(x) = —xzrg+ A+ A+ x)r)r. (7)
For the second step of analysis, we make the following substitutions in
equations (2)-(4):
Hy(u,t) = ej%x(”t)Hém(u,t), Hy(u,z,t) = ej%“"(”t)Hl(m(u, z,t).

Thus, we obtain the equations for the partial characteristic functions of
centered number of customers in the orbit. After that, we introduce the
following substitutions:

0252, U = WE, 7':1552,
HP (u,t) = FP (w,7,¢), H? (u,2,t) = FP (w, 2, 7, ¢), (8)
and obtain the system of equations

SORPwre)

5 —&-jwea(ac)Fo(Q) (w,m,6) = —(A+ CC)F(EQ)(W,T, )+
—

2 2
+jsapg )(w, 7€) . OF? (w,0,7,¢) N
ow 0z

FOAE ) (14 (e = 1) F (w, 7y 8)

(2)
—je(1 (e - 1) P,

F(2)
+ jwea(@)FP (w, 2, 7,e) = 1 (W ATE)

28F1(2)(w7z,7, €)
2271 A he)
0z

or

_6F1(2)(w, 0,7,6)

()[‘1(2)(107 2, T ,5)
0z

ow
8F0(2) (w,T,€)
ow

A+ 2)FP (w, 2,7,€) + je

+(A + 2e TV RSP (w, 7,€) B(2) — jee IV B(2),

52 8F(2) (’LU, T, E)

: &) _
g + jwea(z)F'“ (w, 1,¢)

, _ 9F® ,
= (7" —1) {jé‘e—]wao gZ’T’ e _ xe_]weFéZ)(w,T, )+
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+(A + r(\efe + a:))Fl(Z) (w,T,€) — jerW} . 9)
Solving system (9) in the limit by e — 0, we present Theorem 2.
Theorem 2. Function sh—% F,§2) (w,T,€) = F,EQ)(w,T) has the follow-
ing form:
F,i2)(w,7') = ®(w, 7)r,
where 7, is given by (6), function ®(w, ) is the solution of equation

0®(w,7) 8@(11} T, (jw)?
5 = F— (x) + T@(w, 7)b(x). (10)

Function a(zx) is defined by (5), b(x) is determined as follows:

b(x) = a(x) + 2[-( A+ 2)(1 + 7)go + xro + rAry], (11)
where

(a(z) +2)(1 = B*(A+2)) + (A + 2)a(x) B (A + x)
(A +2)(2 - B*(A + 1))2 '

Here equation (10) is the Fourier transform of the Fokker-Planck equa-
tion for the process approximating the number of customers in the orbit
of considered retrial queue. If we make the inverse Fourier transform, we
can see that the drift coefficient of the obtained diffusion limit is a(x) and
diffusion coefficient if b(z).

Theorem 3. Discrete function PD(i) is the approximation of the
probability distribution of the number of customers in the orbit and has
the following form:

dgo =

o) = 217 (12)

Y. D(no)

n=0

,L/
7()
0

3. Conclusion

where

l’

\_/

Sl
Q

@‘

.’B

We have considered the retrial queue with collisions and r-persistent
customers. For the number of customers in the orbit, we have derived
the approximation of the probability distribution (12). In future, we plan
to investigate the stability mode in such system based on the obtained
approximation.
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The resource multi-server queue with two arrival processes is con-
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customers in the orbits are found. The stationary distribution of the
two-dimensional stochastic process of numbers of customers in the
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Introduction

With the growing interest in fifth-generation mobile networks, various
models are being actively developed to improve the quality of service and
various mathematical models are being built to study the impact of various
conditions on the quality of service [1] or research additional ways to reduce
the load on the network [2]. But there is also the task of optimizing the
operation of a specific base station for customers with different communica-
tion quality, given that up to 2030 there will be a sharp question of servicing
two types of traffic [3]. To solve such an optimization problem, we can use
the queueing theory.

In this paper, we consider the resource queue with feetback and two
arrivals as a model of a strategy of service two types of traffic on one base
station. Such a model allows controlling calls, which are not serviced imme-
diately. We can obtain the main probability and numerical characteristics
of such system performance.

1. Problem Statement

Consider the multi-server queue with two Poisson arrivals with intensi-
ties A1 and Ao, respectively. Customers’ service durations are exponentially
distributed random variables with parameters pu; and ps. Each customer
requires &1 and o resource units, respectively, for the first and second ar-
rivals. The total available resource is limited and equal R units.
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Each arrival takes up any free server, if there are a sufficient amount of
free resources. In the case, when there is not enough resource, the customer
goes to the corresponding orbit, where stay for a random time distributed
exponentially with the parameters o1 and o3, after which it tries to access
the system. If there is enough resource, it gets up on service, otherwise, it
remains in orbit until the next try to get up on service.

Our goal is to study the four-dimensional stochastic process {n1(t), na(t),
i1(t), i2(t)}, where ny(t), na(t) are the number of customers of the first and
second arrivals, which be serviced at time ¢, and 41 (¢), i2(¢) are the number
of customers in the first and second orbits at time ¢. The states space of
this process is defined as

X = {(n1,na,i1,42) : 1101 + Tane < R, 11,42 > 0}.

2. Main System of Equations
We denote the stationary probability distribution of the system states

P(ni,ng,i1,i2) = }HEle(t) =n1,n2(t) = ng,i1(t) = i1,42(t) = ia),
for which we write the system of equilibrium equations
[)\1 4+ Ao+ nipg + nops + 101 -I(xl(nl + 1)+ zoms < R,y > 0)+
+i202 . I(xml +.’E2(TL2 + ].) < R,ig > 0)] . P(nl,nz,il,ig) =
=)\ -I(n1 > 0) -P(n1 — 1,n2,i1,i2) + A2 'I(’ng > O) -P(nl,ng — 1,’i1,i2)+
+A1 -I(xl(nl + 1) + xomng > R, i1 > 0) . P(nl,ng,il — 1,i2)+
+Ag - I(xlnl +.’£2(7’L2 + ].) > R, 19 > 0) . P(nl,nz,ﬁ,iz — 1)+
+(n1 + Dpy - P(ny + 1,m2,01,142) - I(w1(ng + 1) + 29n2 < R)+
+(n2 + L)pg - P(ny,ng + 1,41,42) - I(x1ny + 22(n2 + 1) < R)+
+(Zl + 1)0’1 . I(n1 > 0) . P(?’Ll — l,ng,il + 1,22)+
+(22 + 1)0’2 . I(TLQ > 0) . P(nl,ng — 177;1,’6.2 + ].)

We introduce the partial characteristic functions

oo o0
H(nq,no,uy,u) = Z eJurin Z e'jUZiQP(nth,il,iQ), j =/,

11=0 i9=0

we rewrite the system in the operator form
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, ‘ e OH
(A + M By + Ae/ Ba)H(uy, us) + joi (Cy — e_J“IDl)%-F
1
. NN (T
+joa(Co —e J“QDg)iguulZ u2) =0, (1)

where H(uq,uz) is a matrix of H(ny,ng,u1,us), and A, By, Ba, Cq, Caq,
D;, D5 are operators satisfying the conditions:

—[A1 + A2]H (0,0, ur, uz) + 1 H (1,0, u1, uz)+

+usH (0,1, ug,us), Xy,
—[A1 + A2+ napn A+ nope]H(ny, ng, ut, uz)+

+AH(ny — 1,n9,u1,uz) + AoH(n1,na — 1, ug, ue)+
+(n1 + Dpr H(ny + 1,n0, w1, us)+

+(n2 + 1)poH(n1,no 4 1, u1, uz), Xa,
—[A1 + A2+ napn 4+ nopo]H(n1, ng, ut, uz)+

AH(uy,us) =
(w1, u2) +A1H (ny — 1,ng,u1,u2) + Ao H(ny,ne — 1 ug,uz),  Xs,
—[A1 + A2+ napn + nops|H(na, ng, ur, ug)+
+AH (ny — 1,n2,u, uz) + Ao H (n1,ng — 1, ug, ug)+
+(n’1 +1)/~1’1H(n1 +17n27u17u2)7 X47
—[A1 + A2+ napn 4+ nope]H(ny, ng, ut, uz)+
+)\1H(n1 — 1,n2,U1,U2) + )\2H(n1,n2 — 1,’LL1,U2)+
+(ng + Dp1 H(ny,ng + 1,u1, u2), X,
0 X1, X5, X
B]_H(Ul,'LLQ): ) 1,422, N4,
H(n17n27ulau2)7 X37X53
0 X1, X5, X
BzH(U]_,’LLQ) _ 5 1, A2, A5,
H(Tll,ng,ul,’ltg), Xg,X4,
H X1, X9, X
ClH(Ul,Ug): (n17n27u1au2), 1) N2, N4,
0, X3, X5,
H X1, X9, X
CzH(Ul,UQ) _ (n17n27u1>u2)> 1, N2, 425,
Oa X37X4;
0 X
DlH(ul,UQ) = ’ b
H(n1 — 1,?’L2,U1,u2), X27X37X47X57
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07 Xl)

Do H (1, uy) =
2 (U1 uz) {H(n17n2 - 13“17“2)7 X27X37X47X57

here X1, ..., X5 are subspaces of X defined as follows:

Xl = {(nlvnQailyiQ) LNy + Noxy = 0}’

= {(n1,n2,11,12) : [(n1 + 1)z1 + n2xa < RN [n121 + (N2 + 1)22 < R]},

= {(n1,n9,11,42) : [(n1 + a1 + noza > R| N [n1z1 + (n2 + 1)z2 > R},

= {(n1,n2,11,42) : [(n1 + 1)z1 + n2xs < RN [n121 + (N2 + 1)a2 > R]},

X5 = {(n1,n92,01,12) : [(n1 + a1 + noxe > R] N [n1x1 + (n2 + 1)xe < R}

We introduce the operator E, which sums the equations over all possible
values of n; and no, then given that

E(A+X\B1+XB2)=0, E(C;—D;)=0, E(Cy—D;)=0,
we obtain an additional scalar equation
E()\lBl(ejul — ].) —+ )\2B2(€ju2 — 1))H(U1,U2)+

8H(Uh Uz)
3u1

BH(ul, Ug)

+j0'1ED1(1—€_jul) ou
2

+joEDo(1 —e742) =0. (2)

3. First-Order Asymptotic Analysis

We solve equations (1)—(2) by the asymptotic analysis method under the
condition of proportionately increasing delay in orbits [4], denote oy, = o,
o — 0. We substitute in the system (1)—(2)

oc=c¢, up=cwg, Hup,us)=F(wi,ws,e).

Then, limiting ¢ — 0, using the Taylor series for exponent e/*¥r =
1+ jewy + o(e) and lirr%) F(wy,ws,e) = F(wy,ws), we can write
E—r

8F(w1, UJQ) +

(A +MB1 + )\ng)F(wl, UJQ) + j’}/l(cl — Dl) w
1

3F(w1, ”U.)Q)

+j72(C2 — Da2) B

=0, (3)

. OF (wy, w
E (w1 \1B1 + weAoBa) F(wy, wo) “r‘]'YlleDl%—'—
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8F(w1, wg)
8w2
We find the solution of (5)—(6) in the form: F(wy,ws) = R-exp{jwys+
jwasea}, where R is a matrix of R(ni,ng) is a stationary joint probability
distribution of the two-dimensional process {ni(t),na(t)}, and s, 35 are
normalized means of numbers of customers in orbits. From the operator
equation (5), we obtain the operator equation

[(A 4+ A1B1 + A2B3) — 5171 (C1 — Dy1) — 5072(C2 —D2)]R =0

with normalization condition ER = 1, and from the scalar equation (6), we
obtain

+jv2waED2 =0. (4)

E[)\lBl — %1"}/1D1]R = O, E[)\QBg — %Q’YQDQ]R = O

Let us make inverse substitutions, we obtain a first-order approximation
of the matrix of characteristic functions of a two-dimensional stochastic
process {i1(t),i2(¢)}, which coincides with the characteristic function of a
deterministic variable and allows us to calculate the means of the number
of customers in orbits:

. o .
H(u1,uz2) ~ R -exp {Julfl +Ju2i} .
o o
4. Numerical Example
Let us consider the numerical example to obtain the applicability area
of approximation. Let the system parameters be defined as follows
)\1 = 37>\2 = 27#1 = 27,“’2 = 3771 = 3772 = 17.’171 = 17:172 = 27R: d.

For different values of the approximation parameter o, we calculate the
means of the number of customers in the orbits analytically and using sim-
ulation. As a measure of accuracy, we consider the relative error. Table 1
shows the corresponding relative error.

Table 1
Relative error of means of number of customers in the orbits

o 0.005 0.01 0.05 0.07 0.1 0.3 0.5
A; | 0.001 | 0.007 | 0.029 | 0.045 | 0.061 | 0.153 | 0.231
As | 0.001 | 0.004 | 0.018 | 0.026 | 0.038 | 0.101 | 0.156

We observe that with a decrease in o, the accuracy of the approximation
increases, and can be applied, for example, with ¢ < 0.1 and a threshold
relative error of A = 0.1.
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5. Conclusion

In this paper, the resource multi-server queue with two arrival processes
was considered. The first-order asymptotic analysis method was carried
out. We found the analytical expressions for the means of the number of
customers in the orbits. Also, we found the stationary distribution of the
two-dimensional stochastic process of numbers of customers in the service
block, which allows calculating the main probability and numerical charac-
teristics, such as means of the number of customers in the service; means
total occupied resource amounts; the probability, that customers go to the
orbit. We considered the numerical example, which makes it possible to
evaluate the system’s performance. In the future, it is planned to consider
second-order asymptotic analysis for a full analysis of this system and com-
parison with other strategies for providing access to two types of traffic to
one base station.
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A single server queuing system with inventory is considered. Cus-
tomers arrive according to a Poisson process and service times fol-
low exponential distribution. Inventory is replenished according to
(s,.S) policy with positive lead time which follows exponential dis-
tribution. Interruption to service process and repair of interrupted
service are considered, times between two interruptions and repairs
both follow exponential distributions.

Keywords: (s,S) inventory model, server interruptions, positive
lead time, explicit solution.

Introduction

The pioneers in the study of queuing inventory models are Melikov and
Molchano [1] and Sigman and Simchi-Levi 1992 [2]. In Sigman and Simchi-
Levi customers are allowed to join even when there is no inventory in the
system. They also discuss the case of non exponential lead time distribu-
tion. Later Berman and et al. [1] considered an inventory system where a
processing time is required for serving the inventory. Here they considered
deterministic service time and the model was discussed as a dynamic pro-
gramming model. Berman and Kim [2] and Berman and Sapna [3] later
discussed inventory queuing systems with exponential service time distribu-
tion and with arbitrary distribution.

There are several papers on inventory queuing models by Krishnamoorthy
and his co-authors [4, 5, 6, 7, 8, 9, 10]. They mainly used Matrix Analytic
Methods to study these models. In most of the models service time for
providing the inventoried item is assumed.

1. Mathematical Model

The system under consideration is described as below. There is a sin-
gle server counter where inventory is served to which customers arrive for
service. The number of arrivals by time ¢ follows a Poisson process with pa-
rameter A. The service times are independently and identically distributed
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exponential random variables with parameter p. Inventory is replenished
according to (s, S) policy, in the sense that whenever inventory level drops
to s an order is placed, order quantity being fixed as Q = S — s. The re-
plenishment times follow exponential distribution with parameter . While
a customer is being served by the server, the service may be interrupted,
the interruption rate being exponential with rate §;. Following a service
interruption the service restarts at an exponential rate Js.

We make the following assumptions for the model under consideration.

— There is no loss of inventory due to a service interruption.

— The customer being served when interruption occurs waits there until
his service is completed.

— No arrival is entertained when the inventory level is zero and while the
server is on interruption.

— An order placed if any is cancelled while the server is on interruption.

We denote by N(t) the number of the customers in the system including
the one being served (if any), L(t) the inventory level and S(t) the server sta-
tus at time ¢. Let S(t) = 0, 1,2; if the server is idle, busy, on interruption.

Then Q = X(t) = (N(¢),S(t), L(t)) will be a Markov chain. The state
space of this Markov chain can be described as
E = {(0,0,k) : 0 < k < S}U{(:0,0) : i > 1} U{(s,5,k) : i >
1,7 = 1,2;1 < k < S}. The above state space can be partitioned
into levels L(i) where L(0) = ((0,0,0),(0,0,1),...,(0,0,5)) and L(i) =
((i,0,0), (i,1,1), (i,1,2), ..., (i,1,9), (i,2,1), (i, 2,2), ..., (1,2, 8)) ;i > 1.

The Markov chain 2 described above is a level independent quasi birth
death process whose infinitesimal generator matrix is given by

By By 0 0 .

BQ Al AO 0 0 . .
0 Ay A A 0 0 0
0 0 Ay A Ay O

Here By, By, By are matrices of orders (S+1) x (S+1), (S+1)x (25+1)
and (25 + 1) x (S + 1) respectively. All other matrices are square matrices
of order 25 + 1. The different transitions in the Markov chain Q = X (t) =
((N(t),S(t), L(t)) are given below.

— Due to arrival (i,5,k) 2 (i +1,5,k); i >0,0< k< S, j =0,1.
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— Due to service completions
(i, k) 5 (i—1,5,k—1):i>0,0< k<S8, j=1

— Due to replenishments (i, j, k) (z, k+Q); 120,0<k<S, j=01.
— Due to server interruptions (i, 1 k) 5 (6,2,k);0>1,0< k< S.
— Due to restart of service (i, 2, k) % (i, L,k);i>1,0<k<S.

2. Analysis of the Model
Stability condition. Define A = Ay + A; + As and

= (7(0,0),7(1,1),7(1,2),...,x(1,9),n(2,1),7(2,2),...,7(2,5))

be the steady state vector of A. We know the QBD process with generator
matrix T is stable if and only if 7 Age < mAze (see Nuets). That is if and only
it Ar(1,1)+7(1,2)+...+7(1,9)] < p[r(1,1)+7(1,2)+...+7(1,9)],
that is if and only if A\ < pu.

Thus we have the following theorem for the stability of the system under
study.

Theorem 1. The Markov chain is stable if and only if A < pu.

3. Computation of steady state vector

We first consider a system identical to the above system except for
service time is negligible. For this system Q = X(t) = (S(t), L(t)) will
be a Markov chain where S(t) and L(t) are as defined for the origi-
nal system. The state space of this Markov chain can be described as
E = {(0,0),(1,1),(1,2)...,(1,9),(2,1),(2,2),...,(2,5)}. The infinitesi-

mal generator matrix of the process is given by T = go gl], where
2 D3
= 0 5 5 Cy Cy
By = { } , Bo =10 021 , —0y1,, By = [ }
011, (S+1)xS [ ] X (S+1) Cs C4
— 0 0 0
Here C; = [ 4 } + { ] )
0 —(A+n+0)L (s+1)x (s+1) Ms—1 0 (s+1)x (s+1)
0 0 0 A
Co=—N+6)Ig+ {)\I O} , U3 = 0 O] ,
Q=1 “loxq Qx(s+1)
C2=1[0 77[5+1}(s+1)><Q
Let x = (2(0,0),2(1,1),...,2(1,5),2(2,1),...,2(2,5)) be the steady state

probability vector of the process Then xT 0 and ze =1 gives

sQO. T
A
z(1,4) = (77Jr ) 1<1<s+1;
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z(l,s+ 1) =2(1,s+2)=...=2(1,Q) ;2(1,Q + 1) = z(1,Q) — z(1,i) ;
o1
1<i<s,2(2,4) = 5—:5(1 i); 1<i<S;

2

-1

where (0, 0) { (77+)\> <5l+52>} .

2
Let 1 = (mo,m1,m2,...) be the steady state probability vector of

the process Q, where mg = (7(0,0,0),7(0,0,1),...,7(0,0,5) and m; =
(m(2,0,0),7(¢,1,1),7(2,1,2), ..., (i, 175),7T(i, 2,1),7(4,2,2),...,7(3,2,9));
i > 1. Then = satisfies 7T = 0 and we = 1. We have the equations

moBo + m By =0; moBy + m A + 1A =0
T Ao + M1 Al + Tip0As =051 > 1
All the above equations are satisfied by taking

mo = ¢(z(0,0),2(1,1),2(1,2),...,2(1,5))

mi= ¢ (:) (40.0.20.1.50.2)....

2(1,9), gz (1,1), gz (1,2),. g;x(LS)); i>1.
(1 — A)da
(52/,&+(51>\[1 —.13(0,0)]

The value of ( is obtained from e =1 as { =

4. System Performance Measures

The system performance measures such as expected number of customers
in the system (Lg), expected inventory level, expected rate of ordering
(Eor), expected replenishment rate (RE Ppeqn ), €xpected interruption rate
(INTean), loss rate of customers, probability that server is busy (P(busy))
and probability that server is on interruption (P(int)) could be calculated
explicitly. Mean waiting time of a customer in the system (W AIT,,cqn) and
variance of waiting time (W AIT,,,) are calculated numerically.

Conclusion

We studied a single server queuing model with positive service time,
positive lead time and service interruptions. We could arrive at an explicit
expression for the steady state probability vector. We wish to extend this
model by considering retrials as well.
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Table 1
Effect of service rate on various performance measures
A=3 n = 2 (51 =6 52 =7
Ja P(bULSy) P(”Lt) INTrncan REPmcan Ls EOR W/AITmcun WAITU(H'
9 0.2999 0.0999 | 8.5713 0.3856 0.5999 | 0.3856 | 0.2191 0.1256
9.2 | 0.2941 0.098 | 8.5713 0.3865 0.5819 | 0.3865 | 0.2118 0.1178
9.4 | 0.2884 0.0961 | 8.5713 0.3873 0.5649 | 0.3873 | 0.205 0.1107
9.6 | 0.2829 0.0943 | 8.5713 0.388 0.5489 | 0.3881 | 0.1986 0.1043
9.8 | 0.2777 0.0926 | 8.5713 0.3888 0.5337 | 0.3888 | 0.1927 0.0984
10 | 0.2727 0.0909 | 8.5713 0.3896 0.5195 | 0.3895 | 0.187 0.0931
Table 2
Effect of interruption rate on various performance measures
A=3 uw=29 n=2 0o =17
61 P(busz/) P(i’llt) INTmean REPmean Ls EOR WAITmean WA[Tvar
6 0.2726 0.1818 | 8.5714 0.3506 0.6818 | 0.3506 | 0.2918 0.2219
6.2 | 0.2743 0.1769 | 8.5714 0.3526 0.6769 | 0.3526 | 0.2862 0.2128
6.4 | 0.2758 0.1723 | 8.5714 0.3546 0.6723 | 0.3546 | 0.281 0.2044
6.6 | 0.2772 0.168 | 8.5714 0.3564 0.668 | 0.3564 | 0.2761 0.1968
6.8 | 0.2786 0.1639 | 8.5714 0.3582 0.6639 | 0.3582 | 0.2716 0.1898
7 0.2799 0.1599 | 8.5714 0.3599 0.6599 | 0.3599 | 0.2673 0.1833
Table 3
Effect of re orer level on various performance measures
A=3 uw=9 n=2 =7
s P(busy) | P(int) | INTean | REPmean | Ls Eor WAIT ean | WAIT, o
5 0.2727 0.1818 | 8.5714 0.3506 0.6818 | 0.3506 | 0.2918 0.2219
5.2 | 0.2727 0.1818 | 8.5714 0.3506 0.6818 | 0.3506 | 0.2918 0.2219
5.4 | 0.2727 0.1818 | 8.5714 0.3506 0.6818 | 0.3506 | 0.2918 0.2219
5.6 | 0.2727 0.1818 | 8.5714 0.3506 0.6818 | 0.3506 | 0.2918 0.2219
5.8 | 0.2727 0.1818 | 8.5714 0.3506 0.6818 | 0.3506 | 0.2918 0.2219
6 0.2727 0.1818 | 9.071 0.409 0.6818 | 0.4087 | 0.2916 0.2215
REFERENCES

1. Melikov A.Z., Molchano A.A. Stock optimization in transport/storage sys-
tems // Cybernetics. 1992. Ne27(3). P.484-487.
2. Sigman K., Simchi-Levi D. Light traffic heuristic for a, M/G/1 queue with
limited inventory // Ann Oler. Res. 1992. Ne40. P.371-380.



An inventory model with positive lead time and server interruptions 111

10.

11.

12.

O. Berman, E. Kim, D.G. Shimshack. Deterministic approximations for
inventory management at service facilities // IEEE Transactions. 1993. Ne5.
P.98-104.

0. Berman, E. Kim. Stochastic models for inventory management at service
facilities, Communication in Statistics. // Stochastic Models. 1999. Ne4.
P.695-718.

0. Berman, K.P. Sapna. Inventory management at service facilities for sys-
tems with arbitrarily distributed service times // Stochastic Models. 2000.
Ne3-4. P.343-360.

T.G. Deepak, A. Krishnamoorthy, C.N. Viswanath, K. Vineetha. Inventory
with service time and transfer of customers and inventory // Annals of Op-
erations Research. 2008. Vol. 160. P.191- 213.

A. Krishnamoorthy, T.G. Deepak, C.N. Viswanath, K. Vineetha. Effective
utilization of idle time in an (s,.S) inventory with positive service time //
Journal of Applied Mathematics and Stochastic Analysis. 2006. Vol. 13.

A. Krishnamoorthy, M.E. Islam and C.N. Viswanath. Retrial inventory with
Batch Markovian Arrival and Positive ServiceTime // Stochastic Modelling
and Applications. 2006. Vol.9. Ne2. P 38-53.

A. Krishnamoorthy, K.P. Jose, C.N. Viswanath. Numerical investigation of
a PH/PH/1 Inventory system with Positive service time and Shortage //
Neural, Parallel & Scientific Computations. 2008. Vol. 16. Ne4.

A. Krishnamoorthy, S.N. Sajeev, C.N. Viswanath. Inventory Model with
Retrial and Orbital Search // Bulletin of Kerala Mathematical Association.
2009. Vol. 4765.

A. Krishnamoorthy, C.N. Viswanath, T.G. Deepak, K. Vineetha. Control

Policies for Inventory with Service Time // Stochastic analysis and Applica-
tions. 2006. Vol.24. Ned. P.889-899.

A. Krishnamoorthy, C.N. Viswanath, M.E. Islam. On a Production Inven-
tory with Service Time and retrial of Customers // Proceedings of the 11th

International Conference on Analytical and Stochastic Modelling Techniques
and Analysis. 2004. P.238-247.

Sandhya E. — Research Scholar, Department of Mathematics. E-mail: esand-
hyal729Q@Qgmail.com

C. Sreenivasan — Department of Mathematics. E-mail: sreenikoonathara
@gmail.com

Sajeev S. Nair — Department of Mathematics. E-mail: sajecv@gectcr.ac.in

Rajan M.P. — Department of Mathematics.



ITMM - 2021

APPROXIMATE ANALYSIS OF A NETWORK OF
RESOURCE LOSS SYSTEMS

E. Sopin!, V. Begishev!, D. Moltchanov?, A. Samuylov!

! Peoples’ Friendship University of Russia (RUDN University),
Russian Federation
2 Tampere University, Finland

The paper considers a network of resource loss systems (ReLS) with
random resource requirements. There are two types of nodes, and
customers from the first type nodes are rerouted to the second type
node for an exponentially distributed time and then return back
to the original node. Customers require random volume of limited
resources, so if there are not enough unoccupied resources in the
system upon the arrival of a customer, then it is lost. Similarly, if
an accepted customer is rerouted to another node and finds that
there are not enough resources to meet its requirements, then it
is also lost. In this paper, we provide an approach to analyze the
stationary behavior of the considered system, as well as formulas
for the new customer loss probability and the accepted customer
loss probability.

Keywords: Resource loss system, queuing network, loss probabil-
ity, wireless network

Introduction

In addition to much higher propagation losses in millimeter wave
(mmWave) band, fifth generation (5G) New Radio (NR) systems will be
subject to outages caused by a dynamic blockage by human bodies [1].
This behavior heavily affects quality of service characteristics provided to
users and may even cause service interruptions. To alleviate the effect of
a dynamic blockage bandwidth reservations technique has been proposed
in the past. However, this approach can only be utilized when users do
not experience outage conditions in case of blockage. Alternatively, one
may use recently standardized 3GPP multiconnectivity functionality [2, 3]
to reroute sessions dynamically between locally available 5G NR base sta-
tions. Performance characterization of this mechanism naturally calls for
queuing network formalism.

The research was funded by the Russian Science Foundation, project no. 21-79-10139,
https://rscf.ru/en/project/21-79-10139/
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The first work that analyzes a network of resource loss systems (ReLS)
is [4]. In this paper, we describe the considered system in more details,
define additional performance metrics and provide an iterative approximate
algorithm for their evaluation.

1. Model description

We consider a network of resource loss systems (ReLS) with two types
of nodes. There are N — 1 of first type of nodes and one node of the second
type. Each node has K servers and R; resources, ¢ = 1,2, ..., N (see figure
1. Customers arrive according to the Poisson process with intensities Ay
and As to the first and second type nodes, respectively. The service times
are exponentially distributed with parameters u; and ps. Each customer re-
quires not only a free server, but also a random discrete volume of resources,
which are determined according to the probability distributions {fi ;} and
{f2,;}. Besides, each customer on first type nodes generates a Poisson flow
of signals with intensity « that cause rerouting of the customers to the node
N. Rerouted customers stay at node N for exponentially distributed time
with parameter S and return back to its original node, or leave the system
if its service is completed before. -

@ H—

h— L —a—
|k
B R,

®

MH— —

C|He—>

® 5

Figure 1. Illustration of the considered queuing system.

We follow the decomposition approach to address this model, which is a
powerful methodology for queuing networks [6]. The core assumption here
is that the service process at each node in the network is independent of
the service processes at other nodes. The relation between the service pro-
cesses at the nodes of both types is incorporated into the numerical solution
algorithm, where the characteristics of the entire network are calculated it-
eratively until the procedure converges. The stability properties of this class
of models were analyzed in [5].

1.1. Service process at the first type nodes

First, consider the first type nodes. Due to the memoryless property of
the exponential distribution, the residual service time of returning sessions
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is also exponential with the same parameter p;. Let @; be the intensity of
the returning session arrivals at node i, ¢ = 1,2,..., N — 1. Then the total
session arrival intensity to node i is thus A1 + ; and the total intensity of
departures is p1 +a. The stochastic behavior of the node ¢ can be described
by the Markov process X;(t) = {&:(¢),d:(t)}, where &;(t) is the number of
customers at node i at time ¢ and d;(¢) is the total volume of occupied
resources. Denote the stationary probabilities ¢; »(r) as

Gin(r) = tli>rrolo P{&(t) =n,6(t)=r}, n=0,1,2...,K,, (1)

r=01,2...,R, i=1,2...,N—1.
The process X;(t) describes a ReLS. According to [8, 7], the stationary

distribution (1) is given by Ki o, R -1
R Py (n)
4i0 = (1 + Z:l nl ZO fl,r) ) (2)
P? n
qi,n(r) :qi,OHfl(,r)a n= 1a25"'aKi7 (3)

where p; = (A1 + ¢i)/(111 + @) and f1(3‘)vj > 0 is the n-fold convolution of

pmf {f1,},7 > 0. Note that the probability fl(rz) can be interpreted as the
probability that n sessions on a first type node totally occupy j resources.

1.2. Service process at the second type node

The behavior of the node N can also be described in terms of the queuing
systems with random resource requirements. As at nodes 1,2,..., N—1, there
are also two types of arrivals: customers that arrive initially to the node N
with the intensity Ay and customers that are rerouted from the first type
nodes with intensity ¢ . However, in this case, the service times differ from
each other: the service intensity of the initially arriving customers is uo, and
for the rerouted customers it is p1 + 5. The arrival intensity ¢n for the
rerouted customers is obtained by summing up all the rerouting intensities
of the first type nodes. phly )

onv =Y (M +)

i=1

(6%
p+a

In (4), the term o/(u1 + @) refers to the probability that a customer
from a first type node is rerouted to node N before its service completion.
The intensities ¢;, @ = 1,2,..., N — 1, of customers returning back to their
original node have the following form:

vi=M\+e)1—ma)a/(a+ p)(l—an1)B/(B+ w), (5)

where ;1 is the loss probability of arriving customers at node ¢, 7 =
1,2,...,N and B/(8 + p1) is the probability that a rerouted customer at
node N returns to its original node before service completion.
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Observe that (5) implies that the flow of rerouted customers at node
i, 1 = 1,2,..., N — 1 equals the fraction of the accepted flow, which was
initially routed to the node N with the probability a/(a+ 1), accepted by
the node IV with the probability 1 — mx 1, and finally rerouted back with
the probability 5/(8 + p1).

According to [7], the stationary distribution of the ReLS with two arrival
flows can be represented in the following form:

PN s(n
QN,n(T) = (ZN,OTTA,[ 2(,T)7 (6)
& P & (n) B A2 ON
=|14+) & N : 7

which can be evaluated numerically, see, e.g., [9].
1.3. Solution and Performance Metrics

After obtaining the stationary state probabilities for all the nodes, we
may proceed with deriving the performance metrics. Recall that our so-
lution is iterative by nature as one needs to add another layer of rerouted
customers at each iteration until a parameter converges to its stable value
with a given accuracy. The procedure is terminated once the required pre-
cision level is achieved. Particularly, at the first iteration, there are no
rerouted customers, and thus ¢; = 0, ¢ = 1,2,..., N. Then, the algorithm
continues as follows:

1) Based on the system parameters, new customer loss probabilities m; 1 at
nodes ¢ = 1,2,..., N and arrival intensity of rerouted customers ¢y at
node N are evaluated.

2) New values of ¢;, « = 1,2,..., N — 1 are calculated according to (5)
by substituting their previous values into the right-hand side; if the
difference between the new and the previous value meets the required
precision, the algorithm proceeds with 3). Otherwise, it returns to 1).

3) When ¢;, i =1,2,...,N — 1 converges to a stable value with the desired
accuracy, all other performance metrics are evaluated.

The iterative solution outlined above requires new session drop proba-
bilities. These can be evaluated as follows

K;—1 pn R;
; 1) .
mi1=1—¢ip Z %Zfl(jf),z:l,l...,N—l (8)
n=0 n'r—O
Kn—1 o Ry
2,(n+1
N1 =1—qnp Z 71\'7 Zf2’£n+ ), (9)

n=0 r=0
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Calculation of the probability that an accepted customer is lost is more
complex. Let us introduce the conditional probability II,;, + =1,2,...., N — 1
that a customer that originally arrived and accepted at node 4 and is lost,
given that it is rerouted, i.e.,

I =7nn1+ (1 —7n1)B8/(B+ pa)mi, (10)

where the first term corresponds to the case of customer loss at the entering
the node N, while the second term is the probability that the rerouted
customer is accepted at node N but then lost upon its return to the original
node due to insufficient resources.

The average number of accepted customers lost as a result of rerouting
during a time interval of length T is aNiHZT, where N; is the mean number
of customers at node ¢ = 1,2,..., N — 1. The mean number of customers
that are accepted during the same time interval is A1 (1 —m; 1)T. Hence, the
probability that a customer, which was initially accepted at the node i, was
dropped is , aN;II;T aN;II;

T2 = lim

T—o0 )\1(]. — 7Ti,1)T - )\1(1 - Wi,l).

(11)

Conclusion

In this paper, we considered a network of resource loss systems. Using
the decomposition approach, we derived formulas for single node charac-
teristics, and proposed an iterative algorithm to evaluate the performance
measures of the whole system, including the new customer loss probability
and the accepted customer loss probability.
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QUEUEING SYSTEMS
WITH IMPATIENT CUSTOMERS AND
CATASTROPHIC BREAKDOWNS USING
SIMULATION
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In this paper, a finite-source retrial queueing system is considered
with impatient customers and catastrophic breakdowns. The char-
acteristic of the system includes collision which occurs when a new
job arrives in the system and the service facility is occupied with
a job, they will collide. Both jobs will be forwarded to the virtual
waiting room the so-called orbit. Here, the customers initiate other
attempts to reach the server after a random time. But they give
up retrying after staying in the orbit a while and leave the system
which is the impatient attribute of the customers. In case of a neg-
ative event, a catastrophic breakdown takes place meaning that all
the customers at the server and in the orbit depart from the system.
The novelty of this paper is to investigate that feature in a collision
environment with impatient customers using different distributions
of the service time.

Keywords: Simulation, catastrophic breakdown, retrial queuing
system, collision, impatience, sensitivity analysis.

Introduction

Designing info-communication systems are essential because of under-
standing how to optimize a system and also how to handle increasing net-
work traffic. Many tools and mechanisms are available for modeling different
systems, and among them, one of the most popular ones is retrial queuing
systems. To illustrate real-life problems arising in main telecommunication
systems, like telephone switching systems, call centers, computer networks,
and computer systems, retrial queues can be effectively applied. In many
publications, retrial-queuing systems with repeated calls are utilized to de-
pict their models like in [1]. The specialty of retrial queuing systems relies
on the orbit which is assumed to be a virtual waiting room with enough

The research was supported by the Thematic Excellence Programme (TKP2020-IKA-
04) of the Ministry for Innovation and Technology in Hungary.
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capacity to take in every customer. In this way, a job — whose service can
not start — is not lost and may launch numerous attempts to get its ser-
vice requirement. The source is considered to be finite mainly because in
many situations a finite number of entities participate in the operation of
the system. Impatient behaviour is a natural occurrence of the customers
provoking earlier departure without obtaining its service demand. This
phenomenon is experienced in many fields of life just to mention some ex-
amples: healthcare applications, call centers, telecommunication networks.
Not to mention all the papers where the behaviour of impatience is inten-
sively examined, see for example [2]. Real-life systems tend to be subjected
to random breakdowns which can be caused by a power outage, human
negligence, or other sudden act. Thus, it is important to examine its effect
on the operation of the system and the performance measures because it
alters significantly the behaviour of a model. Many papers have studied
models having service units assumed to be available all the time which is
quite unrealistic. These types of systems have been investigated by many
authors for example in [3].

The objective of our investigation is to carry out a sensitivity analysis
using different distributions of service times on the main performance mea-
sures while catastrophic breakdowns eventuate. In the case of these types of
events, customers are forced to leave the system due to sudden acts which
can be mechanical failures or power outages. Until repair, it is not allowed
for any customer to enter the system and detailed studies on catastrophic
breakdowns have been examined by several papers. Because we utilize dif-
ferent distributions for the service time of the customers the results are
obtained by our simulation program that is based on Simpack [4]. The ba-
sic building blocks of the code are used in which we have the opportunity
to calculate any desired measure using numerous values of input parame-
ters. Graphical illustrations are provided depicting the effect of different
parameters and distributions on the main performance metrics.

1. System model

A finite-source retrial queueing system of type M/G/1//N is considered
with an unreliable service unit, impatient customers, the appearance of col-
lisions, and blocking. This model has one service unit and a finite-source
where every individual (altogether N) may generate request towards the
system according to exponential law with parameter \/N meaning that the
inter-arrival times are exponentially distributed with mean A/N. As there
are no queues the service of an arriving job starts immediately following
gamma, hypo-exponential, hyper-exponential, Pareto, and lognormal dis-
tribution with different parameters but with the same mean and variance



120 J. Sztrik, A. Téth, A. Pintér, Z. Bics

value. In the case of a busy server, an arriving customer brings about a
collision with the customer under service, and both are moved into orbit.
Jobs residing in the orbit after an exponentially random time with param-
eter o/N initiate other tries to be engaged with the server. Since random
breakdowns emerge the failure time is also an exponential random variable
with parameter vy when the server is occupied and with ~; if idle. Two
scenarios are distinguished: general breakdown where the service of a job
is interrupted and it is forwarded back to the orbit, other jobs initiated by
the individuals of the source can not enter the system until the service unit
is functional. The other one is catastrophic breakdown where the service of
a job is interrupted but instead of arriving at the orbit it leaves the system
as the others from the orbit, no customers are allowed by the system until
the server fully recovers.

The repair process starts instantly upon the failure of the service unit
which follows an exponential distribution with parameter ,. Customers
are characterized by impatience implicating that jobs can decide to leave
the system after spending an exponentially distributed time with parameter
7 in the orbit. These requests return to the source being unserved. In paper
of [5] similar models are analyzed by an asymptotic method where N tends
to infinity this is why rates A/N and /N are used.

2. Simulation results

To obtain the desired results, our self-developed simulation tool was
used in which almost all the performance measures can be estimated. Its
statistics package utilizes the batch means method where the useful run is
divided into a certain number of batches. Batches are long enough in that
way sample averages of the batches are approximately independent thus we
have a valid estimation. The following article contains more information
about that method [6].The simulations are performed with a confidence
level of 99.9%. The relative half-width of the confidence interval required
to stop the simulation run is 0.00001. The size of a batch used to detect
the initial transient duration is 1000.

Table 1
Numerical values of model parameters
N | v |7 |a/N T
100 | 0.05 1 0.05 | 0.001

Table 1 consists of every parameter that is applied for all the following
figures. The parameters of service time of the customers can be found at
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Table 2, every chosen parameter is listed resulting in the same mean and
variance in every used distribution. The reason for selecting these values
is focusing on the interesting situations it must be noted that this model
was tested with other values as well, and in most of the cases, the same
phenomenon appeared. It is totally intentional that the squared coefficient
of variation is more than one, in another scenario we will run the simulations
when it is less than one.

Table 2
Parameters of service time of primary customers
Distribution Gamma | Hyper-exponential | Pareto | Lognormal
Parameters a = 0.054 p=0473 a=2.027 | m=-1.839
B8 =0.077 A =1.353 k =0.355 o=1.722
Xo =15
Mean 0.7
Variance 9
Squared coefficient of variation 18.367

On Figure 1 and 2 on the X-axes ¢ represents the number of customers
located in the system, and on the Y-axes P(i) denotes the probability that
exactly ¢ customer are situated at the server and in the orbit altogether.
In both Figure 1 and 2 the distribution of the number of customers in the
system is displayed when A/N is 0.1 using various distributions of service
time. Catastrophic breakdown feature is applied and interestingly the mean
number of customers in the system differs from each other. In the case of
the gamma distribution, customers tend to spend less time in the system
compared to Pareto distribution. It is also noticeable that for both types
of breakdowns the distribution of the number of customers tends to follow
Gaussian distribution.

Figure 2 depicts the comparison of different failure modes besides gamma
and hyper-exponential distributions. Naturally more customers are in the
system using the general breakdown method but the shape of the curves
curiously are slightly disparate. In case of catastrophic breakdown, the
peak is not that high and the mean number is fewer but other than that
curves follow the same tendency.

3. Conclusion

We simulated a retrial queueing system of type M/G/1//N with impa-
tient customers in the orbit and with an unreliable server using two different
failure mechanisms when blocking is applied. Results are obtained by our
program to carry out a sensitivity analysis on different performance mea-
sures like the distribution of the number of customers in the system. Un-
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Figure 1. Distribution of the number of customers in the system
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Figure 2. Comparison of distribution of the number of customers in the system
using different failure modes

der various parameter settings, the most interesting measures were chosen
which were graphically illustrated. When the squared coeflicient of variation
is more than one significant deviation is experienced between the distribu-
tions in almost every aspect of the investigated measures. Consistently, it
was also revealed that besides catastrophic breakdown less customer is in
the system than in the case of a normal breakdown which is an expected
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phenomenon but the shape of the curves follows the same tendencies. In
future works, the authors aim to carry on investigating the effect of catas-
trophic breakdown in other models and performing sensitivity analysis for
other variables like the failure rate or the impatience of the customers.
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This article shows effective inventory management by incorporat-
ing N-policy on an (s, S) production inventory system with service
time. The customer’s arrival pattern follows the Poisson distribu-
tion and the service time and production process follow exponen-
tial distributions. Matrix Geometric method is used to analyze the
system. Optimal values of control variables s, S and N and cost
function are obtained.

Keywords: Production inventory, N-Policy, matriz geometric
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Introduction

In production and manufacturing systems, it is not always advisable to
start the service as soon as the first customer arrives at a service station due
to large switch-on cost of the server. In such cases, it is imperative that the
resulting busy period should be long enough; otherwise the unit operating
time cost may be too high compared to customer waiting cost. If we start
the service only when a few customers, say N, have arrived then excessive
frequent set-ups can be avoided. The so-called N-policy states that as soon
as N customers arrive in the system, it starts service, one at a time, and
the server goes for a vacation when the system becomes empty. The server
will be turned on again only when the queue size reaches N.

Inventory with positive service time is first investigated by Berman et
al. [1], where demands and service formed, are two distinct determinis-
tic processes. Krishnamoorthy and Jose [3] analyzed and compared three
production inventory systems with positive service time and retrial of cus-
tomers. Jose and Beena [2] investigated production inventory model with
server vacations and positive service time. The concept of N-policy was first
introduced in 1963 by Yadin and Naor [8] in queueing literature to minimize
the total operational cost in a cycle. Krishnamoorthy and Raju [4] used N-
policy in (s,S) inventory system with lead time and negligible service time,
involving perishable as well as non-perishable items. Krishnamoorthy et
al. [5] were the first to introduce N-policy in (s, S) inventory system with
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positive service time. In this article, we introduce N-policy in a production
inventory system.

1. Mathematical Modelling and analysis of the problem

Consider an (s,S) production inventory system with a single server.
The production process is ON when the inventory level reaches s and it is
switched OFF when it reaches S. The following assumptions and notations
are used in this model.

Assumptions

— The arrival of customers follows Poisson distribution with parameter A.

— The service pattern and production process follow exponential distribu-
tions with parameters p and g respectively.

— The server is switched OFF when the system is empty and it is turned
ON at the instant when there is N customers in the waiting line; and
there is a positive on hand inventory.

Notations

N(t) : Number of customers in the system at time ¢

I(t) : Inventory level at time .

C(t) :

0 if server is idle at time t
1 if server is busy at time t

(1) : 0 if the production is OFF mode
" | 1 if the production is ON mode

The random variable Z(t) = {(N(t),C(t), J(t),I(t)),t > 0} is a QBD
Process on the state space S = |J L(7) and is independent for i > N + 1,
i=0

1=

where
L(0) = {(0,0,0,5);s +1 <5 < S} J{0,0,1,5):0 < j < S — 1},
L(i) = {(1,0,0,5);s + 1 < j < S} (5,0, 1,j);0 <5 < S — 1},
g, 1,0,5)s + 1< < S|, 1,71 <5< S-L1<i< N -1,

L(i) = (1,0,1,0) [ J{i,1,0,5);s +1<j < S J{i. 1,171 <j < S—1i > N.
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Arranging the states in the lexicographic order, infinitesimal generator
G of the process {Z(¢)|t = 0} can be written as

0 Boo  Bo
1 By A A
2 a5 AT A5
G= V1 A3 AT Az ’
= Ay AL A
Nj—l Ay Ay Ay

where the block matrices are as follows: Ag = Alog_s,

~(A+B)ifp=q=1,

—(A+p),ifp=q¢,p=2,3,..., 8 —s+1,

—(B+A+p),ifp=qgp=5S—-5+2,...,25 — s,

[Ai)(pg) =< Bifp=1,9g=5 s +2,
g=p+1,p=S—-s+2,...,258 —s—1,
p=25—s,9g=85—-s+1,

0, otherwise,

pwiftp=2,4¢g=5+1,
gq=p—1,p=3,4,...,.5—s+1,
[A2](pg) = p=S-s5+2q=1,
p=q—1,p=S—-5+3,...,25 — s,
0, otherwise,

and one can also find other block matrices Boo, Bo1, Bio, A, AT, A5, A5*.

2. Stability

Theorem 1. The process {Z(t)|t > 0} is stable if and only if A <
(1 — my)p, where m = (%)Sﬂ(li(%)&s)(li%? .
’ T (B (5))
Proof: Since the process {Z(t)|t > 0} is a level independent QBD, it
will be stable if and only if m4Age < maAze (see Neuts [7]).

3. The Steady State Probability vector of G

Let the steady state probability vector x of G can be partitioned ac-
cording to the levels as x = (z(0),z(1),...,2(N — 1),z(N),...), where
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z(i),1 < i< N — 1 contain 45 — 2s — 1 elements and all other sub vectors
contains 25 — s elements. The QBD process Z(t) is state independent for
i = N + 1. Therefore the steady state solution is of the form (see Latouche
and Ramaswami [6]).

TNt14j = on R >,

where R is the minimal non-negative solution of the matrix quadratic equa-
tion R2As + RA, + Ag = 0. R can be calculated from the iterative proce-
dure R,y1 = —(R2Ay + Ag)A;' (vefer Neuts [7]). Also x satisfies the
equations xG = 0 and xe = 1.

The important system performance measures of the system are given by:

— Expected number of customers in the system

EC = iz(i)e
1=1

— Expected inventory level

S S—1
EI= ) jx(0,0,0,5) + > jz(0,0,1,5)+
j=s+1 3=0
N—-1 S S—1 S
+ > §u(i.0,0,5) + D je(i,0.1,5) + Y ja(i,1,0,5)+
=1 Jj=s+1 7=0 j=s+1
S—1 0 S S—1
+> gl L5 |+ Y0 | DD (i, 1,0,5) + Y jai 1,1, )
j=1 i=N \j=s+1 j=1
— Expected number of items produced
S—1 N—-1 [S—-1 S—1
EP =3¢ 2(0,0,1,5) + > [ Y 2(6,0,1,5) + ) 2(i,1,1,5) | +
7=0 i=1 7=0 j=1

o] S—1
+ 30 [ 20,0,1,00+ > a(i, 1,1, )
i=N j=1

— Expected switching rate for production

ESy =p» x(i,1,0,5+1).
i=1
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— Expected switching rate for service

S S—1
ESy=X| > x(N-1,0,0,5)+ Y «(N-1,0,1,5)
j=s+1 j=0

— Expected number of departures after completing the service

) S—1 S
ED=p | [ (1,150 + > 2(,1,0,5)
i=1 \ j=1 j=s+1

Cost function: The expected total cost ETC is computed as
ETC = CoES1 + ClEP + CQESQ + CgEI + +C4EC + C5E‘D7

where c¢y: fixed cost for production,
¢1: production cost / item / unit time,
co: reward cost of customer when the server is idle / customer / unit time,
c3: holding cost of inventory / unit / unit time,
¢4: holding cost of customer / customer / unit time,
¢s: cost of service / item / unit time.
Numerical Experiments. The optimum value of (s,S) pair and N
are obtained by considering suitable parameter values.

Table 1
N=4)A=15u=2,=2,c0=10,c1 = l,ca=1,c3 =1,ca =8,¢c5 =1

S 5 10 11 12 13 14 15

D) 43.0833 | 43.0822 | 43.0815 | 43.0812 | 43.0812 | 43.0815
13 43.0816 | 43.0806 | 43.0800 | 43.0797 | 43.0798 | 43.0800
A4 43.0804 | 43.0795 | 43.0790 | 43.0788 | 43.0788 | 43.0791
45 43.0798 | 43.0790 | 43.0785 | 43.0784 | 43.0784 | 43.0786
46 43.0803 | 43.0790 | 43.0787 | 43.0785 | 43.0786 | 43.0788
47 43.0816 | 43.0797 | 43.0794 | 43.0792 | 43.0793 | 43.0795

Concluding Remarks

In this article, an (s,.S) production inventory system with positive ser-
vice time is considered. The optimum values of s and S are obtained. The
optimum value of NN is also found graphically. This model can further be
extended to a production inventory system with multiple servers.



A production inventory model with N-policy 129

NVs ETC

Figure 1. ¢co =10,c1 =cao =cz =c¢c5s = 1,c4 =8,s=13,5 =45 A =15, u=p =
2
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In this paper, a method for detecting synergistic effects of the in-
teraction of elements in multi-server queuing, in construction of
queuing systems with large load and small queue. This method is
extended to statistical estimates of characteristics of non-uniform
Poisson flow, describing distribution of animals in some areas, a
resolution of the most powerful decision rule for constructing of
technical systems “friend — foe”. This allows studying them with
mathematical methods of relatively low complexity and to expand
possibilities of applications. These methods are based on special
techniques of the structural analysis of multi-element stochastic
models in combination with upper bounds of their performance
indicators. They allow moving to more accurate and rather eco-
nomical numerical calculations, as they indicate, in which direction
it is most convenient to perform these calculations.

Keywords: Multi-server queuwing system, Almost deterministic
one-server queuing system, Most powerful decision rule.

RQ-Queuing Systems with a Large Number of Servers

Consider an RQ-system, i.e., a queuing system, in which, if there is a
free server, the customer that has come to the system immediately begins
to be served on it. If there are no free servers, then the customer is sent
to the orbit, from where it can return to the newly released server in ac-
cordance with some protocol [1, 2, 3]. At 12-th International Workshop
on Retrial Queues and Related Topics (WRQ 2018) it is marked that in
RQ n-channel queuing systems with Poisson input flow and exponentially
distributed service times a complexity of its calculations grows significantly
with increasing n. In this section we show, how to bypass this problem, us-
ing asymptotic analysis of n-channel queuing system with intensity of input
flow proportional to n.

Consider the series scheme in which the characteristics of n-server queu-
ing systems are defined by the parameter n — oo, which characterizes an
intensity of input flow tending to infinity. Denote e, () a number of input
flow customers arriving before the moment ¢, e,,(0) = 0. Assume that g, (¢)
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is a number of busy servers in this system at the moment ¢, ¢,(0) =0, 7;
is the service time of j-th incoming customer and 7;, j > 1, is a sequence
of independent and identically distributed random variables (s.i.i.d.r.v.’s)
with the distribution function, which has continuous and bounded density.
Then in [4, Chapter II, § 1, Theorem 1] there are conditions, in which the
relation
I, (T)=P ( sup gn(t) > n) — 0, n = oo,
0<t<T

takes place. Denote P, (T') the probability that there are customers, which
will be directed to the orbit at time interval [0, 7], then P, (T) < IL,(T).

In [5] the conditions of limit relation II,,(T") — 0, n — oo, were concreted
for n-channel queuing systems with: deterministic input flow of customer
groups, alternating input flow [6], Erlang input flow [7]. Combining these
results with the inequality P,(T) < II,(T) and concentrating our atten-
tion to the indicator P, (T) it is possible to analyse RQ n-channel queuing
systems with large n without large calculations.

1. Alternative designs of high load queuing systems with small
queue

In this section, two alternative designs are constructed for queuing sys-
tems with a large load and a small queue. The first design is an aggregation
of a large number of single-channel systems into a multi-channel system.
The second design is based on the model of a single-channel system, in
which small random fluctuations are defined as the degree of small differ-
ence between the unit and the load factor. The exponent of this degree has
a critical value, above which the stationary waiting time tends to zero, and
below which it tends to infinity. A similar phase transition was found in the
multi-channel queuing system.

Multi-channel queuing system M |M |n|co. Consider n-channel sys-
tem with a Poisson input flow of intensity nA and exponentially distribution
of service times 1 — exp(—pt). Such a system can be considered as a combi-
nation of n single-channel systems M|M |1|oo with Poisson input flows of A
intensity and a similar distribution of service times. Denote p = \/u load
factor of the system M|M|n|oo and put A, the stationary average waiting
time, B, the stationary average queue length. The following theorem is
proved in [8].

Theorem 1. 1) If p < 1, then for some ¢ < oo, ¢ < 1 the relation
holds A, <cg”,n>21,2)If p=1—-n"% 0 < a < oo, then for n — oo

a <
’ S 0, a<1/2,

Ap = p, a=1, Bn—>{oo7 0> 1/2.
00, a>1.
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Thus, the load factor tends to one as p = 1 — n~® and depending on the

parameter «, the stationary average waiting times and queue lengths tend
either to zero or to infinity. Moreover, the critical value of the parameter «
varies, depending on the choice of these performance indicators.

Almost deterministic single-channel queuing system. Despite
the importance of Theorem 1, such a queuing system design assumes its
large size, which is not always convenient from an application point of view.
It is clear that an alternative to the described mode of operation of a queu-
ing system with a large load and a small queue can serve as an almost
deterministic one channel queuing system (see, for example [9]).

Let’s describe the operation of a single-channel queuing system G|G|1|co
by a sequence of waiting times for the start of service: w;41 = max(0, w; +
1; — 7;). Here 7; is the interval between the arrival of i-th and (i + 1)-th
customers, M7; = a, and 7; — service time of i-th customer, Mn; = b, 0 <
a—b = e. Assume that random deviations from the distributions means are
reduced as follows:

n; =b+e%(n; = b), 77 =a+e*(1i —a)
and introduce Markov chain w§, ¢ > 0, w§ = 0, describing almost deter-
ministic single-channel queuing system

wiyy = max(0,w; + 0§ — 7;7) = max(0, w; +£%6;).

Here §p,01,..., is a sequence of independent and identically distributed
random variables, §; = n; — 7, + ¢, Mé&; = 0. In high load mode, when

the load factor p = — is close to one, the positive parameter € = (1 — p)a

is small: ¢ <« 1. Val?le a > 0 characterizes the rate of decreasing random
perturbations with increasing loading.

Due to known results for a single-channel queuing system G|G|1|oco (see
e.g. [10, Chapter 1, $3]) Markov chain w$, ¢ > 0 has given for any e, « :
0 < ¢, 0 < « the stationary distribution llim Pl{w: > y} = P{Wu(e) >
y}, y = 0. Using results of articles [11, 12, 13, 14, 15, 2, 17, 18, 19, 20, 21]
it is possible to prove the following theorems.

Theorem 2. In a single-channel queuing system G|G|1|oco for some
positive constants (3, ¢ < oo the inequality M|6;|?>T# < ¢ is true. Then the
following limit relations are valid: W, (¢) = (weak convergence) + oo, 0 <
a<1/2;

Wale) =0, 1/2 < a; Wo(e) =n, P{n>yl=e 24 a=1/2.

Theorem 3. Assume that in a single-channel queuing system
G|G|1|oo, when for some v, 1 < v < 2; h, > 0, one of the following relations
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with y — oo are true for distributions tails: P(n; > y) ~ hyy™", P(11 >
y) = o(P(m >y),

or P(t1 > y) ~ hyy™, P(n > y) = o(P(11 > y). Then the following limit
relations are valid: W, = +o00, 0 < a< 1/v; W, =0, 1/v < a; € — 0.
Thus, a parameter «, characterizing either the rate of convergence of the
load factor to one in the system M|M|n|oo, or a random fluctuation in
the system G|G|1|oco, allows us to detect the convergence of the stationary
waiting time to either zero or infinity.

2. Related statistical problems

In this section statistical estimates of characteristics of non-uniform Pois-
son flow, describing distribution of animals in some areas, and the most
powerful decision rule for constructing of technical systems discriminating
“friend-foe” are constructed and analysed. Main idea of these considera-
tions is a choice of convenient objective functions for these estimates: rel-
ative errors or dependences on combinations of some parameters. These
results are based on the classification of statistical problems proposed in
the monographs [22, 23] and on the ideas of testing statistical hypotheses
in the processing of physical and physics — technical observations [24, 26].

Error in estimating the mean number of Poisson flow points.
Specialists in the field of earth sciences have the task of estimating the error
of the mean number of Poisson flow points from observations in different
cells of a square grid. Let the study area be divided into m cells, and

the number of points in them in the area k is ng, &k = 1,...,m. It is
natural to assume that the random variables nq,...,n,, are independent
and have Poisson distributions with the parameters Aq,..., A,,. Using the

properties of the Poisson distribution, it is easy to establish that the random
sum N = nj + ...+ n,, has a Poisson distribution with the parameter
A =X +...4+ )\, and consequently EN = A, VarN = A.

Using the known properties of the mathematical expectation and the
variance of the Poisson distribution, we proceed to estimate the relative
error. To do this, consider the random variable N/EN = N/A. Variance of
this random variable Var N/A = 1/A and so using Chebyshev inequality it is
possible to obtain the following relation P (|N/A — 1] > A~Y/3) <A™V —
0, A — oo. Therefore, the relative error decreases with the growth of A.

This result does not depend on the non uniformity of the distribution
density of the Poisson flow of points, and therefore does not depend on
the parameters Ay, ..., \,,. It is based on the well-known models of Poisson
point flows in the theory of random sets, which are used in the earth sciences
[27].
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Resolution of the most powerful decision rule. In the papers
[28, 29, 30, 31], a neural network converter “Biometrics access code” is
built on the basis of an electroencephalogram. The main indicator of the
effectiveness of this converter is the probability of errors of the first kind o,
when the probability of errors of the second kind «s is chosen by experts
to distinguish between simple hypotheses “friend-foe”. This distinction of
hypotheses is made using the most powerful decision rule. A special role
here is played by a set of sample characteristics, with the help of which
these hypotheses are distinguished.

Consider a sample z1,...,x,, consisting of independent random vari-
ables having a normal distribution with an average a and a variance o2.
From two hypotheses H1 = (a = a1), Hs = (a = a2), a1 > a9, the most
likely hypothesis is selected. We introduce a characteristic A of the resolu-
tion of the most powerful decision rule. The value A is determined by by
the following parameters: the probability aso, the sample size n, the vari-
ance o2 and the difference of the averages a; — as. Its calculation is based on
the Neumann-Pearson lemma and the well-known rule for finding the most
powerful solving rule by the Bayesian solving rule.

The most powerful solving rule has the form

ETL:(EZ/TL>C = Hlv Zn:xz/ngc = Hs.

i=1 =1

Assume that the function #(«), 0 < a < 1, is defined by the equality
e [T OB

t(a) m
the relations C' = ag + t(a2)o/y/n, A = A(ay,a2,a2,n,0) = /n(a; —
az)/o — t(az). Consequently there is strong dependence of a; on A : oy <
exp(—A?)/(Av/27). For example, let’s take ay = 1077, a3 = 7-10~* (these
values are taken from [31]), then A = 9.19246.

du. Put t(a;) = A, then it is not difficult to obtain
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We consider the transmission of messages with demultiplexing over
two communication channels with different throughputs. Each mes-
sage is divided into two unequal parts, of which the smaller is trans-
mitted on one channel, the larger — on the other. The problem of
calculating the optimal channel throughput is solved, taking into
account the characteristics of the transmitted traffic.

Keywords: Data flow distribution, communication channel
throughput, demultiplexing, multiplering, secret sharing.

Introduction

With the introduction of the self-isolation regime, there is still an increas-
ing demand for internet connection services, for an increase in data transfer
speed, for throughput expansion and for the purchase of additional commu-
nication channels. The most popular transmitted content is video data, for
example, online broadcasts of cinemas, educational webinars. Broadcasting
is carried out using client-server applications, in which the content can first
be transformed using any algorithms, and only then transmitted to the user.
Pre-transformation of content can be carried out to ensure confidentiality,
that is, to perform cryptographic transformations. In such situations, cryp-
tographic algorithms can lead to significant delays in the playback of the
video data stream due to the fact that reverse cryptographic conversion
must be performed on the client side. The use of an additional communi-
cation channel makes it possible to organize distributed data transmission,
which makes it possible to solve the problem of ensuring confidentiality, but
questions arise related to the efficiency of the use of computing resources, op-
timization of channel throughput, synchronization of transmitted streams.

1. Formulation of the problem

In such a situation, it is advisable to consider the possibility of using
other, not related to classical cryptography, information protection methods
— secret sharing schemes (SSS) [1], demultiplexing.



138 V. Zadorozhnyi, D. Sagaydak

In [2, 3], algorithms for dividing video data into unequal parts are pro-
posed, which allow the sender and the receiver, using two communication
channels with different throughputs, to carry out the diversity of the trans-
mitted TCP / IP traffic over these channels, as, for example, it is described
in [4, 5]. Further, we assume that SSS can be used to transmit streams of
any messages, and all the transformations described in [2, 3] are performed
directly on the binary characters of the messages. By dividing messages
into unequal shares, a smaller share of each message is transmitted over a
lower throughput channel, and a larger share is transmitted over a higher
throughput channel.

When using two communication channels at the same time, questions
arise related to the efficiency of computing resources, optimization of chan-
nels throughput, synchronization of transmitted streams, buffering. These
issues can be addressed by implementing appropriate client-server applica-
tions and optimizing the throughput of the communication channels. It is
advisable to optimize throughputs according to the criteria for minimizing
costs, one part of which is associated with message delays in the network, the
other part - with the payment of channel throughput, which monotonically
grows with the growth of throughput.

As a mathematical model for optimizing a two-channel SSS, a network
with splitting requests (S-network) with two single-channel queuing systems
(QS) is proposed (see figure 1). In terms of queuing theory (QT), we will
call messages and their parts requests, demultiplexing messages — splitting
requests, multiplexing messages by assembling requests. Two requests cor-
responding to two parts of the same divided message will be called conjugate
requests. We define the discipline of servicing queues in front of the channels
as the FIFO discipline (first in — first out).

Ci

£y

F,

G
Figure 1. A network with splitting requests. S — split point, A — assemble point

Requests are transmitted through two channels with different through-
puts Cy, Cy (Kbit/s). At point S, the request is split into two requests,
one of which arrives at QS1 and the other - in QS2. At point A, two con-
jugate requests "merge”and turn into one request. The incoming traffic I’
(Kbit/s) is divided into two parts Fy; + F» = F. The moment of entry of
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the request into the network is simultaneously the moment of its splitting
and the moment of entry of the resulting conjugate parts into each of the
two branches of the network. The intensities A\, A\; and Ay of the flows of
requests entering the network, in the QS1 and in the QS2 are the same, and
are described by the same probabilistic law.

Another feature of the S-network, not shown in figure 1, is that two more
synchronization queues are formed before point A (one on each branch).

All requests arrive in each synchronization queue in the same sequence in
which they enter the network. Therefore, if at least one request is pending in
one synchronization queue, then the other synchronization queue is empty.
The time u of message transmission (in terms of QT the time spent by the
request in the network) is determined by the formula

u = max(uj, us) = max(wy + x1,ws + 2), (1)

where w; - waiting time for a request in queue 1; x; - service time of the
request in channel 1; wy - waiting time of the conjugate request in queue 2;
To - service time of the adjoint request in channel 2 .

The average time U of staying in the S-network, according to (1):

U = M [max(u1, uz)] = M [max(w; + z1, ws + x2)] . (2)

The time U depends on the throughputs Cy, Cy: U = U(Cy, Cs).

Let the price of the throughput of any channel is m c.u./(Kbit/s). Then
the problem of optimizing the throughputs Cy, C5 of the S-network channels
can be formulated as follows:

= (01,02) + mCy +mCy — énlél , (3)
>
Ch =2 By )
Co 2 Fy,

where [ (c.u./s) is the price of the average delay of an request in the network
for one second.
Coefficient [ is equal to the losses (occurring due to the increase in the
average time U by 1 s), calculated for the period of operation of the network.
Then the problem (3), (4) is posed as the problem of minimizing the
average costs over the period of network operation.

2. Exponential network with independent branches

Consider a network with independent branches (figure 2), which can be
examined as a first approximation of the S-network shown in figure 1.

In this network with independent branches, QS1 and QS2 operate in-
dependently, each serving its own stream of requests. Each of these QSs
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individually is equivalent to the corresponding QS in the S-network, but
a pair of QSs in a network with independent branches (figure 2) is not
equivalent to a pair of QSs in an S-network (figure 1).

G

F IT1T] ()
S .’ LA

- p& »ia--p
N .

F ED:DC

G
Figure 2. S-network with independent branches

Dashed lines in figure 2 shows a single passage through the network of
a single split request arriving in a stationary mode of network operation at
a random moment in time. The time it takes for a split request to pass
through the network is expressed by formula (1), the network optimization
problem has the form (3), (4).

Calculation of the system in figure 2 includes the following steps. First,
we find the distribution of the sojourn time of unsplittable request in QS1
and QS2. Further, since the quantities u; and us are independent, we can
easily find the distribution of the maximum of these quantities, and through
it - the required M [maz(u,uz)].

1 1
M [max(uy,us)] = + _
pr(l—p1)  p2(l—p2)
| 2 2 (5)

p1(1 = p1) + po(l = p2)’

where p1, po are the intensity in the first and, respectively, the second
channel, p;, po are the load factors of the first and second channels.

Passing in expression (5) to the parameters of problem (3), (4) p1 =
Fl/Cl, P2 = FQ/CQ, Hn1 = C1/H1, U2 = CQ/HQ and substituting it taking
into account (2) in (3) we get the problem:

lH, n lH> _ l n
(Cl*Fl) (C2*F2) Hl_l(cl—Fl)—|—H2_1(Cg—F2) (6)

+mC7 4+ mCy — min ,

1,C2

Cl 2 Fla
{ Cy > . @

f=
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The point (Cy, Cs) of the local minimum of the function f can be found
from the system of two equations 9f/9Cy, df/ICs i.e.

1H, 1H? 1H, 1H;*

1 +m=0,——
2 (H;1$+H;1y)2 2 (Hflx—kH{ly)

where x =Cy — F} >0, y=Cy — F5 > 0.

EXAMPLE 1. Let the cost coefficients I = 1, m = 0.001 and the pa-
rameters H; = 100, Hy = 800, F; = 700, F> = 5600. In this case, in the
set of solutions of system (8), only one solution contains a pair of positive
real numbers: = ~ 230.461, y ~ 848.818. Accordingly, the minimum of
the objective function (6) is attained at the point C; = F; + z &~ 930.461,
Cy = F5 +y ~ 6448.818, and is f = 8.458558 c.u. In this case, we obtain
P1 = Fl/C1 = 0752, p2 = FQ/CQ = (0.868.

The results of additional verification of the found optimal values C7, Cs
are shown in figure 3 (upper curves). On the left, the upper curve is a section
of the f(C1,Cy) surface by the plane Cy = 6448.818, passing through the
optimum point, on the right, a section by the plane C; = 930.461. Markers
represent the corresponding simulation results.

EXAMPLE 2. Given example 1 (I = 1, m = 0.001, H; = 100, Hy =
800, Fy = 700, F» = 5600) we optimize the S-network shown in figure 1, in
which channels only transmit split requests. In the simulation model, the
share of a request transmitted through the first channel is serviced in Hy /C}
seconds on average, the servicing time has an exponential distribution. The
share of a request transmitted through the second channel has a service
time independent of the service time of the conjugate share, and has an
exponential distribution with the average Hy/C3. The intervals for the
receipt of requests in the network have an exponential distribution with an
average Hy/Cy. Tt is difficult to find an analytical solution for such an S-
network. Optimization of throughputs C7, C5 is performed using S-network
simulation by coordinate descent method. As an initial approximation, we
took a solution that is optimal for a network with independent branches
(see example 1). The optimal solution Cy &~ 905, Cs = 6435 was found in
more than 80 steps, each of which required about 6 minutes of computer
work with a 3.1 GHz processor. The results of checking this solution are
shown in figure 3 lower curves, which are sections of the f(Cy,Cy) surface
by the planes C; = 905, Cy = 6435, passing through the optimum point.

The time spent on finding the minimum of the function of two variables
turned out to be rather large, although, as can be seen from figure 3, the
initial approximation is close to the minimum point. The correlation coeffi-
cient between the durations u; and us of staying in the QS of the conjugate

5+m =0, (8)
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Figure 3. Upper curves - sections of the surface f(Ci,C2) by planes passing
through the opt. point in example 1. Lower curves - sections for example 2

lobes was in the vicinity of the optimum point from 0.51 to 0.53. The load
factors were p; = 0.773, p2 = 0.870.

3. S-networks with synchronous branches

Consider an S-network in which each incoming request has a random
size h (Kbit) and is split into two conjugate requests so that between their
sizes hy and ho (where hy + he = h) the same proportion always remains:
ha/hy = v = const. If the throughputs of the channels is connected by the
condition Cy = (] then the service time x; of the request in channel 1
and the service time x5 of the conjugate request in channel 2 coincide:

Ty = hy/Coy = (vh1)/(vC1) = hy/C1 = 1. 9)

We call such a network an S-network with synchronous branches, or
an Ss-network. The problem (3), (4) optimization of an S-network, whose
branches are synchronous, can be solved exactly for any flow of requests for
which QS in the branches can be calculated by exact QT methods.

Omitting the proofs, we present the following two theorems.

Theorem 1. Transmission of a regular flow of fixed-size requests
through an optimal Ss-network leads to the same costs as transmission
through an optimal single-channel system. In this case, the total through-
put of the optimal Ss-network is equal to the throughput of the optimal
single-channel system.

Theorem 2. The transmission of any flow of requests through the
optimal Ss-network leads to the same costs as its transmission through the
optimal single-channel system. Then the total throughput of the optimal
Ss-network is equal to the throughput of the optimal single-channel system.

4. Networks with splitting requests in constant proportion

S-networks in which the condition hy/hy = v = const is fulfilled during
the splitting of requests, but the condition Cs = v is not imposed, we will
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call networks with split requests in equal proportions, or Se-networks. The
Ss-networks considered above are a subset of Se-networks in which both of
these conditions are satisfied. The optimization problem for Se-networks
has certain specific features. It is written, like the general problem (3), (4)
of optimization of S-networks, in the form

f=1lU(Cy,C3) + mCy + mCy — éniél, (10)
>
Cl = F17 (11)
Cy 2 Fy,

where U(Cy,Cy) = M [max(u1,uz)], and inherits the property (as opposed
to a network with independent branches, see figure 2) that in general
case in elementary function the non-expressible dependence of the math-
ematical expectation M [max(ui,us)] on the varied parameters Cy, Cs is
here determined on stochastically interdependent random variables uq, us
(times of stay in QS1 and QS2). The variable parameters C, Cs in (10),
(11) are independent of the optimization problem for Ss-networks, they
are not related by the condition Co = ~Cq; therefore, both inequalities
are preserved in constraints (11). Therefore, the progress of requests in
the branches of the network is generally asynchronous here, which makes
it difficult to find an explicit formula that accurately expresses the time
U(C1,Cs) = M [maz(uy,uz)] in terms of the network parameters.

However, in the next theorem it is established that in the class of Se-
networks, optimal solutions to problem (10), (11) with independent through-
puts always lie on the line Cy = vC7;.

Theorem. The Se-network, which is optimal for the transmission of
any flow of requests, is an Ss-network, i.e. the optimal throughputs Cy, Cs
of the Se-network lie on the straight line Cy = yC1.

ExAMPLE 3. Using the conditions of example 2, let us establish the
constant proportion hy = yH; = 8hy for the sizes of the request shares, and
describe the size h; by the third-order Erlang distribution with mean H;.
Then hy and h = (1 4 )h; are also distributed according to the Erlang
law with averages Ho and H, respectively. Let us describe the intervals
of requests arrival by the Erlang distribution with the mean Hy/F;. The
S-network defined in this way is a Se-network, and the optimal C; and Cy
for it lie on the line Cy = ~vC}.

Its solution C opt = 763 was found in 12 model runs. All three significant
digits of this solution are exact, as are the first three digits of the solution
Coopt = 7Cliopt- The correlation coefficient between the durations of stay
of two conjugated lobes in their QS is 1. Coefficients of channels loading
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are p; = 0.917, po = 0.917. The average latency in both sync queues is
zero. Then for Cy = (7 in Se-networks u; = uo and defined by formula
(2) U = U;. The optimal C; and the minimum cost (3) can be determined
analytically if QS1 is, for example, a system of the class M/M/1, M/G/1.

5. Conclusion

The efficiency of the optimized Se-networks established in the study per-
formed can be achieved by developing algorithms for the implementation of
the SSS, which divide messages into shares that are in a constant or ap-
proximately constant proportion. Or for shares that have a high positive
correlation coefficient. Taking into account the identified possibilities of SSS
optimization on two physical channels, it is advisable to study the possibil-
ities of SSS optimization and similar messaging schemes in networks with
fractal traffic (using, in particular, the queue reduction methods developed
for such networks in [6]), and in 5G networks.
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PERFORMANCE INVESTIGATION OF REVERSE
BALKING IN COGNITIVE RADIO NETWORKS
USING SIMULATION
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In this article, the concept of reverse balking is developed and in-
tegrated into a Cognitive Radio Network. Reverse balking is a cus-
tomers pattern in which an arriving user is more likely to join a
system if it is more occupied, and vice versa. This type of cus-
tomer’s attitude can be seen in a variety of industries, especially
finance. The key performance measures are obtained with the help
of simulation.

Keywords: Finite source queuing systems, Simulation, Cognitive
radio networks, Performance measures, Reverse balking.

Introduction

Our Cognitive Radio Network (CRN) model’s principal aim is to enhance
the use of the free spaces in the primary frequency band to benefit the
secondary. More details can be found in [1, 2, 3, 4, 5, 6]. Our queuing
system considers two parts. The first part is developed for Primary Users
(PUs) with a finite number of sources who generate primary calls after
an exponentially distributed time. All the generated calls are placed in a
FIFO queue for service. The second subsystem is dedicated to secondary
users (SUs) jobs which are created following exponential distribution and
routed to the secondary channel service (SCS) to obtain service. The service
time of PUs and SUs is exponentially distributed as well. The generated
licensed calls will verify the status of the PCS; if it is available, the service
may begin immediately; if it is already in use by a primary call, the latter
call will be placed in the FIFO queue. If a secondary customer is occupying
the PCS, its service will be interrupted immediately and diverted back to
the SCS. The aborted call will be resumed from the beginning of its service
or added to the retrial queue (orbit) depending on its present state.

SCS, on the other hand, handles unlicensed queries. If the targeted
server is idle, the SU is permitted to start the service; if it is occupied, they

The research work of Janos Sztrik is supported by the EFOP-3.6.1-16-2016-00022
project. The project is co-financed by the European Union and the European Social Fund.
Mohamed Hedi Zaghouani is supported by the Stipendium Hungaricum Scholarship.
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may attempt to start opportunistically their service in the PCS. If the last
service channel is free, the low priority call may be able to begin the service;
otherwise, if it is occupied, the call will be automatically added to the orbit,
from where it will retry to be served after an exponentially distributed time.

Several investigations have dealt with CRN in different scenarios. The
effect of server unreliability on the CRN, for example, was studied by the
authors of [3]. Abandonment was employed in [6], wherein SUs were forced
to leave the system if their total waiting time exceeded a random maximum
waiting duration. Balking has been investigated in a variety of queuing
systems, including [7, 8, 9, 10]. However, after a thorough search of nu-
merous similar topics and reports, we were unable to find any studies that
addressed this model in the scenario of revers balking, which is the novelty
of our research.

1. System model

The queuing cognitive radio system shown in Fig. 1 is based on the
following assumptions. Consider two interconnected subsystems in which
primary requests are generated by a finite number of sources N; and sub-
mitted to the first server using an exponentially dispersed time with an
average value of 1/A;. If the unit is available, the service may begin; other-
wise, the call will be placed in the preemptive priority queue. The principal
users’ service time is a random variable with an exponential distribution
and a parameter fi;.

Back to sources

1
g —(1)
s Preemptive
; Service request | Preere PCS

Primary yes

S req, when
P req amived| no
!
P I — @ ()
. p balk with a | "
N, probability 1 — () yes
Secondary
@
i 5
N

—
Orbit Back to sources

Figure 1. Finite-source retrial queuing system: Modeling the Cognitive Radio
Network with reverse balking
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Table 1
Simulation input parameters
Ni | Na | M Ao/No | w1 | p2 | v | p
20 | 50 | 0.03 | x-axis | 1 1 20 | 0.5

N5 denotes the number of sources in the secondary subsystem. Each
source produces low priority call according to an exponentially distributed
time with parameter Aa/N>. SUs service time is generally distributed us-
ing hypo-exponential, hyper-exponential, and gamma distributions with the
same mean and different variances with a rate po. The retrial time of the
secondary customers is supposed to be an exponentially distributed random
variable with a parameter v.

When the system is empty (at the start of the simulation) first cus-
tomers might balk (do not enter the system) with probability p or join it
with 1 — p. However, when there is at least one customer in the system,
new arriving ones balk with a probability 1-¢ and enter the system with
probability q:(ﬁ), while n is the number of SU in the system at a time
t. Reverse balking is the term for this type of balking.

2. Simulation results

Assuming that all random variables included in the system are expo-
nentially distributed except the secondary service, we created a stochastic
simulation program written in C coding language with SimPack to generate
the results of this section. All the numerical results were collected by the
validation of the simulation outputs. Table 1 shows the numerical values of
the simulation main class input parameters while.

Figure 2 illustrates the influence of secondary service time distribution
on the mean residence time of SUs versus secondary request time generation.
A high distributions sensitivity can be observed when service times are
gamma distributed with a squared coeflicient of variation greater than one,
especially, in the beginning of the simulation. Furthermore, increasing the
arrival intensity of SUs, did not involve a greater mean response time for
SUs until value 2.8, where the mean response time was noticeably increased.
This was the effect of the reverse balking, as new coming customers are
getting more encouraged to enter the system through the time.

The impact of the service time distribution for the secondary subsystem
on the mean balking rate versus As can be observed in Figure 3. Increasing
the secondary arrival rate involves a higher discouragement for new arriv-
ing secondary customers, this can be seen clearly in the case of Gamma
distribution.
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Figure 2. The impact of secondary service time distribution on the mean residence
time of SUs vs secondary request time generation

Mean balking rate
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Figure 3. The impact of secondary service time distribution on the mean balking
rate of SUs vs secondary request time generation

It is well known according Gamma distribution function that when ¢2 >
1 the generated random service time is great which leads to an overloading
of the system.

3. Conclusion

This paper introduces a finite-source retrial queueing system with two
non-independent components. Our system was designed to model a cog-
nitive radio network with primary and secondary service units, as well as
reverse balking. A thorough review was conducted using simulation to in-
vestigate the impact of service time distributions and cognitive technology
on the system’s key performance measures.
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In this paper we introduce a new queueing model with a special
kind of input processes. It is assumed that the number of arrivals
during consecutive time intervals makes an autoregressive sequence
with conditional Poisson distributions. A single server serves input
flows one by one in cyclic order with instantaneous switching. A d-
limited policy is used. The mathematical model of the queueing
process takes form of a multidimensional discrete Markov chain.
The Markov chain keeps track of the server state, recent arrival
numbers and queues’ lengths. The necessary and sufficient condi-
tion for the existence of the stationary probability distribution is
found. A possibility to give an explicit solution for the stationary
equations for the probability generating functions is discussed.
Keywords: Autoregressive Poisson process, polling system, cyclic
service, stationarity conditions, probability generating functions.

Introduction

Popular models for input flows in queueing systems are Poisson, MAP
(BMAP), and renewal processes (e.g., [1, 2]). In few cases only, some of
the flow constituents are assumed being in an autoregressive relation, e.g.
interarrival intervals or batch sizes [3, 4]. So, we will propose and investigate
a new queueing model where the numbers of arrivals during certain time
intervals are in an autoregressive sort of dependence.

The queueing system belongs to a class of polling systems [5]. Besides
the inputs, it differs from classical polling systems by an assumption on the
service process. Service time distributions are not known (in real queueing
systems service times can be dependent and have different probability dis-
tributions), but the server’s sojourn time distribution for each node is given
together with the upper limit on the number of services customers. It mod-
els for example a roads intersection controlled by a fixed-cycle traffic-light,
and data transmission nodes governed by a Round Robin algorithm.

We will demonstrate that even under simple assumptions on the queue-
ing system structure the equation for the stationary probability distribution
generating function is hard to solve. Still we will obtain conditions for the
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existence of the stationary probability distribution in the system using the
iterative-dominating approach [6, 7].

1. The queueing system

Let us assume that all random variables and random elements in what
follows are defined on a probability space (2, F,P). Then E(-) denotes the
mathematical expectation with respect to the probability measure P. Set
o(zr;a) =a"e */xl fora>0and x =0,1, ....

Consider a queueing system with m < oo input flows and a single server.
Customers from the j-th flow join an infinite-capacity buffer O;. Probability
properties of the input flows will be defined later. The server spends a
constant time 7" > 0 in front of each queue, and then an instant switch-over
to the next queue occurs. After the last queue the first queue is visited.
The server implements a d-limited policy: during its stay at the j-th queue
the server can provide service to d = ¢; customers at most from that queue,
no matter when exactly they arrived if they have arrived before the time T
expired.

Let 79, Tix1 =7+ T = (i+1)T,i=0, 1, ... be the time instants when
the server switches to a next queue. Denote by I'(") the server state when

it is at the r-th queue, i = 1, 2, ..., m and let T = {T(M 1@ 1701
be the server state space. Let a random variable I'; € " be the server state
during the time interval (7;_1,7;] fori = 1,2, ..., and T’y € T be the random

server state at time 7. Let r®& 1 =r+1forr <m and m@® 1 = 1. Then
Dip1 =Tip1(w) =T09Y for all w € Q such that T; = T'("),

Denote by 7n;4, ¢ = 1, 2, ... the random number of new customers
arriving from the flow II; during the time interval (7;,7i41], 7 =1, 2, ...,
m. Let n; _1 be a non-negative integer-values random variable, j =1, 2, ...,
m. Let us assume that the conditional probability distribution of 7; ;41 for
any given n; _1 = T_1, 0,0 = %o, ---, 1j,; = Z; is the Poisson distribution
with parameter (a;z;+b;) for some a; > 0 and b; > 0, so that the regression
of 1;.4+1 on past numbers of arrivals equals

E(ji+1 [ {nj,-1 =2-1,mj0 = @0, ..., ..., 0ji = T3}) = az; + bj.

We will call such an input flow an autoregressive Poisson flow. In particular,
if the flow 11, is a classical Poisson with intensity A; then we will have a; = 0
and b; = A\;T. Further, let us assume that the stochastic sequences

{nj,i;i:_1707"'}’ j:1’27""m

are independent.
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Denote by s;; the random number of customers in the queue O; at
time instant 7;. Denote by £;; the largest number of customers which can
be serviced from O; during the time interval (7;, 7;41]. Then the probability

P({gl,i - y17£2,i =Y25--- 7£m,i = ym} ‘ {Fz = ]_—‘(T)})

equals 0 for ty; > 0 and y; > 0 for some k # j; it equals 1 for ypq1 = ¢;.
We have

Mji+1 = maX{O, i+ Nji — 6j,i}7 1=0,1,...;7=1,2,...,m.

The recurrent equations and probability distributions given above prove
the following claims.

Theorem 1. For a given probability distribution of the vertor

(F07 21,05 222,05+ + -5 Xm0, TN, —1,712,— 15 - - - 77]m,—1)7

random sequences

{(Tss 5615, 5024, ooy Hmiy Mim15 12,015 - - - s Mmyi—1)3 0 = 0,1, .},
{(Fiaxj,hnj,i—l);i:0717"'}7 j:1727"'7m

are irreducible periodic Markov chains.

2. Analysis of the model

The main purpose of this section is to establish necessary and sufficient
conditions for the existence of the stationary probability distribution of the
Markov chain {(I';, »;4,7n;:-1);t =0,1,...} for j =1, 2, ..., m, since it is
easy to prove then, that the Markov chain

{(Ti, 5214, %245 -+ s Hmiy M im15 M2 15 - -+ Mmyi—1); 4 = 0,1, ...}

has a stationary probability distribution if and only if each single
{(Ts,2¢54,mj5-1);¢ = 0,1,...}, 5 = 1, 2, ..., m does. In the remainder
of this section the value of the index j is fixed.

In the first place, for the existence of the stationary distributions of
the Markov chains, the inputs {n;,;i = 0,1,...} need to have statioinary
probability distribution. This is possible only if 0 < a; < 1 for all j =1, 2,
..., m. We assume so in the rest of the section.

Let us define

Qji(r,x,y) =PUT; =T 3¢5 = 2,m501 = y}).
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Let I(-) denote the indicator random variable for the event given in the
parentheses. Let us introduce for |z| < 1, lw| < 1 and ¢ =0, 1, ... the
probability generating functions

Uya(zmwir) = S0 2w Q i (ra, y)E (7w I({T; = TO})).

=0 y=0

Theorem 2. The following recurrent equations with respect to ¢ = 0,
1, ... hold:

Ui (zwir @1) =G0, (26w Dir), re 1 #
U,ipi(z,wirel) = zfzjebf(w*l)\lljyi(z, e“j(zwfl);r)Jr

g].,l [j*ﬂ?*l [o'e)

£33 Y (X @utmyemay+ )1 -2l
z=0 n=0 y=0
forrel=yj.
Using methods from [6, 7] we get

Theorem 3. For the existence of the stationary probability distribu-
tion of the Markov chain {(T';, 5¢j:,mj:-1);¢4 = 0,1,...} it is necessary and
sufficient that

bj
1-— aj

m < Kj. (1)

The condition in the last theorem can be easily interpreted from a physical

point of view because the quantity mb;(1— aj)*l is the stationary expected

number of arrivals from the flow II; during a complete cycle of the server.
In course of the proof of Theorem 3 the following Lemma is essential.

Lemma 1. If0 < a < 1 then the equation w = e*®*~1) has a unique
solution

7

B 0 n+1 nflanef('rH»l)a
w(z):eaJrZz"( ) p
n=1 :

convergent in the open disk |z| < a=!e™!, such that w(1) = 1, Jw(z)| < 1
for |z| < 1.

To obtain equations for the time-stationary probability generating func-
tions we can omit indices 7 and ¢ 4+ 1 in the equations in Theorem 3. Sub-
stituting there w = w(z) from Lemma 1 where a = a; and b = b;, and
denoting

Aj(z,n) = Q;(r,z,y)e(n; ajy + b))
y=0
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for r such that r &1 = j we get
Uj(zow(z)r @1) = O D0z wz)ir),  rol#5 (2)
Ui(z,w(z);rdl) = zfejebf(zw(z)fl)\llj(z, w(z);r)+

Li—1l;—x—1
+30 3T Aj(n)(1 -2t (w(z)" (3)
z=0 n=0

for r ®1 = j. To solve these equations for the functions ¥;(z,w(z);r),
r =1, 2, ..., m, one needs to identify ¢;(¢; + 1)/2 unknown constants
A(z,n), 0 <z +n <!, n, z integers. We get

(24 — embi(zw(z)= 1))\11 (z,w(z);r) =
= Z Z Aj(@,n)(zY = 2t (w(2))", rel=j.

Case 1. If ¢; = 1, then the only unknown constant is A;(0,0).
Recalling that ¥;(z,2;7) = 1/m and expanding terms z — et (w(z)=1),

(1 — 271 in the left neighborhood of z = 1, we get

(1- mb; )%:Aj(o,()).

1—(lj

Case 2. If ¢; > 1, we have ¢;(¢; +1)/2 > 1 unknown constants. Let

us study the equation
S ebizw(x)=1) — (.

It follows from the modified Rouché theorem [8] and the Lemma below that
it has exactly ¢; — 1 zeros inside the unit disk |z| < 1 when the stationarity
condition (1) is fulfilled.

Lemma 2. If inequality (1) is fulfilled, then |e% % (*)=1)| < 1 for all
|z2|=1, z # 1.
Denote these zeros by p1, B2, ..., Be,—1.

Theorem 4. If inequality (1) is fulfilled then the following equations
take place:

t—14— 0. b
g g =@ =n) = Ejil—]aj’

Z W(Be) — (B)™ ™) (w(Br)" =0, k=1,2...0;—1.

||M|‘
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The number of linear equations given by Theorem 4 is less than the
number of unknown constants. Still, it was to be expected, since equa-
tions (2) and (3) are not equivalent to equations of Theorem 2 and by
substituting w = w(z) there we lose evidently essential parts of infor-
mation about the generating functions of interest. Moreover, once we
obtain all Aj(z,n), 0 < =z +n < {;, we still need to solve a func-
tional equation relating ¥, (z, w;r @1) to ¥,(z, e® (*v=1). 1) in the polydisk
{(z,w): 2| < 1,|w| < 1} C C~
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NCCJIEAOBAHUE OBJIACTHU ITPUMEHUMOCTU
ACUMIITOTUYECKOI'O AIBYMEPHOI'O
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BbISBIBAEMbBbIMU 3AA4ABKAMMU

A.JI. Bnaruawun, U. JI. Jlanarun

Hayuonaavnolti uccaedosamenverud
Tomcruti 2ocydapemeennoiti ynusepcumem, 2. Tomck, Poccusa

B nannoit pabore MBI uccaeayeM 00J1aCTh TPUMEHUMOCTH aCUMIITO-
THYIEeCKOr0 IPUOJIMIKEHNS XapAKTePUCTUIeCKOi DyHKImK anciia 06-
CJLy?KEHHBIX 3a5BOK B BBIXOALIIEM IIOTOKe RQ—-cucremsl ¢ BbI3biBae-
MbiMu 3agBkamu 1 MMPP. Ilennbio ncciienoBanms aBasgeTCs IpOBEP-
K& TOYHOCTH aCHUMIITOTHYIECKUX PE3yJIbTATOB IIPU PA3JINIHBIX I1apa-
MeTpaxX BXOMSAIIEr0 MOTOKA, TAaK KAaK BapHAIWs JINH WHTEPBAJIOB
MTOCTYIJIEHNUS 3asIBOK MOYKET OKA3BbIBATH CYIIECTBEHHOE BJIMSIHUE HA
BBIXOJANIUNA TTOTOK.

KimroueBsie cioBa: Cucmemst ¢ no8mophomu 00paULeHUAMY, CU-
CTEMDBL C BBL3BLBAEMBIMU 3GABKAMU, GBTO0AULULT NOTMOK, KOIPPHULU-
enm sapuayut, MMPP, umumayuorntoe modesuposarue.

BBemenue

B teopum wmaccoBoro obcaykupanums, MapKOBCKHiT MOIyIHPyeMbIit
[IyacconoBckuil MOTOK MO3BOJISET TOYHO IMPECTABIATD PA3IUIHbIE CHTYa-
mu 06pabOTKU MAKEeTOB B TEJIEKOMMYHUKAIIMOHHBIX ceTsax. Hajgmame y BXO-
JISIIEro TMOTOKa HECKOJbKUX COCTOSHHI, CMEHa, KOTOPBIX BJIEYeT 3a CO0Oit
M3MEHEHNE WHTEHCUBHOCTH MOCTYILIEHUS 3a8BOK, TAeT BO3MOKHOCTH BOCCO-
3/1aTh B3PBIBHON PEXXUM MPOXOXKIAEHUS Tpaduka.

Panee, B [1], 6bUI10 1101y9eHO aCUMITOTUYECKUE IPUOIIMKEHUE XaPAKTE-
pucTU4ecKoil PyHKIuK Yucia 00CayKEeHHbIX 3a4B0K B RQ—cucreme [1, 2] ¢
BBI3bIBaeMbIMY 3asiBKaMu [2] 1 MMPP 3a HekoTopoe BpeMst ¢ mpu GOJIBINOMH
3a/IepKKe 3a9BOK Ha opbure. B BBUIY cremuduku Momesn, a MMEHHO HAJIU-
9usl IBYX TUTIOB O0OC/TyKUBAEMbIX 3aBOK ¥ MEPEMEHHON MHTEHCUBHOCTH 10~
CTYIJIEHUS BXOJISAIINX 3aIIPOCOB, TPEOyeTCsi MPOBECTH PsiJl YUCTEHHBIX JKCIIEe-
PUMEHTOB JiJid OIIPE/IeJIEHUs [IPUTOIHOCTH IOy Y€HHOT'O IPUOIMKEHUS JIJIsT
BBIUMCJIEHUST XAPAKTEPUCTUK BBIXOISINErO MOTOKA MPU IKCTPEMATBHBIX Ta-
paMeTpax BXOIAIIErO MOTOKA. B maHHOM paboTe MbI aKIEHTUPYEM BHUMA-
unme ua mapamerpax MMPP, koropsre MoryT ObITH 33IaHBI TAKAM 00PaA30M,
9TO0OBI UMUTHPOBATH PA3IMIHBIE TATTEPHBI MIPUX0/IA 3aABOK, KOT/IA, JIJIHHbI
MHTEPBAJIOB UX MOCTYILIEHUS MOTYT CUJIbHO BAPbUPOBATHCS.
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1. Moaeanb

Paccmorpum RQ-—cucremy ¢ MMPP. Bxogsmas 3asBka, HaXOmsd TpH-
60p cBOOOIHBIM, 3aHUMAET ero. IIpubop, B CBOIO OYepenb, 0OCIyKUBAET ee
B TE€UYEHUE IKCIOHEHIIMATHHO PACIPEIETEHHONO BPEMEHH € MTapaMeTPOM [i1.
Ecnan no npubbitun 3agBku mpuOOp 3aHAT, OHA MTHOBEHHO IEPEMEeIaeTcs
Ha OpOHTY, IJe MPOU3BOJUT 3AJIEPKKY B TEUEHUHU IKCIOHEHIIUAIBHO DPAC-
MPEIEJIEHHOT0 BPEMEHHU C MapamMerpoMm o. B cBobomHOE 0T 00CTyKUBAHWS
BXO/ISIIUX 3aBOK BpEMs MPHOOD BBI3BIBAET WX CAMOCTOSTEIBHO C TMapa-
METPOM (v U ODCJIy?KHBAET B TE€UYEHUE IKCIOHEHIIUAIHHO PACIPEIEICHHOTO
BPEMEHU C MAPaAMETPOM [is.

Bseznem 0603nauenust: i(t) — 4uciio 3asBOK Ha OPOUTE B MOMEHT BPEMEHH
t, k(t) — cocrosinme mputopa: 0 — cBobomeH, 1 — 3aHAT BXOASIIEH 3asBKOI,
2 — 3aHAT BBI3BAHHOMN 3astBKOii; my (t), ma(t) — KOIMUECTBO 0OCITY KEHHBIX
BXO/IAIINX U BbI3BAHHBIX 3asBOK K MOMEHTY BPEMEHHU ¢ COOTBETCTBEHHO, N (t)
— cocrosune yupasisomeit Mapkosckoii et MMPP B moMeHT Bpemern t.

o Ci O iy
o
(o) c
\ m (1)
MMPP 0 "
my(t
QA Ho

Puc. 1. Momeanb cucteMbr

2. AcuMnToTHdeckoe MpubINKeHNe XapaKTePUCTUIECKOM
byHKIIIN
Panee [1] 6b1710 TOIyUeHO aCHMITTOTHYECKHE TIPHOINIKEHNE XapaKTepH-
CTUYECKON (DyHKIMU YUCIIa OOCIYYKEHHBIX 3asBOK B PACCMATPUBAEMOi CH-
creme 3a Bpems . OHO UMeer BUT

F(uy,uz2,t) = R-exp{G(u1,uz)t}e,

rae G(uq, ug) — marpura kodbdurmentos ypasuennit Koxvoroposa u nme-
€T BU]

Q—A—(a+x)I eI pgedvzl
G(uhuQ) = A+ I Q-1 0 R
ol 0 Q — p2l

BekTop-crpoka R = {Ry, R1, R2} — nByMepHOe CTalMOHAPHOE pacipe/ie-
Jenue BepogrHocreii nupouecca {k(t),n(t)}, rae Ry umeer pasmepuocrs N
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(uncaa cocroguuii yupasastoweil nenu MMPP), sc — HopMmuposannoe cpe-
Hee YuCJI0 3a8BOK HA OpOuUTE, & € — eIUMHUYHbBIA BEKTOP-CTOI0€e1 pa3MepHOo-
ctu N - K, tne K — gucnio cocrosamit mpubopa, u I — equHuIHAS MATPUILA
pa3mepHocTu N.

3. MeTtoa BhIYHMC/IEHUsI BEPOSATHOCTEH

1t BOCCTAHOBJIEHUST PACIIPEIEICHUsT BEPOSITHOCTEH M3 XapaKTEPUCTHU-
qecKoil (PYHKITNN HCIOIB3yeTcsa oopaTHoe mpeobpaszopanne Oypbe st THc-
KPETHBIX CJIyYallHbIX BEJIMYMH. BBIYUC/IEHHE MATPUYHON SKCIIOHEHTHI BbI-
TIOJTHSIETCST € TIOMOIIIBI0 MTPeobpasoBanus momoous [3]

G(Ul, ’ZLQ) = T(ul, UQ)GJ(Ul, UQ)T(Ul, UQ)il,

rae T(uq,ug) — Marpuna cobcTBeHHbIX BeKTOpoB G(u1,us), a GJ (u1,us)
— AuaroHaJsibHas Marpuua cobcrsenubix uucesn G(ug, ug).

etAl(ul,ug) 0 0
G2t = T(uy uy) - 0 ethz(uruz) 0 T (ug,uz) ™",
0 0 etAg(ul,uQ)

rae A, — coberBennoe uucio G(u1,us). Torma nomydum

etAl(ul,ug) 0 0
F(ul, Uug, t) =R- T(Ul, Ug) . 0 €tA2(u1’u2) 0
0 0 etAg(ul,ug)

ST(ug,uz)” ' - e

O6parnoe npeobpazosanue Oypbe
1 ™ ™ . .
P(my,mg,t) = 7/ / eI eT U2 Py ug, t) duydus.

4. YuciaeHHbie JKCIIEepMMEeHTbI

B xome sxcmepumerToB ObLTn 3a(bUKCHPOBAHBI CAEIYIONIAE MAPAMETPHI
cucrembl o = 0.6, 7 = 5,2 = 5. B kKagecTBe METPUKHU HCIOIb30BAIOCH
paccrosirme Kommoroposa

A = max
0<i<oo

S (Polw) - P1<v>>\,

rae Po(v) m Pi(v) — cpaBHHBaeMbIe PACIpEIeIeHNS.
Borancnennoe pacupesenenue CPaBHUBAIOCH C PE3ylbTaTaMu PaBOTHI
MMUTALMOHHON MOJE/IN NPU PA3JIMIHBIX 3HAYEHUIX O.
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Tabymma 1
Paccrosuue Koamoroposa
V/o 10 1 0,1 0,01
1 0,04513 | 0,03853 | 0,01228 | 0,00231
2 0,14634 | 0,13380 | 0,05596 | 0,00743
4 0,43090 | 0,39781 | 0,22850 | 0,05534

B rabnume 1 mpencraBieHbl 3HaYEHUsT paccTOsHMA KoaMoroposa mpu
PA3JIMYHON BAPUALIMY ME2K/Ily MOMEHTAMKU HACTYIIeHus coObrruil [4].

B rabmume 2 mokasaHbl 3HAUEHUsS paccTosHus KoaMoroposa, KOTOpbIE
OBLIN TIOJTyYeHbI PV CPABHEHUHU PACIIPEIEIEHUI BEPOATHOCTEH BBIXOISIIIX
MIPOIIECCOB CHCTEMBI C TAKUMH K€ MapaMeTpaMu, OJHAKO B WMHUTAITHOHHON
MOJIEJIM PACIIPE/ICTIEHNE BPEMEHH 33/eP:KKHU 3asBOK Ha OpOHUTE SBISETCS
PABHOMEDHBIM.

B rabsnnax 3 u 4 mpeacTaBIeHbl PE3YIbTATH AHAJIOTUIHBIX SKCIIEPUMEH-
TOB, KOT/[a BPEMs 33/IeP:KKHU 3aIBOK HA OPOUTE MMEET raMMa-PaCIpPeIeIeHIe
¢ mapamerpamu ¢popmbt k = 1.1 u k = 0.5 cOOTBETCTBEHHO.

Tabyma 2
Paccrosuue Kommoroposa
Ve 10 1 0,1 0,01
1 0,04458 | 0,03903 | 0,00995 | 0,00116
2 0,14649 | 0,13547 | 0,04648 | 0,00599
4 0,43088 | 0,40184 | 0,22393 | 0,05102
Tabyma 3

Paccroaune Koamoroposa

Ve 10 1 0,1 0,01
1 0,04406 | 0,03856 | 0,01162 | 0,00174
2 0,14650 | 0,13392 | 0,05585 | 0,00721
4 0,43045 | 0,39841 | 0,22933 | 0,05385

3akJiroueHne

B pammoit pabore ObLT TpEICTABIIEH Psi/T YUCJIEHHBIX SKCIIEPUMEHTOB, M0~
Ka3bIBAIOIIHiT, YTO TPU POCTE BAPWAIUHU JINH WHTEPBAJIOB MEXKIy MOMEH-
TaMu noctymierns 3agBoKk MMPP ckKopocTh CXOIUMOCTH 3MIAPHIECKOTO
pacipejiesieHust BEpOATHOCTEH K ACUMIITOTHIECKOMY PACIPEIETICHUIO 3aMe I
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Paccrosuue Koamoroposa
V/o 10 1 0,1 0,01
1 0,04455 | 0,03735 | 0,01494 | 0,00426
2 0,14545 | 0,13059 | 0,06298 | 0,01900
4 0,42969 | 0,38820 | 0,22864 | 0,07953

Tabymma 4

ssiercsd. Takrke ObLIO IOKA3AHO, YTO CKOPOCTDH CXOJUMOCTHU PACIIPEIeICHIS
BEPOATHOCTEN K aCUMIITOTUYECKOMY MaJjlO 3aBUCUT OT BU/Ia PACLIPE/Ie/IeHUs

BPEMEHU 3aJIEPKKHU Ha OpOuTe.

2021. Vol.1141. P.

2. https://arxiv.org/abs/1906.09560 — Arxiv. 2019.
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B pabore paccMaTpuBaeTCcsi MaTeMaTUIeCKasT MOJIED TIepeIatdn 3a-
SBOK C peaym3anumeil GYHKIUKA Pa3e/ieHnus PeCyPCOB B BUJIE CUCTE-
MBIl MaCCOBOIrO OOC/Ly?KUBaHUS C BXOALAIUM PEKYPPEHTHBIM II0TO-
KOM W JIByMs MPOCTEAIMMU TTOTOKaMu. VIcciiemoBaHme MHOTOMED-
HOTO HEMAPKOBCKOTO CJIYYafHOrO MPOIECCa CyMMapHBIX OO0bHEMOB
3aHATHIX PECYPCOB B KaXK/I0M OJIOKE IIPOBOIUTC METOAOM ACUMIITO-
THYECKOT0 AHAIN3A B YCJIOBUN YKBHBAJIEHTHOTO POCTA BPpEMEHU 00-
ciayxuBanus Ha npubopax. Ilomydena rayccoBCKas anmpoOKCUMAIIAS
CTALMOHAPHOIO IBYMEPHOT'O PACIIPE/Ie/IEHUs] BEPOATHOCTEH KOJIMYIe-
CTBa 3aHATHIX PECYPCOB B MAPAJLICTBHBIX 0JI0KAX 00C/IYKUBAHUS.
KiroueBbie cioBa: Cucmema macco6020 06CAYHCUBAHUA, MEMOJ
QUHAMUYECKO20 NPOCCUBAHUA, CYMMAPHBLT 065em Mmpebosarul.

BBemenue

B crarbe paccmaTpuBaercss MareMaTndeckass MOJeNh Mepenadn pa3Ho-
TUTHBIX JAHHBIX 1O ABYM KaHajam (6jokam). Ha Bxom mocrymaioT moro-
Ky TpeOOBaHW PA3HOrO THUMA: [ABA MPOCTEHINNX MOTOKA C 3aMPOCAMHU HA
00CIIyKUBAHKUE B PA3IMYHBIX 110 KadecTBY KaHasax( Hanpumep, ObICTPBIi
U MEJJIeHHbIN) U PEKyPPEHTHbI NOTOK TpeboBaHuil, KOTOPHIE [EPejaloTcs
cpasy o oboum Kaxnasaam. Ilpemmnonaraercs, 9To Ha cyMMapHbIE 00bEMbI Ha-
XOISAIIUXCS B CHCTeMe TpeboBaHuil et orpanudenuii. [IpomgomkurepHOCTH
OOCTyKMBAHUS SIBJIAIOTCS HEOTPHUIATEBHBIMU CJIy9ailHBIMU BEJININHAMMY,
CTOXACTHYECKH HE 3aBUCAT JAPYT OT JAPYra U OT KOJUYIECTBA BBIICTCHHBIX
PECYPCOB, U OMPEIEIIOTCs 3aJaHHBIMEU (DYHKITUSIME PACIIPEIEI€HUs BEPO-
SITHOCTEH ¢ KOHEYHBIMHU HEPBBIM 1 BTOPbIM MOMeHTamu. [locsie 3aBepiienusi
OOCTyKMBAHWUS B OJHOM W3 OJIOKOB PECYPC HEMEIJIEHHO OCBODOXKIAETCS B
TOM KOJIMYECTBE, IYTO ObLI 3aTPEOOBAH MPY TOCTYILJIEHUHN 3asIBKY, HE3aBUCH-
MO OT TOT'0, 3aKOHYHJIACH JIU TEPEIada, JaHHBIX B APYTOM OJIOKE WJIU HET.

CraBurcs 3a7a49a UCCIEI0BAHUS JIBYMEPHOTO CJIY9aifHOTO TIPOIECCa CYM-
MAapHBIX OObEMOB 3aHATHIX PECYPCOB B KAXKJIOM KaHase. s ucciaemoBanus
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UCIIOJB3YIOTCH ACUMITOTHYECKIE MeTo/bl [1], KOTOpble NalT IpuemMsieMbie
JIJTsl IPAKTUYECKOrO MCIIOJIb30BAHUS ACUMITOTHYECKIE BbIPAXKEHUST JIJIsl UC-
KOMBIX XaPAKTEPUCTUK CHUCTEMBI B CIydasX, KOT[Ia TOYHBIM aHAIN3 HEBO3-
MOxKeH. B crarbe uCrnosb3yercs: aCHMITOTHYECKOE YCIOBYE SKBUBAJIEHTHOTO
pocTa BpeMeHU OOCTY KUBAHWSA, TPAKTUIECKUN CMBICT KOTOPOTO COCTOUT B
TOM, 9TO CPEJHSsI CKOPOCTH OOCTY KUBAHMST HAMHOIO MEHbBIIIE WHTEHCHBHO-
cru 3anpocos. Jannas pabora obobuaer uccienosanus |2, 3] na couyyaii ¢
HECKOJIBKUMU TTOTOKAMHU PA3HOTHUITHBIX JAHHBIX.

1. MaremarndyeckKkass MOJ€eJIb

Paccmorpum pecypeuayio CMO ¢ aBymst 6i1okamMu 00C/Ty ) KUBAHUS, B KAXK-
JIOM U3 KOTOPBIX HEOIDAHWYIEHHOE YUCJI0 O0C/IyzKmBaommx mpubdopos. Ha
BXOJI, CHCTEMBI TTOCTYMAET TPU MOTOKA: JIBA MMyACCOHOBCKUX C IMapaMeTpaMu
Al A% u pexyppeHTHbIH HOTOK 3aABOK, IIEPHOJIbI MEXK/ly HACTYILICHUAMMI
cobbITuil KOTOPOro umeroT GyHkuuio pacupeenenus A(z). Byjaem cuurars,
YTO 3adBKU BXOJSIIUX MPOCTEHIINX MOTOKOB IENATCs Ha ABa TUna (B mep-
BOM MIPOCTEHIIEM MOTOKe 3asBKU IIEPBOTO THIIA, & BO BTOPOM — BTOPOI0), a
3asBKa PEKYPPEHTHOrO MOTOKA PACIIEILISIeTCs Ha JIBe 3asiBKU PA3ZHOIO TH-
1a, OJIHA U3 KOTOPBIX MOCTYIIAET B MEPBbIil 6JIOK OOC/TyKUBAHMUSI, & BTOPast —
Bo BTOpO#. Kaxkias 3asgBKa 3aHuMaer 000 CBOOOMHBLIN cepBEpP B CBOEM
OJ10Ke, TIe OOCTYKUBAETCS CIAydaiiHoe BpeMs ¢ (hyHKInell pacripeaeaeHus
BeposaTHOCcTel By (), (k = 1,2). Bpems 06c/yKuBaHUs COOTBETCTBYET IPO-
JIOJIKUTEILHOCTH TIEPEIAYH 3aIBKH.

IIpu BXOme B cOOTBETCTBYIOIHiT OJOK OOCTyKHUBAHUSA 3asiBKa (POPMHU-
pyer 3aupoc Ha pecypc ciydaiinoro obbema pasmepa v > 0, (k = 1,2) ¢
dbyuxupmei pacnpenenenus BepositHocrelt Gy (y), k = 1,2. 3auarsie pecyp-
CbI COOTBETCTBYIOT PECYPCAM KaHAJIA, 3aXBAYEHHBIM CEAHCOM Tepeadn (Ha-
OpUMep, PaJMovYacTOThl, 0JI0CA IPOINYCKanus u T.1.). Ilocie 3asepiienus
OOC/Ty>KMBAaHUs 3asBKa MOKHIAET OJIOK CHCTEMBI W OCBOOOXKIAET 3aHSTHIN
eto pecypc. O6o3uauum V;(t) — cymma Bcex 06b€MOB PECypCoOB, 3aHUMAE-
MbIX 3adBKaMu -ro tuua (i = 1,2), HaxouduMucs Ha 0OCILyKUBAHUU B
cucreme B MOMeHT Bpemenn t. CTaBUTCS 3amada aHaIN3a, ODIIIEro KOoJude-
CTBa 3aHATHIX PECYPCOB (CyMMapHOro obbeMa 3aHATOrO pecypca) B 00oux
6si0kax cucrembl. CrieyeT OTMETHTD, 9TO B PabOTe PACCMATPUBAETCS MO-
Jie7Tb GECKOHEYHOTO CepBepa ¢ HEOTPAHMYEHHBIME PECYPCAMU, IPEANoIaras,
9T0 OJIOKM UMEIOT JIOCTATOYHO DOJIBIIYIO IPOIYCKHYIO CIIOCOOHOCTD.

st maTbHeRIIUX NC/IeJOBAHUN BOCITOIB3YEMCS METOIOM JTUHAMUYIECKO-
O MPOCENBAHUS [4], ¢ TOMOIIBI0 KOTOPOTO MEPEXOANM K PACCMOTPEHHUIO JBY-
mepHoro nporecca { W1 (t), Wa(t)} — cymmapHbIii 06beM MIPOCESTHHBIX 3asBOK
3a Bpems t. Kpome Toro, BBejem ciyuaiiublii npoieec z(t) — ocrarouHoe
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BpeMs OT MOMEHTA ¢ /10 MOMEHTA HACTYILJIEHUS CJIEIYIOIIero COObITUS B UC-
XO/IHOM PEKYPPEHTHOM IIOTOKE.

2. NaTerpanbpHo-anddepeniinaiabuoe ypaBaeHne Kosmoropona

Brenem o603HAMERWE TSI PACTIPEIENIEHHST BEPOSTHOCTEH TPEXMEPHOTO
MapKoBckoro mporecca {z(t), Wi (t), Wa(t)}:

P(z,w1,ws,t) = P{z(t) < z, W1(t) < w1, Wa(t) < wa}.

JIist 3TOro pacmpenesieHus COCTAaBAM HHTErpaabHO-InddepeHInabHOe
ypasuenne Kommoroposa:

OP(z,wy,wa,t)  OP(z,w1,wo,t) n

ot 92
AR $1(0) — Saft) + S1 ()55 (1)) — 1) 2202 0)

(—Alsl(t)—)\QSQ(t))P(Z,’LU1,wg,t)+)\151/ P(z,wl—yl,wg,t)dGl(y1)+
0

w2
AQSQ/ P(Z,’U)l,U)Q — yQ,t)ng(y2)+
0

(0, w ,Wa,
A(Z) Sl 1—52 / 1 Y1, e )dGl(y1)+
0

w2

P(0,wq, t
(1= S1(t)Sa(t / - w2 = )dGz(y2)+
0

Sl(t)Sg(t)// PO, wr _gl’wQ —v20) dG1(y1)dG2(y2)

C Ha4aJIbHbIMU YCJIOBUAMM:

r(z), wi=ws =0,
' ©)
, nHade.

P(z,wy,wa,ty) = {

Bmech r(z) — crammoHapHOe pachpesesienne mporecca z(t), yI0BIETBO-
pstoriee audHepeHnuaIbHOMY YPABHEHITIO

v (2) + 1 (0)[A(2) — 1] = 0. (3)
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BBenem gacTudHbIE XapaKTEPUCTUIECKHAE PYHKITUN

(oo} oo
h’(zaulaUQvt) = /ejrulw1 /er2w2P(Zadw17dw27t)7
0 0

oo
rae j = +/—1. Toraa, ucnonp3ys obo3uadenus Gy, (uy) = / eI Y dG (yr),
0
k = 1,2, MbI MOXK€eM 3aIUCATh YPaBHEHHE:

ah 9 ) 7t ah 9 9 7t *
(2 7“(;; ust) _ Ohiz glz v ?) +h((z,ul,uz,t))[AlSl(t)(Gl(ul) - 1)+

Azsz<t><cz<uz>—1>}+8’“°’;‘j‘2’”{A(z)—l +AG) [$1(0)(Gm) 1)+

Sa(t)(G3(ug) — 1) + S1(¢)S2(H) (G (u1) — 1)(G5(uz) — 1)] } (4)
¢ HAYATHHBIMA YCIOBHAMHE
h(z,u1, us,to) = r(z). (5)

ITockosibKy HEBO3MOXKHO HAWTH siBHBI B[ pernenus 3agaqn (5)—(6),
Oy/JeM HCKATh PELIeHHe IIPU ACUMIITOTHYECKOM YCJIOBUU SKBUBAJIEHTHOIO
pocTa BpeMeHU OOCTyKWBAaHWUS B OJIOKAX CHCTEMBI. 9TO ACUMITOTHIECKOE
yCJIOBHE O3HAYAET MPOMOPIMOHAIBHBIN POCT CPEIHETO BPEMEHU OOCIIYKU-
BaHMSA B 000UX OJIOKAX.

3. AcuMmnrornyeckuil aHaaIn3
o]

O6o3naunm by, = [ [1 — By(z)] dx, k = 1,2 — cpeanee Bpems o6ciLyKu-

BaHus B k-om OJI0Ke. %om:ga MBI MOYKEM 3aIMCATh ACUMITOTHIECKOE YCIOBUE
9KBUBAJIEHTHOTO POCTA BpeMeHN OOCIYKUBaHUA B Bume by — oo, k= 1,2, a

. b

lim — = const.
by —00 02

Teopema 1. AcuMmnrorundeckas XapaKTepUCTHYECKasd (PYHKIUs I1ep-

soro mopsaka h(M) (z,u1,ua,t) ~ h(z,u1,us,t) pacnpeneneHus BepoOSTHO-
creii mpomnecca {z(t), Wi (t), Wa(t)} npu ycaoBuH 5KBHBAJEHTHO PACTYIIErO
BpEMEHU OOCIIYKUBAHUS UMEET BUJT

2 t
h(l)(z7ul,U2,t) = T(Z) exp jZ()\—l-)\k)ukak/Sk(T)dT R (6)
k=1 i
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oo
rae a = [ yrdGy(y,) — cpennuii 06beM pecypea, BbLIENSEMbIX OLHON 3a-
0
o0

~1
saBke B k-M Gyi0ke obcayxkuBanus, k= 1,2, A = [f(l - A(u))du} .
0
Teopema 2. AcuMIOTOTHYECKAA XaPAKTEPUCTUYCCKAad (DYHKIUSA BTO-
poro mopsanka h® (z,uy,us,t) ~ h(z,u1,us,t) pacupeaeTeHus BepoOsTHO-
creit mpomnecca {z(t), Wi (t), Wa(t)} npu ycaoBuH 5KBHBAJEHTHO PACTYIIErO
BPEMEHHM OOC/IyKMBAHUSA MMEET BHI:

2
h(2)(z’ U, U, t) = ’I“(Z) exp {U; ((/\ + )\1)0&151 (t) + 2301 ()\ + )\1)@?512(1‘,)) +

%% (()‘ + A2)anSa(t) + 23 (A + /\2)a§S§(t)) +
(7)

U1U
2

S (£)8a (t)araz A + 25e {(A + A1) + (A + /\2)}} ,

oo
rne o = A(0? —a?), o, = [yidGyr(yx), k = 1,2, a mw 0% — cpenmee
0

¥ JUCTIEePCHs CAYyYIaiHON BETWYINHBI, 3aJaHHON (PYHKIHEH pacIpeaereHns
A(z).

Ilomaras tg — —o0, a t = T, momydaeM BbIpaKeHHE Jisi ACHMIITOTHIE-
CKOIl XapaKTepUCTUYECKOH (DYHKIMU COBMECTHOI'O PACIIPE/IeJIEHUs] BEPOAT-
HOCTE 3aHUMAEMbIX PECYypCOB B 000MX OJIOKAX CEPBEPOB B CTAIMOHAPHOM
peKuMe:

h(uh UQ) = GXp {j(()\ -|— Al)ulalbl -|— ()\ + )\2)U2(12b2+
2
%(()\ ) arbs + 20 (A + A\ )a2B )+
3 . ®)
?(()\ + A2)agby + 2371 (A + A2)asfa+
“12“2 Braaras[A + 25 {(A + A1) + (A + )\2)])} ,
rie By = [ [1— Bu(@)de, k= 1,2, Bis = [ [1 — Bu(a)][1 - Ba(x)] da.
0 0

3akJiroueHune

B nannO#l cTarhe MpPOBEIEHO HCCJIEIOBAHUE TETEPOTEHHBIX DPECYPCHBIX
CMO c¢ mapaJsiesbHbIM ODCIYKUBAHHEM MOTOKOB PA3HOTUIHBIX TpeboBa-
uuii. Peniena 3a7a4a aHain3a CyMMapHOro 00beMa 3aHUMAEMbIX PECYPCOB



166 T. B. Byuwkosa, C.Tl. Mouceesa, E. B. [Mankpatosa

KayKJIOr0 THIIA TPU ACUMITOTHYIECKOM YCJIOBUU SKBUBAJIEHTHOI'O POCTA BPe-
MeHH 00CIIYKUBAHUS B [IPEJIIOJIOKEHUH, YTO CEPBEPBI UMEIOT HEOI'DAHUYEH-
uble pecypcbl.llokazano, ¥To cTaimoHapHOe PaCNpe/ieJieHne BeposiTHOCTEH
JBYMEDPHOTO TPOIECCA CYMMAPHBIX O0BHEMOB 3AHSITHIX PECYDPCOB SIBJISIETCS
TayCCOBCKUM.

OueBuHO, 9TO HA TPAKTUKE ODBIYHO HET OECKOHEYHOrO pe3epBa pe-
CYPCOB JiJIsl UCIOJIb30BAaHUsI, HO B CJIy4ae CUCTEMbI C OIPDAHUYEHHBIMU De-
CypCaMu MOYKHO WCIOJIB30BATH PE3YJIBTATHI IS PEIeHus 33a49u BHIOOPA,
MAaKCHMAJIbHBIX 3HAYEHWI PECYPCOB, MPEIOCTABIISIEMBIX B KaXKI0M OJIOKE U
V/IOBJIETBOPSIOIINM OMPEIEJIEHHBIM yCIOBUIM, HAIPUMED, 33IaHHOM yPOBHE
[OTEepPb 3aIPOCOB M3-3a OTCYTCTBUsI PECYPCOB Jjisi ux obcayxuBanus. [To-
CKOJIBKY COBMECTHOE PACIpEJIeIEHUe BEPOATHOCTEH 3aHATHIX PECyPCOB siB-
JISIETCS IBYMEPHBIM TAyCCOBCKUM, TO OIEHKA, ONTHMAJIbHBIX 3HAYEHWI De-
CYpPCOB B KaKJIOM OJIOKE MOXKET OBITh HAIEeHA MO TMPABUIY «TPEX CUTM>.
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ITPMEHEHUE METOJ0B MAIIINMHHOI'O
OBYYEHNI{ K PEINTIEHNIO 3AJZTAY TEOPUN
MACCOBOTI'O OBCJIY2KNIBAHUN(

B. M. Bummnuesckuii, A. B. TopGyHosa

Hnemumym npobaem ynpasaenusn um. B. A. Tpanesnukosa
Poccutickoti axademuu nayx, 2. Mockea, Poccus

B macrosinem 0630pe BIepBbIe IPEICTABICHO CUCTEMATHINPOBAHHOE
W3JI03KEHUE HOBOI'O METO/Ia UCC/IEI0OBAHUS CUCTEM MAaCCOBOTO 00CJIy-
xkusanns (CMO) ¢ ucuosb30BaHneM AITOPUTMOB MAIIUHHOTO 00y-
genus. AHaaus myOIMKanuii MO3BOJIAET CIAEIaTh BHIBOI O BBICOKOM
3bdeKTUBHOCTY TTPUMEHEHNs MEeTO0B MAIIUHHOTO 00yJeHwus, ep-
CIIEKTUBAX [IPOBEECHUs JAJIbHEHIINX UCCIeI0BAHMI, a TAKXKe O BO3-
MOYKHOM BBIJEJIEHUU HOBOTO ITOIXOJa B CAMOCTOSTEIHHOE HAITPAB-
JleHue B 00JIaCTH PElleHus CIOXKHBIX 33729 TEOPUHU OYepeIeii.
KimroueBbie cioBa: Teopus macco6020 00CAYAHCUBAHUSA, UMUTNAUU-
OHMHOE MOJEAUPOBAHUE, UHMEAMEKTYAALHOG GHAAU3 JGHHOLT, Ma-
wWurHOE 06YUeHUE, UCKYCCNEEHHDLE HETPOHHBLE CEMU.

BBemenue

Maremarudeckne MOIETN CeTel W CHCTEM TEOPHH OdYepenel IMMPOKO
[IPUMEHAIOTCH IIPU [IPOEKTUPOBAHUU COBPEMEHHbBIX TEJIEKOMMYHHUKAIMOH-
HBIX CeTel, BKJIIOUYAs aHAJN3 XapPaKTEPUCTUK CYIIECTBYIONINX ¥ TIEPCIeK-
TUBHBIX CETEBBIX MPOTOKOJIOB, ONTUMHUBAINIO AJITOPUTMOB MAPIIPY TH3AIAN
U TOTIOJIOTMYECKOM CTPYKTYPBI cerr U T. 1. Hauwnas ¢ muoHepckux pabor A.
Opuaanra, A. Xunuuuna, JI. Kneitnpoka u 710 HACTOSIIIErO BpeMenu, oy 6iu-
KOBAHO OI'DOMHOE KOJIMYECTBO CTATEH 110 MCCIJIEOBAHUAIO PA3IUIHBIX CHCTEM
U ceTeil MacCOBOTO OOC/IYyKWBAHUS W UX MPUMEHEHUIO B TEJIEKOMMYHUKAIIU-
OHHBIX CETHX.

B nocsiegame rosibl HHTEpEC nccyieioBaTesieil B 0071aCTH TeOPHH ouepe ieit
cMmecruiics B Hanpasieanu aHaiu3a CMO ¢ KoppeTupoBaHHBIMEU BXOTHBIMEU
norokamu (MAP, BMAP, MMAP), 1. K. uMEHHO TaKue HOTOKH XaPaKTEPHbI
JIIST COBPEMEHHBIX KOMIMBIOTEPHBIX cereit [1, 2|. CTaHOBIEHNIO W PA3BUTHIO
9TOr0 HAYYHOTO HAMpaBjeHusi crocobcrBoBasm paborst H. Herorca, T'.I1.
Bamapuna, /1. Jlykanronu, A.H. Qynuna, B.1. Kiaumenok u mp.

Pabora BeinosiHeHa npu (puHAHCOBOM mommep:xkke Poccuiickoro ¢dhonma dyHmaven-
TaJIBHBIX UCCJIEJOBAHUN B paMKax Hay4dHOro mnpoekta Ne 19-29-06043
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Tpa uuoOHHO OCHOBHOE BHUMaHue Ipu ucciegoBannu ciokabix CMO
HAIPABJIEHO HA AHAJIM3 CTAIMOHAPHOIO PEKMMa (PYHKIMOHMPOBAHUSL, IIO-
CTPOEHNME MHOTOMEPHON MApPKOBCKO# IEMHU, BHIBOI CUCTEMBI auddepeHiiu-
aJIbHBIX ypaBHenuit KoMoroposa u ux perrenne ¢ uCoIb30BaAHIEM annapar-
ta npeobpasoBanus Jlamnaca-Cruirbeca u/wiu Ipou3BOAAIIUX (DYHKIMIA.
OaHAKO 710 HACTOSIIIIEN0 BPEMEHU OCTACTCS 3HAYUTETHHOE KOJTMIeCTBO HEPe-
LIEHHBIX 33/1a49 B TEOPUU O4Yepe/ieil, aHAIUTUIECKOE U YUCJIEHHOE DEIleHue
KOTOPBIX JINOO 3aTPYIHEHO, JINOO BOBCE HEBO3MOXKHO TPAIUIINOHHBIMY METO-
mamu. [lpuMepamMu Takux 331249 SBJISIIOTCS: MCCIEJOBAHNE MHOTOJIMHEHHBIX
npuopureribix CMO ¢ koppenupoBanubiMu BxOogHbIME MMAP-noTrokamu
u OydepoM OrpaHUIEeHHOrO 00bEeMa; AHATN3 XapAKTEPUCTUK CeTeil 1 MHOIO-
dazubix CMO 6Goabimoit pazmepaoctu ¢ Bxoggainmym BMAP-niorokom u mpo-
U3BOJILHBIMU (DYHKITUSIMU PACIPEIEIEHNsT 00CIyKUBaHUs HA (pa3ax; mccie-
JIOBaHUE CHUCTEM QJANTUBHOIO JUHAMUYECKOrO TMOJIIMHTA U CJIoKHBIX CMO
tuna fork-join, a Takxxke psia 3a7a9 TEOPUU HAMEKHOCTH THMA, K-M3-n U T.
1. OTcyTcerBre HOBBIX METOMIOB U TIOAXOJ0B K AaHATUTHIECKOMY U YHCICHHO-
My PeIeHUI0 TAKUX 33139 CAEPKUBAET IPAKTUIECKOE IIPUMEHEHNe MOZIeIei
Teopuu OvYepeseil 1Py OLEHKE IIPOU3BOIAUTEIbHOCTH U IIPOEKTUPOBAHUU Te-
JIEKOMMYHUKAIIMOHHBIX CETEH.

B macrosmeit pabore mpeajaraeTcs OauH U3 TAKUX HOBBIX IMOIXOI0B, Oa-
BUPYIONHICS HA KOMOMHAIIMM METOJOB MAITHHHOTO OOyYeHWS W WMUTAIU-
OHHOTO MOjenupoBanusi. [IpuBoaUTCS KPAaTKOE ONMCAHWE HOBOI'O IOIXO/IA,
ocobeHHOCTE ero IPUMEHEHUs Ha, KOHKPETHBIX [IPUMePax U, KaK CJIeJICTBHE,
BO3MOKHO TIEPCIIEKTUBBI €r0 BHIJIEIEHNS B CAMOCTOSATEILHOE HATTPABJICHNE
MIpY MPOBEJIEHUH JAJBHEHINNX UCCIeN0BAHUN B 00/TACTH TEOpUH OdYepeei.
Xots pa3paboTKa M peajin3alusi HOBOT'O I10/IX0/Ia HAYAIaCh OTHOCHUTEIHHO
HEJIABHO, B HACTOAIIEM 0030pe PACCMATPUBAIOTCS W PaHHUE MybsiMKanum, B
KOTOPBIX [TAHHAS TEMATHKA ObLIa 3aTPOHYTA JIMIIb KOCBEHHO. Y KA3aHHbBIE
MyOJIVKAIINY 3aC/Iy>KUBAIOT BHUMAHUS, TTOCKOJIBKY MO3BOJISIIOT MPOCIEIUTh
Pa3BUTHE HOBOTO METOMA OT €ro MCXOJHON TOYKHU 0 COBPEMEHHOTO COCTO-
suusi. [Ipu 3ToM crporas GopMyaIupOBKa MPEIJIOKEHHOTO MOIXO0AA U JIe-
MOHCTparus ero 3HQGEKTUBHOCTH MPU UCCIEIOBAHUN PA3JIUIHBIX MOIEIei
MacCOBOTO OOCIIYKMBAHUS OTPAKEHbI IPEUMYIIIECTBEHHO B HEJIABHUX Pabo-
Tax aBTOPOB JIAHHOI'O 0030pa.

1. O630p myG6aukanuii B 06J1acCTy IMIpUMEeHEeHUs MEeTOJ0B
MAaIllMHHOTO 00ydYeHUd K HccJieJoBaHuI0 xapakTepuctuk CMO

XOTs METOIBI W AJITOPUTMBI MAIMTMHHOTO O0YYeHNsT HAIILIN IUpOYaiee
NPUMEHEHNE B PA3JIMYHBIX 00JIACTSX HAyKH U TEXHUKH [3], B TOM 4ucyie npu
HCCIEOBAHAN COBPEMEHHBIX IHPOKOIOJIOCHBIX GECIIPOBOJHBIX CeTell HOBO-
ro 1nokosienus [4, 5, 6], ux upumeHenue B reopuu OUepeieii ciabo OTPaKEHO
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B MHUPOBOil jureparype. B Hacrosmeit pabore npuBoauTCH aHAIASZ CYIIE-
cTByIOMUX IIyOuKanuil B 310l 006/1acTH, & TAKXKE OLKCAHUE HOBOI'O IIO/IX0/A
K PEIeHNIO CJIOXKHBIX 331a9 TEOPUHU ouepesei, 0a3upyomnerocss Ha KoMOu-
HAIIUM UMUTAIMOHHOTO MOJEJMPOBAHUA W PA3JIUYHBIX METONOB WHTEJIJIEK-
TyaJIbHOI'O aHaJIN3a JIaHHBIX, B YaCTHOCTU, UCKYCCTBEHHBIX HEHPOHHBIX Ce-
Teit. YKa3aHHBIN [TOIXO0, C OJIHOM CTOPOHBI, YCTPAHAET OIUH U3 CYIEeCTBEH-
HbIX HEJJOCTATKOB UMUTAIIMOHHOI'O MO/Ie/IMPOBAHUA, KOTOPbLIH 3aK/I1I04aeTCd
B 3HAUYNTEJILHBIX BPEMEHHBIX 3aTPaTax HA €ro MPOBEIEHNE TIPU UCCIIeT0BA-
HUU CJIOKHBIX CACTEM, W, C APYTO# CTOPOHBI, 00JIa1aeT OJHUM U3 TJIABHBIX
€ro MPEUMYIIECTB — yHUBEPCAJBHOCTHIO, T. €. MOXKET OBbITH WMCIOJIb30BAH
JJIs uccyenoBadus npakrudecku oosix CMO.

Ilepeuncium KpaTKO OCHOBHBIE 3TAIbI HOBOI'O ITOAX0/A C UCIIOJIb30BAHU-
€M METOJIOB MAIUHHOTO OOy JIEHUS:

— [OJIy4YeHHe IIOCPeICTBOM UMHUTAIIMOHHOI'O MOJEIUPOBAHUA XapaKTepu-
CTUK CUCTEMbI JijIsi KOHEYHOI'O HADOPa BXO/IHbIX 11apaMETPOB;

— obydveHne MHTEIIEKTYAIBHOW MOENN Ha TIOJIYUYEeHHBIX C TTOMOIIHIO UMHU-
TAIMOHHOTO MOJICJIUPOBAHUA JAHHBIX OJHUM W3 METOJOB MAIIWHHOTO
00y4eHHsI B PaMKaxX PelleHus 3aa49i TPOrHO3UPOBAHNSI;

— OLIEHKA UCKOMbIX XapPaKTEPUCTUK [IPOU3BO/IUTENIBHOCTH JIJIsI JIIOOBIX JIDY-
I'UX IIPOMEXKYTOYHbBIX 3HAYEHUH BXO/HBIX 11apAMETPOB C IIOMOIIbIO 00y-
YEeHHOI MHTEJJIEKTYaJIbHOI MOJE/H.

K omHOMy 3 mepBbIX yIOMUHAHUI NMPUMEHEHUs] METOJ0B MAIIUHHOIO
o0y4eHust, B 4aCTHOCTU AJIrOPUTMa 110CTpoeHus jepesa pemenuii (ID3), k
PEIEeHHUIO 3a/1aY TEOPHH MAaCCOBOTO OOC/IY:KMBAHUSI MOXKHO OTHECTH Dabo-
Ty [7]. B Gomee mo3ameit pabore [8] aqropuTMbI HEHPOHHBIX CeTell UCIOIb-
3oBanbl Jyid ananu3a CMO ¢ «pazorpesoms Buga Ha|M|M|3 u M|Hz|M]|3.
Crarpu [9, 10] mOCBAIIEHBI OCTPOEHHIO MOJEIH KJIACCHYECKONH CHCTEMBI
maccoBoro obcayxusarusa M|M|1 ¢ moMOmpo UCKyCCTBEHHONH HERPOHHOMN
CeTH W aHAJIM3Y TOYHOCTH ITOrO MozenupoBanus. B paborax [11, 12, 13, 14]
METO/IbI MAIIMHHOTO 00y Y€HUs IPUMEHEHBI JJIs OIEHKN XapPAKTEPUCTUK 0Ue-
pe/ieil KIIMeHTOB B MEIWIMHCKUAX YUPEXKICHUIX 1 DaHKaX.

Hoswrit momxom, 6a3upyromuniicss Ha KOMOWMHAIMH METO0B MAIITMHHOTO
oby9eHrns U UMHUTAITMOHHOIO MOJEJTHPOBAHUSA ObLT arpoOupoBaH u 3P der-
TUBHO WCIIOIB30BAH JIst uccaenoBanus caoxkubix CMO B psge mocsemHmx
paboT aBTOPOB Hacrosimero obsopa [15, 16, 17, 18, 19, 20]. B [15] ncce-
JIyeTCcs MEXKKOHIIEBAas 33aJePXKKa 3adBOK MHOTO(A3HON CHCTEMbI B KOTOPOit
nepsbiii y3es npenacrasiser coboit CMO G|G|1, a nocaenyromue (K — 1)
y3108 — cucrembl Buga -|G|1l. Hoslil nogxon Buepsble npuMerneH B [16]
Jtsl MecaenoBanus Maoroauaeinoi npuopurernoit CMO ¢ 6ydepom orpa-
HWYEeHHOMN eMKoCTH 1 BXoAsammM MMAP-norokom. B crarbsax [17, 18] HOBbIM
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METOJIOM AHAJIM3UPYETCsl CPEHEee BPEMsi OTKJIUKA U €ro CPeJHEKBaPATH-
vyeckoe orkjonenue Jyss CMO rtuua fork-join. B pabore [19] uccnenyercs
pe3yabTaT NPUMEHEHNs HelpoceTell K aHAIN3y 3aMKHYTONH SKCIIOHEHITNAJIb-
HOii cetn Mmaccooro obcayskuBauust (CeMO). Hosbrit MeTon GblT Takxke
OPUMEHEH K NIMPOKOMY KJaccy cucreM mosumuara. B [20] npuseneno onuca-
HUE Pe3YJIbTATOB MAIMHHOIO 00y YeHus it cucreM noJummara tuma M| M |1
¢ nuksmdeckuM onpocom, M AP|M|1 ¢ KoppeaupoBaHHbIM BXOJIHBIM [1OTO-
KOM, a TaksKe cucrembl Tuna M|M|1 ¢ azanTUBHBIM JUHAMUYIECKUM ONPO-
coMm. B [21] anropnTmbl MammHHOrO O0yYeHUs 3a€fiCTBOBAHbI TIPH BHIOO-
pP€ ONTHMAJIBHOTO yIpAaB/Ie€HUS OOCTYKMBAHMEM 3asBOK B MHOTOJIUHENHOM
CMO. Ormerum Takzke padborsl [22, 23], B KOTOPBHIX METO/bI MAIIMHHOIO
o0y4eHust UCIOJIB30BaHbl s ucciaenoBanus rangaemuoit CeMO kak ¢ 3a-
BUCHMBIMU, TaK ¥ C HE3ABUCUMBIMU (DYHKIIUSIMU PACTPEICICHUS BPEMEHU
00CTyKMBAHNS TTAKETOB HA (hpa3ax CUCTEMBI.

3akJiroueHne

B crarbe mpuBOmmTCS ONMCAaHWE HOBOTO, MEPCIEKTUBHOTO TOIXO/IA WC-
CJIeIOBAHUS CHCTEM W CeTell MacCOBOrO OOCTYKUBaHUsI, DA3BUPYIOIIErOCsT Ha
KOMOWHAIIMYA METOJIOB MAIIMHHOTO OOyYeHUs] U UMHUTAIMOHHOIO MOJEIUPO-
Banus. IlpuBemen 0630p OmyOIMKOBAHHBIX B MHPOBOH JimTeparype pabor,
re 3ToT MeTo b HEKTUBHO UCTIONB3YETCS It OTHICKAHWS YUCJIEHHBIX Xa-
pakTepuctuk coxKHBIX CMO ¢ CyIecTBEHHBIM COKPAIIEHUEM TPYI0EMKO-
cTy U BpeMmenu Bbraucienuii. [lokazaHna mepCrneKTUBHOCTh MIPUMEHEHUS HO-
BOTO METOJIA JIJisl JAJIbHEHIIEero UCCIeI0OBAHUS HEPEIIEHHBIX 33/1a9 TEOPUU
MaCCOBOro obciykuanus. IIpescraBieHHblil OAX0/ B CUITy CBOEil yHUBED-
CAJIbHOCTY MOYKET BBI3BATH 3HAUYUTEIHHBIN WHTEPEC U CITPOBOIMPOBATE MTPO-
BeJIEHME MHOYKECTBA, HOBBIX MCCJIEIOBAHUN B ODJIACTH TEOPUM OUEpeIeii.
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NCCJIEJOBAHUE RQ-CICTEMBI MMPP/M/1
C HEHAJIE2KHBIM IITPIBOPOM
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B pabore npoBoaurcsa uccienosanne ogaomHeinoii RQ-cucremsr ¢
pxoggamum MMPP 110ToKoM 3as8BOK 1 3KCIIOHEHIMAJIbHBIM 3aKOHOM
nX OOC/IyKWBaHUs C HEHAJIEKHBIM NpubopoM. [ljas wmcciiemoBaHus
9TOHN CUCTEMBI UCIIOJIB3YETCS METO/T ACUMIITOTUIECKOT0 AHAIU3A.
KimroueBsbie cioBa: RQ-cucmema, MMPP-nomox, nenadescnvii
npubop.

Bsemenue

RQ-cucrembl MUPOKO UCHOMB3YIOTCS B TAaKUX CHCTEMAX, KaK IEHTPHI
00pabOTKM BBI30BOB, COTOBBIE CETU U MPOTOKOJIBI ITPOU3BOIBLHOTO JOCTYIIA B
JIOKAJIbHBIX CETIX. XapaKTEPHOI 9epTOi TAKUX MOJIEIeH ABISIeTCI HATHINe
[IOBTOPHBIX 3aIPOCOB K 1PUOOPY IOCJe Hey1adHOil nonblTku. Takue cury-
aluy MOTYT OBITH BBI3BAHBI HE TOJIHKO OTCYTCTBHEM CBOOOIHBIX CEPBEPOB
B MOMEHTBHI MOCTYILJIEHUS 3asBOK B CHUCTEMY, HO TEXHUYECKUMU MPUIMHA~
mu [1, 2]. Ecinu nipu nocrynsieHun 3asiBKU, NpuOOp 3aHAT 00CIIYKUBAHUEM,
TO 3Ta 3adBKA [EPEXOJUT B MCTOYHUK IIOBTOPHBIX BBI30BOB (Ha opbuTy) u
4epe3 HEKOTOPOE CJIydailHOe BPeMs IIOBTOPSET IMOIBITKY [OJIYyYUTb 00CJIy-
kuBaHue. 3-3a TOTO, 4TO HArpy3Ka OT TMOTOKA TOBTOPHBIX BBI3OBOB, KAK
MIPABUJIO, SIBJISIETCSI HE YITEHHOMN, MPOMCXOIUT Teperpy3Ka CeTu, u oOCIy-
JKUABAIONUN TPUOOP MOYKET BBIUTH W3 CTPOs, YTO W TOBOPUT O HEHAIEXK-
mocTu cepsepa. MHOrouncieHHbIE MTOJIOMKHA U OTPAHUYEHHBIE BO3MOKHOCTH
PEMOHTa OKAa3bIBAIOT 3HAYUTEJIHLHOE BIIUSHUE HA IIPOU3BOAUTEIHLHOCTDH CH-
CTE€MBbI. CI/ICTeM])I C HEHaJE>KHbIMU HpI/I60paMI/I YaCTO ABJIAIOTCA TTpeJIMeTOM
COBPEMEHHBIX HCCIIen0Banuii [3, 4].

B nammoit pabore mpoBoautcs uccienoBanme Retrial Queuing System
(RQ-cucrembl) ¢ HEHaJEKHBIM PUOOPOM U BXOJILIIMM MapPKOBCKH MOJLY-
JpoBanHbiM 1yaccoHoBckuM rnorokom (MMPP), to ecrb npubopst moryT
BpeMsi OT BPEMEHU BBIXOJIUTb M3 CTPOst U TPebOBaThb BOCCTAHOBJeHUs (pe-
MOHTA), TOJHKO MOCJIE€ KOTOPOrO OHM MOIYT BO30OHOBUTH OOCIY>KUBAHUE
3asIBOK.
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1. IToctaHoBKa 3aJa49Y1 1M OoIINMCaHue MoJeJin

Paccmorpum onuosmaelinyro RQ-cucremy ¢ HEHAIEKHBIM MTPUOOPOM
(puc. 1), Ha BXO, KOTOPOil NOCTyIaeT MapKOBCKUH MOJYIUPOBAHHBIN MTyac-
conoBckuii 1oTok 3asgBok (MMPP). Basska o06cityKuBaercs mpuboOpoM Ciry-
JaiiHOe BpeMsi, PACIPE/ICTIEHHOE MO IKCIIOHEHITUATILHOMY 3aKOHY € apaMer-
pom 1. Henapexxuptit npubop mMozkeT ObITh B OJHOM M3 COCTOSHUIT: CBOOO-
JIeH, 3aHST OOC/Iy>KUBAHUEM WU HA pemonTe. Ecau mpubop cBobOmeH, u Ha
BXO/I TIOCTYIIAET 3asBKA, TO TPUOOP Cpa3y K€ HAYMHAET O0C/IYKUBAHUE TIO-
cTynuBIiieil 3agBku. Ecu 3agBka IOCTymaeT B MOMEHT, KOT/Ia MPpuOOp 3aHST,
TO MOCTYIUBIIAS 3agBKa MEPEXOAUT HA OPOUTY W OKHUIAET BO3MOXKHOCTHU
3aHATh NPUOOpP HPHU CJEAYIONEH MOIbITKe. 3asdBKa OCTaeTcs Ha opbure B
TeYeHNE FKCIOHEHITHAIHHO PACTPEIEIEHHOTO BPEMEHU C TITApAMETPOM O, 3a~
TeM 3asBKa BHOBBb TPOOyeT 3aHsaTh mpubop. Bpems GecriepeboitHOl paboTh
cepBepa paCIPE/IEJIeHO 0 IKCIOHEHIINAIHHOMY 3aKOHY C I1apaMeTpoM 71,
€CJIM OH MPOCTAUBAET, U C MAPAMETPOM Yo, €CJIU CEPBEP 3aHAT OOCITYKUBA-
nueMm. Kax TOJIBKO IPOUCXOAUT TOJOMKA, CEPBEP OTIPABISIETCS HA PEMOHT.
Bce nmocrymaromue 3agBKu nepexonadar Ha opouTy. Bpemsi BoccTanoBIeHUs
OCJIe PEMOHTA PACTIPEIETIEHO SKCIOHEHITHAIILHO € TapaMeTpoM fio. Tpedy-
€TCd HAWTHU CTAIMOHAPHOE PACIPEIE/IEHNE BEPOSATHOCTEH UHCJIa, 3asiBOK HA

opowuTe.
A, Q

MMPP !

Puc. 1. Mogems RQ-cucremsr MMPP/M/1 ¢ HenaneskHBIM TPHGOPOM

ITycts i(t) — uucyio 3agBOK Ha opbuTe B MOMEHT Bpemenwu t, n(t) — co-
crosirue nenu Mapkosa, ynpasaisiomeii MMPP norokowm, a k(t) onpenensier
cocrosgiuue npubopa: k(t) = 0, ecau npubop csobouen, k(t) = 1, ecau upubop
saust, k(t) = 2, eciiu upubop Ha peMouTe.

Iporiece n(t) 3amaercs maTpuiel MHOUHATEINMATHHBIX XaPAKTEPUCTHK
Q = [qn], n = 1,N u amaromanwuoii marpuneit A = diag|[\,] ycaos-
HBIX WHTEHCUBHOCTEH A,, n = 1, N. TpexmepHbril CiydaiiHblii mpoIecc
{i(t), k(t),n(t)} aBasierca uenbio MapkoBa ¢ HEPEPLIBHBIM BPEMEHEM.

O6osnauum Py (i,n,t) = P{i(t) =14,k(t) = k,n(t) =n}, k = {0,1,2},
i=0,00,n=1,N.

Cocrasum cucremy ypasaeruii KosMoroposa Jijisi CTallMOHAPHBIX BEPO-
sraocrei Py (i,n).
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= (An +io +71) By (i,n) + pa Py (i, 1) + po Py (i,n) +
+ZPO(i7V) ‘GQun = 07

— M+ +7)PL(n) + Py (i,n)+ (i +1)oPy (i +1,n) +
+ A\ P (0 — 1,n)+ZP1(i7u) “Gun =0, (1)

- ()\n —|—,u2) PQ (’L) -I-’YlPO (Z,TL) +’}/2P1 (Z — 1,71) + )\nPQ (Z — ].,77,) +
+ ZPQ(i,V) “qun = 0.

2. AcuMmnroruyeckuili aHaaIn3

Iepexonst K wacTu4HBbIM XapakTepucrudeckum byukuuam Hy(u,n) =

o0 . .
S el Py(i,n), j = v/—1 cacrema (1) npuanmaer Bus
i=0

— M Ho (uyn) + 0j0Ho(u,n)/Ou —y1 Ho (u,n) + p1 Hy (u,n) +
N
+ MQHQ (U,TL) + Z H() (u, V) *Qun = 0,

v=1
— A Hy (u,n) — p1 Hy (u,n) — yoHy (u,n) + A\ Ho (u,n) —
—jo-e IO Hy(u,n)/Ou+ N, - 7 Hy (u,n) +

N (2)
+ ZHl (u,v) * qun =0,
v=1
— Aan (U,Tl) — ILLQHQ (u, n) + ")/1H0 (U,Tl) + Y2 - ejqu (u, n) +
+ Ay - €7 Hy (u,n) + iv: Hs (u,v) - qun, = 0.
v=1
O6oznaunm H, (v) = {H,(u,1), Hy(u,2), ..., Hy(u,N)} — Bexkrop-

crpoka, I — equnudnast Marpuia, Torga cucrema (2) NpUHAMAET BH/
Hy (u) (Q — A —mI) + jodoHy(u)/0u
+ pH;y (u) + poHs (u) =0,
Ho (u) A+ Hy (u) [(Q — (1~ ")A) — (1 +72)I] - (3)
— joe 7"OHy(u)/0u = 0,
Y1 Ho (u) I+ v2¢/*Hy (u) + Hy (u) [Q — (1 — e/)A — poI] = 0.
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H; (u) [~ (A + )] e+ Hs (u) (—Ae) — joe 7“edHy(u)/0u =0  (4)
VYpasuenve (5) sBIAETCS BCIOMOTaTeNbHBIM M TIOJYYEHO CYMMHDPOBAHUEM
BCEX ypaBHeHWil cucreMbl (4).

Teopema 1. Ilycrs i(t) — umcio 3aaBok na opbure B RQ-cucreme ¢
HEHaJeKHbIM TpubopoM. Torma Juist mocieJOBaTeIbHOCTH XapaKTePUCTHYIe-
ckuX (YHKIM BBINOTHIETCS IPeIeIbHOE PABEHCTBO

;iirbM {exp {jwoi(t)}} = exp {jwG1},

rae G = My + vz + Yapz + Az + Ay2)/(papz — Apz — Ay2).
okasameavcmeo. B cucreme ypasnenwit (4) u (5) BBegEM 3aMeHbI
oc=c¢, u=-cew, Hg(u) = Fp(w, &) u B npenese npu ¢ — 0, mojy4um

Fo (w,e) (Q— A —1I) 4+ joFo(w)/ow + p1 Fy (w,e) +

+ p2F2 (w,e) =0,
Fo (w,e) A+ Fy (w,e) [Q — (1 +72)I] = jOFo(w) /0w = 0,
71Fo (w, ) +72F1 (w,e) + Fa (w,€) [Q — p21] = 0.

()

Fi (w,e) [-(A+1I) e+ Fy (w,e) (—Ae) — jedFy(w)/0w=0  (6)

Pemenne (6) u (4) 6ynem nuckars B Buze Fi(w) = ®(w)Ry, k=0,N,
rme Ry — crammonapHoe pacrpeesieHne BEpOATHOCTEH COCTOSTHMI Tprbopa
u cocrosiamii e Mapkosa. Torma

RyQe — RyoAe — 1Rpe — G1Rge + u1Rie + psRoe = 0,

R()Ae + que - ,ulRle - 'ngle + GlROe = 0, (7)
*leOe + ’ngle + Rng — ILLQRQe =0.
leAe — ’ylee — RQAe + GlRoe =0. (8)

BanuiieM ycJOBUE COrJIACOBAHHOCTH MHOIOMEPHbBIX PACIpPEIeIeHUI st
CTAIMOHAPHOTO PACTPEIEIEHNsT COCTOSTHII TTpUdopa, ZQ;O Ry =R, rme R -
BEKTOP-CTPOKA CTAIIMOHAPHOTO pachpejeseHus menn MapkoBa, ympaBJis-
IOIIed BXOAAIIUM IOTOKOM, KOTODBIN yJOBJIETBOPAET CHUCTEMe ypaBHEHWN
RQ=0, Re=1.

Ob6oznauas Roe = rg, R1e = r1, Roe = ro, Haiinem rg, r1, 12, Gy.

g2 — Az — Ay A M =AMt A
o = 3 rn=—-— To =
pa (1 + p2) M1 pa (1 + p2)

G1 = Mpiyr + 72 + Y2tz + Az + Ay2) /(pp2 — Apg — Ayz). B
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st Toro, 9T0OBI BEPOATHOCTH T, T'1, o OBLIM MOJOKUATEILHBIMHU, 10~
GaBuM OIPDAHUYEHUS [i] > A, fig > M)l"f)\.
Teopema 1 ompenensier aCHMITOTHYECKOE CPETHEE YHCJIA 3asBOK HA, OpOU-
re B RQ-cucreme MMPP/M/1 B npeiesibHOM YCIOBHA GOJIBIION 3a/1ePKKH
3asgBOK Ha opbure. PaccMOTpUM acHMITOTHKY BTOPOTO MOPSIKa s Dosee

IIOJTHOT'O HCCJI€JOBAaHUA IIPOIIECCa.

Teopema 2. Ilycrb i(t) — uucio 3asBok Ha opbure B RQ-cucreme c
HEHAJIe?KHbBIM IPUOOPOM, TOLJIA, JJIS IOCIEI0BATEIbHOCTH XapaKTePUCTHYe-
CKIX (QYHKIWI BHITOJHAETCS PABEHCTBO

lim M {exp {juv/z (i(t) - G1/0 )} } = exp { (juw)*Ga/2}

rae Gg = (ToGlI — G1u0 + Au1 + Youq + AUQ)(G1Z0 — A.Z2 + 7“0]:)_1.
JHokazameavcmeo. B cucreme ypasreruii (7) n ypasaennu (8) nepeii-

.G
zneM K xapakrepucrudeckoil dyuxiuun Hy (u) e]“TlH,(f)(u) U cuesaem

3aMeHbl 0 = €2, u = gw, H,(f)(u) = Fl(f)(w, €), MOy 4uM
F((Jz)(w75)(Q —A—yI-GiI) —l—jsaFBZ)(w,s)/ﬁw—l—
+mFP (w,e) + pF ) (w,€) = 0,
B (w,2) (A + e 7" GaT) + P (w,2)((Q — (1 - ") A) -
— (11 + 72)I) — jee 7 OF P (w,£) Jow = 0,
NFG (w, ) + 726" F? (w,2) + F (w0,)(Q — (1~ /%) A~
— p2I) =0,
i (w,€) [~(A +7eT)] e + Fy? (w,¢) (~ Ae)+
+ Gle_jwsF((f)(w, gle — jee‘jwseﬁF((f) (w,e)/0w = 0.

9)

Pemmenve cucrembl ypasaenuii (9) Oyzem uckaTh B BUJIE
Fi(w,e) = ®a(w) {Ry, + jwefy} + O(g?), Torna

—foAe — 'ylfoe — Glfoe — GgRoe + lele + M2f26 = 0,
- GlRoe + f()Ae + Glfoe + GQRoe + RlAe - ,ulfle - ’ygfle = 0,

7foe + eRie + yafie + RoAe — psfre =0,
—f1Ae — e —fhAe — GiRge + G1fpe + GoRpe = 0.

BBenem o603HaUeHUA g€ = Zo, B € = Z1, Eo€ = Z3,Yg€ = Up, Y€ = Uy,
yo€ = ug. Pemenne umem B Bune f, = CRy + Gag, + y,.- Torma ¢ yuerom
L N —0 N ~0
JOLOTHATEIBHBIX yCAOBHH » , (gre =0, > . y,e =0, nomydum
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7o = —1o(A + Gll)il, z1 =0, 2zo=—[ron(A+ Gll)il]//i%

ug = [roGr1I — 10T = (1 + v2) (r17el + rodol — roGLI) /] ¥
X(A+GI)7 Y,

uy = (—riyel = roXol +roGil) /1,

uy = (11720 + rodel + yiug + Yoy )/ pio,

G2 = (ToGll — G1UQ + Alll + Youq + AUQ)(G1ZQ — AZ2 + TQI)_l. |

TeopeMa 2 MMOKa3bIBAET, YTO pacCOpeaesieHue 4YhuCJjia 3adABOK Ha Op6I/ITe AB-
JIAETCs TayCCOBCKUM C MareMaTudecKuMm oxuianueM G1/c, u aucuepcueit
GQ/O’.

3akJiroueHue

B pa6ore paccmorpena MMPP /M /1 RQ-cucrema ¢ HeHa[eKHbIM LPU-
6opoMm. B xome uccimemoBanus ObLia MOTydYeHA ACHMITOTHIECKAST XapAKTe-
puctudeckasi (pyHKIUS pacpeIe/IeHnst YICIa 3adBOK Ha opbuTe. /loka3aHo,
9TO MPHU yCJIOBUU OOJIBINON 3aep:KKU HA, OPOUTE CTAIMOHAPHOE PACIIPEIe-
JIEHVWE BEPOSTHOCTEH UNCJIa 3asgBOK HA OPOMTE MOXKET OBITH AIIPOKCHMHUPO-
BAHO FayCCOBCKUM DACIPEIETICHUEM.
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CUCTEMA MACCOBOI'O OBCJIYV2KVIBAHN A
C ITIEPEMEIITAIOIMINMHNCHA HETEPITEJINBBIMU
ITOJIB3OBATEJISAMUA

A H. Oymua'?, O.C. Oymuaal, C. A. Oynun'

! Beaopyceruti zocydapemeennmd ynueepcumem, Munck, Beaapyco
2 Poccutickuti ynueepcumem dpyorcoo. napodos (PYIH), Mockea, Poccus

Paccmarpusaerca Mozesb corbl cern MOOubHOR cBas3u. Cora BUp-
TYaJIbHO Pa3/e/IleHa HA 30HbI B 3ABUCUMOCTH OT CUJIBI CUTHAJIA OT ba-
30BOM CTAHINU U IPUMeHseMOH cxeMbl Momyasanun. [locrymaromue
[10/Ib30BATE/IN IeJIATCH HA [Ba THUIIA: HOBbIE II0JIb30BATE/IN U 110/Ib-
30BaTeJIN, IIEPEMENAIONIIeCs B COTY U3 APYToil COTHI B IIporecce 06-
CayKuBaHugA (X9HIOBED MOJb30BaTenwn). g X9HI0BED MOJIB30Ba-
Tesiell MMeeTCst KOHEUHBIH 6ydep s oxknpganus. Bpems obctyku-
BaHUS KarKJOT0 II0/Ib30BATEIS NMeeT SKCIOHEHITNAIbLHOE PACIIPe/Ie-
JIeHUe C 3aBHCIINUM OT 30HBI HAXOXKIEHHs rmapamerpoMm. Bo Bpems
O0CIy’KMBAHUSI MTOJIH30BATEINM MOTYT TIEPEMENIAThCST W MEHSTH 30-
HBI 00CIyKHBaHUSA. IHCJI0 II0JIb30BATENIeH, KOTOPhIE MOTYT OIHO-
BPeMEeHHO 00CJIy?KUBATHCS B COTe, fABiseTcsa KonedHnoIM. [TocTpoena
MHOTOMEpHas Iernh MapKoBa, OMMCHIBAIONIAS TPOIECC M3MEHEHST
COCTOSIHM COTHI. BbInmcan MHOUHUTE3NMAJBHBIN TeHepATOp JaH-
HOM menu, ¥ HalIeHbI OCHOBHBIE XaPAKTEPUCTUKU IIPOU3BOIUTEb-
HOCTH COTBHI.

KuroueBsie ciioBa: MapkuposaHHvili Mapkosckuli 6£00H0U Nomoxk,
NePeMeULLOUUECA NOADI0BAMEAY, COME MOOUALHOT cCemu.

BBemenue

CucreMbl U CETH MaCCOBOIO OOC/IY>KMBAHKUS XOPOLIO MOAEJHUPYIOT ILIPO-
IIECCHI PACIIPEIETIEHUs] PECYPCOB B TEJIEKOMMYHUKAIIMOHHBIX CETSIX U BBULY
9TOrO TPOIOJIZKAIOT OBITH AKTYAJTbHBIMU 00 BEKTAMMU 111 UccIemoBanms. Or-
HOCHUTEJIbHO HEIABHO HAYAJIN TPOBOIUTHCS PAOOTHI MO AaHAJTATHIECKOMY MO-
JIeJINPOBAHMIO COT CeTeil CBS3M, B KOTOPBIX CKOPOCTH OOC/IY>KHUBAHUS [10JIb-
30BareJiell 3aBUCUT OT CUJIbI CHTHAJA, II0JIy4aeMOro oT 0a30BOi CTAaHIWMH,
3a CYeT MCIOJIb30BAaHMs PA3HbIX cxeM Moy siuu. O630p Jureparypbl 10
TeMaTHKe BOTPOCA MPEeJCTaBIIeH, HanpuMep, B paborax [1] u [2].

OOBIYHO TTPEIITONIAraeTCs, YTO COTA, PA3/IEICHA HA HEMEPEKPBIBAIOIINEC
30HBI, /1€ 30Ha OLPEIEIsSeTCs KaK MEeCTO, B KOTOPOI UCIOJIb3YETCs OIIpe/Ie-

Ily6aukaius BEIIOJIHEHA IPU HOAep2KKe [IporpaMMbl CTPATErHIeCKOTO aAKaJeMUte-
ckoro augepctsa PYJIH
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JIEHHAS CXeMa, MOIYJISIIUH. JTO PA3JEJIeHIe OMPEIesercs PACCTOSHIUEM 10
6a30BOI CTAHIIMU, HAJIMYUEM E€CTECTBEHHBIX WHJIM UCKYCCTBEHHBIX IPEIsiT-
CTBUIl JJIsT PACIPOCTPAHEHNs] CUTHAJA, YPOBHEM CYIIECTBYIOIIErO IyMa U
1.7. Tak KaK moIb30BaTENN SABISIOTCS MOOUIBHBIME, BO BpeMst OOCIIY KB~
HUsI OHU MOTYT MEPEMEINAThCS U MEHATh HEOTPAHUYEHHOE YUCIO0 Pa3 30HbBI
obcarykuBanus. Korma moib30Baresib MEPEXOAUT U3 OIHON 30HBI B JIPYTYIO
BO BpeMsi 00CTyKUBaHUS, CKOPOCTH OOC/TYy?KUBAHNS TaKKe n3Mensercs. Ko-
JIMYIECTBO MOJI30BATE e, KOTOPHIE MOTYT OHOBPEMEHHO OOCIYKUBATHCS B
coTe, MpPeArNojaraeTcs KOHeYHbIM. ECIM B MOMEHT CO3/IaHWsI COEIMHEHMUS
OT HOBOI'O IIOJIb30BATEJsI KOJIUYECTBO I0JIH30BATENIENl B COTE YK€ JOCTHUI-
JIO TIPeJIeia, TO ITO COeIUHEHNE OIOKUPYETCs, U 3alPOC OT MOJIb30BATEIsT
caMTaeTCsd MOoTepaHHbIM. HeoOXoIuMo HCCIeI0BATh CTAIMOHAPHOE MOBEjIe-
HUE€ CUCTEMBI JIJIsi BHISICHEHUST BUIA 3aBUCUMOCTENH OCHOBHBIX XaPAKTEPUCTHUK
KavyecTBa 00CIIyKMBAHUS MTOJIH30BATENEH OT MapaMeTpPOB CUCTEMbI, UTO T103-
BOJISIET PEIIaTh OMPEIE/IEHHbIE ONTUMI3AIUOHHbBIE 33 a9H.

B naumnoii pabore, Take Kak u [2]|, mpe/Iiosaraercs, 4To MOCTYIAI0-
e OJb30BATETN JeIATCd HA JBA BUJA: HOBbIE MOJIb30BATENH, KOTOPHIE
COBEPIIAIOT MOINbITKY HAYATh OOCJYKHBAHUE H3HYTPU COTbI, U XIHJOBED
nosb3osarenu (XII), mepemernaomumecs B COTy U3 OJHON U3 COCEIHUX COT B
nportecce obcaykuBanust. Ecin KoJIn4iecTBo mMob30BaTe el TOCTUTIIIO TTpe-
Jgena, To nocrynamomue XII He MOTydaroT MIHOBEHHBIN OTKA3, KAK HOBBIE
nonb3oBarend. s KkparkoBpeMeHHOroO xpaHeHus XI1I mmeercs Oydep Ko-
HEYHON €MKOCTH, [MOCKOJIbKY JAHHBIE ITOJIb30BATEJU I[PU IIEPEMEIICHUN B
HOBYIO COTY MOTYT elfe KaKoe-TO BPeMs TO/IEPKUBATH CBSI3b C MCXOIHOMN
coroit. Bpemsa HaxoxaeHus B JaHHOM Oydepe OrpaHuyg€eHO B BUIY TOTO, 9TO
B pe3yJIbTaTe TIEPEMEINEHNUsI CBI3b C UCXOIHON COTON MOXKET OBITH MOTEPSHA.
[TosToMy aBTOpBI TIpeanoaaraoT, 9T0 XI1I sSBISIOTCS HETEPIETUBBIMH.

B orsinume or paborst [2], rae npeanosaragoch, YTO HOBbIE M XIHJIOBED
MTOJIH30BATEJN MOCTYTAIOT B PA3HBIX MOTOKAX, B JAHHONW pabOTe MBI MOJa-
raeM, 9TO MOCTYIIEHUS TUX BUIOB MOJb30BATE/IEH ABISIOTCS 3aBUCHUMBIMA
¥ ONMHUCHIBAIOTCS OJHUM MaPKHPOBAHHBIM MAPKOBCKUM BXOIHBIM MTOTOKOM.
JlamHoe 0600IIeHe ABISIeTCS JTOTHIHBIM, IIOCKOTBKY BpPeMeHA MAaKCHMAJTb-
HOIT aKTUBHOCTH (JIHEBHOE BPEMsi) U IIACCUBHOCTH (HOYHOE BPeMsi) OObIYHBIX
U X9H/IOBED M0JIb30BaTeNel B peasibHbIX cucreMax couagaioT. Kpome sroro,
MTPEIJIOKEHHOE 0DODIIEHNE MPUBOIUT K CYIIECTBEHHOMY YMEHBIEHUIO TPO-
CTPAHCTBA COCTOSTHUIT MHOrOMepHOii 1ienn MapKoBa, OIMCHIBAIOINIEIH TTPOIiecc
U3MEHEHUsI COCTOSTHUI CHCTEMBI, 9TO B CBOIO OYepPEb YMEHbBINAET BPEMs,
HeobXoauMoe 1 mposeeHns pacaeros Ha [IK.
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1. MaremaTrundyeckas MOZeJIb U IIpoiecc COCTOSHHUIA CHCTEMBI

Paccmorpum cory, cocrosimyo n3 R(1 < R < 00) HemepeceKkamomnxcs
30H. 30HBI MPOHYMEPOBAHBI B MOPsIKE YOBIBAHUS CUJIbI CUTHAJIA. B KagecTBe
MO/IEJIA COThI PACCMATPUBAETCS CHCTEMA MACCOBOTO OOC/Iy KUBAHUS, COCTO-
amas n3 N OIMHAKOBBIX ITPpHOOPOB M KoHedHOro Oydepa emroctu K. Mbr
JIeJIMM BCEX HOBBIX I10JIb30BaTesieil Ha R Tuios, B 3aBUCHMOCTH OT 30HbI 110~
CTyTIJIEHUST, & Takxke cantaeMm, uro XII umeror Tun R+ 1. O6cmyxuBaembie
TOJTh30BATEJIN MTO/IEJIEHBI HA R TUTIOB, B 3aBUCUMOCTH OT 30HBI HAXOXK ICHUS.

IIporecc akTHMBaIUU HOBBIX MOJIL30BATENEH B COTE OMUCHIBAETCH Map-
KUPOBAHHBIM MapKOBCKUM BXOIHBbIM 110TOKOM (M M AP), oupenensembim
caexytomum obpazom. Ilycrs v, t > 0, — menpusonumas nensb Mapkosa
C HeMpPEepPBHIBHBIM BPEMEHEM W TPOCTPAHCTBOM cocrosiamit {1,2, ..., W}. Wn-
TEHCUBHOCTH TIEPEXOI0B 3TOi menu MapKoBa OMpenessioTcs MeHEePaTOPOM
D. Marpuna D gaBasgercd cymMMoit KBaapaTHbIX Marpun D,., r = 0, R+ 1,

R+1
Te. D = i D,.. dnemenTsl HEOTpHIATETBHON Marpunbl D, r = 1, R 4+ 1,
onpenenﬂfoirro WHTEHCUBHOCTH MIEPEXO/IOB TEIH V4, KOTOPHIE COMTPOBOK TAIOTCS
oCTyIJIeHreM ToJib3oBaresns tuna r, 1 = 1, R + 1. Heaunaronanbubie 3Jte-
MeHTbI MaTpuilbl Dy Onpenerdor HHTEHCUBHOCTH 11epexonos neiu Mapkosa
V¢, KOTOPBIE HE COMPOBOXKIAIOTCS MPUXOIOM ToJb30Bareneil. Cpequss wH-
TEHCUBHOCTH A, r = 1, R+ 1, monp3oBareneil Tuna r pasHa A, = 6D.,.e,
rie @ — BEKTOP-CTPOKA CTAIMOHAPHBIX BEPOSTHOCTEH IIENH Vg, & € — BEKTOP-

cronben, cocrosiuii u3 exuuui. OOIIAS MHTEHCHBHOCTH A IIOCTYILI€HHS
R+1
MONIb30BaTeNE ONPeIeIaeTcs Kak A = Y Ap.
r=1
IIpenmaraercs, aro XII, KoTopblit mpuOBIBAET, KOT/Ia BCE MIPUOOPDHI 3aHsI-

ThI, oTIIpaBsercs B Oydep. Eciau 6ydep 3amnosHen, mo»30BaTe b TEPSIETCS.
XTI, naxonstimuecst B 6ydepe, HeTEPIeJUBbl U HABCETIA MOKUIAIOT CUCTEMY,
€CJIN He HadaJIu O0CIIYKUBATHCS Iepe3 BPeMsi, MMEIOITee SKCITOHEHITHATHLHOE
pacupenesienne ¢ napamerpom «, « > 0. Ecin XII npunumaercst Ha obciy-
JKUBAHWE, MPEJIOJIAraeTCs, 9T0 OH HOCTYIAeT B CaAMyIO YAAJEHHYIO 30HY
R.

ITo awasornu ¢ [2], n7st ONpeneseHnst CyMMApHOTO BPEMEHHN OBCIIYKH-
BaHUS MOJI30BATEJs] PACCMOTPUM HENpPephIBHYIO mermb Mapkosa 1, t > 0,
umeronyio R nepexonsbix cocroguuit {1,2, ..., R} u Tpu HOrIOMAIIMX CO-
crosgausg R+ 1, R+ 2 u R + 3. OnpenenumM mosiHOEe BpeMsi 00CITY KUBAHUS
[I0JIb30BATEJIsl B COTE KaK BpeMs, 3a Koropoe nenb Mapkosa 1, t > 0, mo-
CTUTaeT OJHOTO W3 MOMIOIIAIOIINX cocTosiumit. HauanbHoe cocTosiHue memu
7); BHIOMpAETCs B MOMEHT HauaJia OOCIyKUBAHUS TOJIH30BATENST U OMPEeIe-
JITeTcss 30HON TIOCTYIJIEHUS MOJib3oBaress. 1.e., HAYaIbHOE COCTOSTHUE Tie-
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i 7); onpejensercs kommonentamu sexropa ) = (0,...,0,1,0,...,0),

r—1 R—r

r = 1, R, eciu mob30BaTe b HAYMHACT OOCTyKUBAaHKe B r-0ii 30He. MoMen-
THI CMEHbBI 30HbBI TI0JIb30BATEIEM COOTBETCTBYIOT MOMEHTAM [IE€PEXOJI0B Iern
7); B IPYTOE MEPEXOIHOE COCTOsTHME. VIHTEHCUBHOCTY TIEPEXOIOB TTPOIIECCA 1)y
MEKTy TEPEXOIHBIMUA COCTOSHUSIMU OTPEIEISIIOTC HEINATOHATBHBIMY JJIe-
menTamu cybreneparopa S. Ilepexoabr menwu 7; B MOTJIOIIAIOITHE COCTOSHUS
R+1, R+2,u R+ 3 cOOTBETCTBYIOT YCHEITHOMY 3aBEPIIEHUI0 0OCITy X KUBa-
HUs, YXO/y TOJIb30BATENs U3-33 HEY/IOBJIETBOPEHHOCTHIO KAYECTBOM 0OCIIy-
JKABAHUS U yXO/y II0JIb30BATEJIsl U3 COTHI M3-3a XIHIAOBEPA, COOTBETCTBEH-
Ho. IHTeHCHBHOCTHM TTpOoITecca epexoia 1; B MOTJIONIAoIee cocTosgane R+ 1
OTIPEIENIAIOTCST KOMIIOHEHTAMY BEKTOPA Sgery, B COCTOTHUE R + 2 — BeKTOpA
Sout, U B MOTTIOMIAIOINIEe cOCTosiHne R + 3 — KOMIIOHEHTAMU BEKTOPA Spand-
[MonpobHoe onucanue 3Toro nporecca o6CIyKUBAHUS IIPEICTABICHO B [2].

IloBeenue ucciieyemoit cucreMbl MOXKHO onucarh 1emnbio Mapkosa c
HENPEPHIBHBIM BpeMeHeM (; = {n, Vt,vt,nt(l), e ,nt(R)}, t > 0, toe, B MoO-
MeHT t, Ny — YUCJI0 MoJIb30oBareseil B cucreme, ny = 0, N + K; vy — cocTosgHue
yupasJsrorero nporecca M M AP, onpenesiionero Ipouece MoCTyILIeHH s

nosk3oBarenei, vy = 1, W, ny) — YHCJIO TIOJIb30BATEEH, OOCTYKUBAEMBIX B

Y
r-oit zone, n\"”) = 0, min{ns, N}, S 1" = min{n,, N}, r =T, R.
r=1
e MapkoBa, (;, t > 0, peryasipHasi HEMPUBOAWMAS W UMEET KOHEY-

HOe MpOCTpaHCTBO cocTostauit. CiiegoBaTeIbHO, CTAIMOHAPHBIE BEPOSITHO-

ctu cocroguuit nemn w(n, v,nM, ... ) = tlim P{n; = n,v; = v, nt(l) =
— 00
W, g = (B} cymectrytor 11a M06HIX 3HAMEHWH TAPAMETDOB pac-

CMaTpPUBAEMOU CUCTEMBI.

Cdopmupyem BEKTOPBI-CTPOKU 7,, n = 0, N + K, u3 3TuX BeposTHO-
cTell, IepeHyMEPOBAHHBIX B OOPATHOM JIEKCUKOIPAMDUIECKOM MTOPSIKE KOM-
TTOHEHT nt(l), . ,nt(R) U TPSMOM JIEKCHKOTPAUIECKOM TIOPSIKE KOMITOHEH-
TBI V4. XOPOITIO W3BECTHO, YTO JAHHBIE BEKTOPHI YIOBIETBOPSIOT CJIE/IYIONIEi

cucreMe THHEHHBIX anreOpantdeckux ypasaenuit Yenmena-Komvoroposa:
(770,71'1, ‘e a”N—i—K)Q = O, (71'0,71'1, ‘e ,7rN+K)e = 1, (1)

rie () — nHUHUTE3NMAIBHBIN reneparop memu Mapkosa (¢, t > 0.

J1J15 BBIYMC/IEHNST BEKTOPOB CTAI[MOHAPHBIX BEPOSITHOCTEN COCTOSTHUN CH-
CTeMBI HEOOXOINMO MOJIYyYIUTh TeHeparop (.

Teopema 1. T'eneparop @) menu MapkoBa (¢, t > 0, umeer 609HO-
TpexMaroHaabHbiil Bul. HenyseBble OJIOKH ONPEEsOTCs KaK:

Q0,0 = DOv Qn,n = DO @ (An(S) + An)v n= 1aN - ]-7
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Qnn = Do ® (An(S) + AN) + (D — Do — Dry1) ® Ly —
—(n— N)alyjy,n=N,N+K —1,

Qn+r N+ = Do ® (An(S) + An) + (D — Do) ® 15, — Kaly g,
Qnin—1 = Iw @ (Ly(Sserv) + Ln(Sout) + Ln(Shand)), n =1,N,
Qrn—1=Iw ® (Ln(Sserv) + LN(Sout) + LN (Shand)) X Pn—1(Br))+
+(n—N)alwyy,n=N+1,N+K,

R
Qn,n+1 - ZD’I" & Pn(/B'r‘) + DRJrl & Pn(ﬁR)v n= 07N - ]-7

r=1
Qn,n+1 = DR+1 ® I,]N, n = m,

IJe MaTpHUIA Ln(g), S e {Sservs Souts Shand }, ONMPEIENIsieT HHTEHCUBHOCTH
[Eepexo/I0B B MOMEHT ITI€PEX0/a IpoIecca O0C/HyKUBAHUS OJHONO U3 I0JIb-
30BareJiell B COOTBETCTBYIOIIEE MOrJIomaroiee cocrosauane R+ 1, 1 = 1,2, 3,
n=1,N (cm. [2]); marpuna A, (S), n = 1, N, onpesenser HHTeHCUBHOCTH
[IEPEX0/I0B B MOMEHT IIEPEMEIEHUs OJIHOrO U3 [0JIb30BATE/EH B JIPYryT0 30-
uy (cm. [2]); marpuna P,(B(")) onpenensier WHTEHCMBHOCTH MepexXoIoB B
MOMEHT HadaJa 00CIyKUBAHAA B 30He, 7, 7 = 1, R, B MOMEHT, KOTJla 1, 1 =
0, N — 1, nomb3opareneii maxomarcsa na obcryxusanun (cm. [2]); A
7d1ag{An(S)e + Ln(sserv)e + Ln(Sout)e + Ln(shand)e}a n = 1; Na rae
diag{...} obo3HawaeT MMATOHAILHYIO MATPHUILY C JUATOHAJBHBIME JIEMEH-
TaM¥, 3a/[aHHBIME BEKTOPOM, IIPEJCTABIEHHBIM B CKOOKax; J, = %;
® u @ — cuMBOJIbI KpOHEKEPOBa MIPOM3BEIEHUS U CYyMMbI MATPHII.

2. XapaKTepI/ICTI/IKI/I IIPpOU3BOAUTEJIBbHOCTU CUCTEMBI

Ilocne BoIUMCIEHUST BEKTOPOB 7y, 1 = 0, N + K, MOXKHO BBIYHUCJIUTH
pa3/Im4YHble XapaKTePUCTUKU ITPOU3BOIUTETBHOCTH COTHI.

Cpejtee KOJIMYeCTBO 0J1b30BaTe e, 1101y 4aloluX 00C/1y ;KUBaHle B Co-
N+K
e Nyser = ., min{n, N}m,e. Cpeanee kommuecrso XII, Haxomsammuxcs
n=1
N+K
B 6ydepe Npgna = >, (n — N)mpe. CpelHee KOJMYECTBO TOJb30BaTE-
n=N+1
neit, naxonamuxca B cucteMe L = Nyger + Npang. VIHTEHCUBHOCTH BBIXOJ-
N+K
HOT'O MOTOKA YCIENTHO OOCJIy’KEHHBIX Tojib3oBareneit s1 = ». m,(Iy ®
n=1
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Linin{n, N} (Sserv))e. THTEHCHBHOCTD BBIXOIHOTO TIOTOKA TOMb30BaTE /e, KO-
TOpble IIPEKpallaloT 06C/yKUBAHUE U3-3a HeyJOBJETBOPUTE]LHONO Kade-

N+K
cBa s- = Y, Tu(Iw @ Luin{n,N}(Sout))e. Boixoamoii moToK momb30-
n=1
N+K
Bareseil, MOKUJAONIUX CUCTEMY HU3-3a XdHAOBepa s, = . w,(Iy ®
n=1

Lmin{n,N}(Shand))e- BeposTHOCTE TOTEPH HOBOTO TOJIB30BATES TIO MPUOBI-

N+K

tuio B cucremy Pet=loss — (A= Ap )™ 3 w,((D—Do—Dpi1)®1, e.
n=N

BeposTHOCT MOTEpH HOBOTO TIOJIL30BATES THIIA T IO MPUOBITHIO B CHCTEMY

N+K
pent=loss — \~1 S m, (D, ®1;,)e, r = 1, R. Bepoarrocts norepu XII mo

n=N
MPUOBITHIO B CHCTEMY Pﬁgflgloss = )\}_%_1,’_17TN+K(DR+1 ® Iy, )e. BeposrHocTh
YXOZ[a TIOJIB30BATENS U3 PACCMATPHBAEMOil COTHI B apyryio Phend — =

BeposiTHOCTH BBIHY?KIEHHOTO yXO/1a TOJbH30BATENS U3-33 HEYIOBIETBOPEH-

HOCTH KadecTBOM OOCiIy:KuBaHms PssTioss — &T’ BepositHOocTh mIOTEpH
XII u3 6ydepa u3-3a Herepmesmsocru PP " loss — %ﬁd BepositrOCTh
loss __ pent—loss imp—loss
norepu XII Berancnaerca kax P05 = P + Py ond . BepositHOCTD
norepu noip3opares PlOs =1 — S
3akirodyenne

B pabore ucciemoBana cucreMa OOCTYKHUBAHHUSA C IIEPEMEITAIONIMMUCS
TO/TH30BATENISIMI. Pe3yIbTaThI MOTYT OBITH IPUMEHEHBI IS MOJIETUDOBAHNS
¥ ONTUMU3AINNANA COThI MOOUJIBHON CeTH.
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CUCTEMA MACCOBOI'O OBCJIY2KVIBAHIN A

C IBYMH TUTIAMU 3ATIPOCOB
I OTPAHUYEHHBIM PA3/IEJIEHUEM
IIPOIIECCOPA

B.U. Kmumenox!, A. H. Tymum':2

Y Benropyceruti 20cydapemeennoiti ynusepcumem, 2. Mumnck, Beaapyco
2 Poccuticrkuti ynueepcumem opyowcbo. napodos, 2. Mockea, Poccus

B mammoit pabore mcciemyeTcs cucTeMa MacCOBOTO OOCITYKHBAHUS
C pa3esIeHueM IIPOLECCOPa. 3alpPOChl JABYX THUIIOB MHOCTYIAT B
crcTeMy B MapKHPOBAHHOM MapKOBCKOM moToke. Ilpemmosmaraercs,
9TO YUCJIO 3AIMTPOCOB KAYXKI0TO U3 TUIIOB, OJTHOBPEMEHHO HAXOIATIAX-
cs Ha 00CIIy)KMBaHUA, OrpanndeHo. Bpemena obcirykuBaHus 3a1po-
COB pacIpeieseHsl Mo $Ha30BOMY 3aKOHY, MapaMeTphl KOTOPOTO 3a-
BUCAT KaK OT THIIA 3aIPOCa, TaK U OT YUCJIA 3AIPOCOB JAHHOIO THU-
a, HaxoAsuxcsd B cucreme. OyHKIMOHUPOBAHUE CUCTEMbI OIIUCAHO
B TepMmuHAX MHOroMmepHoit et Mapxkosa. IToctpoen umdunnTesn-
MaJIbHBIA TeHePATOp IEIU, YTO MO3BOJIAET BHIYUC/IUTH CTAIMOHAD-
HbIE BEPOATHOCTUA U OCHOBHbBIE XaPAKTEPUCTUKU IIPOU3BOIUTE/ILHO-
CTH CHUCTEMBI.

KiroueBsie cioBa: Cucmema macco8020 00CAYNHCUBGHUA, MAPKU-
PoBarHbLIl MAPKOBCKUT NOMOK, pasdeseHue MPoYUeccopa, CMAayUo-
HapHOE pacnpedesenue.

1. BBenenne

Texwmonorns pasaeneHus: MPOIECCOPa OUYEHb TOMYJAIpHA B KOMITBIOTED-
HBIX CACTEMaX M TEJeKOMMYHWKAITMOHHBIX CETsX. ale BCero CIMTaeTCsd,
9TO MPOIECCOD MOKET HCIOJIb30BATHCA HEOIDAHMYIEHHBIM YHUCJIOM IHOJIB30-
Bareseil, BXOJHOI IOTOK ABJISETCS CTAMOHAPHBIM IIyaCCOHOBCKHM, & BpeMe-
Ha, 00CTyKUBAHNS PACIIPEIETIEHBI 110 SKCIIOHEHIINAILHOMY 3aKoHy. PaccMoT-
peHHas B JAHHOW paboTe CHCTeMa MacCOBOTO OOC/IYyKHUBAHUS CYIIECTBEHHO
pacImupseT BO3MOKHOCTH MOAETUPOBAHUS PEATHHBIX CHCTEM C Pa3JeIeHueM
nporeccopa. MbI cauraeM, 9T0 CyIIECTBYIOT OFPAHUYEHUS HA YUCIIO MOJIH30-
BareJsieil PA3HBIX THUIIOB, OJHOBPEMEHHO HAXOISAIINXCH HA 0DCI/IyKUBAHUH, U
He BBOJIVMM OTPDAHUYUTETHHBIX TTPEATON0KEHNH, TAKUX KaK OJHOPOTHOCTH U
HEKOPPEJNPOBAHHBIM XapaKTep MOTOKA 33/a4, & TaKyKe IKCIIOHEHITNATIbHOE
pacmpeiesieHne BpeMeH 00C/IyKUBAHUS 3AITPOCOB PA3HBIX TUMOB. MbI mpe/-
ToJIaraeM, 9TO BXOJHOM MOTOK B CHUCTEMY SIBJISETCSI HEOJTHOPOTHBIM KOppe-
JIMPOBAHHBIM ¥ OLKCHIBAETCS MAPKUPOBAHHBIM MAPKOBCKUM IIOTOKOM (06-
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wienpunsiroe nazpanue M M AP-Marked Markovian Arrival Process), Bse-
JeHdbiM B crarbe [1]. B uessx Gosee agexkBarHoro onucanus upouecca 00-
CJIy’KUBAHUS MBI UCHOJIb3yeM pacupezenenune daszosoro tuna (P H-Phase
type distribution), cm., Hampumep, [6], yCHemHO HUCHONB3YEMOTO IS all-
IPOKCHUMAIUH IIPOU3BOJIHLHOIO PACIIPE/Ie/IeHNUs.

2. Maremarudeckasi MOJeJIb

PaccmarpuBaercs omHOMMHEHHAS CHCTEMa MAaCCOBOTO OOCTYKUBAHKS Oe3
6ydepa. 3anpocst pasubix Tunos nocrynaior 8 M M AP -noroke 1o yupas-
JIeHueM HempuBoauMoii e MapkoBa ¢ HETTpephIBHBIM BpeMeHeM v, t > 0,
KOTOpasi MpuHWMaer 3HadeHust B MHOKectBe {0,1,2,..., W} u Ha3bIBaeT-
cs1 ynpasJstonmum mporeccom MM AP. Tlenb v, peObIBA€T B COCTOAHUU
B Te€YEHUE IKCIOHEHIMATHHO PACIPEIETEHHOIO BPEMEHH C APAMETPOM A,
v = 0,W, mocyie 9ero ¢ BepoATHOCTBIO P (v, V') mepexoauT B cocrosnue v/
W TeHepupyeTcs 3asiBka k-ro tuna, k € {1,2,..., K}, nin, ¢ BeposiTHOCTHIO
po(v,v'), nens nepexoauT B cocrosiHve v 0€3 MeHepaluy 3asBKH, MpUYeM
po(v,v) = 0. Bero undopmanuio u M M AP-e ynobHo Xxpauuth B Buje Habo-
pa matput Dy, k =1, K, nopaaxa (W + 1) x (W + 1), s;eMeRTbI KOTOPHIX
OIIPEJIEISAIOTCS KAK

(Dk)l/7y/: )\upk(VvVl)7 V,V/:O,W7]{/’:1,K,

It
x
t\
I
o

v
—Au, v

/
(DO)V,V’ — { /\VPO(VvV )7

IMonpobuoe onucanue MM AP 1noroka MOXKHO HaiiTu, Hanpumep, B [1].

B sanHoii pabore MblL IPEJIIOIaraeM, YTO B CUCTEMY IOCTYILAIT 3aIpo-
CBhI IBYX THTOB, T.e., K = 2. Ha obciay)uBaroinem npubope 0THOBPEMEHHO
MOTYT 00C/IyKuBaThcs 10 [N 3anpocos 1 Tuna u 10 R 3ampocos 2 tuna. Ec-
JId Ha, puOOpe 00CITYKUBAETCSA TOJBKO OIUH 3ampoc [-ro Tuna, | = 1,2, 1o
ero Bpems obciyxKuBaHus umeer PH pacmpemenenne, 3aIaHHOe HEITPUBO-
IUMBIM TipesicrasienneM (3;,.S;) W ynpaBIsliOIIAM MPOIECCOM mgl), t >0,
¢ mpocrpaHcTBoMm cocrostamii {1,..., M;, M; + 1}, tne cocrosiume M; + 1
SIBJISITCS TIOTJIOIIAIOIINM. VIHTEHCUBHOCTH MEPEXO0B B MOTJIOMAIOINIEE CO-
CTOSTHHE OIPEIEISAIOTCS BEKTOPOM-CTOIOIOM S(()l) = —S;e. BouJiee nogpobuoe
ormmicanne PH pacmpesiesieHnst MOKHO HaiiTn, Hampumep, B [6].

3anpochkl Kayk10ro U3 THIIOB JIEJISIT OTBEACHHYIO UM MPOIMYCKHYIO CIIOCO6-
HOCTBH 00CJIy?KHBAIOIIETO MprOoOpa mopoBHy. Ecin Ha mpubope 0HOBPEMEH-
HO 0OCTYy?KHUBAETCS M) 3aMPOCOB [-TO THIIA, TO BpeMs OOCTYKUBAHUS JTI000-
ro u3 3TuX 3amnpocos uMeer PH pacupeneenue, 3a1aHHOE HEIIPUBOIUMbIM
npezcrasiaenuem (3, W%Sl) ¥ YIIPABJISAIONIAM TPOIECCOM mﬁl), t >0, ¢ mpo-
crpaHcTBOM cocrostumii {1,..., M, M; + 1}, rie cocrosiume M + 1 spiser-
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ca morsormaomuM. HTeHCHBHOCTH MEPEX0/I0B B ITOIJIOIIAIOIIEE COCTOSHUE
ONPEIEIAIOTCS BEKTOPOM-CTOIOIOM n%Sél).

Ecnu mocrymaroruii 3ampoc 1 Tumna 3acraer Ha npudope n < N 3ampo-
COB, TO OH TIOCTYIAeT Ha OOcCayKuBaHme. IIpm 3TOM HPOmyCKHAsT CIIOCOO-
HOCTH MpuOOpA, OTBEIEHHAS 3aIPocaM 1-To THMA, AEJTUTCS TOPOBHY MEXKIY
n + 1 3anpocamu. B nporuBHOM cilydae 3ampoc HOKUIAET CUCTEMY HE00-
CJIy>KeHHBIM (Tepsaercs). AHAJOIMYHO, €CIM 3ampoC 2-TO THUIA 3aCTaeT Ha
npubope r < R 3ampocoB, TO OH MOCTymaeT Ha obciyxkuBanue. [Ipm sToMm
MPOITYCKHAsT CIIOCOOHOCTH MPUOOPa, OTBEICHHAS 3AMPOCAM 2 THIIA, JETUTCS
MOpOBHY Mexkty r + 1 3anmpocamu. B mpoTuBHOM ciydae 3ampoc Tepsercs.

3. IIenr MapkoBa, onuchkIBaIasa MOBeJeHUE CUCTEMBI

O yHKIIMOHUPOBAHKUE CHUCTEMbI OIUCHIBAETCH 1enbio Mapkosa
_ 1 (2 (My) (1) _(2) (M3)
gt_{ntartvnt s "y Tl YT 5Ty ey Ty th}a
re L L
ng, ry — 9uciio 3aABoK 1 u 2 Tuna Ha npudope, ny = 0, N, r, = 0, R;

ey}
m
— nt( ) - xonmaectso 3asB0K 1 THUIIA, KOTOPBIe 0OCTyKUBAIOTCS HA (pa3e

m(1)7 ngm(l)) = O,Tl,t, m(l) = ]_,Ml;

@
m
— Tt( ) _ Kosmuectso 3asB0K 2 THIIA, KOTOPbIE 0OCTYKUBAIOTCSA HaA (has3e

@y _
m(2)7 Tt(m ) = O7Tta m(2) = ]-vMQ;
— vy — cocrosgaue ynpasssoinero nporecca MMAP, vy =0, W,
B MOMEHT BpeMeHU ¢.
Bsenem mporecent

1 1 2 My 2 1 2 M.
ug ) :{TH( )7nt( )aant( )}a ui(t ) :{Tt( )ﬂTt( )a"'aTt( 2)}

Vopsi1o9nM COCTOsTHUS paccMmarpuBaeMoii nenu Mapkosa &, t > 0, cie-
aytornuM obpasom. llepernymvepyeM KOMIIOHEHTBI Ny, 7'y B IPSIMOM JIEKCHKO-
rpaduIecKOM NOPSJIKE U, IPU (DUKCHPOBAHHBIX 3HAYCHUSIX ITUX KOMIIOHEHT,
TTepeHyMepyeM COCTOSTHUS TTPOIIECCOB ugl) n u£2) B 00pATHOM JIEKCHKOTDa-
duaeckom nopsiake. /st mabHERTEro OMuCannss MHTEHCUBHOCTEN TePexo-
JIOB Tel HaM TOoHan00aTcs Marpuiisl P (), A;(+,+), n L;(-,-), BBeeHHbIE B
paborax [4, 5]. Jaaum Kparkoe oObiICHEHHE BEPOSATHOCTHOIO CMBICIIA STHX
MATPHIL.

S(()()l) ;) , 1 = 1,2. Torga:
marpuna Ly (n, S‘l) COZIEPKUT WHTEHCHBHOCTH TTEPEXOJIOB TTPOIECca ugl), pu-
BOZSAIINX K 3aBEPIIEHUIO 00CIYKUBAHUS OTHOTO U3 1n— k 3ampocoB [-T0 TUIA;
marpuna P, (8;) comep:kur BeposiTHOCTH IIEPEXO0B IIPOLECCa ugl), MPUBO-
JSIAX K yBEJIMYEHUIO HA TPUOOpe 9ucia 3ampocoB [-ro tuna ¢ n 10 n + 1;

BBenem B paccMoTpeHme MaTPUITHI S, = (
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O]

MaTpULA An(k:,gl) CONEPKUT MHTEHCHBHOCTH IEPEXOOB Ipolecca U, B
€ro TPOCTPAHCTBE COCTOSTHUM 0€3 YBEJWYEHWUS WU YMEHBIEHUsT YUCIIa 3a-
IPOCOB [-ro THIa.

Asropurm Boruncaenus marpun, Pi(-), A;(+,-), u L;(+,-) caemyer u3 pe-
gyabraroB B. Pamacsamu u 1. JlykanTonw, omyOIMKOBAHHBIX B CTAThAX
[4, 5]. Herko mo miaram 9TOT aJ'OPUTM OLKUCAH B [6].

Breznem oboznavenne )y, ns AJIT WHTEHCWBHOCTEI TTEPEXOIOB IIEMH N3 CO-
CTOSTHWIA, COOTBETCTBYIIUX 3HAYEHUIO N TIEPBON KOMITOHEHTHI, B COCTOSTHUSI,
COOTBETCTBYONIAE 3HAYEHUIO N/ 3TOMH KOMMOHEHTHI, 1,1/ = 0, N.

Jlemma 1. Ungurnumesumanrvuod 2enepamop uenu Mapxrosa &, t > 0,
umeem 6A0YHYI0 MPexr-0uazonarbHyo cmpykmypy

Qoo Qo1 O ... 0) o)
Qio Qi1 @iz ... @) o)
O Q21 Q22 ... O 0
Q= : : - : : )
) @ O ... Qn-in—1 Qn-iN
O 0 0O Qn,N-1 QNN
20e )
Qoo = diag™ {~Ln(R,S5),r =T, R} & I+
1 .
+diag{0, *AT<R, Sg),’l“ =1, R}@Do—l—diag{OR,l Mot ,ICMQ—l }®D2+
r > C7~+2sz1 R Mz =1

+diag™{P,(B2),7 =0,R — 1} ® Dq + Ay;
Qn7n+1:Pn(/31)®IR Mo—1 ®D1,0<H<N—1;
C 2

"+ Mo —1
=0 M2

1 ~
Qn,nfl = *Lan(Na Sl) ® I R
n 2

r=

My—1 ®@Ip, 1<n<N;
Mg —1

1 ~
Qn,n :ICMl—l ®dia,g_{;LR_7-(R,SQ),T‘= 1,R}®IW+

nt+Mq—1
1 ~ 1 I
+EAn(N; Sl) 2] dlag{oa ;AT(Ra 52)77“ = 17 R} D (-DO + 6n,N-D1)+
—i—ICMl—l (X)diag{OR,lC 7ICM2—1 }(X)Dg-i—

Mo —1
My—1 2 R+Mo—1
n+Mq My —1 + Mo
r=

+1 -1 ® diag™{P,(B2),r =0,R—1} ® Dy + A,,, 1 <n < N,

n4Mp—1
20e ®(D) — cumsoa KpoHeKoposa npoussedenus (cymmo,) mampuy, cm. [3],
On,N — cumeon Kpownexepa, A,,n =0, N,~duazonarvrsie mampuyst, £0mo-
povie cmposmea max, wmobve 6bnoANAN0CH pacencmeo Qe = 07
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4. CranmoHapHoe pacnpefejeHne. XapaKTepPUCTUKNA
IPON3BOAUTEIBHOCTA

B coorBercTBUE C OMHMCAHHBIM YIOPSAIOYEHNEM COCTOsHMI e Mapko-
Ba &, cOPMHUPYEM BEKTOPBI-CTPOKA Py, n = 0, N, CTAIIHOHADHBIX BEPOST-
HocTei cocroguuit nenu. [Ipu GobitoM pa3mepe CHCTeMbl YPaBHEHUI 1JTs
TUX BEPOATHOCTEH OHH MOIYT ObITh BBIMHCJIEHBI 110 AJITOPUTMY, Pa3pabo-
raHHOMY B [7]. Ha OCHOBE CTaIMOHAPHOTO PaCHpPeIeIeH st MOYKHO TIOJYIUTh
dopMysIbl 11 pacuera CTAIMOHAPHBIX XAPAKTEPUCTUK TPOU3BOIUTETHHO-

ctu cucreMbl. Huke mpuBeieHbI HEKOTOPBIE U3 HUX.

— CoBMecTHOE paCIpee/IeHne 9HCIa, 3ampocoB 1 TUMA, HAXOIAIIMXCA HA,
npubope, Yucsa 3ampocoB 1 THUIA, HAXOMANINXCS HA PA3IMIHBIX (ha3ax
obcayxupanns, u cocroguuii M M AP-notoka

* fr— — J—
pn_pn(ICM1*1 ®e§’:c ®Iw>,n—O,N

Mo—1
Mq—1 2
M rMgy—1

— Pacupesesenne uucia sanpocos 1 Tuma B cucreme p, = phe, n =0, N.

— CoBmecTHOE pacrpe/ieJieHne Tncaa 3apocoB 2 THTA, HAXOMAIIIXCT Ha
npubope, YUCJIa 3amMpOCOB 2 THUIA, HAXOIAINXCS HA PA3IMIHBIX (ha3ax
obcayxupanns, u cocroguuii M M AP-notoka

N
a = pn(I"" @ Iy),r =0 R,
n=0

re )
Mq—1 = Mo —1 Mo —1
cn+1Ml —1 m.Z—O Cmi]\lz —1% Cr+2A12—1
(n,r) _ e -1 &I my-1
I - Cn+11\4171 Cr+2M2—1
Mq—1 B Moy —1 Moy —1
Cn-&Ml—l > CmiNIQ—IXCT+21\/12—l
m=r+1
— Pacupegenenne dncia 3anpocos 2 tumna B cucreme ¢, = qre,r =0, R.
— BepogarrocTb nmorepu 3ampoca k-ro THIA PACCIUTHIBACTCA KaK
Ak — Pk
Ploss,k = 2 3 k= 1727
k

r7ie A\ — MHTEHCUBHOCTD MTOCTYIJIeHNs 3anpocoB k-ro tuna B MM AP, ¢y,

— MHTE€HCUBHOCTDH BBIXOJSAIIErO MOTOKA 3AIIPOCOB k-TO TUIIA W3 CHCTEMBI.

Buadenne A Bbluuciasgercd Kak A\ = ODpe, rae BekTop 6 eauHCTBEH-

Hoe pewenue cucrembl @(Dg + D1 + Dy) = 0, e = 1. Buauenus @y

BBIYUCISTIOTCS KK

al 1
. -

Y1 = E pn(ICM1*1 ®eW)ELN*n(N7‘Sl)ev
n=1

n+Mp—1

R
1 -
Y2 = Zl q:([cjﬂzfl & eW);LR_T(R’ 52)6.
r=

rHMoy—1
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5. 3akJiroueHune

B mammoit paboTe mcCIeI0BaAHO CTAIMOHAPHOE TIOBEIEHNE CUCTEMbI MAC-
coBoro obciyzkuBanus ¢ MM AP moTokoM 3ampocoB JIBYX THIIOB, pa3Jie-
JIEHUEM IIPOLECCOPA U OTPAHUYEHHBIM YUCJIOM MECT JJId 3alPOCOB Pa3HbBIX
tunos. ITocrpoena mHOromepsas uemb MapKoBa, ONMCBIBAIONIAHA IIPOLECC
GYHKIIMOHUPOBAHUS CACTEMBI, IIOJYI€HbI OCHOBHBIE XapPAKTEPUCTUKU IIPO-
N3BOJUTEIIHHOCTU CUCTEMBI. Ha OCHOBAHWU TTOJIYY€HHBIX PE3YyJIbTaTOB MOTYT
ObLITH HaitmeHnbl mpeobpasoBanus Jlammaca-CTuaTbeca pacupeIesieHusT Bpe-
MEH Hpe6bIBaHI/IH B cuCTreéMe 3aIlIpOCOB PA3HbIX THUIIOB.
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TAHJIEMHA S CUCTEMA MACCOBOI'O
OBCJIY>KUBAHUSI BMAP/G/1 — -/PH/N/R

B. 1. Kiuumenok, A. H. Tynun, O.C. dyauua
Beaopyccruii 20cydapemeenmnd ynusepcumem, 2. Mumncx, Beaapyco

B nmammoit pabore mcciaemyercs TaHIeMHAas CACTEMa MaCCOBOrO 00-
CIIyKWBAHUsSI, COCTOSINAs M3 [BYX IOCIEJOBATEIbHBIX CTAHIMIA.
IlepBag cTaHmus IIpeACTaB/IEHA OJHOJTUHEMHON CHCTEMOM ¢ DEeckKo-
HedHbIM OydepoM, BTOpasg — MHOIOJIMHEHHON CHCTEMON C KOHed-
HbIM Oydepom. 3apoc! IOCTYIIAIOT HA MEPBYIO CTAHIAIO B TPYIIIO-
BOM MapPKOBCKOM moToke (o6menpusnannas abopesnatypa BM AP
— Batch Markovian Arrival Process). Bpemena o6ciyxuBanus na
[IePBO#l CTAHITNH PACIIPEIE/IEHBI TI0 TPOM3BOILHOMY 3aKOHY, Ha BTO-
poii cranmmu — mo ¢azosomy 3akony (obmenpusnanHas abbpeBna-
typa PH — Phase Type distribution). B curyanuu, xorna npomexy-
TOUHBIHN Oydep MeXIy CTAHIMSIMU 3AI0JHEH B MOMEHT OKOHYUAHS
o6CIyKUBaHUs 3aIIPOCA HA MEPBOI CTAHIMU, ITOT 3AIPOC TEPIETCS
wm 6I0KupyeT npubOp IEPBOI CTaHIMU 0 TeX IIOP, IIOKA He 3a-
KOHYNTCS 00C/IyKUBAHMWE HA OJHOM M3 IPHOOPOB BTOPOI CTAHIIWIN.
Tlonydeno yciioBue CymecTBOBaHMsI CTAIMOHAPHOTO PEXUMA B CHU-
creMe, CTAlMOHAPHDBIE PACIIPEIEJIEHUs COCTOAHUI BO BJIOXKEHHbBIE U
MMPOM3BOJIbHBIE MOMEHTHI BPEMEHU, PSIJ] XaPAKTEPUCTUK TPOU3BO TN~
TEJIbHOCTU CUCTEMBI.

KiroueBbie cioBa: Tandemmasn cucmema maccoeozo obcayscu-
6aHUA, 2PYNNOG0T MAPKOSCKULT MOMOK, Nnpomedcymounul 6ygdep,
cmayuonapHoe pacnpedenseHue.

1. BBeanenne

Muorodaszubie (TanaemMuble) cucreMbl MaccoBoro obcryxusanus (CMO)
ABJIAIOTCS MPOCTEHIINMA BHIAMHU CeTefl MAaCCOBOIO OOCIIy?KUBAHHUA U Ha-
X0IAT OOJIBIIOI MHTEpeC CPeIH HCCIIeJ0BaTeNell B 00IaCTH TEOPUU MacCo-
BOr0O OOCJIy’KMBAHUs U TeleKoMMyHHKanuii. Pannune paborsl B 3TOi obJia-
CTH TOCBSIIEHbI, B OCHOBHOM, CHCTEMAM CO CTAIMOHAPHBIM TYACCOHOBCKAM
MTOTOKOM W SKCIOHEHIMAJIBHO PACIPEIeTeHHBIM BPEMEHEM OOCIIYKHBAHMUS,
cM., Haipumep, [1]. B nocnennue necsarunerus nossuiuch paborbl 1o TaH-
gemuabiMm CMO, KOTOpbIe YYNTHIBAIOT KOPPEJIWPOBAHHBIN XapaKkTep BXOJ-
HBIX TIOTOKOB M HEIKCITOHEHITHAJIBLHOE DACIpe/ieleHne BpeMeH OOCIIyKUBa-
HUs HA CTaHIUAX. B wacTHOCTM, M3BECTHBI PAbOTHI, B KOTOPBIX BXO/HOM
moToK siByisiercst M AP, momyckaercs TpOU3BOJIBLHOE PACTIPEeIeHne BpeMe-
HE OOC/Ty2KMBaHUs HA BTOPO# cTaHmuu, a Oydep mepBoil CTaHINN KOHEYEH.
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Takoro poza cucrembl pacecmorpenbt B cepuu pabor A. Tomes-Koppasna (Uc-
uaHus), cM., Haupumep, [2]. OrHocuresbHas HPOCTOTA UCC/IENOBAHUS Ta-
KHX CHCTEM OObSICHSETCS TeM, 4TO TepBas craHius onuckiBaercs CMO Tu-
na MAP/PH/1/N. HOus rakoit CMO Bxozmsimuii OTOK Ha BTOPYIO CTaH-
U0 ABJSAETCS MOIJAIIEAMCA (popManbHOMY ommcanuio M AP morokowm.
Ecnm ke npon3BOIBHOE PACIPEIEIEHNE BPEMEHN OOCTYKUBAHUS JOIYCKa-
€TCsl MMEHHO HA II€PBOH CTAHIMM, AHAJIU3 CUCTEMBI YCJIOKHAETCs, IOITOMY
3HAYUTEIbHASA YaCTh CYMIECTBYIONIUNX PAOOT TPEINOJaraeT JIeKOMIIO3UIIIO
TaHJIeMa 1 MPUOINKEHHBIH aHAJIN3 BHIXOAAIIErO MOTOKA W3 TIEPBOi CTAHIAN.
To9HBI aHATUTHYECKUA AHAJIW3 ITyaJbHBIX TAHIEMOB, Y KOTODPBIX NMEPBast
CTaHIusA npejcraBieHa cucremoit tuna BMAP/G/1 wnn BMAP/G/1/N,
IIPOBOJMTCS HA OCHOBE MCIIOJIb30BAHMS METO/IA BJIOXKEHHbBIX 1emneii Mapkosa
C TOCJIEAYIONMM TTPUMEHEHUEM amnapaTa MPOIEeCCOB MapKOBCKOTO BOCCTA-
HoBjieHus. Takoli aHajau3 WMCIOJNb3yerca B paboTax ydeHbix Bemopycckoit
MIKOJIBI MACCOBOIO OOCJIy?KUBAHUsA, JJisi CCHLIOK CM., HAIlPUMED, MOHOIDa-
duro [3].

B nannoit pabore mbl 06061aem pesysbrarsl [4], rue ucciaenoBana raH-
nemnag CMO BMAP/G/1 — o/M/N/R na cayuait dbazosoro pacupeae-

JIEHU BPEMEHU ODCJIY’KUBAHUS HA, BTOPON CTAHIUH.
2. Maremarn4deckKas MO/eJIb

PaccmarpuBaercst Tanmemuasi cucrema BMAP/G/1 — e/PH/N/R.
[Mepsas crannus obpazoBana onunonuueitroit CMO c oxxkuganuem. B cucremy
nocrynaer BM AP-noTok 3ampocoB, 3aJaHHbIA yIPABJISIOIIMM [IPOLECCOM
vg, t = 0, ¢ mpocrpancteoM cocrostamii {0, ..., W} u mMaTpuvHOil POM3BO-

o0
nsamett dbynaxnueit D(z) = Y. Di2*, |z| < 1. Cpesasas HHTEHCHBHOCTE MO-
k=0

crynienns 3anpocos B BM AP Beruncisiercs o dbopmyie A = 6D’(1)e, rue
6 ecTb eIMHCTBEHHOE PEIeHUe CUCTEMbI JIMHEHHBIX aredpanvecKuX ypas-
uenuiit 6D (1) = 0,0e = 1. 3uecb 0 ecTb BEKTOP-CTPOKA, COCTABJIEHHBIN 13
HyJefl 1 € eCThb BEKTOP-CTOJI0eIT, COCTABIEHHbIN 13 eanHuIl. bosee mompoo-
Hoe orncanne BM AP moxkuo HaiiTn, HanpuMmep, B [3], [5].

Ecmu rpynna 3anpocos pasmepa k > 1 moCTymaeT B CHCTEMY U 3acTa-
eT 00CTyKMBAOIMINNA TPUOOP CBOOOIHBIM, TO OJWH U3 3aIPOCOB HAYUHAET
O0CITy)KUBATHCSI, & OCTAJIBHBIE PACHOIATAIOTCA B OYePEId HEeOrPAHUIEHHON
ekl Eciau npubop 3aHAT B MOMEHT MTOCTYILJIEHHsI IPYIIIIBI, TO BCE 3aIPO-
Cbl TOH TPYIIIbl CTAHOBSATCS B KOHeI, odepeau. Bpemena o0ciryKuBaHus
3ampoCcOB HA TPUOOPE TEPBOM CTAHIINU SBJISIOTCS HE3ABUCUMBIMU CJIyJaii-
HbIMU BesinunHamu ¢ dbyHkImei pacnpeaeenaus B(t) U KOHEYHBIM I€PBBIM

e}
momenToM by = [ tdB(t). ITocse o6cy KUBaHUs Ha IEPBON CTAHIUU 3aIIPOC
0
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MIOCTYIIAeT Ha BTOPYIO CTAHIINIO, 00pa3oBaHHy0 N-THHEHHO# cucTeMoi
KOHEYHBIM Oydepom pasmepa R.

Bpewms obcayxuBanusi mpubopoM BTOpOii crannuu umeer PH pacmpe-
nenerue M-ro mopsika, 3aJaHHOe HENPUBOAUMbBIM Hpezacrasieduem (3, S).
3mech BEKTOp-CTPOKa (3 3aJaeT MepBOHAYAIbHOE pachpesesnenue das o6-
CIIy>KUBAHUsI, MATPUIA S- WHTEHCUBHOCTHU IEPEXOJIOB YIIPABJIAIONEro 06-
CJly2KMBAHUEM MAPKOBCKOIO [IPOLECCa MexKy ero cocrosuusmu (dazamu),
BeKTOp Sy = —Se — HUHTEHCUBHOCTHU TEPEXOIOB, TTPUBOISIIINE K OKOHYAHUIO
obcayxwuBanus. [logpobryo wadopmaruioo o PH pacnpeaejeHns MOKHO
HajiTi, HanpuMep, B [6]. IIpu orcyrcrBuu cBobomHOTO MecTa B Oydepe ¢ Be-
positHoCTBIO p, 0 < p < 1, 3ampoc yXOAUT U3 CUCTEMBI HETOOOCTYKEHHBIM
(repsiercst), a ¢ BepogTHOCTHIO 1 — p upubop nepBoil cranuuu GJIOKUpyercs
7 He ODCIyKWBAET CJAEIYIONTHIT 3ampocC A0 OIMKANTIIEro OKOHYaHNsT 0OCTy-
JKUBAHUS HA BTOPOU CTAHIIWM.

3. CranmonapHoe pacrnpejeljieHne BJIoXKeHHOU mnenu MapkoBa

IIycTb ¢, — n-it MOMEHT OKOHYAHUS OOCTyKUBAHNS HA TEPBOl CTAHIINH,
n > 1. Paccmorpum npouecc &, = {z’n,ln,m%l)7 . ,mglmin{l"’N}),z/n}, n >
1, tme i, — YMCIO 3aMpPOCOB HA TEPBOi cTaHIMK (He BKIOYAs 3ampoc, Bbl-
3BaBIIUil OJOKUPOBKY) B MOMEHT Bpemenu t, + 0; [, — 9UCIO 3ampocoB
Ha BTOpOil CTAHIMK B MOMEHT Bpemenu t, — 0; m%h) — daza obcayxu-
BaHUS HA h-M 3aHATOM TPHOOPE BTOPOM CTAHIIUK B MOMEHT BPEMEHU t;
vp — cocrogune BM AP B moment Bpemenu t,, i, = 0,1, = 0,N + R,
miY =0,M, h =1, min{ln, N}; vy, = 0, W.

Jlemma 1. Mampuua eeposammuocmeti nepexodos yenu Maprosa &,,n >
1, umeem 6a0unyr0 cmpyxmypy euda

Vo Vi Vo V3
Yo i Yo Y3
p=| O Yo Y1 Y5 ’
O 0O Yy, 1
20e

i+1
Vi =Y QA Do) Dy + (1-p)Qe @ / eSTSEN @ Pk, 1)dt) i o1,
k=1 o J
Vi=Q+(1-p)Q2® Z/eswtsgw @ P(k,t)dt]Q_p, i > 0.
k=01
Bdecy Q = Qu+pQ2; Q = Q = (1-p)Q> ® (SN & Do) ' [SF &
Iy]; Q1 — 6nounaa xeadpamnas mampuya nopadke K(W + 1), 2de K =
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1 pN+1
1-M

Lnin{r,vy(w41),7 = 0, N + R, a ocmaavhvie sremenmo, pashv, 1yao; (Qa—

+ RMN | y xomopoti nadduazonarvhoie 6A0KU 0Npedesstomes Kax

keadpamuasn mampuya nopsadka N+ R+1 euda diag{0,...,0,1} Qo — wea0-
pamnas mampuya nopadxke K (W + 1), y xkomopot ece saemenmos Hysesoie,
Kpome nocaednezo Juazonanvrozo 6.a0%a, paerozo Iyn wi1y; A— weadpam-
HAA 0A0UH0-068YTIUGLOHAALHAS MATPUYG NOPAOKe K, duazonasbHble OA0KY
Komopot onpedeastomea xax SE™HNY 4 nodduazonasvrve 6roku xax

SemmrNY o O N+ R;  Dp=Ix®Dy, U = [ e’ @P(k,t)dB(t), k >
0
0;  wmampuuywn P(k,t) onpedesstomes xax xosdduyuenmos pasaodcenus
eP@t = S Pk, 1), |2 < 1.
k=0

Caencrsue 1 Ilenv Mapxosa &,, n > 1, npunadiesxcum Kiaccy K6a3u-
menauvyesur yenet Mapxosa, cm. [3, T].

Teopema 1. Heobrodumvim u d0CMaAmMOYHOIM YCAOBUEM CYUELCTNEOEG-
HUA CMAayuorapHozo pacnpedesenus LM &, n > 1, aeasemcea 6vnosrnenue
nepasencmea p < 1, 2de p = A\[by + (1 —p)&(—S®Ne|, & - sexmop-cmpoxa,
KOMNOHEHMAMU KOMOP020 aeaaomea nocaednue MY xomnonenm eexmopa

T, Komopwil aeasemcs eduncmeennoim peuseruem C/IAY
o0

x(91 + QQ)/@AtdB(t) =z, ze=1,
0
2de mampuyv, Q1, Do UMEM MOM Hce 6UJ, YN0 U MAMPULD Q1. Qo,
MOALKO NOPACOK Kax#c0020 u3 6.a0k06 ymenvuwen 6 W + 1 pas.

O603HaunM CcTalMOHAPHBIE BEPOATHOCTH COCTOsHUN menu Mapkosa
&,t > 0, kax 7(i,[,mM), ... m{LND ) pepenymepyem st BeposiT-
HOCTH B JIEKCUKOIPA(hUUECKOM MOPSIIKE U BBEIEM BEKTOPHI 7,1 > 0, aTmx
BEPOSTHOCTEN. DTU BEKTOPHI HAXOISITCS C UCTIOIH30BAHUEM aJITOPUTMA, OTTH-
CAHHOIO B [3, 7).

4. CranmoHapHoOe paclipejiejieHre B IIPOU3BOJIbHBIN MOMEHT

BpeMeHU

Paccmorpum mporece (; = {it,jt,lt,mgl),...,mgmm{l“N})wt}, t >0,

rIe 4; — YUCJIO 3AIPOCOB HA MEPBOM CTaHIUK (HE BKJIOYAsA 3aPOC, BHI3BAB-
it 6JI0KUPOBKY ); j;— BeJUYMHA, NIpUHUMAaloniasa 3Hadenus 0, 1, 2 B 3aBu-
CHMOCTH OT TOT'O, CBODOIEH, OOCTYKUBAET 3AIIPOC WU OJOKHPOBAH HPUOOD
TEpPBOW CTAHIINH; [y — YHWCIO 3AMPOCOB HA BTOPOIl CTAHIINM; mgh) — daza
obcayKuBaHus HA, h-M 3aHATOM TPUOOPE BTOPOU CTAHINW; Vy — COCTOSHUE
BM AP B MOMEHT BpeMeHH t.

O603Ha9NUM CTAIMOHAPHBIE BEPOSITHOCTH COCTOsiHUE mporecca (g, t > 0,
kak p(i, 7,1, mM ... m™r{bNY ) nepenymepyem sTu BeposTHOCTH B JTeK-
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cukorpaduUecKoM I0psIKe U BBeaeM BeKTopbl p;(j), i = 0, j =0, 1,2, srux
BEPOSITHOCTE]].

Teopema 2. Bexmopv cmayuonapuor eepoammuocmet p;(j), ¢ =
0,7 = 0,1,2, supastcaromes wepe3 8eKMOpPvL CMALUOHAPHO20 pacnpedene-
HuA 7, 1 > 0, eaooicennoti yenu Mapxosa &, n > 1, caedyrougum obpazom:

Po(0) = —AmeQ(A @ Do) 7,
={mo Z (A® Do) ' DiH1p)Q2® / ST SON @ Pk, ) dt)set

i—l o9

+Zm QY +(1-p Q2®Z/ eSTNSON @ Pk, t)dt) Q] },
00

pi(2) Zm Q2®/ STV Pli—1—1,t)dt],
2de Qp = feAt ® P(k,t)(1 — B(t))dt, k >0

5. XapaKTepUCTUKH IIPOU3BOIUTEIbHOCTA CACTEMBI
Beenem obosnauennsi p; = p;(0) + p;(1) + pi(2),i > 0, P(z) =
1SS} .
S pizt, |zl < 1. Ilpusenem bopmysbl jjisi HEKOTOPBIX XapAKTEPUCTUK
i=0

cucrembl. CpejHee 4uciao 3anpocoB Ha nepsoit cranuuu L = P’(1)e.
Cpennee amcno 3anpocos Ha BTopoit crammmu Lo = P(1)(Ix ® ey )Rie,
rne Ry = diag {rIyminirny, ¥ = 0, N+ R}. Cpennee 4mciio 3aHATHIX
mpubopoB Ha, BTOPOil cTauiun Ny,sy = P(1)(Ix ® ey )Rse, rae Ry =
diag{rIymmnerny, 7 =0,1,...,N,N,..., N}. CpesHee 9uCjIO 3aHATHIX MECT
B KOHeIHOM Oydepe Nyyfrer = P(1)(Ix ® ey )Rse, rae

Rs = diag{Ol_MN+1 ,IMN,QIMN, o ,RIMN}.
-M

BeposiTHOCTH TOTO, 9TO MPOW3BOBLHBIN 3aMpoc OyJdeT TMOTepsiH WM Bbi-
30BeT OJIOKMPOBKY mpubopa mocsie o0CayKHBaHMs HA TEPBOH CTaHIuu

Pioss = ( )QZe Pojock = (1 - p)H(l)QQe BepOﬂTHOCTH
(server) o
Piae, Pseme7 Pk TOTO, UTO MpUOOP TEPBOIT CTAHIINN CBODOIEH, 3aHAT

o0CyKWBAHUEM UJIU 3a0JIOKUPOBAH
A = oN—1 (server)
Pige = )\WOQ(_DO) e, Pierve = Abla Pblock =1— Pate — Pserve-
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6. 3akJjrouyeHue

B mammoit paboTe mcciie10BaHa, TAHIEMHAS CHCTEMA MACCOBOTO OOCITY XK1~
Baunst BMAP/G/1 — ¢/PH/N/R. B orsmuue oT HpeablIymux paboT mo
HCCJIEIOBAHMIO TAKOTO POJA CUCTEM, MBI IPEIIOIAraeM, ITO PACIPEIeTeHNe
BpeMeHun O6C.Hy)KI/IBaHI/IH Ha BTOpOfI CTaHIIUU HE ABJIAE€TCA 3KCIIOHEHIINAJIb-
ubiM. OHO BpeMsi PACIIPEJIETIEHO 10 JOBOJBHO 00meMy (ha3oBOMY 3aKOHY.
[Tporecc byHKIMOHNPOBAHNUS CHCTEMBI OMUCAH B TEPMUHAX MHOTOMEPHOM
nerm Mapkosa. [losrydensr ycioBue ee 3pTOANIHOCTH, CTBIIMOHAPHOE Pac-
opeaeIeHue COCTOSTHUM CHCTEMBI B MOMEHTHI OKOHYIAHUSI OGCJIy}KI/IBa,HI/IH Ha
MIepBOM CTAHIUN W B MPOMU3BOJBHBIE MOMEHTHI Bpemenu. IlomydeHube pac-
IpesiesIeHns UCIOb30BAHBI IIPHU BBIBOAE (DOPMYJT /T PAIA XapaKTEPUCTUK
TPOU3BOAUTEIILHOCTU CUCTEMBEI. PeByJIbTaTBI NCCJIeTJOBAHUA MOTYT 6])ITI) nuc-
TTOJIB30BAHbI IJId MAaTEMaTUYIECKOrO MOJACJIUPOBAHUA TEJIEKOMMYHUKAIIUOH-
HBIX ceTell u uX GpparMeHToB.
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OIITUMUN3AIINA CICTEMBI AJAIITIBHOI'O
YIIPABJIEHNA KOH®JINMKTHBIMU ITOTOKAMN
KOKCA-JIBIOVICA

E. B. Kynpsisiies, M. A. ®enorkun

Hayuonasrvnuii uccaedosamenvcruii Huorcezopodekuti 2ocydapemeertbii
ynusepcumem um. H. U. Jlobauesckozo, 2. Huscnuii Hoszopod, Poccus

B pabote ommcana cucreMa MaCcCOBOTO OOC/IYyKUBAHUS HEOPIMHAD-
HBIX TIyaCCOHOBCKUX TOTOKOB C IOMOIIHI0 KUOEPHETUIECKOTO II0I-
xoma Jlamymoa—fl6monckoro. Momesbio Takoil CHCTEMBI SABJISIET-
cg MHOTOMEpHas 1enb MapkoBa. AHaIUTUYECKue CBOACTBA JAHHOM
MapKOBCKOW TIenu OBLIN W3Y9€HbI B IPEIBIIYIINX Pab0TaX aBTOPOB.
B s7oit pabore ObLi1a HOCTPOEHA MMUATAIIMOHHASA MOJIEJIb CACTEMBI.
VccnenoBan mepexoaHbIi MPOIECC W TIPEJTOKEH AJTOPUTM TTOUCKA,
MOMEHTa, OKOHYAHUs TEePEXOTHOTO mportecca. C moMOnbio 9ncC/IeH-
HO onruMu3anuy ObLIM HAMIEHbl KBA3UOITUMAJIbHBIE [TAPAMETPI
CHUCTEMBI TI0 YCJIOBUIO MUHMMYMa CPEIHEr0 BPEMEHU OKUIAHUS 00-
CJIy )KUBAHUSI.

KiroueBbie cioBa: Kongauxmuse nomoku, kubepHemuueckasn
CUCTNEMA, UMUMAYUUOHHOE MOJCAUPOBAHUE, KEAZUONMUMAALHYLE
napaMempoL.

BBemenue

JlamHas paboTa CBsS3aHA C BaXKHOM TPOOIEMOil CO3MaHMS AJITOPUTMOB
B MHTEJUIEKTYAJIbHBIX TPAHCIOPTHBIX CUCTEMAX, KOTOPBIE YIPABISIOT KOH-
dbamkrabiMu norokamu [1] Ha nepecedeHusix MarucTpasieil B KpynHbiX 1o-
pomax. Ilpemaraercs: aganTUBHBIN aJITOPUTM YIIPABJIEHUST TAKOTO POIA O~
TOKaMH. AJICOPUTM YIPABJIEHUS YIUTHLIBAET HE TOJLKO JJIMHBI OYepejieit,
HO U OYePeIHOCTH MoCTyIieHus: TpeboBanuit B cucremy. IlocTpoena u uzy-
YeHA MATEMATHUYeCKas MOJEJb TAKOW CUCTEMbl yIPABIEHWUs] TOTOKAME W3
HEOTHOPOIHBIX TPeOOBAHMIA.

B kauecTBe BXOZHBIX TOTOKOB PACCMOTPEHBI [IBA HE3ABUCHUMBIX KOH-
(GIMKTHBIX HEOPAWHAPHBIX MyacCOHOBCKuX moToka 11 u Ils. Ilpum ty > 0,
t>0uj=1,2 nonydena BeposTHOCTs P;(t, k) mocTyminenus k rpeGoBanmit
3a MPOMEKYTOK BPeMeHH [to, to + t) mo moroky II; cienyrormero Buma

[k/2] k—n
ot n (Ajtp;)
Pi(t,k) =e "> af w(k—am T (1)

n=0
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[k/2] min{k—2n,n} k—2n—m k—n—m—I1
Ajtp;) Chi
—>\jt n m l ( J ] m—+l—1
+e ;::OO‘J m§::1 B ; %(n—m)!m!(k—2n—m—l)!’

e o, B, Vi, Aj up; = (L+ aj + a;B8;/(1 — 7))~ — napamerpsi pac-
npenenenusi. CBOJCTBA TAKWX TIOTOKOB C HEOJHODOIHBIMU TPEOOBAHMSAMU
U3ydeHbl B [2]. AIeKBATHOCTH TIPE/ICTABJIEHNS PEATHHBIX MMOTOKOB C ITOMO-
b0 pacnpe/enenus Buaa (1) mokasana Ha nmpumepax tabsmi u3 [3].

1. Maremarundyeckas MoJeJIb yl'IpaBJIS[IOIJ_[eﬁ cCucTremMbl

st MOCTPOEHNST ¥ ONMUCAHUS MATEMATHIECKON MOJEIU TUCKPETHON Cu-
CTeMbl AJANTUBHOIO YIpaBJIEHUS KOH(MIMKTHBIMU MOTOKAMH M ODCIIYyZKu-
BAHUST HEOIHOPOIHBIX TPEOOBAHUI MCIOIH3YeTCsS KNOEPHETHIECKUI TIOIXOT,
JlanyHroBa-I6moHckoro [4]. TIpuMeHeHne TAHHOTO TIOAXOA K U3YIaeMOii CH-
cTeMe ImMOApOOHO OmMUCAHO B [1].

CorsacHo KHOEPHETHYECKOMY MOAXOAY OyldeM paccMaTpuBaTh CHCTEMY
B CilydaifiHble JIUCKPETHBIE MOMEHTbI BPEMEHW T; WJIH HA MPOMEXKYTKAX
[7i, Tit1) mpu @ = 0,1,... 3nech BesMIMHA T) — HAYAIBHBIA MOMEHT BPEME-
HU, & T;, ¢ > 0 — MOMEHTBI CMEHBI COCTOSTHIIT 0OC/Ty KUBAOIIEr0 YCTPOICTBA.
Iycts yo = (0,0), y1 = (1,0), y2 = (0,1) u X — nenouncieHnas oIHOMED-
Hasl HEOTPUIATEThHAS perierTka. Terneps onpenenum CaeayoInye ciydaiinbe
semmaunbt 1 ementsr: 1) T; € T = {TMW TR T®} — cocrosuue 06-
CJLyZKUBAIOLIErO yCTPOHCTBA Ha HPOMEXKYTKE [T;, Tit1); 2) 1j,; € X — 4HCIO0
3aBOK MOTOKa II;, MOCTYIMMBIAX B CHCTEMY 3a TIPOMEXKYTOK [Tj, Tit1), U
= (M,i,M2,4); 3) N} — CIyIalHBIA BeKTOp, IPHHAMAIONIHI 3HAUEHIE Yo,
€C/IM B CUCTEMY HA i-OM TaKTe [T;,T;11) HE MOCTYIWJIO HU OJHOW 3asiBKH,
U 3HaYEHUE Y, €CIN HA §-OM TaKTe IepPBOil IPHIIA 3asABKa (MM 3asBKH)
noroka II;; 4) s, € X — uncio 3agBok noroka II;, KOTOpble HAXOAATCS
B CHCTEME B MOMEHT T;, W 3 = (31,,2;); 5) & — MaKCUMAaJILHO BO3-
MOZKHOe 9MCIIO 3a4BOK 1moToKa II;, KoTophle crncremMa MOXKeT OOCTYKUTh Ha
unrepsade [7;, Ti41), 1 & = (§1,5,82,5)-

Oupenesium Tenepb NOCJAEN0BATENBHOCTL {754 > 0} MOMEHTOB CMeHbI
cocrostamit obctykuBatoiero ycrpoiicrBa. C 3TOW IEIbI0 TPHUBEJIEM CO-
JIEPKATEJbHBIA CMBICJ KAXKJIOI0 cocTosHus u3 MHOxkecTBa 1. CocrosiHue
I'(37=2) cooTBeTCTBYET MEPBOMY ITAIY MEPHOIA OOCIYKUBAHMS TTOTOKA, I1;.
JmuTeIbHOCTD OOC/IY>KUBAHUS ONHOI 3asiBKM, TIOCTYIUBIIEN U3 HAKOIUTE-

JIs1, pABHA OCTOAHHOI BETHYUHE HJ_11 TmurensrocTs npebbsanus B ['(3772)

pasna T3;_o. Cocrosue T'(3~1) coorercrayer Bropomy ramy mepuoa 06-

ciykuBanug n0Toka I1;. JIaurenpHocTh 00CIyKUBAHUSA OGHOI 3a8BKH PaB-
—1 1

HA BEIMYUHE fi;5 < fi . JTTEIbHOCTh NPEOLIBAHUA B 9TOM COCTOSHUH

ABJIACTCA CJIyYailHOI BEJIMYUHON, IPUHUMAIOLICH 3HAYEHUA U3 MHOXKECTBA
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{kT3;_1;k = 1,n;}, tae n; — MakcumasbHOe 4uci0 npoanenuii u T g
— JUIMTEJIBbHOCTD OJHOrO npoienus. IIpomenue upoucxour B 2 ciaydaax:
1) aymea odepeny mo MOTOKY II; He MeHbINe 3aJaHHOTO IEJIOYHCIEHHOTO
mapaMmerpa K; > 0, 2) Ha mpeAbLIyIIeM STale MPOAJeHnl IOCTYIWIN Tpe-
GoBamHms1, KOTOpbIe HeoOxXomuMo 0bcayxuTh. Cocrosame I'(37) coorBercryer
PeKIMy TepeHaNAIKN J1d ToToKa I1;, Bo BpeMsa KOTOPOro BO3MOXKHO TOJb-
KO 1oobcyzkuBanne Tpebosannit notoka II;. JInurenprocts npeObiBanns B
3TOM cocrognuu pasna 13;. CocToanme I'(6+7) coormercTBYeT MEpBOMY TAITY
nmeprona o0CIyKUBaHNA MoToKa 1, B ciiydae, Kora BO3MOXKEH MTHOBEH-
eIl mepexoz B cocrosane 137 JTnnrensrocts npebbsamns B I'(07) gp-
Jigerca caydaitnoil Benmaunoit. MakcunManbHoe BpeMs NpeObIBAaHUS B 3TOM
COCTOAHUH PaBHO 13;_o. B mamHOM cocTOAHUE O4epespb IO 0OCTyKHBAEMO-
MY MOTOKY ITyCTa, ¥ OOCIIY>KUBAIOIIEE YCTPONCTBO CIIEIUT 38, 0UE€PETHOCTHIO
mpuxosa 3asBoK. Ecin 3a Bpemsa T3;_o nepsoil npuiria 3asska noroka Il;,
10 wepes T3;_ o OT MOMEHTA T; MPOU3OIIET mepexon B cocTosuue I'(3I~1).
Ecau neppoit npuriia 3agBKa APYTroro mOTOKa, TO MPOU30HIeT MIHOBEHHDIH
nepexos, B cocrosaue 1'37) | 11, Hakore, eciim 3a 9T0 BpeMsi He MOCTYIIHT HA
O/IHO¥1 3agBKH 110 00OMM IIOTOKAM, TO ODCJIy?KMBAIOIIEE yCTPOUCTBO TAKIKe
TMEPEKTIOYUTCA B COCTOSTHUE B I'39) | TIocTostHEBIE BEIMUHHBI T, k = 1,6,
11e/1eCO00PA3HO BHIOPATH B CJIEAYIONIEM BUIE

T3j_o = M;ll + lSj720j,U/jilla T3;1 = l3j719j/~Lj7,217 T3; = ZSjGjN;%a (2)

rae lzj—2 € X, l3j_1, l3; € {1,2,...} u saBagiorca mapamerpaMmu. Bennanna
0 < 0; <1 obosHaTaeT J9aCTh OOCTYKMBAHUA, KOTOPYIO HEOOXOAUMO MPOHi-
TN TPeOOBAHUIO, YTOOBI MOXKHO OBLITIO HAYATh OOCTYKUBATDH CJIETYOIIYTO 3a-
aBKy. B ciyuae 0; < 1 01HOBPEMEHHO MOXKET OOCIIy?KUBATLCH HECKOJIbKO
rpebosanmnii. CooTHommenne (2) 03HAYAET, YTO U3MEHEHHE COCTOSTHNST 00CITy-
JKHBAIOIIETO YCTPONCTBA MPOUCXOIUT B MOMEHT OKOHYAHUS OOCITyKMBAHWS
omHOM u3 3asgBoK. [TomydaeM, 9TO0 MAKCHMAIBHO BO3MOXKHOE YUCJIO OOCITY-
JKeHHBIX TpeboBaHmit paBHO 1 4 [3;_o I71A COCTOAHUA '3-2) | pasuo klsj_1
it cocrostaust G331 paBHO mesoil gactu 1/6; nus cocrosHU G,
KwubepHernuecknii moaxo mMo3Bossier moiayunth [1] caemyronme byHkno-
HaJIbHBIE DEKYPPEHTHBIE TI0 § COOTHOIIEHS

Dipr = u(ly, 56,m;) =
F(3j_2)a {[Fl = F(3s)] & [(%j,i > 0) 4 (%s,i > Ks) N (77; = yj)]}\/
V{[T; =T &5, = 01& [, < K&} =y},
= rGi-n, {Fi — p(3j72)} V. {[pz — F(6+j)] &[nh = yﬂ} ,
INCOR {1“1. — 1“(31’71)} Vi {[Fz — p(6+j)] &[nt # yj}} ,
L@+, [0 =T69] &ls,; = 01&[50,,: < Ki]&[n) = yol;

3)



200 E. B. Kyapsisyes, M. A. @egotkuH

Hji+1 = Uj (F17 iy Niy E’L) =
IIlaX{O7 %j,i —+ nj,i — éj,i}a eCcJIin FZ S F\{F(B), F(G)}, (4)
Nji + max{O, Hji— iji}v ecm I'; € {I‘(?’)’ I‘(G)};

3/1€Ch U j1aJiee B pabore j, s = 1,2, j # s. Ucnonb3ys coornomenue (1), agan-
TUBHBII AJTOPUTM CMEHBI COCTOSHUI OOCTYKUBAOIIET0 YCTPOMRCTBA MOXKHO
orobpasuTh B Buje rpada, KoTopblil npegcrasien uwa puc. 1. 3amerum, 410

DI DD
D) e
COTD D

Puc. 1. I'pad cmens cocrosnmii 06CIy,KUBAONEr0 yCTPONCTBA

COCTOsTHUE OOCIIYKUBAOIIETNO YCTPOHCTBA Ha CJEAYIONIEM ITare 3aBUCHT OT
COCTOSTHMST HA MPEBILYINEM IIare, JJIHH odepe/ieil i O9epeHOCTH IPUXO/IA
3a74BOK.

Coornomtenns (1) u (4) HO3BOIAIOT PACCMOTPETH U U3YIUTh IIPEJEIbHbIE
cBoiictBa BekTOpHOH nocaenosarensroctn { (T, 7);i = 0,1,...}, xoTopas
SIBJISIETCST BEPOSITHOCTHOW MOJIEITHI0 PACCMATPUBAEMOI CHCTEMBI aIATHBHO-
O yIpaBJeHust KOHMINKTHBIME OTOKAMHU W O0CIIY )KUBAHUS HEOTTHOPOTHBIX
TpeboBammii [1].

2. YucaenHoe HCcJIeJOoBaHue CUCTeMbI

K coxasenunio, aHaIuTHIECKN HE YIAETCS HANTHA TAKWME BarKHbIE XapakK-
TEPUCTHUKH, KAK CPejHee BPeMs OKUIAHUs OOCIIYKUBAHUS [TPOU3BOJIHLHOIO
TpeOOBaHUs U CPEJHUE JIJIMHBL OY€PEIEil 110 IIOTOKAM.

J171s1 pernenust mOCTaBIEHHBIX BOITPOCOB PEAIN30BAHA HUMUATAIMOHHAS MO-
JIeJTb CHCTEMBI 3JalITHBHOIO yIIPABJIEHNS KOH(MIUKTHBIMHA TOTOKAMHU HEO/I-
HOPOJHBIX TPeOOBAHWIA B BHIE MPOTPAMMBI, HANMCAHHON Ha s3biKe C++.
Kaxnas peanuzanust GyHKIIMOHUPOBAHUS CHCTEMBI 33a€TCsI C MOMOIIBIO
CJEAYIONINX BXOTHBIX JAHHBIX: 1) mapaMeTpoB «j, B4, Vj, Aj BXOZHBIX IIO-
TokoB; 2) mapamerpoB 11, Ts, ..., T, pj1, ij,2, 05, Kj, n; cucremsr; 3) Ha-
JAJIbHBIX 3HAYEHWIT F(T), 21, To caydaitHbIx ajiemenTos I'g, 51 o, 20 .

C moMOIIbI0 MMUTAIIMOHHOTO MOIETNPOBAHNS MOXKHO TIOCTPOUTD MOJIENTHh
6oJiee TPUOIMKEHHYIO K PEATbHOM CHCTeMe, TAK KaK MOXKHO HAOIIOIATD 34
mporteccamu OOCTyKUBaHUs B KaXK/blit MOMeHT Bpemenu. O6o3HadnM depe3
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W’?U) BpeMs OXKHIAHAA OOCIyKHBAHHUA 3agBKH ¢ HOMepoM [ = 1, 2, ... mo-
' =0 _ 157 .0

toka I1;. Bemmawna ; (n) = = > ;_, 77 (l) onpeznenser BrGopoTHOe cpeiee

BpEMsI OXKUJIAHUsT OOCIYKUBAHUS B CUCTEME MEPBLIX 1 TPEOOBAHUIN MOTOKA,

I1;. Omenky ¥* cpeHero BpeMeHH OKHIAHNAA 00CIyKIBAHUSA MTPOU3BOIBHO-

ro TpeboBaHUA OyIeM BBITUCIITH O (POPMYIIE CPETHErO B3BEIIIEHHOTO

_ A M9 + Ao Mo
MM+ XMy

—%*

rne M; = (14 205 + ;8;(2/(1 — ) + 1/(1 — v;)?))p; — cpexmee amcmo
TpeboBaHmMit B Tpymne moToka 11;. Beibopodnble cpenpme BpeMeHa OXKHIIA-
HUs 00C/IyKUBaHUSA OyIeM BBIYUC/IATH [JIs CUCTEMbBI, B KOTOPOH JOCTUTHYT
cTanuoHapHbIi pexxum. MoMeHT OKOHYaHUS TTIePEeXOIHOrO MPOIECCa Opee-
JISETCS ¢ HOMOIIBIO AJITOPUTMA, OIUCAHHOIO B [3].

[MpuBegem mpumep MOMCKA KBA3UOMTUMAJIHHBIX 3HAYEHUN MApaMeTpOB
pY CJIEAYIOIMEM HAYAILHOM HADOPE BXOAHBIX mapameTpoB: ay = 0.8, 1 =
= 07, Y1 = 0.5, )\1 = 06, Qo = 06, ﬁQ = 0.5, Yo = 0.2, )\2 = 03, T1 = 1,
T, =21T3=11T,=1,1T5=3,T6 = 1, p11 = 0.5, p21 = 1, g1 2 = 0.3,
H22 = 06, 91 = ]., 02 = 05, Kl = 10, K2 = 10, ny = 10, Ng = 10 m
' =170 2, =0, 25 = 0 418 HAYATLHOIO COCTOSHHUS CHCTEMBL B cuity
dusnIecKuX OrpaHUYEHUHT /1151 ONTUMU3AINN JOCTYITHBI TOJBKO CJIEIY OIIIe
mapamerpst 1o, T5, ny, no, K1, Ko. OnruMusanus mpoOM3BOIUTCS TOITAITHO
no napaMm napamerpos (1o, T5), (n1,mn2) u (K, K3) myrem COKpalieHHOro
nepebopa. Mcrmonb3ys aaropuTM COKPAIEHHOro mepedbopa, ObLIN MOy 9eHbI
KBasuoLTUMasbHble napamerpst 15 =5, 17 =1, n] =3, n5 = 10, Kf =1
u K3 = 4, KOTOPBIM COOTBETCTBYIOT OlleHKHU 7; = 2.47241, 75 = 5.13818,
F* = 3.17367 cpeaHux BpeMeH OXKUIaHUsS OOCTyKUBAHWS.

B tabs. 1 npuBemeHa 9acTh IaroB ajrOpuTMa, ONTHMI3AINH.

Tabmuma 1
TTouck KBa3MONTUMAJILHBIX TTAPAMETPOB CUCTEMbBI yIIPABJICHUS
Ty | T5 | n1 | ne | K1 | Ko 1 5 7
2 3 10 10 10 10 | 7.91365 | 12.9163 | 9.22965
9 6 10 10 10 10 | 5.10318 | 11.3382 | 6.74334

5 1 3 10 1 4 | 247241 | 5.13818 | 3.17367
) 1 3 10 1 8 | 2.48873 | 5.21597 | 3.20615
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3akJroueHne

B pa60Te TpUuBEIECHbI PE3YJIbTATHI aHAJUTUICCKOTO W YUCJIIEHHOTO WC-
CJIeJTOBaHUST CUCTEMBI ympaBjeHust moTtokamm Kokca-JIbionca w3 HeomHO-
pomubIx Tpeboanmit. Maremarmdeckast MOZETb MOCTPOEHA C HCIOIH30Ba-
HHEeM KHOEPHETHYIEeCKOTO IOAXO0a W AallllapaTa TEOPHH MAaCCOBOTO OOCTY-
ZKBAHUAA. LII/ICIIeHHaEI OIITUMHU3aIUA IIPOBOJNUJIACH Ha OCHOBE IIPOI'PAMMHO-
peam30BaHHON UMUTAIITMOHHON MOIENH.
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NCCJIEJJOBAHUNE SABUCMOCTHA
XAPAKTEPUCTUK BbBIXOAAIITETO IIOTOKA

IBYX®A3HOM MOJEJIN OT ITIAPAMETPOB
IIEPBOI ®A3bI

N.JI. Jlanatun, A. A. Bopko:KOKOB

Hayuonaavnolti uccaedo8amenverud
Tomexut 2ocydapemeennutl ynusepcumem, 2. Tomcex, Poccua

B pabore paccmarpuBaercs aByxda3Has CHCTeMa MacCOBOTO 00Cy-
XKuBaHUA C OydepoM KOHEIHOU EMKOCTH Ha TepBOi da3e m wmc-
LUILJIMHON € [OBTOPHBIMU OOpalneHusMu Ha Bropoi ¢dase. ITokaza-
HO, ITO BBIXOZSIINI IOTOK PACCMATPUBAEMOil 1BYX(Pa3HOI CUCTEMBI
[IPY BBITIOJTHEHUN aCUMIITOTUIECKOTO YCIOBUS PACTYIIEN 3aePK KU
Ha opbure orHOCHTCA K Knaccy MAP. IIposeaenbl ducieHHbIE 9KC-
[IePUMEHTHI, TOKA3bIBAIOINE 3ABIUCUMOCTb XaPAKTEPUCTHK BBIXOIsI-
Iero MOTOKa OT MapaMeTPOB MePBOil (Ha3bl.

KimroueBsbie cioBa: Teopusa macco6020 06cAyicu6anus, 6br004-
wuli nomox, MAP, cucmemss ¢ NOSMOPHBIMYU 6b3068aMU, KOIPPHU-
YUEHM 6APUAUUY.

BBemenue

B pabore npemaraercs ucciieoBaHne XapaKTEPUCTUK ABYX(Ma3HOM cu-
CTeMBI, TIepBast ¢da3a KOTOPO TIPEJICTaBIsAET cOOOit MOIENh TTI03a cbopa n
00paboTKN TpadpuKa MAKETOB TAHHBIX, a BTOpas ¢a3a — MOIEIb Mepegadn
TaKeTOB JJAHHBIX CO ILJII03a B CPEJE C TPOTOKOJIOM CJIYIAHOIO MHOYKECTBEH-
Horo gocryma. Takas Mouesnb paccMarpuBasiach, B pabore [1], B koropoit
MEeTO/IOM ACUMIITOTUYECKOrO aHaiu3a [2] uccieayercs pacupeeieHue Bepo-
ATHOCTEl Yuciia 3ag4BOK HAa opbure Bropoil dasbl. B pabore [3] aBropamu Gbi-
JIO TIOJIy9YEeHO ACUMIITOTHIECKOE TPUOJINIKEHNE XapaKTEPUCTUIECKON (BHyHK-
[IMY 9UCJIa 3asIBOK, OOCJIYKEHHBIX B TIPE/JIOKEHHONW NBYX(ha3HOM cucTeMme,
[IPU ACUMIITOTHYECKOM YCJIOBUU PACTYIIErO BPEMEHU 3aJIepKKH Ha opOure.
Pesynbrarer paborst [3] ucnosnb3yorcst B Tekyuieil pabore s onpesese-
HUsl KJIACCA BBIXOJLINErO MOTOKA B ACHMITOTAYECKOM YCJIOBHHU PACTYIIErO
BPEMEHU 33JepKKu Ha opbute. Onpeesenne KIacCa BBIXQOISIIETO MOTOKA
TO3BOJISIET WCCJIEIOBATH €r0 XapPAKTEPUCTUKU B 3aBUCUMOCTH OT TapaMeT-
poB camoii cucrembl. VcciemoBanre XapaKTEPUCTUK BBIXOISIIETO MOTOKA
[TO3BOJISIET OIEHUTH, KAK MEHSIOTCS XapaKTEePUCTUKH TpaduKa MOCe mpo-
XOXK/IEHUST y3JIOB CBSI3U OMPEJETIEHHOIO BUIA.
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1. Onucanme cucTeMbl

Ha Bxo mepBoii (hasbl mocTymaer mpoCcTeiimii MOTOK 3asiBOK C MapaMeT-
pom A. Ha iepBoii daze 3asBKu 00CTYKUBAIOTCS B TIOPSIIKE UX TOCTYTIJICHNS
(FIFO). Bpemsi o6ciyKuBatus 3asiBOK PACIIPEIEJIEHO 110 IKCIIOHEHIIUATBLHO-
My 3aKOHY C mapamerpowm . Ha mepsoit dhaze He moxkeT HaxXonuThCsH HosIee
N 3asBOK, BKJIIOYas 3asgBKY Ha oOcaykuBanuu. Ecian Ha mepBoit ¢daze yxe
HaXOIUThCsA [N 3asTBOK, TO BHOBB TIPHUIIIEINAs 3asBKa, Tepsiercs. [locie OKoH-
JaHus OOC/Iy:KHBAHUS HA TEpBOU (ha3e 3asiBKa o0OpaIaercs K npubopy Ha
BTOpOit paze. Eciiu mpubop Ha BTOpOiT (hase mpocTanBaeT B ITOT MOMEHT, TO
ITOCTYTIWBITIAs 3asIBKA 3aHUMAET €ro, riae 0OC/IyKUBAETCA B TEYEHHE IKCIIO-
HEHIIUAJIHHO PACIIPE/IEJIEHHOIO BPEMEHU C IMapaMerpoM fio. Eciu 2xke 3asBKa,
obpammarchk K Tpubopy Ha BTOPOi (aze, 0OHAPYKUBAET TPUOOP 3AHATHIM,
OHA MTHOBEHHO YXOIUT HA OPOUTY, T/I€ OCYIIECTBIISIET CIIyJaiiHyIO 3a/1epiK-
Ky B T€YEHWE HKCIOHEHIINAJHLHO PACIPEIEIEHHOIO BPEMEHU C TapaMeTpPOM
0, TIOCJIe 9ero MOBTOPSIET MONBITKY 3aHATh npudop. Ha Bropoit ¢daze 3ass-
K{ HE TEPSAIOTCA M yXOIAT HA OPOUTY IOCIe KaXK/I0H HEeyJAadHON IONbITKA
zdaxBaTuThb npubop. Ilocae obcnyRuBanus Ha BTopoil pase 3asiBKA MOMAJIET
B BBIXOJAIIUN MOTOK.

Mopensb JaHHOI CHCTEMBI TPEJCTaB/IeHa HA PUCYHKe 1.

i(t)

(0]

ag
a
K(t)

A
O[O [O]  m

L " : ®
N

hd
=
=)

Puc. 1. Mogess aByxdasuoii cucreMbr

D yHKIMOHUPOBAHUE CUCTEMbBI OIUCHIBAETCSA YETHIPEXMEPHBIM MapKoB-
ckuM nporieccoM {k(t),i(t),(t), m(t)}, rae k(t) — gucio 3asiBOK Ha mepBOit
dase, i(t) — uucso 3asgBOK Ha opbuTe B MOMeHT BpeMenu t, [(t) — cocros-
Hue npubopa Ha Bropoil ¢aze B MomeHT Bpemenu ¢, m(t) — 4UCIO 3asBOK
B BBIXOJAIIEM IIOTOKE 34 BpeMms t.
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2. Broixoasgaimmii moTok

B paBore [3] ObL10 MOTYyUEHO aCHMITOTHYECKOE MPUDIINIKEHNE XapaKTe-
puCTHYeCKON (DyHKINHN 9nC/ia COOBITUH, HACTYITUBIITUX B BHIXOISAIIEM TOTOKE
3a HEKOTOpOe BpeMs t, IIPH YCJOBHU PACTYIIeil 3a1ep:KKHI 3as8BOK Ha opouTe:

~ Jum(t)y _
lim Mfe }=H(u,t)e, (1)

Il € — eIMHNIHBIN BeKTOp pa3dmepuoctn 2N + 2, a Bekrtop-crpoka H(u, t)
TOI ¥Ke Pa3MEpPHOCTH YIOBJIETBOPSET MATPUYHOMY muddepennmarbHoMy

YPABHEHUIO:
OH (u, t)

S = H(u.0)I(w), (2)
rie
ACT — A — 51 p1C + 51
J(u) = ’
(u) ST | ACT — A — pol + p1C [2N+2,2N+2] @
A 0 0 0
0 A+ 0 0
A_ = PN e I (4)
0 0 At+pr 0
0 0 0 H11 (N41,N 41
0 0 ... 0 0
1 0 0 0
C = .
0 0 ... 0 0
0 0 10

[N+1,N+1]

» — cpenHee 9uCIIO0 3a8BOK Ha opbure [1], I — exunuynas marpuna.
Ussecrro [4], 4ro ypaBHeHue jyis BEKTOP-CTPOKU, OLPEIeJIoNieil Xa-
PaKTEPUCTUYIECKYIO (PDYHKLIMIO 4uciia 3a4BoK B MAP-oroke umeer Bu;

OH(u,t)
ot
rae Marpuil Q n B onpenensitor MAP-morok [2, 4].
Takum 00pa30M BBIXOIAANIMA NOTOK ABYX(ha3HOH CUCTEMBI B aCHMITO-
THYECKOM YCJIOBUU OOJIBIION 3a1ep:KKU Ha opbuTe MOKHO cuurarh MAP-
HOTOKOM, onpejernseMbiM Marpuamu (6) u (4).

= H(u,1)[Q — (¢* — 1)B] ()
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Q

_ [/\CT — A I
pol

3. HuciaeHHbIE SKCIIEpNMMEHTBI

B:[O

pol

w1 C + I

o)

AcT A,uQIJrulC} ’

(7)

PaccmoTpuM XapaKTepUCTUKN BBIXOASIIETO MOTOKA: Crpr — KOIPDDUIHI-
€HT KOPPEJIIUU IJINH WHTEPBAJIOB MEXAY coObITusaMu, C g, — KOIDDUIm-
€HT Bapualliy JJIMH HHTEPBAJIOB MeXKIy COOBITHAMHI U Ay — CpeJlHee IHCII0
3asgBOK B BBIXOIAIIEM TOTOKE 3a €INHUILYY BpeMeHHu. I[0CKObKY MBI TOKa3a-
JIM, 9YTO HAIL BBIXOAANIUI IIOTOK B aCHMIITOTUKE OTHOCUTCH K Kaaccy MAP,
TO BOCHOML3yeMcs (hopMynamu 1 BEHUCACHUA Crop, Cyar T Ag A1 MAP-
noroka [5]. Tak Kak MbI GyJeM MeHSTh MapaMerpbl mepBoii (a3, BMecTe ¢
BBIXOSIIMM TTOTOKOM PACCMOTPUM M3MEHEHWE XapaKTepUCTHK TepBoil (da-
3p1: Ploss — BeposTHOCTD moTepHu 3asaBKEU HA mepBoii ¢daze u 10 — cpemnee
BpeMsi OXKUJaHUsA B odepenu. Jadukcupyem 3nadenus A = 1, pus = 3. Pe-
3JIbTATHI IIPeCcTaBieHbl B Tabu. 1, 2, 3, 4, 5.

Tabymma 1

Ceor — K03 dULMEHT KOPPENANMH JJIMH UHTEPBAJIOB B BBIXOIMAIIEM TIOTOKE
N 3 5 7 9
M1
2.5 —7-107% [ =1-1073 | —2-107% | —=3-107°
2 —12-10% [ =29-107* | —7-107% | =17-10°°
0.5 —23-103 | =52-107% [ —13-107% | —3-10°1
0.1 —56-10° ] —=6-10% | —6-107% | —6-10"1°

W3 rabui. 1 BuHO, 9T0 3HAYEHUS KOPPEJIAIUY JJINH HHTEPBAJIOB B BBIXO-
JISAIIEM TTOTOKE JIJIT PACCMATPUBAEMON MOIEIN He TTPUHUMAIOT aOCOTIOTHBIX
3Hadennit Goabmre 1073 1/1g pasIHIHLIX 3HAUEHHI IapaMeTpoB CHCTEMEL B
o011IeM Cciryvae KOppeJisiiius He3HAYUTeJbHA.
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Tabyma 2

Cyar — K03QDUIMEHRT Bapuanyy JIMH HHTEPBAJIOB B BBIXOISAIIEM OTOKE

N 3 5 7 9
H1
2.5 0.745 | 0.746 | 0.745 | 0.745
2 0.745 | 0.745 | 0.745 | 0.745
0.5 0.838 | 0.847 | 0.849 | 0.850
0.1 0.967 | 0.967 | 0.967 | 0.967

B Tabn. 2 BuaHO, 4TO 3HAYUEHUS BAPUAINN TPAKTUIECKU HE 3ABUCIT OT
quca MecT B odepenu. Koaddunment Bapuammm BO BCEX CIydasix MPUHSLI
sHadenne MeHbine 1. CTouT oTMEeTHTh 3aBHCUMOCTH KO3hduimenTa Bapu-
anuu 0T K03 uImeHTa 3arpy3ku MmepBoil Ga3bl: MOCTe TOrO KAK HHTEH-
CHUBHOCTb OOCJIy?KUBAaHMSI CTAHOBUTCS OOJIbIIE MHTEHCUBHOCTU BXOSIIETO
MTOTOKA, KOI(PPUINEHT BAPUAIINA HE M3MEHSIETCS.

Ploss — BepoaTHOCTD 1IOTEPHU 3asdBKK Ha 11€pBOii (haze

N 3 5 7 9
H1
2.5 0.039 | 0.006 | 0.001 | 0.001
2 0.067 | 0.016 | 0.004 | 0.001
0.5 0.533 | 0.508 | 0.502 | 0.500
0.1 0.900 | 0.900 | 0.900 | 0.900

Tabyma 3

N3 Tabi. 3 MOXHO cIenarTh BBHIBOJA O TOM, UTO TIpH KoddpuipenTe 3a-
rpy3Ku 1epBoii (a3br Menbine 0.5 1 MUHHUMAJIBLHONW pa3mepHocTH Oydepa
BEPOSTHOCTH MOTEPU 3aABOK CTAHOBUTCS TTPUEMJIEMOIA.
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Tabymma 4
T0 — cpeatee BpeMs OXKHIaHUs Ha [IEPBO (a3e
N 3 5 7 9

M1

2.5 0.462 | 0.615 | 0.655 | 0.664
2 0.571 | 0.839 | 0.945 | 0.982
0.5 1.429 | 3.161 | 5.055 | 7.018
0.1 1.892 | 3.889 | 5.889 | 7.889

N3 1aba. 4 MOXKHO CIeaaTh BBIBOJA, O TOM, YTO BDPEMsi OXKUIAHUS HA
mepBoii daze 3aBuCHAT OT 00OMX HmapamMeTpoB mepBoil ¢da3wr. Ilpu yBenude-
HUU YUCJIa MECT B OYEPe/id, BHOBb MPUIIEIINas 3adBKa OyIeT BBIHYXKIEHA
KIATh, TTOKa OOJIbIIee INUCI0 3asIBOK OOCTYKUTCS MEPE Heil.

Tabyma 5
Ag — CDeJiHee |UnCIIo 3asgBOK B BBIXOMIAIIEM ITIOTOKE

N 3 b) 7 9
M1
2.5 0.961 | 0.994 | 0.999 | 1
2 0.933 | 0.984 | 0.996 | 0.999
0.5 0.467 | 0.492 | 0.498 | 0.5
0.1 0.1 0.1 0.1 0.1

B rabi. 5 BuaHO, 4TO CcpejiHee YucJIo 3aBOK B BBIXOIAIIEM IIOTOKE IIPaK-
THYECKN HE 3aBUCHT OT YUCIA MecT B Oydepe Ha meproii daze. OueBuano,
9TO TIPU yBEJIMYEHNN WHTEHCUBHOCTH OOC/IyKUBAaHUS HA MEePBOii (hase, 60/1b-
1Iee IrCI0 3asIBOK B CpeaHeM OyIeT MOMagaTh B BBIXOIAIINH MOTOK CHCTE-
MBI.

3akJiroueHue

B nmamnoit pabore ObLIN MpPEACTABIEHbI PE3YIbTAThI UCCIETOBAHUS BbI-
XOMSIINEr0 TOTOKA ABYX(A3HONW CHCTEMBI, MOKA3AHO, YTO BBIXOISIINNA MO~
TOK TpPW YCJOBUU OOJIBINON 3a/ep:KKNU HA OpPOUTE OTHOCUTCH K KJIACCY
MAP. IIpoBejieHbl YHCIEHHBIE YKCIEPUMEHTHI, UJLIIOCTPUDYIOIINE 3aBUCH-
MOCTBH XaPaKTEPUCTUK CHCTEMBI W BBIXOSAIIETO TOTOKA OT ITaPaMETPOB Iep-
BOIt (pasbl.
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NCCJIEJJOBAHUNE SABUCMOCTHA

XAPAKTEPUCTUK MAPKOBCKOM MOJIEJIN
Y3JIA IIEPEJAYN JAHHBIX OT ITAPAMETPOB
ITEPEKPBITUA KAHAJIA

M. JI. JTamarun, O. A. Pemeraukon

Hayuonaavnot uccaedosamenverud
Tomexut 20cydapemeennoil ynusepcumem, 2. Tomck, Poccus

B pabore paccmarpuBaercs MOAe b y3Jia CBA3W B BHUIAE CHCTEMbI
MaCCOBOTO OOCJ/Iy:KWBAHWS C TIOBTOPHBIME OOPAIIEHUSIMU U C «ITPO-
ryskamuy mpubopa. «IIporyakmy mpubopa MOIETUPYIOT CHTYAIHIO,
KOIZIa y3€eJI CBA3U [EPUOJIMIECKH IIPEKPalaeT CBOI0 paboTry Ha CJIy-
4Jaiinoe Bpemsi. B xoze paboThl OBLIO TTOKA3aHO, YTO BBIXOISIII 0~
TOK PACCMATPUBAEMOI CUCTEMBI B ACUMIITOTUIECKOM YCJI0BUU 60T
ot 3a7epkKu Ha opbure orHocurcs K Kinaccy MAP. Ucnonb3ys pe-
3yJIbTATHl YUCJIEHHBIX SKCIIEPUMEHTOB, IOKA3aHO BIUSHUE 3SHAYEHUH
apaMeTpoB CUCTEMbI Ha XaPAKTEPUCTUKU BBIXOIANIETO TOTOKA.
KimroueBbie cioBa: Cucmems, ¢ noGMOPHbLMU 6bL306GMU, GHLTO-
dawuti nomox, MAP, kospduyuenm 6apuayu.

Bsemenue

CucremMbl MaCCOBOrO ODC/TYKUBAHUS C MOBTOPHBIMHU BBI30BAMU MOJIEJIV-
pyioT paboTy y3Ja mepesadd JAHHBIX CO CAydallHbIM MHOXKECTBEHHBIM I0-
CTYIIOM K KaHaJy, I'/le BXOMSIIUNA IOTOK SBJISETCH MOIEIbI0 arperupoBaH-
Horo rpadpuKa 0T BCEX I0Jib30Baresieil KaHasia. Mojaeiu ¢ IOBTOPHBIMU Bbl-
30BaMM B PA3JIMYHBIX MOAUMUKAIUSIX JOCTATOYHO MHOTO WUCCJIEIYIOTCS B
TOC/IETHAE JECATUIIETUS, IPUYEM OCHOBHBIM OOBEKTOM WCCJICIOBAHUS SB-
JIAETCs KOJMYECTBO 3asBOK Ha opbute. Tak, manpumep, B pabore [1] Gbuia
paccmorpena MapkoBckas cuCTeMa MacCOBOIO OOCJIY?KUBAHUS C «IIPOrYJI-
KaMu» npubopa, TO €CTb C HEPUOJUIECKUM BbIXOJOM U3 CTPOs 00CJIy2KuU-
BAKOIIEro mpubopa Ha, ciydaiinoe BpemMsi. B pabore [1] ncnonb3yercst meron
ACHMITTOTHYECKOrO aHAIN3A [2] Ui MCCie0OBaHus YHUCIIa 3asIBOK, OYKUIAI0-
[IUX MOBTOPHOIO obpaieHus K npubopy. B padore [3] ana monenn ¢ «mpo-
ryJKaMu» Ipubopa aBTopaMi MoydeHa (popMy/ia BLIYUCICHHS aCUMITOTHU-
JeCKOI XapaKTepuCTUIeCKON (PpyHKIUU YUCIIa 3asBOK B BbIXOJSIIEM IIOTOKE
Ip¥ yCJIOBUU OOJIBITION 3aAePKKHU 3asBOK Ha opouTe. VccienoBanne xapax-
TEPUCTHUK BBIXOISIIErO MOTOKA BCETIA ABJISETCS aKTYAJIbHONU TeMOIT, TaK KaK
TOCJI€ TPOXOXKIEHUS OHOTO y3J1a CBSA3U OOCIIy>KEHHBIE 3aSBKHU MOCTYAIOT
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Ha JPYIO#l, TO eCTb BBIXOJAAIIUI ITIOTOK OJIHOM CUCTEMbI ABJIAETCA BXOIAIIUM
st npyroii. 11 B obiiem cirydae XapakKTePUCTUKHU IOTOKA MOI'YT MEHSTbCH
TOCJIe TIPOXOXKIEHUS CUCTEMBI. B mpecTaB/ieHHOM pab0oTe BHIXOASIINI MO~
TOK CHCTEMbI C HOBTOPHBIME OODAIEHUSIME U «[IPOry/JIKaMu» mpubopa (Ko-
TOPBIE MOXKHO TaK K€ HA3BATh EPEKPLITHEM KAHAJIA CBSA3H) OIUCHLIBAETCI B
repmuHax MAP-110TOKA MpY BBIMOJTHEHUU ACHMITOTHYIECKOTO YCJIOBHUS PAC-
TYILIErO BPEMEHU 33/IEP2KKH 3a4BOK Ha opbure. B xo0/1€ yuciennoro skcepu-
MeHTa OBLJIO TOKA3aHO BJINSHIAE TAPAMETPOB CUCTEMBI HA XaPAKTEPUCTUKN
BBIXO/IAIIETO MTOTOKA.

1. MaremaTnueckKkass MOJI€eJIb

Ha Bxom cucrembl moCTymaeT mpOCTEHIITHiT TOTOK 3asiBOK C MHTEHCUBHO-
cTbio . Ecau mpubop cBoOOIEH, TO TOCTYHAIOIIAA 3asIBKA 3aHUMAET €ro, TIe
00CITyKUBAETCS B TEUYEHHE IKCIIOHEHIIUAIBHO PACIPEICTIEHHOrO BPEMEHU C
mapamerpoMm p. Eciim ke 3asBKa, oOpalasch K IpuOopy, OOHAPYKHUBAET
mpubOp 3aHATHIM, OHA MTHOBEHHO YXOIUT HA OPOUTY, TI€ OCYIIECTBIISIET
CIIyYaiHyIO 33/IEPKKY B Te€UeHWEe IKCIOHEHIINAIHHO PACIPE/IIEHHOrO Bpe-
MEHH ¢ TTAPaMEeTPOM 0, MOCJIE Yero MOBTOPSET MOMBITKY 3aHdaTh npubop. B
CECTeMe 3asBKU HE TEPAIOTCS U YXOAAT Ha OpOUTY TOC/e KaxKIoi Heymad-
HOH MONBITKA 3axBaTuTh mpudop. Tak ke mpubop B cirydaiiHble MOMEHTBI
BPEMEHM MOYKET YXOIUTh HA <IMPOTYJKY», TO €CTh BBIXOIUTH U3 CTPOS, C
WHTEHCUBHOCTHIO (V1.

&

1
1
1
I
[

Puc. 1. Cucrema ¢ IOBTOPHBIMHU OOPAMIEHUSIMA U «ITPOTYIKAMU» MTpUdbOpa

[ ——

Eciv B MoMenT BbIxOZa mpubopa m3 CTPOs 3asBKa ObLIa HA 00CIIYXKU-
BaHWH, TO OHA OTIPABJSIETCS Ha opouTy. JIMTUTEeIbHOCTD «IIPOTYIKH» HMEET
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9KCIOHEHIMAIBHOE PACHPEJEIEHHE C IIapaMeTpoM (ia. Bo Bpemst «mpory.i-
Kd» mpubopa BCe HMOCTYHAOIIME 3a4BKH OTIPABJILIOTCH Ha opbury. O6ciy-
JKEHHBIE 10 KOHIIA 3asBKU (DOPMUPYIOT COOBITUS BBIXOAAIIEro nmotoka. OH
XapaKTEePU3yeTCsl YUCJIOM 3asBOK, OOCIy?KEHHBIX K MOMEHTY BPEMEHH i, T.e.
3a HpoMexxyToK Bpemenu [0, .

Pabora cucremMbl ONUCHIBACTCS PSAIOM MPOIECCOB:

1. k(t) — cocrosinue npubopa B MOMEHT BpemeHu L.

2. i(t) — KOMMYIECTBO 3agBOK HA OPOMTE B MOMEHT BPEMEHH f.

3. m(t) — 4ucyio 06CIyKEHHBIX 3a4BOK 38 BpeMs i.

Jly1s1 oMcaHus MPUBEIEHHON MOIEIN MOKHO MCIIOJIB30BATH TEOPUIO Map-
KOBCKUX IpolieccoB. Paccmarpusaembrii npouecc m(t) cam 1o cebe ne sip-
JISIETCA MAPKOBCKUM, T.K. 3ABUCHT €Il€ W OT COCTOAHUSA NPUOOPA B MOMEHT
BPEMEHH #, a CJIeIOBATEILHO U Tiporecca k(t), KOTOpBIil B CBOIO OUepeh 3a-
BUCHT OT YHUCJIa 3asBOK, HAXOAAIIMUXCA Ha opbute — mporecc i(t). B Takom
cilydae, 3Hasl TEKYIee COCTOSHIE KOMIIOHEHT TpexMepHoro npomnecca {k(t),
m(t), i(t)}, MOXKHO C BEPOSITHOCTHON TOYKHU 3pPEHUs ONPeJeUuTh Oyiyiuee
COCTOsIHUME, 9TO COIJIACYETCsl C ONPEIEIEHNEM MAPKOBCKOIO MPOIECCa.

2. BroIixoagimmii moTok

B pabore [3] 6bL10 1O/1y4€HO ACUMUTOTUYECKOE HPUOIIMKEHUE XAPAKTe-
pUCTHYECKON (DYHKITNHN YnCIIa COOBITUHN, HACTYTUBINTUX B BHIXOIAIIEM TOTOKE
3a HEKOTOPOE BpeMs ¢, TIPY YCJIOBUH PACTYIIEH 3a/1ePKKH 3asBOK Ha opouTe:

lim M{e’"2™ D} = F(uy,t)e, (1)
o—0

r7e e — eIVHWYHbIA BekTop-cronber; padmeproctn 3, F(ug,t) — BexTOp-
CTPOKA PA3MEPHOCTH 3, YIOBIETBOPSAIONIAA MaTpuIHOMY nuddepeHInaib-
HOMY YPaBHCHUIO:

OF (us, t
P20 P, 1M (), @)
rie
(At o1+ ) (x4 A) a
M(uz) = pe’ —(p+a) a1 |,
a9 0 —Q9

» — HOPMHUPOBAHHOE CPeIHee YNCJIO 3asBOK HA OpOuTe.

N3gectHo [4], 9TO ypaBHEHWe Jis BEKTODP-CTPOKH, ONMpPEIEIAIONeil Xa-
pakTepucTuyecKyo (PyHKIMIO 4dnciaa 3agBok B MAP-moroke, mMeer Bup,
cxoxuii ¢ (2):

OF (us, 1)

o = F(ug,t)[Q + (/"2 — 1)B], (3)
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rae marpuupt Q u B onpenensror MAP-norok|[2,4].
[peacrasum marpuiy M(us) B Buse [Q + (e/%2 — 1)B]. Torya marpurpt
Q u B paBubr

A+ ay + x) (s+A) aq

Q= ju —(pta1) o (4)
(65) 0 —Q2
000
B=|u00]. (5)
000

Takum 06pa30M, BBIXOIAIINAN TOTOK CHCTEMBI C IIOBTOPHBIMEH ODparie-
HUSIMH W <«IIPOrYJIKAMU» NpUOOpa B ACHMITOTHYECKOM YCJIOBUU OOJIBIION
3aJIepKKU HA opouTe MOKHO canTtaTh MAP-morokoM, onpesenseMbiM MaT-
puniamu (4) n (5).

3. HuciieHHBbIE IKCIIEpPUMEHTbI

B xo0/1¢ YMCIEHHBIX YKCIEPUMEHTOB IyTEM M3MEHEHUs MapaMeTpoB da-
crorbl (1) u gumrenbHOCTH ((rp) TPOrYIKU NPUOOpPaA IPOBOJUIOCH HABIIO-
JIeHUe U3MEHEHWs HOPMUPOBAHHOIO CPETHErO YHCJIa 3asdBOK HA OpOUTE — ¢,
BeposiTHOCTH IIpocTost npubdbopa Ry, mpu koropom 1pudbop cBoOOIEH 1 rOTOB
O0CIIyKUBATH 3asBKU, KOI(DMUIIMEHTa BAPUAIINY [IJINH UHTEPBAJIOB MEYK Y
HACTYIJIEHUSMU COOBITHN B BBIXOALAIIEM MOTOKE — (e U KO3 durimenta
KOPPEJIAINHT JJINH HHTEPBAJIOB MEXK/ly HACTYTJIEHUSIMU COOBITHI B BBIXOS-
meMm 1oToke — Clo,.

st pacaeroB Chgr 1 Clpy uC0Mb30BaAMMCH POpMyJibl a1 MAP-nioroka,
npusenennsie B [5]. Ilpn mapamerpax A = 1, p = 2:

alphai=0.1
2lpha1=05

alphat-1  kepPa 2

alphat=2

A

alpha2

Puc. 2. II3menenne HOpMUPOBAHHOTO CPEIHETO UHCIA 3asBOK HA OpOUTE 3¢
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) /’
— /
lpha1=0.5
pnat: RO
alphai=1
alpha1=2
0 5

0

alpha2

Puc. 3. lI3amenenne BepoOSTHOCTH TTPOCTOs Tipubopa Ry

alpha1=0.1

alpha1=0.5
Cvar

alpha1=1
alphai=2

I
N

alpha2
Puc. 4. Iamenenune xoddduruenra Bapuanuu qauH nHTEPBAIOB Char

Namenenne ko3 dunmenta koppesiun Ce,, TPUHSIO HYJIEBbIE 3HAYE-
HUsI BO BCEX PACCMOTPEHHBIX CJIydasiX.

3akJiroueHne

B xome mpoaenanmoii paboThl OblTa pacCMOTpEHA MOJEh y3J/1a CBS3U B
BUJE CHCTEMbI MACCOBOIO OOCJIYKWBAHWS C MOBTOPHBIMU OODAIEHUSMU W
C «IpOryJaKamMuy Tpubdopa. BeLIO MOKa3aHO, YTO ACUMITOTHYECKUN BBIXO-
JISAIIHN TIOTOK, TP YCIOBUM OOJBIION 3aepKKU HA OPOUTE, OTHOCUTCS K
ksraccy MAP. Hcnonb3yst pesynbTarsl HPOAEIaHHBIX YUCIEHHBIX SKCIEpU-
MEHTOB, MOXKHO IIPOC/IEUTD BJIMSHUE U3MEHEHUIT IAPAMETPOB [IEPEKPbITUS
KaHAaJIa HA XapPAKTEPUCTUKY BBIXOISIIErO MOTOKA.
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BJIMAHUNE ITAPAMETPOB IIOTOKA
BAPTJIETTA HA IIPOIIECC VIIPABJIEHN A
KOH®JINKTHBIMI ITOTOKAMUI HA
ITEPEKPECTKE

C.A. Jlem6puxkor, E. B. Kysoikuna

Hayuonanvnot uccaedosamenveruti Huorcezopodekuti 2ocydapemeersbiti
ynusepcumem um. H. H. Jlobauesckozo, 2. Huscnuti Hoszopod, Poccus

B pabore paccMOTpeH CHermuaJ/IbHBIN KJIACC AJITOPUTMOB C 00paT-
HOI CBa3bi0. Takme aJroOpuTMbl MPEIHA3HAYEHBI U1 YIIPABICHUS
MOTOKAMM TPAHCIOPTA M TeNrexonoB Ha mepekpéctke. Crernmdnae-
CKOHM OCOOEHHOCTHIO CHCTEMBI YIIPABJIEHUS TOPOKHBIM IBUKEHHEM
ABJIdeTCd U3MEHEHUEe BepOHTHOCTHOﬁ CTPYKTYPBI BXOTHBIX IIOTOKOB
O, BJINSTHUEM CJIyYaiiHbIX (hakToOpoB. Ile/hio JaHHOTO MCCaeaoBa-
HHUA ABJIA€TCA OIITUMU3AIINA pa6OTbI CUCTEMBI [J1d CJIy9ad BXOTHBIX
motokoB Ilyaccona n Baprierra, a TakKe n3ydeHne BIUSHUS apa-
METpPOB TTOTOKa BaaneTTa Ha ONITUMaJIbHBIE TTapaMeTpPhl YIIpaBJie-
HUAd 1 MUHUMAJIbHBbIE CpEIHUE 3aePXKKU ITPOU3BOJIBHOTO Tpe6OBar
HU$ HA EPEKPECTKE.

KuroueBsblie ciioBa: Ynpasaenue 06uniceruem, KoOHPAUKMHLE 1O~
moxu, nomok Bapmaemma, nomox Iyaccona, mparcnopmmsie no-
MOKYU, NEUWETOOHbLE NOMOKU, UHMEHCUBHOCTD BLOJHHLLT NOMOKOS,
CPEOHAA OAUNG TMAYKU, ONMUMGALHBLE NAPAMEMPDL YNPLEAECHUL,
MPAHCTLOPIHAA TLAYKG.

BBemenue

Basauu peryaupoBaHusi TPAHCIOPTHBIX MEPEKPECTKOB ABJISIOTCS AKTY-
QJIBHBIMU KaK C TOYKHU 3peHusi O€30MaCHOCTHU, TAK M C TOYKU 3PEHHS KO-
aorudeckoit curyauuu [1-3]. [Ipu 310M, B Kauecrse y4acTHUKOB JOPOXKHOIO
JBVIKEHWS MOTYT BBICTYIIATh KaK TPAHCIOPTHBIE €IWHUIIHI, TaK W TIele-
xobl. OCOOEHHOCTHIO TPAHCIIOPTHBIX CUCTEM SIBJISETCS U3MEHEHWE BEPOST-
HOCTHOW CTPYKTYPBI BXOJIHBIX ITOTOKOB IO, BIWSHUEM BHEITHUX (haKTOPOB,
KOTOPBIE 3a9aCTYI0 HOCAT Cirydaitabril xapakrep. K takum dpakropam mMoxk-
HO OTHeCTH oroiay. Tak, Ipu XOPOINKX [TOrOAHBIX YCJIOBUSX, [IBUKEHAE Ma-
IIIUH B TTOTOKE MOXKHO CUMTATH HE3aBUCUMBIM. [Ipu IOXUX — BO3MOYKHOCTH
MaHEBPUPOBAHUST OTPAHUYEHBI, YTO MPUBOAUT K O0OPA30BAHUIO TPAHCIOPT-
HBIX TMadeK. 1loTokm mepBoro Tuma SBIAIOTCA MYyaCCOHOBCKUMU, A MOTOKH
HaveK OIUCHIBAIOTCA pacupezesnenuem Baprierra [4]. Tlosromy, npu usyde-
HUY TPAHCIOPTHBIX CUCTEM BasKHO yCTAHOBUTD, C OJIHOM CTOPOHBI, BJIUAHUE
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BEPOSITHOCTHOM CTPYKTYPhI BXOIHBIX [TOTOKOB, a C JAPYrOil — BIUSHUE I1a-
pamerpoB noToka Bapriierra Ha paboTy CHCTEMBIL.

1. ITocranoBKa 3aJga4n

PaccmarpuBaercsi cucrema maccosoro obcmyxkupanus (CMO) ¢ oxn-
mannem. Oma mpeacrasiser coboit «T—obpasubiity mepekpécrok. B cu-
CTEMY MOCTYMAET TPW HE3aBUCHUMBIX KOHMIMKTHBIX mOoTOKa 111, Il m Il3,
rae 11y u Iy saBasrorcs nmorokamm MmaruH, a Il — moTokom merexojos.
JlBu>KeHue MPOUCXO/IUT B MEPECEKAIOIIUXC HAIPABICHUAX, TIOITOMY OIHO-
BPEMEHHOe OOCI/IYKHBAHUE TTOTOKOB HEBO3MOXKHO. TakuM 006pa3oM, MOTOKH
SIBJISIOTCS TTOMAPHO KOHMDIUKTHBIMHA [5].

O6cnyxkuBaromiee ycrpoiicrBo (OY) umeer BOCeMb DEXRUMOB pPabo-
o1 T TR T®. B pexumax 'V u I'G) paspeurén nepeess mamu-
mam notokos 15 u Is coorsercreenno. B T'®) u T'(7) 00CTyKMBAETCSA TIOTOK
nemexosos ITs. Pexcuvpr T3, T T6) 4 T®) coorsercrsyior xéaromy cse-
1y. I'pad cmennr pexxnmon paborsr OV mpeacrasien wa puc. 1. [lepexompr
r® - r@ ré - r@® re - r© re - G @ - E PE) - O
ompeensiorcss onHo3Hadno. 3 pexxkuma I'?) OV nepexmouaercs B pe-
xum ') eciu B Mmoment okonuanus I'?) ma nepexpécrke ckomunocs me 6o-
aee, vem N nemexonos. B nporushom ciyuae, skioudaercs pexxum 1'%,
Awnagiormano, mocye pesknva I | srmowaercs peskum TV | ecan B MomenT
oxorganms 'Y ma mepexpécrke ckommumoch He Gosee, deM Ny MEIeXoIoB.
B mporusroM ciygae, OY mepexoauT B pexum '™ Takum obpasom, me-
mexoaHbiil ToToK I3 saBisgercs nHGOPMATUBHBIM, a YIPABJIAIONIMA aJIro-
PUTM — AJITOPUTMOM € OOPATHO CBA3BIO.

Puc. 1. T'pad cmensr pexkxumos paborsr OY

B kaxom u3 pexumos I'(") OV maxoaures Hexkoropoe GpUKCHPOBAHHOE
spems T r =1, 8. JInnrenannoctu pexnmon wxénroro ceeta Th, Ty, Tg n Ty
BBIOMPAIOTCS W3 YCJIOBUIT OE30MAaCHOCTH JABWXKEHUsS Ha mepekpéctke. [lapa-
MeTpbl 15 u T7 Takxke nojaraiorcs 3aganubivu. nmurensaoctu T u T gB-
JIIOTCS YIIPABJILAONIUMY TapaMeTpamu ajaropurma. B kadecTse onTumasib-
HBIX [1APAMETPOB PACCMATPUBAIOTCI T€, PU KOTOPBHIX JOCTUIAETCH MUHU-
MaJIbHOE 3HAYEHNE CPETHUX 3aePIKEK 7y MTPOU3BOJIHHOIO TPEOOBAHUS HA, TIe-
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pekpécrke. JlaHHAsT XapaKTEPUCTUKA SIBJISETCsl OCHOBHBIM KPUTEPHEM Kade-
crBa PabOThI CUCTEMBI C OXKUJIAHUEM U BBIYUCJISAETCH [0 ceayronieit ¢op-
MyJIe:

y=A1m A+ A2 72 Az y3) /(A + Ao 4 Az), (1)
rge A; — uHTeHCHBHOCTH ll;, a 7; — cpenHme 3aJep:KKU IIPOU3BOJILHON
3asBKH B cucreme 1o noroky I, j = 1,3. BazepKkn npousBoIbHOTO Tpe-
OGOBaHUs CKJIAJIBIBAIOTCS U3 BPEMEHU OXKUJIAHUS HAadasia ODCJIYyKUBAHUS U
BPEMEHU TIepEeCeUeHNs TIEPEKPECTKA U MPEICTABISIOT CO00M BpeMs mpebbl-
BaHus Tpe6GoBanus B cucreme. Cpesane 3a1epKKn 7; o motoky 11,7 =1,3
PaCCYUTHIBAIOTCH KaK CpeaHee apudMeTn9IecKoe 3aepKeK 3asBOK JTaHHOTO
MTOTOKA.

B xkagectBe morokoB II; m Ils paccmarpuBatorca morokm Ilyacco-
na n Baptaerra. [TockonbKy BO3BMOXKHOCTH MaHEBPUPOBAHUS M OOTOHA, Y TIe-
IIIE€X0/TOB 3HAYUTEIHHO BBIIIE, 9€M Y TPAHCIOPTA, UX JABUXKEHUE TOPa3/I0 da-
1e ABJsieTcs He3aBucuMbiM. B ciiencrsue sToro norok I3 B pabore mpemmo-
maraercs myacconoBckuM. IToroku Baprierra onmuchBaoTCs HETOKAIBHO €
HOMOIIIBIO BEKTOPHOIT CJIy4aiiHoii mocie1oBaTeibHocTs { (74, 1M1,4,12,4), 4 = 0}
[4, 6]. B kadecrBe MomenTOB HabmogeHus 7,4 > 0 BBIOUPAIOTCH MOMEH-
THI TOCTYTIJICHNS MEPBLIX TpeboBanuit B madkax. CiyJaitable BeJIMITHE 1) ;
OTMCHIBAIOT JJIMHY {-0if Tadkw moroka Il; m nmeror pacmpenenenne Bapr-
JIeTTA:

Pnji=1)=1-1;
P(nji=k) =r;-(1-g;) 9" %k >2,

rae 7j,g; — HapaMerpnl pacupenenenud, 0 < rj,g; < 1,7 =1,2.

[Tox anuHOM MAYKU MOHUMAETCsI KOJUIECTBO 3a8BOK, TIOCTYMUBIITUX B CH-
cTeMy 3a -bIif TaKT HAOMIOMEeHus [7;, Ti+1),4 > 0. Ilapamerp r; — 310 Bepo-
ATHOCTH TOrO, YTO B CACTEMY IOCTYIIUT Ia4dKa M3 ABYX M 0OJIee 3agBOK II0
noroky II;, 7 = 1,2. [lapamerp g; BAudeT Ha CPEIHION JIIUHY TTAIKN:

My, =1+7;/(1—g;),j=1,2. (3)

Taxnm 06pazoM, TapaMeTpsl 1'j U §; CBA3AHDI CAELYIOMNM COOTHOIEHN-
eM:

(2)

rj:(Mnj,i_l)'(l_gj)7j:172' (4)
Herpyauno Bumers, 9To npu (hpUKCHPOBAHHOM CpeaHe IINHE TAaYKH, C PO-
CTOM TIapameTpa g;, mapaMmeTp r; yourBaer, j = 1,2.

2. YuciaenHbie HccJieJ0BaHNA

YucieHHbIE UCCIEIOBAHUS JAHHON CUCTEMBbI ITPOBEIEHBI C TPUMEHEHUEM
MEeTO/Ia, UMHUTAIIMOHHOTO MOJETHPOBaHUA. PacuéThl moKa3aim, YTO BEPOsIT-
HOCTHas CTPYKTYpPa BXOIHBIX MOTOKOB CYIIECTBEHHO BJIWSET HA MOBEIEHUE
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cucrembl. Ilpu ynpasaenun nmorokamu Ilyaccona n Baprmerta ommHaK0oBOIT
UHTEHCUBHOCTH, BO BTOPOM CJIy4ae HAOJIOAeTCs POCT MUHUMAJIBHBIX CPeJi-
HUX 33JeP’KEK MPOU3BOILHON 3asIBKM HA MEPEKPECTKE. YCTAHOBJIEHO, UTO C
POCTOM TIapaMeTpa ¢; TMPONCXOINT Pe3KOoe yBeJIndeHne CPeIHIX 33epIKeK.
s wanrocTpanyuy JaHHOTO TOJIOXKEHUsT PACCMOTPUM mpumep 1.

ITpuMEP 1. IlycTh ATUTETHLHOCTH PEKUMOB KENTOTO cBeTa Th = Ty =
Ts = Ts = 3 (c), a pexxumoB o0c/yKuBanus nerexonos — T = T7 = 30 (c¢).
Kpurnyeckne 3nadenus 1jsi odepeseil mo moToky mernexoaoB 1ls mpuvem
pasubimu Hyiato: N1 = Ny = 0 (3auBok). Ilycrs unTeHcMBHOCTH 1OTO-
koB I, I u II3 coBmamaor: A\ = Ay = A3 = 0,1 (3asB0K B cexynnuy). Pac-
CMOTPWM JIBa CJIy4das BXOAHBIX MTOTOKOB. Ecnm 114, I1s n [13 — myacconoBckue
TOTOKM, TO MUHUMAJILHOE 3HAYEHNE CPETHIX 33,I€PKEK TPOU3BOJILHON 3as1B-
KU B cucreme cocrasiser 33,72 (c). Jlanuble pe3yabrarTsl IPeJICcTaBIeHbl Ha
puc. 2 B Buze npamoii 1, momedennoit opankesbiM 1[BeToM. Bo BTOpOM ciry-
qae IT; u Iy — noroku Baprierra co cpeaueit jjunoit nauku My, = 2 (3a-
aBOK), j = 1,2. IIpu 3TOM, 3HAYEHUE TTAPAMETPA 95,J = 1,2 m3mensercsa
B mpegenax or 0,1 10 0,99: va naTepBase [0,1;0,9) — c marom 0, 1, a Ha WH-
tepsasie [0,9;0,99) — ¢ marom 0,01. ITapamerp r;,j = 1,2 ompenenser-
ca u3 dopMmynsl (4). YBenuuenue mapamerpa ¢; IPUBOAUT K POCTY MH-
HUMAaJIBHBIX CPEIHHX 3anepzkek ¢ 34,72 (c) mpu g; = 0,1 mo 161,41 (c)
mpu g; = 0,99,5 = 1,2. [Ipuuém, naunnag ¢ yposua g; = 0,8, = 1,2,
HaOJTIIOJAIOTCS CYIIECTBEHHBIE OTINYNs OT CJIydas MyaCCOHOBCKUX BXOTHBIX
nOTOKOB. JlaHHbIe pe3y/IbraThl TaKKe IpecTaBjieHbl Ha puc. 2 (kpusas 11,
[HOMeYeHHAs] CUHUM [[BETOM ).

M,. 1(I)
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Puc. 2. 3aBucuMOoCTh MEUHUMAIBHBIX CPEIHIX 3a€PKeK OT mapamerpa g;,j = 1,2
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ITpruuny Takoro BAMAHNA Tapamerpa ¢;,j = 1,2 Ha paboTy CHCTeMBI
[IPO/IEMOHCTPUPYEM HA npumepe 2.

ITpuMEP 2. 3Baduxcupyem cpepmioo jamuny nauku: M, , = 11 (3a-
fBOK) H PaccMoTpuM IBa Habopa mapamerpos. Ilycrs g; = 0,91. Torna,
cornacuo dopwmyre (4), mapamerp r; = 0,9,7 = 1,2. DTomy cay4aio co-
orBercTByeT KpuBas | Ha puc. 3, mOMedeHHas CHHUM I[BeTOM. Torma Be-
POSITHOCTH TOTO, 9TO B CHCTEMY MOCTYIHUT MMaYKa U3 2 3asBOK, OyJeT pas-
na P(n;; =2) =r;-(1—g;)-(g;)° = 0,081 cornacuo Gpopmyse (2). Ypeananm
3HadeHne napaMerpa g; 10 0,99, rorma r; = 0, 1 cormacuo (4), j = 1,2. Jan-
HBII HAOOP apaMeTpoB COOTBETCTByeT KpuBoil 11, momMedeHHOI OpaHIKeBhIM
nBeroM. B 3TOM ciIydae, BEpOSITHOCTH TOTO, YTO B CHCTEMY MOCTYTIHUT MAYKA
u3 2 3asBOK, Oymer ropa3no Membire: P(n;; = 2) = 0,001. deiicTBuTeabHO,
kpuBas Il m3nagaabHO TeKuT Hmke KpuBoit 1. B mepByo odepens, 310 cBs-
3aHO CO 3HadYeHueM lapaMmerpa 7;,J = 1,2, Tak Kak UMEHHO OH OlpeJeideT
BEPOSTHOCTD TOIO, YTO B CUCTEMY HOCTYIUT [AYKA U3 JIBYX U 00Jiee 3asBOK.
Cornacro (2), BepositHocTs P(n;; = k) mpeacrasiser coboit cTemneHHyo
dbynknmIo mapameTpa g;, ¥ TapaMeTp ¢; TPUHAMAET 3HAYEHNA CTPOrO MEHb-
e equHAUNLL. B ¢Bs3u ¢ 9THM, ¢ yBesnudenueM k, BeposTHOCTE P(1;,; = k)
yOBIBaEeT TOpa3mo ObICTpee s mepBoro Habopa mapaMerpon. Imenno n3-3a
60JIbIIeH BEPOATHOCTH MOCTYIUIEHUS HadeK OOJIbINON JJIMHBI MUHUMAIBLHOE
3HaYEeHNe CPETHNX 3aJepKeK TMPOM3BOIHHON 3asBKYM B CHCTEME YBEJINTHBA-
ercs.

84&
— g;=0,91,7;, =0,9 (I)
e g; = 0,99,7“j = 07 1 (II)
L o6
—
)
Qo
=
=
Q
5 2 N
m
11
| | | | \

10 20 30 40 50 60 70 80 90 100

KonuuecTBo 3asBOK B Ima4dkKe, e

Puc. 3. 3aBuCHMOCTH BEPOSITHOCTY MOCTYIIEHHUST MAYKN OT JJIHHBL K
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3akJroueHne

IIpoBeaénnble McCIeIOBaHNS TTOKA3AJIH, YTO U3MEHEHNE BEPOATHOCTHOMN
CTPYKTYPBI BXOIHBIX TTOTOKOB BJIMSIE€T HA PabOTy CHUCTEMBI — HAMMEHbBITIEE
3HAYEHNE MUHUMAJIBHBIX CPEIHUX 33€PKEK MPOU3BOILHOTO TPebOBAHMS
Ha TMEPEeKPECTKE JTOCTUTAETCS MPH YIPABJIEHUH MYACCOHOBCKUMM BXOIHBI-
My 1OTOKamMu. Takzke y[ajioCh BbISICHUTb, 9YTO COOTHOIIEHHE [1apaMerpOB
moToka Baprierta oka3piBaeT 3HAUNTEIHLHOE BO3/EHCTBIE HA PAbOTy Tepe-
KpécTKa. YCTaHOBJIEHO, YTO IPEUMYIIIeCTBEHHO TapaMeTp g;, j = 1, 2 BaudeT
Ha, BEPOATHOCTH MMOCTYIJICHUSI B CUCTEMY Ta4YeK OOJIBIITON IJINHBI, 8 TOTOMY
C €r0 POCTOM IMPOUCXOTUT Pe3KOe yBeJTmdeHue CPeTHUX 3a/IePKeEK 7.
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TPEMSA TUIIAMI OBPATHOI CBSI3U
METOA0M ACUMIITOTNYECKN
JANOPY3VOHHOI'O AHAJIN3A

A.A. Hazapos, E. A. ITasnosa, A. A. TTasoBa

Hayuonaavnolti uccaedosamenberud
Tomexut 2ocydapemeennut ynusepcumem, 2. Tomex, Poccua

B mammoi1 paboTe mccaeqoBana CHCTEMA MAaCCOBOTO O0C/TY JKUBAHUST C
€IMHCTBEHHBIM 00C/Iy KUBAIOLIMM [IPHOOPOM, a TaKzKe UCTOYHIKOM
MTOBTOPHBIX BBI30BOB - OPOUTOM, MMEIOIIeH HEOr DAHNIEHHOe KOJIYe-
cTBO MecT. Ha BX07| CHCTeMBI IOCTYIIaeT MPOCTEHIINI TOTOK 3asIBOK,
00C/IyKMBaHIe KOTOPBIX OCYIIECTB/ISETCS B COOTBETCTBUU C IKCIIO-
HEHIIMAJIHHBIM 3aKOHOM DacCTpeesieHus. [t TaHHO#H CHCTEMBI Xa-
PAaKTEpHO HAJUIHE TPeX THUIOB 00PaTHO CBaA3M 1t 0OpabaTeiBae-
Mol 3agBKHY. JIjIs HAXOXK IeHUS PACIIPEe/ICHIs BEPOATHOCTEHN YHC/Ia
3as1BOK Ha OpOwTe OB MIPUMEHEH MeTO aCUMITOTHYecKu quddy-
3MOHHOTO AHAJIN3A.

Kuro4geBble cioBa: Cucmema macco8o2o 06CAYHcuUsaHUA ¢ 06pam-
HOU C8A3DI, ACUMNMOMUNECKY OUPHY3UOHHIT GHAAUS.

BBenenune

IIpn nccnenoBanun kiaaccudeckux CMO He yuanThIBaeTCst BO3MOKHOCTH
IoJIy YeHns1 OOPATHOI CBsA3M 3asIBKU, YTO B 3HAYUTEHHON CTEIeHU OTIaJIsl-
€T CHCTeMY OT PeasibHBbIX MPOIECCOB B obsacTu KomMMmyHuKaruu. CucreMbl
MACCOBOTO OOCIIy?KUBaHMs ¢ OOPATHON CBA3bI0 XapPAKTEPU3YIOTCS TEM, U4TO
Ipur NMOJIyHY€HUN TTIEPBUYHOIO O6C.Hy)KI/IBaHI/I5{ 3asdBKa MO2KeT, HE TTOKHU/1adA CU-
CTeMBbI, JIUOO MTHOBEHHO TOJIYYWTh MOBTOPHOE OOCyKHUBaHUE, JTUOO OCy-
IIIECTBUTD 33/IEPKKY B T€UEHHE CIy4YaiiHOro BpEMeHH, & 3aTeM BHOBb COBED-
HIATH MOIBITKY II0JIyYUTh 00C/yKuBatue (OTjioxKeHHas obpaTHast cBa3b) [1].

BonbImoe KomrdaecTBO pabOT MOCBAIIEHO CHCTEMAaM MACCOBOTO OOCTY XKH-
BaHUs TAKOIO TUIA [2-5], 4T0 00YC/I0BIEHO OUTUMU3ALMEN BCEBO3ZMOXKHBIX
rpameil onmchIBaeMoit obsactr. B mamHOil paboTe mpeaaraeTcs pacCMOT-
PeTh MOJENb C TPEeMsl TUMAMU OOPATHON CBSA3U: MTHOBEHHOM, OTJIOXKEHHOM
yepe3 OyHKED U OTJIOKEHHOH depe3 OpOuTy.

1. Onucanune MoOoJdeJIin U IIOCTaHOBKa 3aJlavum

Bynem nccrenosars CMO Buga M|M|1|N —1 (puc. 1) ¢ Tpems Tunamu
0OpaTHOM CBsA3M, HA BXOJ KOTOPOH MOCTYIAET MPOCTEHIINil IOTOK 3asIBOK C
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mapamerpom A. Ilpu ycioBun Hammdausa cBOOOIHOrO MecTa B OyHKepe, HMero-
meM N — 1 MecTo, mocTymnuBInas 3asBKa BCTaeT B odepennb. Eciu cBobomen
mpuOOp, 3asIBKA, OTMPABJISETCS HA HETO W OOC/IY>KHUBAETCS TaM B TEUYEHUE
CJIy4aiiHOTO BPEMEHHU, PACIIPE/IEJIEHHOTO SKCIIOHEHITHAIHHO C IAPAMETPOM L.
Ecnn xe Bce mecta B OyHKepe 3aHSATHI, 3asIBKa YXOIUT HA OPOUTY ¢ HEorpa-
HUYEHHBIM KOJIUYECTBOM MECT ¥ 33/IEPXKHUBAECTCS TaM B T€UYEHHUE CJIyIaifHOro
BPEMEHU, PACIPEETEHHOIO IKCIOHEHIMAIBHO ¢ mapamerpom o. Ilo 3aBep-
MIIEHUN OOC/IY>KUBAHUS 3asiBKYM HA MPUOOPE OHA TOKUIAET CHCTEMY C BEpO-
SITHOCTBIO T(; C BEPOATHOCTHIO 7’| 3asBKA MTHOBEHHO IMOJIyYAET MTOBTOPHOE
00CIyKMBAHME; C BEPOSTHOCTHIO T9 — YXOIUT B OYHKED, a C BEPOSTHOCTHIO
r3 — Ha OpOUTY.

QQ « _ =
NN

o P BN
N-1
T | i
T2

Pucynok 1. Cucrema suna M|M|1|N — 1 ¢ TpeMst Tunamu 06paTHON CBS3U

O6o3nauum n(t) — 4ucsIo 3asBOK HA IPUOOPE U B OYEPE/M B MOMEHT Bpe-
menn t, n(t) =0,1,..., N,i(t) — uncso 3asBok Ha opoure. CrydaiiHbIil ABY-
MEpPHBII MapKOBCKHIl Tporiecc, KOTopbliit 6yiem nccnenosars — {n(t),i(t)}.

Crapurca 3ama9a HAXOXKIEHUS JIBYMEPHOTO PACIPENETIEHNsT BEPOSATHO-
creit P(n,i,t) = P{n(t) =n,i(t) =i} B crammoHapHOM pexKuMe.

2. Cucrema ypasHenuii Kosmmoroposa

Hus pacupenenenus sepogruocreii P(n,i,t) 3anuiiem cucremy audde-
peHIMAIbHBIX ypasHenuii Kosmoroposa

OP(0,4,t)

5 = —P(0,i,t)(ic + A\) + P(1,4,t)puro + P(1,4 — 1,t)urs, n=0;

OP(n,i,t)
ot
+P(n—1,i+1,t)o(i+ 1)+ P(n+ 1,4, t)uro + P(n, i, t)u(r + r2)+
+P(n+1,i—1,t)urs, 0 <n < N;

= —P(n,i,t)(ic + A+ u) + P(n — 1,4, t)\+
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P(N,1
W = —P(N,i,t)(A+ p) + P(N = 1,i,t)A\ + P(N,i — 1,t)A+

+P(N —1,i+ 1,t)o(i + 1)+ P(N,i,t)u(ry +r2), n = N.

Beenem gactudanble xapakrepuctrdeckue OYHKIUH U TEPeifigeM K HUM
o0
H(n,u,t) =Y e""P(n,i.t),
i=0

3u1ech j — MHuMas eaununa (j = /—1).

7{9H(g;u,t) = —\H(0,u,t) Jeri@H(gl,Lu,t) + ropH (1, u,t)+
+r3pue?H(1,u,t), n = 0;
W =—(A+pH(n,u,t) +jaw +AH(n —1,u,t)—
fjae*j“w +puroH(n+ L u,t) + (r1 + ro)uH (n, u, t)+
+rspe’ H(n + 1,u,t), 0 <n < N;
w =—(\+p)H(N,u,t)+
FAH(N — 1,u,t) + N/ H(n,u,t) — jaeij"aH(Na;ul’u’t)—F
+(r1 + ro)uH(N,u,t), n = N. (1)

Hna ynobersa 3amucu nepeiizem B (1) kK Mmarpuunoii hopme, 0603HAINB

H(u,t) = {H(0,u,t)), H(1,u,t),..., H(N,u,t)},

OH(u,t i . 0H(u,t i
PROWD _ w,i)(A +eB) +jo oD 1y ey, (@)
rae A, B, Iy, I; — marpunst pazmeproctan (N 4+ 1) x (N 4+ 1) Buga
- A 0
uro w((rp +re) —1)— X ... 0
A — 0 uro e 0 ’
0 0 A

0 0 coo pw(irr+re)—1) = A
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0 0 0 0 10 0
purs 0 0 0 0 1 0
B= 0 urs 0 0 g = ,
0 0 urs A 0 0 0
o 1 0 ... 0
0O o 1 ... 0
Ii=| ... ... .o L.
o o o0 ... 1
0o o 0 ... 0

JIoMHOXNM ypaBHeHWe B MaTpudHOM Bue (1) Ha eINHWYHBIN BEKTOD-
crosiber] € 1 MOydnM CKaJIsipHOE ypaBHEHHe, IPUHUMast BO BHUMAHNE pa-
BercrBa (A + B)e =0 u (Ip — I )e = 0. Bomumiem nonydeHuyio cucreMmy

8H(’U,7t) _ ju - aH(u’ t) _ —Ju

5 = H(u,t)(A+¢¢“B) + L (Ip — e77"I4),
OH(u,t) . 0H(u,t) i
Te = H(U,t)Be‘i‘]UTe I]_e. (3)

g perienus 3amaquu (2) meromoM acuMnToTudecku quddy3uOHHOrO
aHaIN3a BBEJIEM ACHMIITOTUYIECKOe ycjioBre o — (), onuchIBaoiee OOJIbIITyIo
3a7epKKy 3asBKH Ha OopOuTe.

3. Acumnrorudeckn audgpy3MOHHBIA aHAN3

O6o3Hauum 0 = € U BBeJeM CJeAYIOlIUe 3aMeHbl
u=cw, 7 =te, H(u,t) = F(w,1,¢).

ITepermrem (2) corsiacHO BBEJIEHHBIM 3aMeHAM

oF | OF -
cEWTE) (A vB) 4 j T E) (g seny,
or ow
s%e =F(w,7,¢)Be + jMB*jewhe-
T

Teopema 1. Ilycth wmeercs cucrema MacCOBOTO OOCTYKUBAHUS C
TpeMs THIaMu OOPATHOI CBSA3U, TOTJA B ACUMITOTHIECKOM ycaoBuu o — 0
MIPEETbHYI0 XaPAKTEPUCTUIECKYI0 (DYHKIWIO IIPU YCIOBUU HOPMHUPOBKH
9UCIIa 3a5ABOK HA OpOUTE MOXKHO IIPEICTABUTH B CJIEAYIONIEM BU/IE

o—0

lim M {e-jw"i(t)} = eJwr(n) (4)
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Oyukuuio z(7) B (4) MOXKHO HaliTu U3 pelleHus cJjaenymomiero auddepe-
nuanbHOro ypasuenus &' (7) = a(z), 3mech

a(z) =R(B — z(7)I1)e, (5)

a BEKTOD CTAIMOHAPHOrO PACIPEIEICHNs YUC/Ia 3a4BOK B UCCIIEAYEMOI CH-
creme R = {R(0), R(1),...,R(N)} , KOMIOHEHTBI KOTOPOT'O 9TO BEPOSTHO-
cTu TOro, 4ro B cucreme Haxoxurcd k 3asBok (k = 0,1,...,N), upuuem
BeKTOp R ecThb pemenue cucreMbl

R{(A+B)—z(7)(Io —I1)} =0,

Re=1.

Broinosinsist nenTpupoBanue ciydaiinoro npouecca i(t), MoKHO copmy-
JITPOBATH CJledylolee yTBePK/IeHHeE.

Teopema 2. B paccmarpusaemoit CMO B nmpenenrbaoM ycaosuu o — 0
ACUMITOTHYECKAS XapaKTepucTuIecKas (pyHKIWs MPEICTABAMA B BUJIE
T
lim Mexp {jw\/g(i() - )} = ®(w, 1),
o—0 g
3uech dyuruusa P (w, T) ABJIgETCa pelleHreM CJIeAYIONEero ypaBHeHUs
0 (w,7) _ (jw)? 0% (w, ) ,
w

o7 - 9 b(’l})@(w,’r) + Ta ($),

rae dyukuua b(x) onpeessgercs Kak
b(xz) = a(x) +2g{B — z(7)I1} e + Rxz(7)I e, (6)
3/1€Ch BEKTOP & OIPEIe/IAeTCA €IMHCTBEHHBIM 00pa30M U3 PEIeHUs CHCTEMbI
glA+B —z(7)(Io — I)] = R(z(7)I; — B) + a(2)R,
ge = 0.
MO:KHO TIOKa3aTh, 9TO UMEET MECTO CIEAYIONee yTBep K ICHHE,

Teopema 3. B paccmarpuBaemoit CMO cramumonapHasi mpeaebHast
IIJIOTHOCTB PACIIPE/IEJIeHNsT BEPOSITHOCTEH 4YnCjIa 3asBOK HA OpOWUTe Hmpej-

CTaBUMa B BI/Iﬂe
C 2 (% a(x)
II = — - )
G =5 e“’{o / o(x) dx} !

riae dyuxius a(r) umeer sug (5), a Gynknus b(z) — (4), C - 310 HOpMU-
PYIOIasl KOHCTAHTA.
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3akJroueHne

B nannoit pabore nccieaoBaHa CHCTEMa MACCOBOTO OOC/IY KUBAHUS BHUIA
M|M|1|N — 1 ¢ Tpemsi THHaMH OOPATHOW CBSA3M METOJOM ACHMIITOTHYE-
cku muPY3MOHHOTO aHATN3A B MPEIETHHOM YCIOBHH OOJBINON 3aePKKI
3asBku Ha opbure (0 — 0). B pesysibrare 1osy4eHo acCUMIITOTHYECKOE Pac-
[pejiesieHIe BEPOATHOCTE HOPMUPOBAHHOIO YHCIIA 3a4BOK HA OpOuTe.
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ACUMIITOTUYECKUI AHAJIN3 RQ-CUCTEMBEI
M/M/1/N-1 C OBPATHBIMU CBA35MU

A.A. Hazapos!, C.B. Poxxosa'’?, E. Q. Turapenko!:?
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Tomcexuti 20cydapemeennviti ynusepcumem, 2. Tomex, Poccus
2 Hayuonanrvrod ucciedosamenverud

Tomcxuti noaumeznuveckul ynusepcumem, 2. Tomcxk, Poccus

B pabore acmMOTOTMYECKMM METOAOM wHCCaemoBaHa RQ-cucrema
M/M/1/N-1 ¢ MrHOBEHHO! 1 OTJ/IOXKEHHON 0OpaTHBIMU CBA3AMU. B
CHUCTEeMe WMeeTCsl OJWH OOC/Iy:KMBAOIMMii Tpubop u 6ydep, comep-
Kammit N-1 Mect mis oxxupanusa. Bxomsamas 3asBKa, 3aCTaBIIAS
mpubop 3aHATHIM, & Oydep 3am0THEHHBIM, TTOAIAeT Ha OPOUTY, TIe
OXKMIaeT CJIy9IaifHOe BpeMsl ¥ TOBTOPSIeT TOMBITKY TOMACTh Ha 06-
c/Iy’KvBaHue wianm B odepenb. [locime obciykuBaHust 3asgBKa 0O
MMOKUIAeT CHUCTEMY, OO TIOBTOPHO IIOCTYIAeT Ha OOC/IyKHBAaHUE,
b0 mepexomuT Ha opbuTy. B pabore mokazaHo, UTO aCUMIITOTH-
9eCcKOoe pacIipe/ie/ieHre BepOATHOCTEN 9rcIa 3asgBOK Ha OpOuTe mpu
YCIOBUU PACTYIIEro CPEeIHEero BPEeMeHH OXKUIAHUS Ha opouTe sB-
JIA€TCd rayCCOBCKUM, TIOJIYY€HBI YPABHECHUA IJId HAXOXKICHUA TTapa-
METPOB PACIIPE/IE/ICHNUSI.

KiroueBbie cuoBa: Acumnmomuueckud anaau3, RQ-cucmema,
ouepedv, 00PAMHAA C8A3D.

BBemenue

B Teopun MaccoBOro OOCTYKWBAHUST PACCMATPUBAIOTCSA CUCTEMBI C IO-
Tepeil 3adBOK (C OTKAa3aMU) U CUCTEMbI C OKMIAHUEM, MMEIOIIUE KOHEUHbIi
nmu 6eckoHedHbIH Oydep a1 oxkuaanusa. Bo Bropom ciydae 3asgBKa, IOCTY-
[UBIIAs B CUCTEMY W 3aCTABIIAas MPUOODP 3aHITHIM, CTAHOBUTCS B OY€PE]Ib.
Ocoboe 3HadeHue UMEIOT CUCTEMbIL € LOBTOPHbIMU BbizoBamu (RQ-cucrembr),
B KOTOPBIX 3a8BKA, 3aCTABINAast TPUOOP 3aHATHIM, OKUIAET HA OpOUTE CIIy-
JaifHOe BpeMs M TOBTOPSET MOMBITKY MOMACTh HA 00cTykuBanue. [Tockomn-
Ky 3(@EKT TOBTOPHBIX MOMBITOK TUIHYEH I MHOMUX TEJIEKOMMYHUKAIIH-
OHHBIX cereil, ucciaenoBannio RQ-cucrem mocBdineHo 60IbInoe KOJTUIECTBO
pabor [1], [2]. Kpome Toro, B peasibHbIX CeTsiX CBA3U IPOUCXOAUT LIOBTOPHAS
mepeata OmmbOYHO MEPeTaHHbIX JAHHBIX. B cHCTeMax MacCOBOTO OOCITY-
JKUBAHUS TaKasli BO3MOYKHOCTH O0OECIIeYNBAETCsT OOpaTHOH CBsA3bI0. Momenn
¢ o6paTHBIME CBSI3sIMH MaJIo m3ydeHbl. B [3] paccmarpuBaercst MOsiesb CH-
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cTeMbl ¢ 6eCKOHEIHBIM OydepoM, MITHOBEHHOH 0OPATHOMH CBA3BI0 MATPUIHO-
rEOMETPUIECKUM METOJIOM.

B manmoit pabore paccMaTpUBaeTCS CUCTEMA C MOBTOPHBIMHU BBI30BAMHU,
“Meroas OauH o0C/IyxKuBaomuit npudop u Oydep, comepxkammmit N — 1
MeCT Jiisi OXKujaHusa. Bxozsgmas 3asBKa, 3acTaBiiasg TpuboOp 3aHITHIM, a
Oyep 3amoHeHHBIM, TONMAAET Ha OPOUTY, TIe OKUIAET CIyIaiiHOe BpeMs
U TIOBTOPSIET MOIBITKY IIONACTb HA OOCIyKUBaHKE WK B 049epeib. B cucreme
YUIUTBIBAETCS BO3MOXKHOCTE MTOBTOPHOTO OOCIYKWBAHWS B BUIE MTHOBEHHOM
¥ OTCPOYEHHOI 00paTHOi cBsa3u. Cucrema MCCIeayeTCss METOIOM aCUMIITO-
THUYECKOTO aHAJIN3a MIPU YCJIOBUU PACTYIIETO CPEIHETO BPEMEHU OXKUIAHWS
3asgBOK Ha opbure.

1. Onucanune MOJdeJIin U IIOCTaHOBKa 3aJlavum

Paccmorpum cucremy maccoBoro obciyxkusanust M /M /1/N-1 ¢ nosrop-
ubimu BbizoBamu (puc. 1). Ha Bxox nocrynaer upocreiiiiuii noTok 3asBoK
C MHTEHCHBHOCTHIO A. Ecm obcaykuBaoruii mpubop cBOOOIEH, TO 3asBKa,
moCTynaeT Ha o0ciayKuBaHue. Eciau mpubop 3aHT, TO MPU HAJUYUUA MECT
B Oydepe 715 OKuUTaHNUS 3a9BKA CTAHOBUTCS B OY€PE/ib, & TIPU OTCYTCTBUN
MECT TOmagaerT Ha opouTy. Bpemsi oOCTyKuBaHHs 3asBKU PACIPEIETIEHO
[0 9KCHOHEHIMATHHOMY 3aKOHY € [IaPAMETPOM L. 3asiBKa, 0OCJIy>KUBAHUE
KOTOPO#1 3aBEPITIEHO, MOKUIAET CUCTEMY C BEPOSTHOCTBIO 7', MTHOBEHHO MO~
CTYyIAeT HA TOBTOPHOE OOCTYKWBAHWE C BEPOSITHOCTHIO 7| WMJIA TEPEXOIUT
Ha OpOUTY C BEPOATHOCTBIO T9, TAKUM 00pa3om rg + r; +ro = 1. Ha opbure
3asBKU OXKW/IAIOT MOBTOPHOTO OOC/TY?KUBAHUS B TEY€HUE BPEMEHU, PACIPe-
JIEJIEHHOIO TI0 SKCIIOHEHIIUAIBHOMY 3aKOHY C IapaMeTpPOM o, MOCJIE Yero
JIeJTalOT MOTBITKY BCTATh B ouepensb. B ciaydae orcyrcrBusi mect B Oydepe
3asdBKHU OCTAIOTCS HA OpOuTe.

ol -
A, N-1 ‘> ¥
| woo o>

Puc. 1. Cxema cucrembl

O6o3nauum () — 9UCII0 3adBOK HA OPOUTE B MOMEHT BPEMEHU f, IpO-
necc n(t) onpenenser cocrosuue npubopa u Gydepa s OKUTAHUS CIELY-
oM obpaszom: n(t) = 0, ecau npubop csoboneH; n(t) = n, eciau npu-
6op 3amar u B ouepeau n — 1 3agBka, n = 1, N. JIBymepHbIil mporecc
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{i(t),n(t)} aBnsierca nennio Mapkosa ¢ HenpepbiBHBIM BpemeneMm. O6o3Ha-
YMM BEPOATHOCTU YMCJIA 3a:ABOK Ha OpOMTe € yd4eroMm cocrosHus upubopa
P,(i,t) = P{i(t) =14, n(t) =n},n = 0,N; i = 0,00. Tpebyercs HaiiTn
CTAIMOHADHOE PACIPE/IeJIEHNe BEPOSITHOCTE! YnCia 3asiBOK HA OpOuTe.

2. ¥YpaBuenusa Kosmoroposa

g cranuonapHoro pacupejesenus seposataocreit P, (i) = P, (i,t), 3a-
ITUIIIEM CHCTEMY YpPaBHEHU

— (AN +io) Py(i) 4+ proPr(i) + pra Py (i — 1) = 0;

AP,_1(i) 4+ (i 4+ 1)oPp_1(i + 1) — (A + pro + pre +i0) Py (i) + pro Py (i) +
+uraPoi1(i—1)=0, n=1,N —1;

(i+1)oPy_1(i+1) = (A + pro + pra) Pn(i) + APn_1(i) + APn(i — 1) = 0.

BeesieM 9aCTHYHBIE XaPAKTEPUCTAUECKHE (DYHKIUA TUCIIA, 3aABOK HA, OP-
oure H,(u) = 0, €’ P,(i) u npeobpasyem cucreMy K BUIY

OH, »
—AHo(u) + jo aozfu) + (uro + prae’™) Hy(u) = 0; (1)
AH, 1 (u) — joe™ Tj() — (A4 pro + pre) Hy (u) —&-jo%—k
+ (MTO + /’[/r2eju) Hn+1(u) = 0) n= 1) N — 17
. 7juaHN—1(u) ju _
AHyn_1(u) — joe S (A= X" + prg + pre) Hy (u) = 0.

IMonnasi xapakrepucrudeckasi (YHKINS 9YHCIa 3asdBOK Ha opouTe
Hw) =N H C 1
(w) =, _o Hn(u). Cnozkum ypasuenus cucremsr (1), momydnm

N—-1 . N—-1 3H (U)
prs ; Hy(u) + joe™9" Z:% g F (At pra) Hy(w) = 0. (2)

3. AcmMnToTmKa IIepBOTO HMOpPSIKa

Pemum ypaBuenus i xapakrepuctuueckoit dymkuuu (1), (2) mpm
ACHMITOTHYECKOM YCJIOBUM PACTYINEr0 CPETHErO BPEMEHHU OXKUIAHUS HA OP-
6ure, TO ecThb OymeM nosiaraTth, uto o — 0. Pesymbrar chopmynupyem B Buze
cJaeyIoleil TeopeMbl.
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Teopema 1. Ilycrb i(t) — uucio 3asBok Ha opbure B RQ-cucrembr
M/M/1/N — 1 ¢ obpaTHbIMU CBSI38MU, TOT/IA JJIsl TIOCTEI0BATEIbHOCTH Xar
PAKTEPUCTUIECKUX (DYHKIMIT BBIMOJIHAETCS paBeHCTBO lim M {ejw’(t)”} =

o—0

el pie s ABJISETCS PELeHUEM ypPaBHEHUS

d¥ —1 d(dN —1) N A+
=pro—— + Xd" ,d= ———. 3
d—1 T HT + ’ uro + prs (3)
Hokasamesvemeo. OboznadnM o = € u caenaem B cucreme (1), (2)
samensl: u = cw, H,(u) = Fy(w,e), n = 0, N. B nosydennoii cucre-

Me ypaBHEHW{l BBITIOJHUM TpPEeIeNbHBIH Tepexon mpn ¢ — 0 1 0603HaAYNM
F,(w) = lirr%) F,(w,e). Bynem uckarh pemienue cucreMbl B Buge F,(w) =
E—r

R, ®(w) + O(g). Toce mpeobpa3oBaHwii MOIYUNM CHCTEMY

L (w
—ARy + jRo CIJ((w)) + (pro + pre) Ry = 0; (4)
O (w) ®(w)
AR, 1 — jR, Blw) (A + pro + pre) Ry +]Rnw+
+ (uro + pr2) Rnp1 =0, n=1,N—1;
ARyt — iRy 2y 1 o) Ry = 0
N—-1 — JIiN-1 <I>(w) HUTo T~ puTr2) fin = U3
N N-1
P’ (w)
uw;RnJrjq) w) ;RnJrARN =0.

W13 cucremsr (4) BuznHo, uro O’ (w)/P(w) He 3aBUCHT OT W, TOTIA MOXK-
HO obo3naunth O'(w)/P(w) = jr; wm 3amucars P(w) B Bume P(w) =
exp {jw }, 9r0o U yrBepKAaercd B GOPMyJIUPOBKE Teopembl. Peras nep-

. N
Boie N + 1 ypaBuennii cucremsr (4) ¢ yuerom yciaosusd y ., R, = 1, momy-
d"(d—1

qum R, = ﬁ, a 13 IOCJIETHETO YPABHEHUS CUCTEMBI IOy YUM aJjirebpa-
n9eckoe ypasHenue (3) mis s . B obimem ciaydae anrebpandeckoe ypaBHEHTE
N crenenn nmeetr N KopHe. MHOTOYNCTIEHHBIE YUCTIEHHBIE SKCTIEPUMEHTHI
MOKAa3aJIu, 4TO CPeJu KOpHEl TOJbKO OJMH AEUCTBUTEJbHBIN MOJIOXKUATEIIb-
HBI KOPeHb, KOTOPBIi 1 Oyaer 3HadeHueM 1. B

U3 Teopemsbr 1 caenyer, uto Fy,(w) = R,e?*% . n = 0, N, Toraa acumi-
TOTHYECKAs XAPAKTEPUCTUIECKAsA (PYHKIUS IUC/IA 3asiBOK HA OpOUTe MMeeT
BUI

N N o
. s

H(u) = F,(w,e) =~ F,(w) = exp{jrxiw} = ex {—u}
(u) E n(w, ) E n(w) p{J } PqJ p

n=0 n=0
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4. AcuMnToTmKa BTOPOrO MOpPAIKa

OCHOBHOI#1 pe3y/IbTaT aHAJIN3a ACUMIITOTUKY BTOPOTO TIOPSIIKA, TPEICTa-
BUM B BHJIE TEOPEMBI.

Teopema 2. IIycrs i(t) — umcno 3asBok Ha opbure B RQ-cucreMsbr
M/M/1/N — 1 ¢ o6paTHBIMHU CBSI3sIMH, TOT/IA JJIsi TIOCJIEIOBATEIEHOCTH Xar-
PaKTEPUCTUIECKUX (DYHKIMI BBITIOJHAETCS PABEHCTBO

lin%M {ejw\/g(i(t)_"l/a)} = exp {(jw)2%2/2} )

o—

rje

s (By — 1) — (51 + A) gn + prago
Ry =14 (a1 + A) on — pr2o

_ (n—=N)d" TN L (N—n4+1)d" N —(n+1)d"+nd" !

¥n (@NF1=1)% (pro+para)
gN ABJIAIOTCA peLHeHI/IeM CUCTEeMbI ypaBHeHI/Iﬁ

(5)

My —

,n=0,N, a byakuuu gy u

— (A+sa)go + (pro + pr2)g1 = —praRy;

(A+35a) gn—1 — (A + pro + pre + 5a1) gn + (uro + pr2) gn1 =
=R, 1 —proRn 1, n=1,N—1;

(A+a) gn-1 — (uro + pre) gn = 2 Ry—1 — ARN.

Joxazameavcmeo. B cucreme ypapuenuit (1), (2) Bbimosnum 3a-
meny H,(u) = T(Lz)(u)ej“"l/", n = 0,N. 3gecp H,(f)(u) — Xapaxrepu-
cruaeckas (QyHKIMsS NEHTPUPOBAHHON CirydaifHoil Besmaunbr 4(t) — 21 /0.

Barem obo3HaunM o = £2 U BBeJIeM 3aMeHy U = £, H,(LQ)(u) = F® (w, ),

n = 0, N. Pemenne nosrydeHHol CHCTEMBI 3aIUIIEM B BUJIE DPA3TIOKEHUS

F,(LQ)(w, g) = ®a(w) (R, + jewfn) + O(e?). Iocae npeobpazopanmii, anazo-
['MYHBIX [IPOBEJEHHBIM [IPH JOKA3ATEIbCTBE TeOPEMbL 1, MOXKHO 0003HAYUTH
P’ 5(w)
wPo (w)

fn=C-Rp+ gn+ 202pn, n=0,N noayaum (5). B

SN2
= —9 u 3anucarb Po(w) = exp{%%g}. Torna nociie 3aMeHbl

Teopema 2 TOKa3BIBAET, YTO ACUMITOTHIECKAsT (DYHKITUS YUCTIA 3aIBOK
Ha opbure B RQ-cucrembr M/M/1/N — 1 ¢ 06paTHBIME CBA3SMU SIBIISETCS
XapaKTEePUCTUIECKON (PYHKIMEH rayCcCOBCKOM CIydaifHOW BEJTUIUHBI C Ma-
TEMATHYECKUM OXKUJAHUEM »1/0 U JucIepcueit s /o.

OrmernMm, 9uTo pe3ynbrar Teopembl 1 u 2 mpu N = 1 u OTCyTCTBUH
Gydepa [JIst 0OXKUITAHWS COTTIACYETCs C PE3YJIBTATOM, MOJIYyYeHHBIM B [4].
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3akJroueHne

B pabore mpoBemeHO MCCIEI0BAHIE CHCTEMBI MACCOBOTO OOC/TY KUBAHUST
M/M/1/N — 1 ¢ obpaTHbIMHU CBS3SIMM W TIOBTOPHBIMHU BbI3oBaMu. Ilokaza-
HO, 9TO ACHMIITOTHYECKOE PACIpeIe/eHue BePOATHOCTEH YhCIa 3agBOK Ha,
opbuTe MpH YCJIOBUH PACTYIIErO CPEIHEro BPEMEHH OKHIAHHS Ha OpOHTe
SIBJISIETCS TAYCCOBCKUM C IapaMeTpamu 1 /0 u \/ > /o. llony4ensr ypasae-
HUS I HAXOXKJIEHUS MapaMeTpOB pactpeneenns. MHOTOYNCIeHHbe YrC-
JIEHHBIE SKCIIEPUMEHTHI TIOKA3AJIN, YTO YPABHEHNS MO3BOJISIOT HANTH €IiH-
CTBEHHOE TMOJIOKUTEILHOE 3HAYECHNE MTAPAMETPOB PACIPE/IETCHHS.
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PaccmaTpuBaeTcd HEOIHODOIHAS CHCTEMa MaCCOBOTO OOCIIy KUBa-
uus (CMO) ¢ HeOrpaHUYEHHBIM YHMC/IOM OGCI/IYKHBAIOIUX IPUGO-
poB, GyHKIUOHUPYOLIAs B yCJIOBUAX U3MEHAIOIENCH BHELIHEH cpe-
aet. Ha Bxon CMO nocrymnaer oToK MapKOBCKOI'O BOCCTAHOBJICHNS,
MOMEHTBI HACTYILIEHHS COOBITHI B KOTOPOM OIPEIe/ISIIOTCS I0JIy-
MapKOBCKOU marpuneil. Karknast 3asBka 00C/Iy KUBAETCS CITy YaifHOe
BpeMs, PacIIpeieIeHHOe TI0 SKCIIOHEHINAJIBHOMY 3aKOHY € TapaMeT-
POM, 3aBUCSIIAM OT COCTOSHUS BJIOKEHHON 10 MOMEHTaM HaCTYILIe-
aus cobbiTuil menn Mapkosa. Pemaercsa 3amaga ucciretoBanus a8y-
MEPHOTO CJIyYaiHOTO IPOIeCcca — HYUCTIa 3aABOK, 00C/IyKMBAaeMbIX
C Pa3HOI MHTEHCHBHOCTHIO B CHCTEME METOIOM ACHMIITOTHIECKOrO
AHAIU3A.

Kunaro4desble citoBa: [10mox MapKoSCK020 60CCMAHKOBAEHUA, CUCTNE-
MG MACCOB020 00CAYHCUBAHUA, CAYHATHAA CPEOa, MEMOD ACUMNIMO-
MUYECKO20 AHAAUSE.

BBemenue

Ha rekymmii MOMEHT 3HAUMUTEIHHAS 9ACTh HH(MOPMAIMOHHBIX, TEJIEKOM-
MYHUKAIMOHHBIX W IPYTUX CHCTEM (PYHKIMOHUPYET B YCJIOBHUSAX U3MEHSIO-
medicss BHeIHe# cpebl. Bo3aeiicTBre cirydaifHOil cpeibl MOXKET BhIPaXKaTh-
Cs1, HAIIPUMED, B W3MEHEHUHU I1apaMeTpoB (PyHKIMOHUPOBAHUS CHCTEMBI. B
CBSI3U C 3THM BO3HHMKAKT BOIPOCHI YCTOHYMBOCTH TAKMX CUCTEM K BHEII-
HUM BosaeiicTeusaM. [TosToMy nccnemoBanne cucreM, (PyHKIMOHUPYIOIINAX B
cayd4aiiHoii cpezie [1], siBasieTcss akTyalIbHO 3a1adeit.

B pasnmunbx paboTax, TOCBAIEHHBIX UCCIEI0BAHNIO CHCTEM B MAPKOB-
ckux [2] u mosyMmapkoBcKux [3] ciydaiiHbIX cpeliax, PACCMATPUBAJIUCH Pas3-
HbIE BAPUAHTBLI PEAKIIMU CHCTEMBI HA CMEHY COCTOsIHHMsI BHEITHed cpejpl. B



Uccneposanne CMO M R|M |oco B nonymapkosckoii cny4arinoii cpege 235

JAHHON paboTe paccMaTpUBAETCS CAyUail, MPEANOIaraioniuii, 9T0 PeKuM
00C/IyKMBAaHUS 3a:ABOK HE MEHHAETCs 0 TeX II0pP, IOKA OHM HE IIOKUHYT CHU-
cTemy.

OpHuM m3 COCOOOB WCCJIEIOBAHUST CHCTEM MACCOBOTO OOCI/IYKHUBAHUS
B CJy4ailHOW cpeJie fBJII€TCs NPUMEHEHHE ACUMIITOTUYECKUX METOIOB [4]
[IPY PA3JIMYHBIX yCI0BUAX. MeTos acuMIToOTHYecKOro aHa/in3a Peatn3yercs
B IIOCTPOEHUU 110CJIeIOBATEIbHOCTA aCUMIITOTUK BO3PACTAIONIEIO IOPAIKA,
B KOTOPOM aCHMTITOTHKA TEPBOTO MOPSAIKA OMPEJIeTIeT aCUMITOTHIECKOe
CpellHee 3HAYEHWE YMCJI 3aHATHIX MPUOOPOB. ACHMIOTOTHKA BTOPOrO MO-
pA/IKa MO3BOJIAET IMOCTPOUTH I'ayCCOBCKYIO alllIPOKCUMAITNIO PACIPEIeJIeHUS
BEPOSATHOCTEH YUCJIa 3aHATHIX MPUOOPOB B CHCTEME.

1. IlocranoBKa 3ajilaumn

PaccmarpuBaercss cucrema MaccoBoro obciayxkuBanus MR|M|oco ¢
HEOIPAHUYIEHHBIM YUCJIOM OOC/TY2KHBAIONIUX IPUOOPOB JIBYX THUIIOB, (PYHK-
IIMOHUPYIOIIAs B TOJTYMAapPKOBCKOM ciydaiinoit cpege. Ha Bxom mocrtymaer
ITOTOK MAapPKOBCKOT'O BOCCTAHOBJIEHWS, 33JaHHBIA MaTpureil dbyHKInA pac-
upezenenus e uarepsaiioB A(z) = diag[A4;(2)], i = 1,2 u marpuneit
BeposiTHOCTel mepexonos P = [p;;], ¢, = 1,2 — BJIOKeHHOI IO MOMEH-
TaM HACTYIUIeHUs cOObITHit nenn MapKOBa ¢ KOHEYHBIM YUCIOM COCTOSHUMN
k(t) = 1,2. duciumninza o0CTy>KUBAHWS OMPEIESeTcs CIAYIOMNM o0pa-
30M: eCJIM BJIOXKEeHHas Ierb MapkoBa Haxoaurcst B cocrostHun k(t) = i, To
TOCTYTAIOIIAs 3aBKa OymeT 00CIyKUBATHCA HA, MPUOOPE i-TO TUIA B TEUe-
HUE CJIy9aifiHOTO BPEMEHH, PACIPE/ICTEHHOTO M0 IKCIIOHEHITHATBHOMY 3aKOHY
Fi(z) =1—e M,

CraBurcs 3a/1a4da WCCIAEJIOBAHWS JBYMEDHOTO CJIyYaifHOTO TPOIECca
i(t) = [i1(t),i2(t)] — umcma 3aHATHIX TPHUOGOPOB PA3HOTO THIA B CHCTEME
B MomenT Bpemenu t. IIpouecc i(t) me aBnagerca mapkoBckum. Otupenesum
YerbIpeXMepPHbIl MapKOBCKuii ciaydaitubiii npouece {k(t), z(t),i1(t),i2(t)},
rae z(t) — jmJMHA MHTEpPBaJIa OT MOMEHTA BPEMEHU ¢ JI0 MOMEHTa HACTYILIe-
HUsl O4epeHOrO COObITU B LOTOKE MapKOBCKOIO BOcCTaHosJenust, k(t) —
BJIOYKEHHAST TI0 MOMEHTaM BOCCTAHOBJIEHUS Tiemb MapKoBa.

2. Meroa xapakTepucTudeckKux QyHKITU
st pacnpenenenus: Bepositnocreit P(k, z,i1,12,t) = P{k(t) = k, 2(t) <
2,41 (t) = 1i1,12(t) = i} 3anumem cucremy quddepeHnuaIbHbIX ypaBHEHUT
Konmoroposa B cTaOHAPHOM PEXKUME:

8P(17z,i17i2) 6P(1,0,i1,i2)

0z 0z
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OP(1,0,iy — 1,is)

5% p11Ai(z)+

—(i1p1 +dopu2) P(1, 2,41, d2) +

L OP(2,0.i1 — Liy)
0z

p21A1(Z) + P(lvzail + 1ai2)(i1 + 1)[&14—

+P(1, Z,il, iQ + 1)(22 + 1)/12 = 0,

OP(2,z,i1,i2)  OP(2,0,i1,42)

0z 0z

OP(2,0,i1,i5 — 1)
0z

— (i1 + d2p2)P(2, 2,41, 12) + P22 Aa(z)+

OP(1,0,i1,i5 — 1 . o

+ ( 6; 2 )P12A2(2) + P(2, 2,41 + 1,i2) (i1 + 1)pa+
+P(2, Z,11,%9 + 1)(Z2 + 1)#2 =0.

Bsenem gyacTtuuHble XapakTepucThdecKue (PYHKIMH BHIA

0o oo
H(k,z,u,uz) = Z Z €ju1i16ju2i2p(k’,Z,il,ig), e j = /1.

11=0125=0

Banumiem cucremy nudGepeHIuanTbHbIX YPABHEHUH JJI 9aCTUIHBIX Xa-
pakTepucTrIecKuX (PYHKINH B BEKTOPHO-MATPUIHON hpopme

Oh(z ur,uz) | OBO. 01, 2) b By — 1)+

0z 0z (1)
‘ iy Oh(zyup,ug) Cjuny ON(2,u1, uz)
1 — p—dur) L5 U1, U2) 1 — p—duz) IMB UL, U2)
i (1= 7 ) == e e (1 e ) == 0,
et 0
rie h(z, w1, u2) = [H(L, 2,u1,u2), H(2, 2, u1, u2)], B(u) = [ 0 ejm}’

<3

IMonyyennas cucrema ypasaenwuii (1) sBjisiercst OCHOBHOM [jist JaJibHeM-
mmx uccaenosanuii. Ilpeniaraercs nmpoBecTu aHAIN3 XapaKTEPUCTUK Pac-
cmarpusaemoii CMO ¢ noMoLp0 METO/a ACUMITOTHYECKOIO aHAJIM3A.
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3. AcuMnToTmKa IIepBOTO HMOPSIKa

Ob6osnauum 1 = €, s = ¢, ¢ = const (¢ — GECKOHEYHO MaJjias BEIHYIH-
Ha). Pemenue cucremst (1) GylgeM HAXOAUTH B aCUMITOTHYECKOM yCJIOBUU
SKBUBAJIEHTHO PACTYIIErO BPEMEHU 0OCJIy KUBAHUSL, TO €CTh IIPU [i1, tio — 0.
B (1) Bbiiosnum 3aMeHbl

h(z,ui,u2) = f(z,w1,wa, €), up = w1, us = ewa,

LOJIyYUM MarpuyHoe ypasHenue i £z, wy, we,€)

of of(0
(Z,U}l,’LUQ7E) + ( 7’11)1,’[,0275) (PA(Z)B(W,E)—I)+
0z 0z (2)
, iy Of (z, w1, wa,e) . s Of (z, w1, wa, €)
1— Jewy) Z 7\ Ry A T 1— Jewz) T\ LY Ay T 0
+J ( ¢ ) 8’(1]1 +](] ( ¢ ) 6’(1)2 ’
Teopema 1. Ilpesenbuoe upu & — 0 peuienue ypasHeHus (2)
f(z, w1, ws) umeer Bu

. T2W2
f(z,w1,ws) =r(z)exp {j)\ (lel + . )}, (3)
1
IS (1 —rA(z)e)da’
r(z) = [r1(2),r2(z)] — BekTOp-CTPOKA pacHpeseeHus BepOATHOCTENH 3Hade-
Huii BJIOKeHHO# 1enu MapkoBa, r = [r1,Te] — BEKTOP-CTPOKA CTAlUOHAD-
HOT'O pacIpeie/ieHnsT BEPOATHOCTEH 3HaYeHuiT BJIOKeHHOH mernu Mapkosa.

e A = € — eIMHUIHBINA BEKTOP-CTOJIOEIT,

B cusy 3amenst u paBercrsa (3) 3ammmiem npubaukKeHHOE (aCHMITOTH-
YECKOEe) PABEHCTBO

Bz, 1, ua) A~ (2w, w2) = x(2) exp {jA <w 2 >} B

=r(z)exp {j)\ (Tlul + r2u2> } .
1951 H2

Oupenenum xapakrepucTudeckyo mnpouecca {i1(t),i2(t)} B cranmonap-

HOM PeKHIMe
iU rou

h(ul,ug):exp{j)\< 2 2)},
M1 H2

KOTOPYIO OyZieM HA3bIBATH ACHMIITOTHKON HEPBOrO MOPSIIKA XapaKTePUCTH-
qecKkuX PYHKIUH IUC/Ta 3aHATHIX MIPUOOPOB B CHCTEME,.

4. AcuMnToTmKa BTOPOTrO MOPAgKa

B ypasHenun (1) BHITOJIHUM 3aMeHy

h(z, ur, uz) = ha(z, ur, uz) exp {V‘ (TL% T TQUZ) } ;
1

M2
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nostyuum ypasrenue st ho(z, uq, ug)

6h2(za Uy, u2) + 8h2(07 Uy, UQ)
0z 0z

81’12(2,“1,’1,62) . o ahg(z,ul,ug) (4)
1 Juz2 _

8U1 + JH2 ( € ) 87.1,2

-1 (1 — 673-“1) ho(z,u1,u9) — Arg (1 — efjuz) hy(z,u1,u2) = 0.

(PA(2)B(u) — I) +

i (1—e7")

O6ozranms 1 = €2, po = qe2, B (1) BHLITIOTHAM 3aMeHBI
h2(zvu17u2) = fQ(Za w17w27€)7 U3 = €W, Uz = W3,
HOJIyYMM MATpUYHOe ypasHeHue juid fa(z, wy, wa, €)

6f2(2:, 1;;, w2, 8) 4 6f2(0, 1;;, wa, E) (PA(Z)B(W, 6) _ I) +
Oty (z, w1, wa, €)
8w1 8w2
—Ar1 (1 - e‘jswl) f5(z, w1, wa,€) — Arg (1 - e‘jst) fo(z, w1, we,€) = 0.
(5)
Teopema 2. Ilpesenbuoe upu & — 0 peulenue ypasheHus (4)
Fy(z,wy,wy) nmeer BUs

fo(z, w1, we) = r(z eXp{ ( (T1w1 +r2) +
o Wi
+ (rlwl +47“1r2 1 2 4 q))}

e »x = \? /0C>o (rA(z) — r(z)) edx.

B cuny 3amennt u pasencrsa (6) quis dynkuuu ho(z,uq,ug) 3anumem
upubinzkEéHHOE (ACUMIITOTUYECKOE) PABEHCTBO

e (1 - e79eun) 4 jeq (1 — e—ewr) Mz wn,wsE)

ho(z,u1, u2) = f5(z, w1, we) =

2 2 2
=r(z) exp {]2 ()\ (n;ﬁ + 7"222) +
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Takum ob6pazom, xapakTepucTudeckas QYHKIUI 9UCTa 3aHIThIX MTPUOO-
POB B PACCMATPUBAEMOII CUCTEME UMEET BHU/L

ha(ui,uz) =
-2 2 2
— exp {])\ (T‘lul + T2U2> + J~ ()\ (Tlul —1—7“2%) +
M1 2 2 H1 M2

2 2

u U U
Jr%(rfl +47’1r271 2 +r§2))}.

H1 M1+ p2 2

3akJiroueHune

B nannoii pabore METOIOM ACUMIITOTHYECKOTO aHaJIM3a HCCJIE0BaHA
mMareMaruveckas Mojenb cucrembl M R| M |oco, dyHKIMOHUPYIOLIEH B yCJi0-
BHUU W3MeHsOmelcs BHeHel cpeapl. PaccmoTpen ciydaii, Koraa moayMap-
KOBCKas CIydaiiHasd cpejla MMeeT 2 pas3JudHbIX cocTosuusd. Jlokazano, 9To
ACHMITOTHYECKAS XAPAKTEPUCTUUIECKAS (DYHKIUS UHC/Ia 3aHATHIX TPUOO-
POB KazKIOrO THUNA B PACCMATPUBAEMOIl CHCTEMe ABJIAeTCA TayCCOBCKOHR C

. Lo\ T2 o
BEKTOPOM MaTEeMaTUYECKNX OXKUJAHUN a = {)\, )\} W MaTpUIEn KOBa-
H1 o H2
2
1 T T1T2
A— 4Lt 44—
puamnu K = | 41 K1 “1+/”L22
T1T2 T2 r5
4 A— 4+ x—

1+ 2 M2 2%
CIINCOK JIMTEPATYPbI

1. Tamawes A.I'. Cucrema MaccoBOro oOC/IyKUBAaHUs C [IEPEMEHHOIN MHTEHCUB-
HOCTbBIO BXOAHOIO 110T0Ka // ABromaruka u reisemexanuka. 1995. Ne12. C. 78—

84.

2. Kopoarwsx /[. B. CraTucTHYeCKHe SKCIePUMEHTHI B COAIAHCUPOBAHHON MapPKOB-
ckoii ciry4aiinoii cpege // Kubepueruka u cucremustii anamus. 2015. T. 51. Ne 5.
C.111-116.

3. Kopomaes U. A., Cnusax JI. P. CucremMbl MaccoBOTO OOCJIyKWBAHWUS B TOJIY-
MapKOBCKOH ciryuaitaoit cpexe // Asromar. u tesemex. 1992. Ne7. C. 86-92.

4. Hasapos A. A., Mouceesa C. II. MeTon acCUMOTOTUYIECKOIO aHAJIN3a B TEOPUU
maccosoro obcirykusanus. Tomck: zmarenscrso HTJI, 2006. 112 c.

ITonmuu Esrenmiti ITaBmoBuu — accucrent xadeapsr TBuMC. E-mail:
polin__ evgeny@mail.ru

MowuceeBa Cgeriana IlerpoBua — npodeccop kadeapor TBuMC. E-mail:
smoiseeva@mail.Tu



NTMM - 2021

MOOEJIN OBCJIYV2KBAHUNA TPA®PUIKA HA

BA30BON CTAHIINU B BUJIE CUCTEM
MACCOBOTI'O OBCJIV2KVIBAHU A

P.P. Canumssanos, E. FO. Jlucosckas

Hayuonaavnoti uccaedosamenverud
Tomcruti 2ocydapemeennviti ynusepcumemn, 2. Tomcek, Poccusa

B pabore paccmaTpuBaioTCs MaTeMaTHIeCKue MOIeIN DyHKINOHU-
poBaHus OxHON 6a30BOIl CTAaHIMHN, O0C/IYyKWBAIOIMIEH IBA THUIA Ce-
TeBoro Tpaduka. B KagecTBe KIacCHMYECKOM MOJEN MIPeiaraeTcs
cucTeMa MacCOBOIO OOC/Ly:KMBaHUS C OIPDAHUYEHHBIM YUCJIOM 00-
CJIYKUBAIOIMNAX TPUOOPOB U ABYMsI BXOISIIUMHU TTOTOKAMHU 3aTBOK,
KaxK/1as U3 KOTOPBIX 3aHUMAET OJUH NpubOp Ha BpeMsa OOCILyKu-
Banus. Kpome Toro, npejraraerca moaudukaims 6a30B0i Moe/m
B BHJIe PECYPCHON CHCTEMBI MaCCOBOTO OOC/IyKUBAHUS, I/e KayKI0MH
[0JIb30BATEILCKON ceccum Jisi 00C/IyKUBaHUS TOTPedyeTcd HEKO-
Topoe (HE eJUMHUIHOE) KOJMHYECTBO pecypcos. B pabore maxomurcs
CTaITMOHAPHOE COBMECTHOE PACIIPE/IE/IEHNE BEPOSITHOCTEN 9mCIIa CeC-
cuit 06oux THUIOB TpadrKa HA 00CTYyKUBAHNN, C TIOMOIIHIO0 KOTOPO-
IO IIPOBOAMTCS YKUCJICHHBIA aHAJIM3 OCHOBHBIX METPUK IIPOU3BO/IU-
TeJLHOCTH CeTh. B 3aK/II0UeHnn [1e/1aeTCs BBIBOM, O HEOOXOMUMOCTH
naabHeel MoauduKann MOIE/IN U ITPEeJJIOXKEHUsT HOBOM cTpare-
U A0CTYIIA.

KuroueBsbie cioBa: 5a3068a4 cCmanyud, UMUMAUUOHHAA MOJEAD,
cemesoti mpaPur, Meopus Macco8020 06CAYHCUBAHUA.

BBemenue

IIpobmema TenedoHHBIX ceTeil BiepBbie ObLTa CHOPMYIUPOBAHA U Pe-
mena A.K. Opsanrom B nagane XX Bexa [1]. On paccanran Konm4ecrso
KJINEHTOB, OKWMIAIOIINX COEIMHEHUST C KeM-TO 3a TpeJesiaMi HaCeJIeHHOTro
MyHKTA W3-3a 3aHATOCTH JIWHUWM Opyrumu aboHentamu. Mojenb DpJanra
SIBJISIETCST TTPOCTOM, HO €€ UCIONB3YIOT JIJIsi AHAJNW3A U YJIydIIeHUs MOKa-
3aresieil CUCTeM B PA3JIMYHBIX 0DJIACTIX, & TAKyKe Ha OCHOBE dTOM MOIEn
GYHKITMOHUPYIOT CJIOKHBIE TeTe(DOHHBIE CETH.

C pocroM umcia moabh30BaTeNnell MOOGMIILHBIX YCTPOHCTB [2] Bee cephes-
Hell CTOMT BOTPOC 06 ONTUMU3AINY U YJIYUIIeHHH CTPATETHil TOCTyTa Tpa-
duka k 6a30B0it cranimu. K coxajennio, 04eHb 9aCTO W3MEHEHUsT KOHMUry-
panuit 6a30BbIX CTAHIHH JJIs YTy dIlIeHUsT KAYecTBa OOCTY > KUBAHWS HE BKJTIO-
JaerT B ce0si TEOPETHYECKOTO WM YHCIEHHOTO PelleHus sl ONTHMU3AIUN
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BuIOOpaA HOBO# KomHUrypanuu. B cBA3M ¢ 9TUM pacTeT aKTyaJbHOCTb HC-
CJIEJIOBAHUS y2KE UCIIOJb3YEMbIX CTpATeruil Jocryna u pa3paboTKa HOBBIX
CTpaTeruit Ha OCHOBE CHCTEM MaCCOBOTO OOCITYKUBAHUS JJIsT OIEHKY HATDY3-
KU CUCTEMBI U PACIPEIEIEHIS PECYPCOB 3AHATHIX B HEM.

1. Kuaaccuueckas CMO

B kavectBe mepBoit MOeN CTPATErHH JOCTYIA PACCMOTPUM KJlacChde-
ckyio CMO ¢ N mpubopamu, Ha BXOJ B CUCTEMY TOCTYIAeT JIBA MPOCTEH-
[IAX ITOTOKA 3aABOK C MapaMerpaMu A1 1 A\go. JmureabHOCTH 00CTY KUBAHUSA
3asIBOK SIBJISIOTCS IKCMTOHEHIINAIHHO PACTIPEIETIEHHBIMU CIYIalHBIMI BEJIH-
YUHAMH C TTAPAMETPAMU [i1 U [l COOTBETCTBEHHO, JIJIsT KarK/I0T0 M3 MOTOKOB.

Bxonsmas 3asBKa 3aHUMAET JI000i CBOOOIHBIN TTPUOOD, T1€ 0OCITY KU~
BaeTCsl B TEYEHHE CJIyYIAHOrO BPEMEHH, B CJIydae, KOrJa Jisi BHOBb IIPH-
ObIBIIEH 3asIBKH HET CBOOOTHOTO mpubopa B CHCTEME, TO 3asBKa TePAeTcHd,
He HadaB OOC/IyKHBAaHUE.

ITycreb nq(t) — uncio npnbOPOB, 3aHATHIX 3asBKAMH MEPBOTO MOTOKA B
MOMEHT BpeMeHU t, a no(t) — 9ucsI0 npubopoB, 3aHATHIX 3asiBKAMU BTOPOrO
noToka B MoMeHT BpeMenu t. Ciywaiinsiit nporece {nq(t), ne(t)} asnserca
MApKOBCKUM W OIPEIESIEH Ha MHOYKECTBE COCTOSHMUIA:

N={(n1,n2):0<ny +n2 < N}

mpu 3toMm ng € {0,--- , N} u ng € {0,---, N}. PaccmatpuBaemasi cucrema
OTHOCHTCA K KJIACCy MapKOBCKHUX MOJIEJIeH MacCOBOTO OOCTY>KUBAHUSA W TI0-
STOMY JJI €€ MCCJIEIOBAHUS MOXKHO IPHMEHUTh T€OpHIo memeii MapKosa, ¢
HEIPEPbIBHBIM BPEMEHEM U COCTaBUTH CUCTEMY YPABHEHUN PABHOBECUS JIJIS
CTAITHOHAPHOTO PACHPEIETeHIa BePOATHOCTEH BIIA:

p(ni,ng) = lim P{ni(t) = ny,n2(t) = na}.

SanuiiemM nHGUHATE3UMAIBHBIE XapAKTEPUCTHKU:

’ ! !’ !’
A1, ny =n1+ 1,ny =ng,ny +ny9 < N,
’ ’ ’7 !
A2, ny =mni,ng =nz2+ 1,1y +ny <N,
! !
’ ’ nigy, Ny =mni — 1,TL2 = Ng, Ny > 0,

1, 1 1, M. =
Q( b 2)( v 2) na 2, 7’L/1 = n17n/2 =ng — 17”1 > 0)
’

’
*k, ny =MNi, Ny = N2,

O ) fﬂ;pyroe )

**:—>\1'I(7L1 + no <N)—>\2I(TL1 + no <N)—Tl1,U,1—TL2,U,2.
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Samumem CJIAY:
p(n1,n2)[A - I(ny+ne < N)+ Ay - I(ng +ng < N)+nypy + nops] =
=p(n1 + 1,n2)(ny + Dy - I(ng +ng < N)+
—l—p(nl,ng + 1)(TL2 + 1)[142 . I(?’Ll +no < N)+
+p(n1 — 1,n2)A1l(n1 > 0) + p(n1,ng — 1)Aal(ng > 0),

perenue KoTopoil umeer Buf, [3]:

-1
N N—i

i1 d2 ny N2
Py p Pt p
) = (Y A2 el
i—0 =0 " I 1: 2
A1 Ao
e p1 = — M pp = —.
M1 M2

2. Pecypcuag CMO

B kagectBe BTOpOit MOmenu crparerunu gocrymna paccmorpum CMO, Ha
BXOJ[ KOTOPO# aHaJIONMYHO MOCTYIAeT JIBa TPOCTEHINNX TOTOKA 3asIBOK C
mapaMeTpaMu A1 U Ao, & [INTEJIHHOCTH OOC/Iy>KHUBAHUS 3a8BOK SIBJISIOTCS
9KCIOHEHIIMATBHO PACIPEACTEHHBIME CITy YA HBIMU BETMIAHAMY C TTAPAMET-
pamu fi1 M fi3, COOTBETCTBEHHO. Kpome 3TOro, Kaxaas BXOAAIIAsA 3asBKa
TpebyeT Ha BpeMsi OOCIYKUBAHUS I W To €IUHUI] PECypPCa COOTBETCTBEH-
Ho. Bxozsmias 3asBKa 3aHUMAaeT CBOOOIHBIN TPUOOP TIPU JOCTATOYHOM KO-
JmdgecTBe CcBOOOTHOrO pecypca u3 o0Iero pecypca R, B ciydae, Korja JJist
BHOBb TIPUOBIBIIEH 3asABKU HET JOCTATOYHOIO KOJUIECTBA PECYPCa — 3asBKa
[OKHU/IAeT CHCTEMY, HE HAYaB OOC/IyKMBaHHE.

Paccmorpum sBymepHBI MAPKOBCKUIl MPOLECC ¢ HENPEPBLIBHBIM BPEME-
HeM {nq(t),n2(t)}. IIycrs nq(t) — KonMMUeCTBO 3asBOK TEPBOrO TOTOKA HA
00C/Iy?KUBAHUM B MOMEHT BpeMeHHu t, no(t) — KOJIMYIECTBO 3agBOK BTOPOIrO
MOTOKA Ha OOCTY>KUBAHWUHM B MOMEHT BPEMEHH .

IIpocTpaHCTBO COCTOSIHMIT OIPEIETSIETCS CAEIYIONAM 00Pa30M:

N = {(711,712) I1N1X] + Noo < R}
Nudunnresnmanbable XapaKTEPUCTUKHA:

’ ’

A1, ny =n1 + 1,ny = na,n 21 + nae < R,
! !

A9, Ny =N1,Ny =Na + 1,112 + nyz2 < R

b
’
ro nip1, nlznl—l,n2=n2,n1>O,
q(ni,n2)(ny,ny) = ; /
Nofle, Ny =N1,Ng =n2 — 1,ng >0,
! !’

folop ny = N1, Ng = Na,

0, Apyroe,
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wxx = =1 - I((n1 + 1)z1 + noze < R)—
7)\2 . I(?’Llﬂfl + (ng + 1)562 g R) — N1 — Na 2.

Tak kak mporecc MapKOBCKUH, alePUOIUIECCKUN W HEPA3TOK MBI, TTOI-
pa3yMeBasi, 9TO CyIIeCTBYIOT (hbUHAIBHBIE BEPOSITHOCTU COCTOSHUN MPOIEC-
ca, COBIIAJIAONINE C BEPOATHOCTSME CTAIIMOHAPHOrO pacupenesenus [4], mo-
2KEM MCIIOJIb30BATH IIPUHIMII JIOKAJBHOIO paHoBecus s 3amnucu CJIAY
CTALMOHAPHOIO PACIIPE/Ie/IeHUsl BEPOATHOCTEH:

p(n1,ne) = lim P{ny(t) = n1,na(t) = na},
t—o00
TOJTY UM
p(n1,n2)[AI((n1 + 1)z1 + noze < R)+
+)\21(n1x1 + (7’L2 + 1).%'2 < R) +niu1 + nzug] =
=p(n1 +1,n2)(n1 + L I((n1 + 1)a1 + nowe < R)+
+p(ny,ng + 1)(ng + DpoI(nizy + (ne + 1)z < R+
+p(n1 — 1,n2)A11(n1 > 0) + p(n1,n2 — 1)A2l(n2 > 0).

Pemienue cucrembl umeer BH/I:

N1 Ne ot pl
p(nlanQ): ZZF%I(ZJH —|—]J)2<R) X
i=0 j=0 J:
1 Uy
XPL& . I(nlxl +n21-2 g R)7
n1! Tlg!
R R A A
r,uele \\xJ I/IN2= \‘xJ’plzﬂal2:M2
1 2 1 2

3. UmuciieHHBIN 3KCIIEPUMEHT

B xome paGoThl 6LLIA MTPOBEIEHEI YUCICHHBIC SKCIEPUMEHTEL JJI CPaB-
HeHnst paboThl ABYX CHCTEM B ONWHAKOBBIX yCIOBUAX. J1st ymoGcTBa mpo-
BEJICHUS IKCIIEPUMEHTA, MOXKHO NpeACcTaBuTh Kiaaccmdeckyio CMO B Bm-
Jle pecypcHoil, B KOTOpOil KazKJasl 3adBKa TpebyeT mo 1 ejuHule pecypca
(r1 = z2 = 1). Paccmorpum oauu u3 skcuepumentoB. B rabuuue 1 upu-
BEJICHBI 3HAUCHUS TIAPAMETPOB CUCTEMBI. IlapaMeTphl 718 TPOBEICHAA IKC-
IIEPUMEHTA ObLTH BHIOPAHBLI UCXOAA M3 TEXHUYCCKUX XAPAKTEPUCTUK CETei
IIATOrO U 9€TBEPTOrO MOKOJICHUS.

Ha pucynkax 1-2 npejcrabienbl rpadUKid 3aBUCUMOCTH BEPOSTHOCTU
HOTEepU 3asBOK OT MHTEHCUBHOCTHU Hocryluienus 3asaB0K 4G rpaduka (7).
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Tabymma 1
ITapamerpsr CMO
ITapamerp 3HaveHue
Ewmxkocts 6a30B0it cranmmu (R) 250
KosmmmaecrBo tpebyemoro pecypca qs tpabuka 4G (1) 1
KosmmaecTBo Tpebyemoro pecypca qs Tpabwuka 5G (z2) 2
VIHTEeHCUBHOCTD BXOASIIEro ToToka 1yist tpaduka 5G (A2) | 198,315 1/cex
Nurencusnocrs obciyxusanus ceccuu 4G (1) 0,033 1/cex
UnTencuBrOCTL 00CTyKuBarmsa ceccun 5G (p2) 5,261 1/cex

C yBejMueHHnEM WHTEHCUBHOCTH MOCTYIjIeHus 3asdB0K 4G Tpadura (A1),
CpezHee KOIMIeCTBO 3asBOK Ha obcaykuBarny 4G Tpaduka pacrer, a cpe-
Hee KOJIMYEeCTBO 3asdBOK Ha obciyxubanuu 5G rpacduka nanaer (Pucyw-
Ki 3—4), aHAJOIUYHO U3MEHSIETCsl CPe/IHEee KOJIMYECTBO 3aHATOIO PECypCa.

g

— AsanuTURE - 4G
AranuTixa - 56

T %8 %8 %

BeposTHocTs cOpoca

10712

1 2 3 H 5 3 7
VHTEHCBROCTL NOCTyMAe#A 3a8B0K 45, A

Puc. 1. BepoarHOocTh TOTEDPH —
pecypcuas CMO

— Awanutaka - 4G

AsanuTia - 56
@ Cimynauus - 46
Camynsuns

5 B
a2 2

2 B B
g2 8 &

& 8 8

CpenHee KOMMYECTBO 3GABOK Ha 0BCNYKNBaHNM

1 2 3 H 5 3 7
VHTEHCHBHO CTh NOCTYTNEHIA 33AB0K 4G, At

Puc. 3. Cpeanee xosmuaectBo 3a-
SIBOK Ha OOCJIy:KWUBAHUM — De-
cypcuaag CMO

o [|— Avanumixa - 4G P et
AHBNHTIKS - 5G -

1 2 3 H 5 6 7
VHTEHCBROCTL NOCTyMAeA 3a8B0K 4G, A

Puc. 2. Bepoarmoctsr moTepm —
kiaccuaeckas CMO

=
a8

—— AHanuTUKa - 4G

AHANMTUKE - 5G
®  Cumynauss - 4G
Cumynaums

el

5 B g
g &5 &

-]

R

‘CpefHee KONNYECTBO 3aRBOK Ha 0GCYMHBEIHAH

1 2 3 a 5 6 7
VHTeHCHBHOCTb NOCTYNNeHMs 3aAB0K 4G, Ay

Puc. 4. Cpennee xommdecTBo 3a-
ABOK Ha O6C.Hy)KI/IBaHI/II/I — KJ1acC-
cuueckas CMO
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3akJroueHne

B pesynbrare mpoaenannoit paborst ObLtH nccaeaoBanbt e CMO, ObL1a
TOCTPOEHA UMUTAIIMOHHAS MOJIE/Ib, KOTOPas 00/Ia1aeT TOCTATOYHON TOTHO-
CTBIO [IJIs1 JAJIbHERIIero UCCIeI0BAHNS, IIPOBEIEHBI YUCIeHHBIE SKCIEPUMEH-
ThI [I0 PA3HBIM BO3MOKHBIM CIIEHAPHUSIM PabOThl 6A30BbIX CTAHIMIA.

ITocae npoBenenus YUCIEHHBIX YKCIEPUMEHTOB MOXKHO CHEJIaTh BbIBO/L
0 TOM, YTO [IJIsi TIOJTHOIIEHHOM Pa3pabOTK¥M W CPABHEHWS CTPATETHi TOCTY-
ma, IByX TUIOB Tpaduka K 0A30BOH CTAHIINKA HEOOXOIUMO PACCMOTPETH MO-
IUKAAIO CHCTEMBI MaCCOBOTO 00CTyKWBaHWS B Buiae pecypcuoit RQ-
CUCTEMBI, [Je [IPU HeXBaTKe CBODOIHOIO pecypca JJisd 3asBKU, OHA HE IO-
KHJIaeT CUCTEMY, & YXOJAUT Ha OpOUTY Ha CIydailHOe BpPeMsl, IOC/Ie KOTOPOro
COBEpINAET TOBTOPHYIO MOMBITKY BCTAThH HA 0OCTyKuBaHue. [locme HaxoXK-
JIEHUST BEPOSATHOCTHBIX XaPAKTEPUCTUK JJIS TAKOW CHUCTEMBI U TPOBEICHUS
9KCIIEPUMEHTOB C IMOMOIIHI0 MMUTAIMOHHON MOJE/IN MOXKHO OyIeT CeaThb
BBIBOJ, 0 Hanbosiee 3PEeKTUBHON CTPATErHH IPEIOCTABICHU JOCTYIIA.
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MOJAEJJINPOBAHUNUE 1 AHAJIN3 CEPBEPHBIX
®EPM C PABOI'PEBOM

K. . Cusor, A.B. 3opun

Hayuonasrvnot uccaedosamenveruti Huorcezopodekuti 2ocydapemeerbiti
ynusepcumem um. H.U. Jlobawesckozo, 2. Husenuti Hoezopod, Poccus

PazBurue ceru nrepHer mpuBeso K HOABJIECHUAIO DOJILIIOIO YHUC/IA
KPYIIHBIX CEPBEPHBIX CUCTEM, KOTOPbIE TOTPEOISIIOT MHOTO 3JIeKTPO-
sHeprun. 1Ipu ONpeIeIeHHBIX IPEJIIOJIOKEHUAX HCIIOJIb3Ysd KIIac-
CUYECKHE METObl TEOPUU MACCOBOIO OOCI/Ly:KMBAHUS MOXKHO IIO-
CTPOUTH U NPOAHAIN3NPOBATH MATEMATHIECKYIO MO/IEIb CEPBEPHOM
depmbl, 9TOOBI TIOHATH YAACTCS JIM YIYUIIATH dHEProdddexkTus-
HOCTb JIAHHOM CUCTEMBbI, €CJIM OTKJII0YaTh 00C/Ly 2KUBAIOIIME YCTPO-
CTBa, He 3aHATHIE 00pabOTKOI TpeboBaumii. B manHoit paboTe B pam-
Kax TEOPHUHM MaCCOBOTO OOCJIyKUBAHUS YJIAJIOCH MOJIYIUTH YUCJICH-
HbII MEeTOJ HAXOXK/IEHUs CTALMOHAPHBIX XaPAKTEPUCTUK CUCTEMbL,
B KOTOPO¥ BpeMsI JI0 IIOCTYILJICHHUsI TPeOOBAHUS U BPEMsI ero 00CJIy-
JKUBaHUS PACIIPEEJIEHbI [0 IKCIOHEHIMAILHOMY 3aKOHY, a BPeMs
BKJIIOYEHUs CepBepa 110 3aKOHy Ipuianra. s HarisaHocTu 6bL1o
[IPOBEEHO CPABHEHHE MOBEIEHUSI CHUCTEMBI C <OTKJIIOUCHUSIMUS> U
6e3 HuX.

KimroueBnie ciaoBa: Cepsephoie fhepmovl, Meopus Macco6020 0bcay-
IHCUBAHUA, MAPKOBCKUT npoyece, 060bwennve NPoyecco, poscienus
U 2ubesu ¢ 3a6uUcCUMbBLMY Yposuamu, M/M/c/ cucmemss, cmayuo-
HapHoe pacnpedesenue.

BBemenune

B pamkax KJaccuaecKkoii TeOpun MacCOBOTO OOCIYKUBAHUS Y7Ke XOPOITIO
u3ydens! cucremsl knacca M|M|c|oo. Takue cHCTeMBL 00CTyKUBAHLS IMEIOT
MyaCCOHOBCKMI BXOJHOM TMOTOK, KCIOHEHIMATHLHOE BpeMsi OOCTY KUBAHUS
TpebOBaHUS U OYepeib ¢ OECKOHEYHON €MKOCTHIO U TEPIETUBBIMEA 3asBKA-
M. CTOUT OTMETHTD, 9TO B PAMKAX TOU MOJEJHU MPEIOIAraeTCsl, 9TO BCE
O0CTYKMBAOIINE YCTPONCTBA TOTOBHI MOMEHTAJBHO MPUHATH Ha 00paboT-
Ky npumieanine Tpeboanre. OHAKO HA MPAKTHKE BCTPEYAIOTCS CHCTEMBI,
B KOTODBIX, HE3aHATbIE OOCIyKUBAHHEM, YyCTPOHCTBA OTKJIIOYAIOTCS, U JIJIs
00pATHOTO TMPUBEIEHUS ITUX YCTPOHUCTB BO BKIIOUEHHBIN PEXKUM TPedyeTcst
HEKOTOPOE BPEMS.

OHUM U3 TPUMEPOB TAKUX CUCTEM SABJIAIOTCA CepBEpHbIE (DEPMBI C PA30-
rpesoM. Ilockonbky UHTepHET-cepBepa MOTPEOIISIIOT OOJIBITOE KOJUIECTBO
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snekTposreprur. OTKIOYEHHE YCTPORCTB, KOTOPBIE B JAHHBI MOMEHT HE
3aHATHI 00PaOOTKOI 3aIIPOCa, SIBISIETCS OJHUM U3 OYEBU/IHBIX CIIOCOOOB CHH-
3UTh YHEPTOMOTPEOIEHNE TAKUX CUCTEM.

B crarbe [4] mpuBOAMTCA MOCTPOEHNE MATEMATHIECKONH MOJIEN CepBep-
HOIT pepMBI C PA30rPEBOM, B KOTOPOI CIydaiiHble BETUINHBI: BPEMSI 10 ITPH-
OBITUS CJIEIYIONIErO 3AMPOCA, BPEMS ero OOC/Iy>KUBAHUS U BPeMs BKJIIOYe-
HUsl CepBepa PACHPEEIeHbl 10 IKCIIOHEHIIUAJIbHOMY 3aKOHY. ABTOpY Cra-
THU YIAJ0Ch TIOJYYIUThH CTAIMOHAPHOE PACIPEIeIeH e Takoi cucrembl. [Ipn
9TOM B PENIEHUH MATPUIHO-TEOMETPUIECKAM METOIOM B CHUJIy CTPYKTYDHI,
paccMaTpUBAEMOiT CHCTEMBI, YAAJI0CH MOy YU Th IBHBIE BIPAYKEHUS /IS J1€-
MEHTOB BCIIOMOTATEJILHBIX MATPHUI] METO/IA.

Ienpio mamHO#l pabOTHI ABJSIETCS aHAIN3 CEPBEPHOIT (pepMbI ¢ pasorpe-
BOM, B KOTODPOI BpeMs BK/IOYeHUs (PA30TpeBa) CepBepa eCTh CaydaiiHas
BEJINYWHA, PACIPEIETICHHAS 110 3aKOHY JPJIAHTa C W3BECTHBIMY TTapaMeTpa-
mu. [lox ananmu3om mogpa3yMeBaeTcs MOCTPOEHNE MATEMATHIECKONH MOJIEIH,
BBIUHCJIEHNE OCHOBHBIX XaPAKTEPUCTUK KAYECTBA U CPABHEHUE TIOJIY Y€HHBIX
XaPaKTEPHUCTUK C XaPAKTEPUCTUKAMU JJIsd CUCTEMbI O6€3 BBIKIIOYEHHII.

1. Maremarnueckas MoOJeJIb

Huxe 6yter npoBouTCs MOCTPOSHNE U AHAJIN3 MATEMATHIECKONH MO/IE/IN
CUCTEMBI MACCOBOTO OOCIIY>KUBAHUS CO CJIEIYIONIIMMHI XapaAKTEPUCTUKAMIY:

— Ilomox sxodswuxr mpebosaruli — IyaCCOHOBCKUII C IIapaMeTPOM A.

— Bpema obcayostcusanus mpebosanus — CIyIaiiHas BeINTNHA, TMEIOIIast
9KCITOHEHITHATIHHOE PACIPEIeJIEHUE C TapaMeTPOM [i.

— Jucyunauna opmuposarus ouepedu — B IOPsIJIKE TTOCTYILIEHUST TPeOO-

BaHUIA.
— Cmpyxmypa cucmems, — MHOIMOJIMHEHHAS CUCTEMA, C OXKUJAHUEM.
— Yucao obeayotcusarowur yempoticms (cepeepoe — c.

— Cepsep mocse 06CTyKuBaHus TPEOOBAHNS, B CJIy9ae OTCYTCTBUST IPYTUX
TpeDOBaHU B OY€pEIN, OXKUTAIOIINX 0DC/IyKUBAHNUS, HE3AMEIUTEIHHO
OTKJTIOYAETCs.

— Ilpu mocryminennu HOBOTO TpeDOBAHUS B CUCTEMY, BKIIOYAETCA OHO U3
BBIKJIIOYEHHBIX YCTPONCTB, [IPU 9TOM BPEMsi BKJIIOYEHHS YCTPONCTBA —
CaydaiiHas BETMIINHA UMEIOIAs PACTPEIe/IeHne JDPIIAHTA C TAPAMETPOM
Macmraba  u mapamMerpoMm (hOpPMBI T

— Ecmu ycrpoiictBo 3aBepmnyio OOCTyKWBAaHWE, W B OYEDPEIN WMEETCs
He Oosee ¢ TpeOOBaHMII, TO TOJIBLKO UTO 3aBepINUBIIEe OOCTYKHUBAHUE,
yCTPOHACTBO OepET HA 0OCTYKUBAHNE TPEOOBAHUE U3 OYEPETH, IPU ITOM
€CJIM UMEIOTCS CEPBEPA HAXOMSAIINECS HA CTAIWK BKJIIOUEHHUS, TO CEPBED,
KOTOPBIA K JTAHHOMY MOMEHTY TOTDPATHJI HA BKJIIOYEHWE MEHBIIE BCErO
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BpeMeHHU, OTK/II04UaeTcs. B ciiydae ecim TpeboBaHuili B odepean OOJbIe
€, OTKJIIOYEHHUE BKJIIOYAIOIEroCs yCTPOACTBA HE IIPOUCXO/IUT.

BpeMs BkJjIIOYEHUS CepBepa, PACIPEIENIEHO TI0 3aKoHy Jdpsanra E(r, a),
IO3TOMY OyIeM pacCMaTPUBATh MOCIEI0BATEIHHO MPOXOTUMbIE (hA3BI BKITIO-
YeHUA, B COOTBETCTBHHU C « METOJIOM gpﬂaHFa». COCTOHHI/Ie CHUCTEMBI OIInIIIeM

B BuJe V(t) = (7:7j7y17"'7y7")7 rae
i€f{0,1,....chijelitdi+d+1,.. .} > ywe{01,...,.c—i}, (1)
k=1

KowmrmonenTsr BEKTOpa COCTOsIHUST UMEIOT CJIEAYIONHUil (PU3nIECKuil CMBbICII:
1 — YHCJ0 3aHATBIX YCTPOHCTB, j — YHCIO TPEOOBAaHWII B CHCTEME, Y —
YUCI0 yCTPOCTB Ha k-oif dase Bkitouenust k = 1, 2, ..., r. MHOX)ecTBO
BCEBO3MOXKHBIX COCTOSHUIT yI0BIeTBOpAomuX ycaosusam (1) obosnaunm ge-
pe3 S.

Bynem paccmarpuBarh cirygaitHblii IPOIECC C HEIIPEPHIBHBIM BPEMEHEM:

{v(t) € S; t > 0).

MNurencuBHOCTH IEPEXO/IOB /U1l TAHHOIO IIPOIECCA yI0OHO 3aIIUCATDH B BHUJIE
MATPHUIHI () HHTEHCUBHOCTEH MEPEX0/I0B, KOTOPash MMEET OJIOUHBIN BUII:

No Ag 0 0 ... 0 0 0 0 0 0
M, Ny Ay 0 ... 0 0 0 0 0 0
0 My Ny Ay ... O 0 0O 0 0 0
0 0 0 0 Mgy Ny Aeey O 0 0 ()
0 0 0 0 0 M, N A 0 0
0 0 0 0 0 0O M N A 0
0 0 0 0 0 0 0 M N A

Biokam Ni, Ay, M coOOTBETCTBYIOT IIOIMHOXKECTBA COCTOSHMUIA:
Sk ={0,4,y1,-..,yr) €S:j=k} CS.

Jlamee 3TO MOAMHOXKECTBO Oy/eM HA3BATh k-bIM CJIOEM CHCTeMbl. BHyTpm
KaXKJIOTO CJIOSI CTPOKU U CTOJIOIBI MATPUILI () YIOPSIOYUBAIOTCS B JIEKCHU-
KOrpadUueckoM MOpsiIKe CO CIOBOM BUIAA (Y1,Y2, .- ., Yr, ). VIMeHHO Gia-
roapsi TAKOMY YTOPSIIOYUBAHUIO COCTOSIHUI CHCTEMbI, MaTpura () mMeer
OJI0THO-TPEeXTMATOHANBHBIA BUA. [l OJI0KOB MaTpuilbl () CIpaBeITUBbI
CJIEIyTOIIUE YTBEPKICHUS:
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1) N € Rmexnme Ay € RMex™e41 ) My € R™X™—1 phe ny, = |Sk| u Bblios-
HAIOTCA HEPABEHCTBA: 1g < N <+ < N = N1l = Ney2 = ..+

2) Ap = ()\E 0) , rme ' — equanyanas MaTpuiia pa3MepHOCTH Ny

3) marpunpl Ni — KBaApaTHbIE BEPXHETPEYTOJbHBIE CO CTPOrO OTPUIIA-
TeJIbHBIMU JJIeMEHTAMH Ha JIABHON JUArOHAJIM.

Bamuch Bcex 6J0KOB MATPHUIGI () B OOIIEM BUIE WMEET MPOMO3IKUN BUI U
ObLIa OIYIIEHA /JIsT KPATKOCTH.

2. CranmoHapHoe pacrpeejieHue

O6o3HaunM Yepe3 7 BEKTOP CTAIMOHAPHBIX BEPOSTHOCTEH IJIsT COCTO-
aaui k-oro cosi. VIcKOMBI# 7K€ BEKTOP CTAIMOHAPHBIX BEPOATHOCTEH BCeX
COCTOsIHMI CUCTEMBI Oy/IeT UMETh BUJI:

= (T, T1,.. . Tey.n.)

Ucnonws3yst ToT dakT, 9T0 OJIOKM MATPHUIBI () TIEPECTAIOT U3MEHSITHCS
OT CJI0S1 K CJIOIO H ONHUPAsICh Ha PE3Y/IbTATHI U3jI02KeHHble B [1], [3], MoxkHO
chopMyIUPOBATH TEOPEMY:

Teopema 1. [as nponecca {v(t) € S; t > 0}, nmeromero marpuiy
UHTEHCUBHOCTE! (2), CTalliOHApHBIE BEPOATHOCTH JIJIS COCTOSHUI k-Or0 CJ10si
JTOJIZKHBI YIOBJIETBOPSATH CJIEIYIONTAM YCIOBHSIM:

1) BBINONHSETCH PEKYPPEHTHOE COOTHOICHUE:
Teti = Weyi—1 R, (i € N), (3)

rme Marpuna R — MUHWUMAaJbHBIM HEOTPUIATEIHHBI KOpeHb KBaapaT-
HOT'O MAaTPUYHOIO YPaBHEHUA:

A+ RN + R*M = 0; (4)

2) cropaBejyIuBa CUCTEMa, yDABHEHWIA:

mo- 1T +m 1T+ (E+R+R2+R+...) =1
7o Nog + 71 My =0
wolg + w1 N1 + 7o My =0
A1 + mo Ny + w3 Ms =0, (5
Moo+ e 1 Ney + 1M, =0
Ter1Nee1 + N + 7. RM =0

rae F — enunndnas Marpuna pa3MePHOCTH PaBHOI pa3meprocTtu R.
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o
B caywae, korma ps Y R' pacxoauTes CTAIMOHAPHOTO PACTIPEIeTeHNs
HE CYIIECTBYET. =0
Pemenne nawnoro KeagparTHoro ypasHenmsi (4) MoxHO HafiTh [2] Kak
Ipe/ierT TOCIIeJOBATEIbHOCTH, 33JAHHON PEKYPPEHTHBIM COOTHOIICHIEM:

Ry =0; R® = —[A+ R* V(N +wE)+ RFYRFDM k>1,

1
w
riae w = | min {diag (N)}|.

Cucremy (5), B cilydae CXOAMMOCTH MATPUYHOIO Psla B IIEPBOM yDaB-
HEHWUM, MOXKHO PEIUTh U3BECTHBIMU YUCIEHHBIMU METOJAMU IS KOHEIHBIX
cucrem JIMHEHHbIX ajiredpandyeckux ypaBHeHuii. B uacrHocru, ucnosb3ys
CUHTYJISIPHOE PA3JI0yKeHNe, MOYKHO HAWTH pelteHre OTHOPOIHOM MOICHCTEMbI
¥ TIOTOM Y9€CTh yCJIOBAE HOPMUPOBKHU. 1€ KOMIIOHEHTHI BETOPA 77, KOTOPBIE
He BXOZAT B cucreMy (5), MOIyT ObITh II0JIy Y€HbI [IPU IIOMOIIH COOTHOIIIEHK S

st BbIYUCIIEHUE CPEIHEro SHEPronoTpedIeHus CUCTEMbL B CTAIIMOHAP-
HOM pexkuMe OyIeM MPUMEHSITh (DOPMYILY:

C = C,EY + C,EX,

z3nech EX,EY — cpennee 9ucio aKTUBHBIX M PA30IPEBAOIIMXCS CEPBEPOB B
CTalMOHapHOM pezkume coorsercrserno, C),, Cy — sHeprugd norpebdisemasd B
€IMHUILy BPEMEHH OHUM CEPBEPOM, HAXOSAIIAMCI B AKTUBHOM COCTOSIHAN U
B COCTOSTHUH pasorpena coorBeTcTBeHHO. Bemmunnabt EX, EY Bohrancasiorcs
Ha, OCHOBE TOJIyYaeMOT0 CTAITMOHAPHOTO PACIPE/IEIEHUS CUCTEMBIL.

3. PeByJ'II)TaTbI YUCJI€HHBIX 3KCIIepuMeHTOB

Ha ocHoBe m310:KEHHOTO METOA TMOMYIEeHUST CTAIMOHAPHOTO pacIpee-
JtleHusi ObLTa HAMMCAHA €r0 YUCIEHHAS PeaTn3alusi, KOTOPAas MO3BOJISET BbI-
YUCIISATH CTAIMOHAPHBIE XAPAKTEPUCTUKHA CUCTEMBI IIPH JIFOOBIX A0MYCTHMBbIX
BXO/IHBIX IIapaMeTpax. BxogubpiMu napamMerpamMu B JJaHHOM CJIy4ae ABJISIOT-
Cs MapaMeTPRI CUCTEMEI C, A, i, &, T, Cy, C,,. Ilomydenne 6;10K0B MaTPUIET ()
TaKKe ITPOBOIUJIOCH YUCIEHHO: MMOCKOIbKY KAXKIOMY 3JIEMEHTY MATPUIIHI CO-
OTBETCTBYET Napa COCTOAHUI CUCTEMBI, TO BBIYUACIIAA 114 KaXKJI0U TaKOH 1ma-
Dbl HHTEHCUBHOCTD [IEPEX0/1a, MbI [TOJIy9aeM 3HAYEHUs BCEX JIEMEHTOB KaK-
J1oro 6stoka Marpuiibt (. Ilpumepsr pe3yIbTaToB YUCIEHHBIX IKCIIEPUMEHTOB
npu uKkcHpoBaHHLIX MapaMerpax: r = 2, u = 1.0,C, = 1.0,C), = 1.0, npn-
BEJIEHDBI HIKE.

Kak Buano w3 rpadukoB, HE MPHU BCEX MAapaMETPAX CHCTEMBI yIAETCs
JOOUTHCS IKOHOMUU IJIEKTPOIHEPTUU TPU OTKIIOYCHUH HE 3aHATHIX CEPBe-
pOB.
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Puc. 1. 3aBucumocTsb 1oTpedsiseMoil SHEPrun OT NapaMeTPOB CUCTEMbL

3akJiroueHue

B nmammoit pabore BiepBbie ObLIa TPOAHATU3ZUPOBAHA CHCTEMA, MACCOBO-

ro 00CTyKHUBaHHSA, B KOTOPOil OOCTYKHBAIOIIHE yCTPOHCTBA OTKIIOYAIOT-
Cs1, a BpeMsi WX BKJIIOUEHHUs] PACIPEIETIEHO MO 3aKOHY JpJanra. as cKoH-
CTPYUPOBAHHON MaTEMaTUYIECKON MOJe N ObLI aJANTUPOBAH MAaTPUYHO-
reomerpudeckuit MeTo. C moMOIIbI0 YUCTEHHON peasn3aIiun JAHHOTO MeTO-
Ja yAAJI0Ch HAUTH CTAIMOHAPHBIE XapPAKTEPUCTUKHN CUCTEMBI, & TAKKe CPaB-
HUTb UX C XapaKTEPUCTUKAMHU KJIACCUIECKON MOJIeN.

1.
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METOO AHAJIN3A OTKPBLITOI CETU
MACCOBOTI'O OBCJIYV2KNIBAHUNA C
I'PYIIIIOBBIM OBCJIV2KUBAHUEM

E.II. Cramkesuu', U. E. Tamanxo!, M. ITarano?

! Capamoscrud HAYUOHAADHDOLT UCCALI0BAMENLEKUT 20CYIaPCMEEHHBLT
yrueepcumem umenu H. . Deproiwescrozo, 2. Capamos, Poccus
2 .
Husanckut ynusepcumem, . Husza, Umaaus

B mammoit paboTe paccMaTpMBaeTCs OTKPBITAsT CETh MACCOBOTO 00-
CJIyKUBAHUS C TPYIIMOBBIM 00C/IyKuBaHueM TpeboBanuii. B cets u3
MCTOYHMKA TIOCTYIIAET IIyaCCOHOBCKUI MOTOK TpeboBanmii. Kaxmas
CHCTEMa CETH COIEPKUT OJWH OOCIIyKUBAIOIINI TTPUOOD M OUepe/ib
GeckoHeHON JuHbL. T peboBanust 00CIyKMBAIOTCS IPYIIION 33 aH-
HOro pasMmepa. Ec/m B odepean KOJMYECTBO TPEOOBAHHUI MeHbIIE
33/TAHHOTO YMCJIa, TO OOC/IY KMBAIOIIMI IPUOOD MPOCTANBAET, MHA-
ge BeIOMpaeT Ha OOC/Iy’KMBAaHWE 33JaHHOE UHCJIO TPeOOBAaHMIL, KO-
TOpBIE B JaJbHEHIeM 00C/IyKUBAIOTCA TPYNIION C SKCIIOHEHITAAIb-
HO PACIpeIeeHHON JINTeILHOCTHIO 00CIy)KuBanus. s momsyde-
HUSI CTAIMOHAPHOTO PACIIPEIe/IEHUS OTKPBITOM CeTH 0OCITY K MBAHIS
C I'pyHUIIOBBIM O6CJ'Iy}KHBaHHeM UCIIOJIb3yeTCd SKBUBAJIEHTHAA CETb
MaCCOBOTO OOCJIyKUBAHUS C OOC/IYKMBAHIUEM TPEOOBAHMIA IO OIHO-
My.

Kuaro4geBble ciioBa: Cemu macco6020 00CAYHCUBAHUA, 2PYNNOBOE
00CAYIHCUBAHUE, CTNAYUOHAPHOE PACTPEJENEHUE.

BBemenue

IIpocrora n ymo06CTBO MCIHOIL30BAHUS CETEl MACCOBOTO OOCIIYKUBAHUS
[IPU PeIeHuH 33a/]a4, BOSHUKAIOIIUX B CETSIX CBSI3U, KOMIIbIOTEPHBIX U TeJe-
KOMMYHHUKAIIHOHHBIX CHCTEMAaX, CIOCOOCTBOBAIN WHTEHCHBHOMY DPa3BUTHIO
METOJIOB aHAIM3A CeTell MaccoBOro obciykuBanusd. B mocsenuee Bpems o-
HUM U3 [IE€PCIEKTUBHBIX HALIPABJICHUN B TEOPUH ceTeil MacCOBOTO 0OCIIyKu-
BaHUS SIBJISIETCS PA3BUTHE METOJOB aHAJM3a CeTefl MacCOBOTO OOCIIYKHBaA-
HUsI C IPYNIIOBBIM OOCJIY:KHBAHWEM U TDYIIOBBIMHU Iepexo/iaMu TpeboBa-
uuii [1, 2, 3, 4, 5, 6]. Cern ganHOrO Kjacca sIBJISIOTCH YAOOHBIM UHCTDY-
MEHTOM /IS PEIIeHUsS 3389 MPOEKTHPOBAHMUSA U AHAIIN3a MHOTOMOIH30BA-
TeIbCKUX cucreM [4, 5], IpOU3BOACTBEHHBIX [2] B TPAHCHOPTHLIX cucreM [6],
a TaKk¥XKe I WCCIeI0oBaHus d(DGEKTUBHOCTH AJTOPUTMOB MHOTOILY TEBOM

Pabora Boimonnena mpu mopmepykke Mwunobpuayku Poccunm B paMKax BBIOIHEHHS
rocymapcTsenHoro 3ananusa (npoexkt Ne FSRR-2020-0006)
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MapIIpyTH3anuu. B JaHHOI pabore 0Ka3aHO, YTO CTAlMOHAPHOE PACIIPEeIe-
JIEHHE OTKPBITHIX CeTeil MacCOBOIO OOC/IYy?KUBAHUSA C I'PYIIIOBBIM OOCITY2KH-
BaHUEM Tpe6OBaHI/Iﬁ MOZKHO TIOJTYyYUTH, UCMOJIB3ydA U3BECTHHIE PE3YJIbTAThI
ags cereit /I>kekcoHa.

1. Omucanue Mmogenn

PaccmarpuBaercs OTKpbIiTasg CeTh MacCOBOTO o0CIykuBaHust N ¢ Hempe-
PBIBHBIM BpeMeHeM, cocrosimnas u3 L crucrem MaccoBOro obciykuBaHus S,
iel, I={1,...,L}. B cerb u3 ucrounmka Sy MOCTYNAELT MyaCCOHOBCKUI
MTOTOK TPeOOBAHMIA OHOTO KJIACCA C MHTEHCUBHOCTHIO \g. TpeboBaHmst MeK-
JIy CUCTEMAMU CETH W UCTOYHWKOM TIEPEXOAAT B COOTBETCTBUU C MAPIIPYT-

HOM Marpuieit © = (6;;), 1,7 = 0,...,L. CocrosiHUe CETH OIpeNeeTcs
BEKTOpOM s = (8;), i = 1,..., L, rae s;— 9ucsao TpeboBaHuil, HAXOAAIIUXCS
B cucreme S;, i = 1,..., L. MuOox)ecTBO Beex cocrosauii ceru N 0603HATUM
qepe3 X.

Cucrema S;, i =1, ..., L, cocrout u3 ouepean 6ECKOHETHON JIUHBI U OJI-

HOT'O O0CJIyKHBAIOIIET0 TPUOOPA, OTHOBPEMEHHO OOC/TY KMBAIOIIETO IPYIIILY,
cocrosrnyio u3 b;, b; > 1, rpeboBamnnii. InuTenbHOCTH 0OCTYKUBAHNUS TPYII-
bl TpebOBaHUil B cucTeme S; SBJISETCS SKCIOHEHIMATHHO PACIPEIeTeHHON
CJIy4ailHOM BEJIMYUHOMN ¢ mapaMerpoM ;. Eciiu B o4epeiu HAXOIUTCs MEHb-
me, deM b; TpeboBaHUil, TO OOCIYKUBAIIINNA TPUOOP OyIeT MpPOCTanBATH
JI0 TeX TOp, MOKA B OYepeIb HE MOCTYIUT, MO KpaiiHeir mepe, b; TpeboBa-
uuii. Ilocte 3aBepiennst 0OC/IyKUBAHUS B CUCTEME S;, KAXK/I0€ TPEDOBAHME
HE3aBUCHUMO OT OCTAJIbHBIX TPEOOBAHUN IPYIIIbI IEPEXOJUT B cHCTeMy S;,
j € I, ¢ Bepoarnocrpio 0;;. Ilonaraem, 4ro B Kax/10i cucreme S; ceru N
pa3Mep 00CIyKUBAEMOil TPYTIHI TPEOOBAHUN b; 3HAYUTEIHHO MEHBIIE UNC-
7a cucteM S;, B KOTOpBIe MOTYT MepeiTn TpebGOBaHWs, TIOCIe 3aBepITeHns
00OCIyKMBaHUSA B CHCTEME S;, & TAKXKE, 9TO BEPOSTHOCTHU TIEPEXOI0B Tpebo-
BaHUI B CMEXKHBIE CHCTEMbI CDABHUMBI.

2. MeToa anajgnsa

13 npemnonoxenus 60ab110i pasMepHocTH cetr N U HHINBUIYATHHON
MapIIpyTu3anuu TpeboBaHuil mocje 00C/IyKUBAaHUs TPYIIBL B cucreme Sy,
i=1,..., L, ciemgyer, 9T0 BEPOSITHOCTH OJHOBPEMEHHOTO TIOCTYIIJIEHUST TBYX
u Oojiee TpebOBaHMIT B JTIOOYIO W3 CHCTEM OOC/Iy’KMBAHUSI HACTOJIBKO MaJa,
9TO ITOH BEPOSATHOCTHIO MOXKHO niperedbpedn. [losTomy Oymem cautars, 910 B
KayKIyto cucreMy oOcityKuBanus ceTd N MOCTYIaeT MyacCOHOBCKUIT MOTOK
TpebOBaHUM ¢ HEKOTOPOH MHTEHCHBHOCTHIO. MccmemoBanue cetn N HaIHEM
C U3YYEHUST W30JTMPOBAHHOMN OT OCTAIHHBIX CUCTEM OOCIYKUBAHUST CUCTEMbI
S;, i =1,..., L. I3BecTHO, YTO CHCTEMa ypaBHEHWI DPABHOBECHUS IS ITOM
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CHCTEMbI O6CJ’Iy)KI/IBaHI/I${ nMeerT BUJ

Aimi(0) = pimi(bi),
Aimi(n) = mi(n — 1) + pmi(b; +n), 1 <n< b —1, (1)
(Ni + pi)mi(n) = Nimi(n — 1) 4+ pmi(bi +n), n = b;.

rjie A; — HHTEHCUBHOCTH MOTOKa TpeboBanmii B cucremy S;, i = 1,..., L.
ITocrpoum mporece &; pa3MHOXKEHUsT ¥ THOEN, KOTOPbIN SBJISIETCS K-
BUBAJIEHTHBIM [0 CTAI[HOHAPHOMY PACIPEIEIEHUI0 BEPOSTHOCTENH COCTOSI-
uuii cucrembr S;. [lycts mpomecc &; ompeaesieH Ha MHOXKECTBE COCTOSHUIMA
{0,1,...}, Ay = A\i(n) — UHTEHCUBHOCTH mEpexoia mpouecca & U3 CocTo-
dHUug n B cocroguue n + 1 we 3apucur or cocroguus n, n € {0,1,...},
11;(N) — MHTEHCUBHOCTH LIEPeXoua Lpouecca §; U3 COCTOAHUA 7 B COCTOAHUE
n—1,rmen € {1,2,...}. Cocrostaus {0, 1,...} u mapamerp \; mpomecca &;
coorBeTcTByIOT cocrosiuusiM {0, 1, ...} u mapamerpy \; cucremsr S;. Onpe-
nesum uHTeHcuBuoctu fi;(n), n = 1,2,.... Cranuonapuoe pacupejeeHue
BEPOSITHOCTEH COCTOSHUI mporiecca &; pa3MHOXKEHNST U THOETH

k i
mi(k) =m(0) [[ =7, k=1.2,..., (2)

rie

IMoncrasum (2) B (1) M MOIyYINM BBIDAXKEHUs! JJIsT BBIYUCIAEHUS [1;(n), 1 =
1,2,...,

wi(n) = XN, — ti= i = , I1<n<bh -1,

pii(n) uﬂi(n+1)'~-~'ﬂi(bi+n) (3)
AV

fi(n) = N + pi — pi= t ,n > b

i(n) a 'uui(n—i—l)-...-ui(bi—i—n) "

O6osnaunm M; = lim fi;(n). Torga ypaBHenus (4) mpu n — 00 IpUMYT
n—oo
BUJL

MY — (N + i) MY+ A i = 0. (4)

B ypasuennu (2) MHTEpeCYIONil HAC €NHCTBEHHbIH BEIeCTBEHHBII KO-
bs (A ) atpa) AT,
bi+1 7 (Ni+pi)¥i
ompeseser ducieHHo [7]. U3 cucremsl ypasaenuii (4) ciaemyer, 4To

PEHb PACIIONIOKEH B uHTEpBaje (- ) u MOXKeT ObIThH

fi(bi) = pi(bs +1) = pi(b; +2) = --- = M;.
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Ucnonb3yst ypaBuenus (4), oupeaensorcs HOCJIEI0BATEILHO UHTEHCUBHO-
cru obcayxusanua [1;(b; — 1), @;(b; — 2),..., fi(1). Takum obpaszom, nms
Ka¥KJJOr0 COCTOAHUSA 1 Tpolecca &; ONMpeIe/IeHbl UHTEHCUBHOCTH [1; ().

Bocnombayemcs pesyibraTaMu, TOJTyYeHHBIME JJIA mponecca &, W IMo-
CTPOMM OTKDPBITYTO 9KCIOHCHIMATBHYIO CeTh 00CTyKUBaHUA IV, COCTOSAMIYIO
u3 cucreM o0CIIyKUBaHus S; C MHTEHCUBHOCTAMU OOC/IYKUBaHUs [1; (1), e
n — 4ucio Tpebosanuii B cucreme :9;-, n=12...,i=1,..., L. Ocrarbube
napamerpbt ceru N cOBLIAJAIOT ¢ napamerpamu ceru N.

ITocTpoennast ceth 0OCaykuBaHust N 3KBUBAJIEHTHA IO CTAIMOHAPHOMY
PAaCIpeeIeHUI0 CeTH MAaCCOBOTO O0CIyKuBaHusi [N C TPYMIIOBBIM 00CITYKHU-
BaHueM TpPeDOBaHMT U mpeAcTaBiseT co0oii ceTh /l2KekcoHa.

MurencuBHOCTH TOTOKOB TPEOOBAHWI B CHCTEMBI S; ONPEIEIISIIOTCS U3
COOTHOIICHU I

Wi .
)\i = 7)\07 1= 1,...,L,

wo
rJle BEKTOP OTHOCHTEIbHBIX WHTEHCHBHOCTEH MOTOKOB w = (w;), @ =
0,..., L, aBisercs pemeHneM ypaBHeHus wO® = w ¢ yCJIOBHEM HOPMHUPOBKH

L
Zi:O Ww; = 1. _
Cranuonapubiii pexxum cetu N 1 9KBUBAJIEHTHOI eif cetu N CyIIIeCTBYeT,

€CJIU JIJTsi KaXK/I0i CUCTEMBI \S; BBIMOJHATCS yciaoBue \; < b, i =1,..., L.

Crauuonapubie BepogrHocT 7(S) cocrosinuii ceru N, a 3uadur u ceru N,
ONPEJEJISIOTCH U3 BbIPDAYKEHUST

L
m(s) = Hﬂ'i(si)a seX,

rae

mi(s;) = m;(0) H gA(n)

n=1

Maremaruueckoe oxumanue (M. 0.) yucia TpeboBanuii B cucreme Sy,

i=1,...,L,
oo

5 = Znﬂ'i(n),
n=1

M. O. JIJTATEJIbHOCTH IIpeObIBaHUs TPpeOOBaHUl B ceTn
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3. IIpumep

Paccmorpum cers obcimykuBanus N ¢ mapamerpavu: L = 14, \g =
Lb = (3 2 2 3 2 2 3 3, 2 2 3,2 2 3),p =
(0.8, 0.6, 0.9, 0.6, 0.8, 0.8, 0.9, 0.6, 0.7, 0.8, 0.9, 1.0, 0.7, 0.7),

0.0 0.3 0.4 0.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.0
0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.2 0.2 0.1 0.1 0.1 0.1 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.2 0.1 0.2 0.1 0.1 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.2 0.2 0.1
0.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1 0.2
0.2 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.2 0.1 0.1 0.1 0.1
©=(020.10.1010.10.0 0.0 0.0 0.0 0.0 00 0.1 0.1 0.1 0.1
0.2 0.0 0.0 0.0 0.1 0.1 0.1 0.0 0.0 0.1 0.1 0.1 0.1 0.0 0.1
0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.2 0.1 0.1
0.3 0.1 0.1 0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0
0.3 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.1 0.1
0.3 0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.0 0.0 0.0
0.3 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.0 0.0 0.1 0.1 0.0 0.1
0.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1 0.0

JlanHast ceTb yIOBJIETBOPSET CAEJIAHHBIM BBIIIE MIPEIMTOI0KEHUSAM, & HMEH-
HO, C€Th COCTOWT U3 OOJIBIIOrO KOJUYECTBA, CHCTEM, PA3MEpP TPYIIIbI TPe-
OOBaHMi B KaykKJOH CHCTEME 3HAYUTETHbHO MEHDINE YHCIa CMEKHBIX BbI-
xomapix cucreM. C KHCIOJIB30BAHUEM IIPEIJIOZKEHHOIO METOIa aHaJiu3a Obl-
JIM BBIYUCJEHBI BEKTOP M.O. YHCJIa TpeOOBAHUIl B CHCTEMaX CETH § =
(1.67, 1.98, 1.11, 1.37, 0.88, 0.96, 1.37,1.69, 1.32, 1.15, 1.62, 1.07, 1.20, 1.48),

BEKTOp MHTEHCHBHOCTe!l 1oTOKOB B cucrembl A = (0.50, 0.57, 0.47,
0.22, 0.28, 0.33, 0.33, 0.39, 0.46, 0.44, 0.52, 0.50, 0.41, 0.32), m.0. JAyUTENDb-
Hoctu mnpedbiBanusi TpeboBanuit B ceru 7 = 18.87. C momormpoo wmwu-

TAIMOHHOI'O MOJIEJIMPOBAHUA CHUCTEM CETH OOCJIy?>KUBAHUSA IOJIyYEHbI CO-
OTBETCTBYIOIINE CTAIIMOHAPHBIE XapPAKTEPUCTUKU C JIOBEPUTETHHBIM WH-
tepsasiom 0.001 u JoBepuTeNaBbHON BeposTHOCTHIO He Humxe 0.95 : 51 =
(1.69, 1.97, 1.11, 1.41, 0.90, 0.98, 1.40, 1.72, 1.35, 1.17, 1.65, 1.10, 1.23, 1.50),
A= (0.50, 0.57, 0.47, 0.22, 0.28, 0.33, 0.33, 0.39, 0.46, 0.44, 0.52, 0.50,
0.41, 0.32) u 71 = 19.19. CpaBHuBas pe3yIbTATHI AHATHTHIECKOIO W HMHTA-
IIMOHHOTO MOJIETUPOBAHUS BUIHO, YTO WHTEHCUBHOCTH BXOJAIINX TTOTOKOB

B CHCTEMBI COBIAIAIOT, 3HAYEHUS M. O. YUCJIa TPEOOBAHMIT C CHCTEMAX CETH
pasamyaercs MakcumyM Ha 2,9% B cucteme Sy, a 3HAYEHUS M.O. JJTATEJIb-
HOCTH IpeObIBaHusa TpeboBaHuil B ceTn pasnudaiorcd Ha 1,7%.
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3akJroueHne

B pabore moka3aHo, UTO [1JIsT OTKPBITON CETU MACCOBOTO OOCITYKUBAHUS C
IPYTIIOBBIM OOC/IyKHBAHUEM TPeOOBAHUI OOJIBITON PA3MEPHOCTH, B CHCTE-
MaxX KOTOpO#l pa3Mepbl 00C/IyXKHBAaE€MbIX IPYII TPeOOBaHUN 3HAYUTEIHHO
MEHBIIIE YKCJIa CMEXKHBIX BBIXOJHBIX CUCTEM, CTAIMOHAPHOE PACIpEIeIeHIe
MOXKET ObITh BBIYMCJIEHO B MYJIbTUILIMKATUBHOI (popMme.
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MOMEHTBI ITPUPAIIIEHUN U IIEPUOJA
PETEHEPAIIVI OBOBIIEHHBIX

PETEHEPUPVIOHIUX CJIYYAMHBIX
IIPOILIECCOB B CUCTEME MACCOBOI'O
OBCJIY>KNBAHUSI M/G/1 C
ITOJIYMAPKOBCKIM ITOCTYIIJIEHUEM
TPEBOBAHUI

I. T. Typcynos

Towrenmerul, ynusepcumem uH@oPMAGUOHKBLT TeTH0A02Ul,
2. Tawxenm, Ysbexucman

B mammoii pabore paccMOTpeHa CHCTEMa MACCOBOTO OOCILYKHBAHIS
C MyaCCOHOBCKUM BXOOANIUM TTIOTOKOM, C OOJHUM OGC.Hy)KI/IBaIOH_(I/IM
mpubopom. TpeboBanue, 3acTaBiiee 00CIY KUBAIOMIUI TPUOOP 3aHS-
ThIM O6C.Hy)KI/IBaHI/IeM CTaHOBHUTCA B O4Ye€peab, MeCTa [IJ/Id OKUIAHUA
00C/Iy’KMBaHUs HE OTPAHNYEHBI. Bpems 00CIy KUBaHUS UMeeT Ipo-
M3BOJIbHBIM 3aKOH pacipeesenus. B cucremy mocrymaioT TpeboBa-
HUS M Pa3JUYIHBIX THUIOB, KOTOPbIE 00PA3yiOT OIHOPOIHBIN IIEIh
MapxoBa. CocTaBiieHbl ypaBHEHUs [JIS MOMEHTOB IPHPAIIEHUI U
[Ieprosa pereHeparmu 0000IIEHHBIX PEreHepUPYIOMUX CIIy YaiflHbIX
IPOIECCOB (MHTErpas OT BEJMHYUHBI OYEPEaH B CHCTEME, BKJIIOYas
obciryKuBaeMoe TpebOBaHME, YKCJIO OOC/IYKEHHBIX TpeOOBaHUil 33,
BpeMd t M 91CJI0 3aKOHYUBIINXCHA nepuoaoB 3aHITOCTEl K MOMEH-
Ty t), HOJIy9eHbl yCJIOBAS CYIIECTBOBAHH UX DEIIEHHUI.
KuaroueBbie cioBa: Cucmema Macco8020 00CAYHCUBAHUA, NYACCO-
Hosckul nomox, uensv Maprosa, nosymaproscrkutl npouecc, Mmaim-
PUBHBLE YPABHEHUA, BEAUNUNA 0UEPEIU, YUCAO 0OCAYINCEHHBLT mpe-
bosaHul.

Paccmorpum cucreMmy MaccoBOro oOCAyKUBAHUSA C IIYACCOHOBCKUAM BXO-
JSAIIAM TOTOKOM C TTapaMeTpoM A\ U C OJHUM OOC/IYKUBAMOIIAM MPUOOPOM.
Tpebosanue, 3acTaBiiee 00CTYKUBAIONINN TPUOOD 3aHATHIM 00C/Ty KUBAHU-
€M CTAaHOBHUTCA B O4Y€peIb, MECTa OJid O2KUJaHUA O6CHy)KI/IBaHI/IH HE Oorpa-

HUYEHBI.
B cucremy mocrynaror tpeGoBaHuUs M PA3JIMYHBIX THUIIOB, [IPUYEM II€D-
Boe TpebGoBamme Tumna Ji mocrymaer B MomeHT t = (0 W OOCIyKWBaeTCS

B Tedenun Bpemenu 71. ODO3HAYUM Uepe3 T BpeMs OOCIyKuBaHUS U Ji
THM k-TO MOCTYNUBIIEro B cucTeMy Tpebosanus, k > 1. Ilpeamnonoxum, aTo
{7k, k > 1} aBusiercs 10CJIe10BATEIBHOCTHIO HE3ABUCUMbBIX CIIyYaiiHbIX Be-
aaut, {Jg, k > 1} gaBisiercs 0HOPOAHO#, HEIPUBOAUMOI U SProOAUMIECKOi
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uenbio MapkoBa ¢ KOHeYHbIM MHOXKecTBOM cocrosuuit H = {1,2,...,m},
marputeil nepexonubix Bepogruocreit P = ||p; ;i je m, HadaabHbIM pacLpe-
nesenvieM {p;, i € H},p; = P{Jy =i} u co cranmoHapHbIM DACTIpeIeIeH -
eM {ﬂ'k,k S H}, TAE pij = P{Jk+1 Zj/Jk = ’L}

Mycrs {(7%, i),k > 1} — nojaymapKOBCKuUil NPOIECC C MPOCTPAH-
crBom cocrosinuit Z = [0,00) X {1,2,...,m} ¥ HOIyMapKOBCKUM CTO-
xactmaeckuMm  aapom P{ry1 < z,Jpp1 = j/me = t,Jp = i} =

= P{mpp1 < @, Jpp1 = j/Jk =i} = Fij(z) ana k > 1,0 < z < oo,
i€ H,je H[1].

O6oznaaum marpurpl F(z) = ||Fj(z)|ijen 1 M(1) = |Jouj(Dlijen,
rae o j(1) = [° a'dF; j(z) momentsl nopsaka | > 1 Bpemenn obcty KuBa-

HUsL, 3arPy3Ky cHCTeMbl p = Ay i a;i(1)mj m o = max Y o a;;(1).
bI= ’ 1<i<m — 9= 0

IMomymapkosekuii nponece {(7, Ji), k > 1} aBnserca npaBuiabHBIM

m
(ijl pi,j = 1) 1 HempepsIBHBIM, eci p < 1 U MONOKHUTETLHO BO3BPAT-

HBIM, ecqia p < 1 [1].

O6osratnm 1wepes 1)(t), v(t) u N(¢t) = max(n>1:> 1 w; <t), coor-
BETCTBEHHO, BEJIMYMHY OYEPEIU B CUCTEME, BKJIIOYast OOCTy?KHBAEMOe Tpe-
OoBaHMeE, YUCIO OOCTYKEHHBIX TPEOOBAHUI 3a BpeMs ¢ U IUC/I0 3aKOHIUB-
MINXCS MEePUOIOB 3aHATOCTEN K MOMEHTY T.

st u3yYeHust aCHMITOTHIECKOTO TIOBEIEHUsT 0DOOIIEHHBIX PEreHepUpy-
IOIUX CIIy9aiiHbIX mporneccos &(t) = fg n(t)dt, v(t) m N(t), 0 < t < oo npu
BO3PACTAHMK BPEMEHHU (DYHKIIMOHMPOBAHUSA CUCTEMbI HJIU TIPH p — po < 1
BO3HUKAET HEOOXOMMOCTD 110 MEPE BO3MOXKHOCTH IBHO yKa3aTh UEHTPUPY-
IOIIFe, HOPMUPYIOIIME U TPeIeIbHbIe KOHCTAHTBI, 8 3TH TIOCTOSTHHBIE BhIPA-
JKAIOTCS 9epe3 MOMEHTHI TIPUPAIIEHUH BIIeyKa3aHHBIX MTPOIECCOB 3a Tie-
PHOIBI 3aHATOCTH CUCTEMbBI, KOTOPBIE SBJISIOTCSA TEPUOJAMU PEreHepaIlni,
MOCKOJIbKY B MEPUOJAX MPOCTOS CUCTEMBI, CIEAYIOIIUX 33 MEPHOJAMU 3aHS-
TOCTU CUCTEMbI, 3Ha4Y€HUs CJydaiiubix npoueccos £(t) u v(t) paBHbl HYJIIO.

CocraBjieHnl ypaBHEHUs 1JIsT MOMEHTOR MPUPAINEHUN W TIeproma pere-
HEPAIUH BBIEYKA3AHHBIX 0000IIEHHBIX PEreHEPUPYIOIIUX CIIYYARHBIX TPO-
[IECCOB U TIOJIyY€HBI YCJIOBUS CYIIECTBOBAHUSI MX DPEIIEHUH.

Ecmu {wg,k > 1} nocnemoBaresbHOCTh NEPHOJIOB 3aHATOCTU CUCTE-
mbl, [y = J; u Iy Tun nepsBoro obciyKeHHOro tpeboBanust B k-TOM Iie-
pHOZIe 3aHATOCTH Wy, TO B HAMX npennonoxenusx {Ii,k > 1} asnsa-
eTcs OJHOPOIIHOM, HEMPUBOANMON M 3proandeckoil menbio MapkoBa ¢ KO-
HEYHBIM MHOXKECTBOM cocTosiHuii H, Marpuiieil nmepexoaHbiX BEpOSITHOCTEH
Q = ll¢i ;| =1, magampupim pacnpenenennem {g;,i € H},q; = P{l =i}
U CO CTAIMOHAPHBIM pacmpenenenueM {vi, k € H}, tae ¢;; = P{ly41 =
j/Ix = i}, a nocrenoBarenbrocThb { (wg, Ix), k > 1} aBagerca moaymapKos-
CKHWM TPOIECCOM C TIPOCTPAHCTBOM cocrostHmii Z = [0,00) x {1,2,...,m}
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U TOTyMapKOBCKHM croxacTudeckuM aapoM Q(z) = ||Qi;(x)|ijen, rae
P{wri1 < z, Iy = j/I = i} = Q; (), upuuem ecau p < 1, o om
HOJIOKUTETHHO BO3BPATHBIIA.

O6osmaum Py = |[ps j (k)| jerr, pij (k) = [ ee Q2GR (), k > 0,

Teopema 1. 1) Marpuna nepexonsbix BepositHocreit () uenu Mapkos
{Ii,k > 1} ynosnersopser ypasnennio Q = > oo | PrQF.

2) Ecm Ada < 1, To 9T0 MaTpU4HOE YpABHEHHE WMEET OIHO WU
TOJIbKO OJIHO DPEeIIeHNe B BUJE CTOXACTUYECKOH MATPUIBI U ITO pelle-
HUE MOXKET OBbITh MOJYYEHO KaK MPEIEs MOC/IeA0BATEbHOCTH MaTPHIL
Q(n) =Y 1=, PtQ(n—1)*, n > 1, rae Q(0)npouspoibHas CTOXacTHIECKAS
MAaTPHIA, TPUIEM OIEHKA OIMMHOKU N-T0 MPUOINKEHU

A= 0@, Q) < 2975 (), Y R
k=1

Beemem  mpupamienust  caydvaiiHbix  mpomeccoB  £(t)  wm v(t):

& = &(tr) —&(th—1) m v = v(te) — v(th—1), Tae ty = Zfﬂ wi k= 1,to=0.
B mammx npeanomoxenusix mocaenosareabocTw (&g, Ix),k > 1} m
{(vk,Ir), k > 1} sBasiioTCst TOTYMAPKOBCKUMW MPOIECCAMY, TTPUIEM eCJIn
p < 1, TO OHM TIOJIOXKUTEIHLHO BO3BPATHLIE.
Bsemem MaTpuIibl MOMEHTOB TIPUPAIEHAN U IEPUOIA pereHepanu 0000~
HIEHHBIX PEreHepUPYIONMX Ciydaiibix nporeccos &(t) u v(t) mua | > 1:

X(1) = oy Olsger, wa;(0) = / WdQs ; (u),
Y() = iy Olliger. wi(0) = / WdP{E, € du, Tis = j/Ti = i},
0

Z(1) = |lzi5(1)

sers () = / ddP{vy < du, Toss = j/ T = i},
0

T = Hti,j”i,jEHv ti; = / / usdP{& € du,wy, € ds, I41 = j/Ik = ’L}
0 0

Ob6o3naunm dwepe3 Il,,, TPOCTPAHCTBO BCEX M-MEPHBIX KBAIPATHBIX
MaTPUL, C HEOTPUIATEJbHbIMU 3jieMeHTamMu U paccrosuuem p(A, B) =

max |a;j — bi |, tne A = |la; |, B = ||bi ;|| € I,n. Torma p-cxomamocTs
0<i,jsm

9KBUBAJIEHTHA, TO JJIEMEHTHON CXOJIWMOCTH MATPUIl C HEOTPHUIATEIbHBI-
MH 3JEeMEHTAMH W TIpeaen KaxKIOoW CXOAAIeidcs B cebe IMOCTeI0BATE b
HOCTH MAaTpHI[ C HEOTPUTATEIbHBIMHA 3JJIEMEHTAMU {ABJISIETCI TaKyKe MaT-

putieit ¢ HEOTPHUIIATEILHBIMU 3JIEMEHTAMU U CJI€JO0BATEITHHO (Hm, p) OJI-

HOe MeTpudeckoe mpoctpamcTBo. Ha 3tom mpocrpancree miag [ > 1 um
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Ay, B,C €1l,,, k > 1 paccmorpum onepatopst f; : 11, — I,

fi(Ar B zAszr BQ,

00 k—1
fQ(Akv ):ZAk (r-]_)QT Qk r— 1
k=1 r=0
00 k—1
f3(Ak, B) = 3" ALY (r —1)2Q"BQMT Y,
k=1 r=0
fi (A3 B) = > A > Q" BQ™BQ™,
k=2 ri+ro+r3=k—2
0<ri,rg,r3 <00
0= Y ewece
k=2 ri+re+r3=k—-2
0<ry,re,r3 < 00
B)=> B > Q" BQ™BQ™BQ™.

ri+re+r3+ryg=k—3
0<ry,re,r3,r4 < 00

C mowmompio 3tux omeparopos u Marpui F(z) = ||F; ;(z)
llgi;117 =1 BBEMEM CrETyrOTIIE MATDHITHT

[e%e) o0 )\
Ly :/ uZef)‘“( Y
0 k=0

F(u)Q",

0

[ )
= | W) e ARt
° 2 u Au)k
w2 f DM R b ) P X (1) +

— ri—1
+Zpk Z {Z Qk er ro— IX( )Qk7r171+

7‘10 '('20

k—r1—2
f Y Q”X(l)Q”X(l)Q’”S“Q},

T3 =0

ijeH, @ =
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K7 = ||1]| m-mepuas marpuna cocrosimas u3 1,

Ky = K1+ 2f1(P, Z(1)) + fa(Pr, Z(1))
K3 = K1+ 3f1(Py, Z(1)) + 3f1(Py, Z(2)) + 3f4(Py, Z(1))+

5 (21, 22) + H(2(2), 2(1)) + fo(2(1)),

Ny = (M(1) + SM@) K+ fo( P, X (1),

Ny = (M(2) + 2 M(3) + S MK + 2 (Bi, Y () +

AP Y () + fi(Pe X () + 5 (X1, Y (1) + f5(0 (1), X(1) +
+2f2(Py, T) + f5(Pr, X(2)),

Ny = (M(2) + S ME)E + fi(By X)) + fa( P X(1) + Ao Y (1)
(P X(2)) + Fi(Pe X)) + 5 (5(XQ), Y (1) + (Y1), X(1),

saece B = Cp + G, Cp = |ai;(1)pi;(k)llijen, a wmarpuna
G = ||7i,jpi,; (k)|li,jen uMeeT mpousBoasIyo DYHKILIO

32k = ﬁ[m ~ ML) 4+ B(A — Az) — Ky, B(s) =
k=0

— s (iser fig(s) = / e~ dF, ().

Teopema 2. 1) Marpuibl MOMEHTOB npupaiieHuii 0606IIEHHBIX Pere-
HEepUPYOLIUX CIydaiinbix npoueccos £(t) u v(t) u nepuoja ux pereHepanuu
YJOBJIETBOPSIOT CJIEAYIOIUM yPABHEHUSM:

f(A) = f1(Pg, A),
X(1) = fi(Pe, X(1)) + L,
Y(l) = f1(Pk,Y(l)) + N, 1=1,2;
Z()= f1(P, Z(l))+ K;, 1 =1,2,3.

2) Ecu A < 1, TO 9TM MATpPUYHBIE YyDABHEHUS UMEIOT OJHO U TOJBKO
OJIHO PeIlleHNe U ITU PEIIeHUsi MOTyT ObITh IOy YeHbl KAK IPeIeJbl MoCIe-
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JOBaTeJIbHOCTE MaTpuly

T = fi(P, T" V) + Ny,
XM (1) = f1(Pe, X" V) + Ly, Y (1) = f1(P,
YOrU@) + N, 1=1,2;
ZM(1) = fi(Pe, Z" V() + Ky, 1=1,2,3,n>1
coorsercrsenno, riae T, X©) (1), V(© (1), Z©) (1) mpoussonsuse Marpu-

IObI C IIOJIO2KUTEJIbHBIMHA 3JIEMEHTAMHU, IIDUYIEM OIICHKU omnbOoK n-ro HpI/I6JII/I-
KE€HUA PaBHbI, COOTBETCTBEHHO

Ay = p(T™,T) < %p (T(O), f (Pk, T(°>) + Ng) :
Bz = (X0 0. x 1) < 24 (XO 1), (P XO W) + L)

Q9™

VN4 p(ZO (1), f1(Pe, 2O (1)) + K7)).

Apa=p(2™ (1), 2 1) <
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ACUMIITOTUYECKUI AHAJIN3 RQ-CUCTEMBEI

MMPP/M/N B YCJIOBUU BOJILIIION
3ATPY3KIU

E. A. ®énoposa

Hayuonaavnoiti uccaedosamenserud
Tomcexuti 2ocydapemeennvil ynusepcumem, 2. Tomck, Poccus

B pabore uccienyerca muoromuueiinas RQ-cucrema ¢ Bxopgmmm
MMPP-norokom. st HaX0XK A€HUs CTAIIMOHAPHOI'O PACIIPEIETICHIA
9KCJIa 3asBOK HA, OpOUTE TIPEIaraercs MeTOJ aCHMIITOTHYECKO-
ro aHaan3a B yCJaoBuUU OO/bINON 3arpy3ku. Jloka3zamHo, 9T0 acuMIi-
TOTUYECKAas XapakKTepucrudeckas (GOYHKIUs UMeeT BUJ raMMa-
pacupeeieHns ¢ HaieHHBIMU TTapaMeTPaMH.

KiroueBbie cyioBa: RQ-cucmema, acumnmomuveckutl aHaaus,
boavwan 3a2pysKa.

RQ-cucrembl ABASIOTCS BaXKHBIMHM MaTEMaTHYECKUMU MOJIEJISIMU, LIIHPO-
KO WCTIOJIB3YEMBIMHE JIJIsT aHAJIN3A U OMTUMU3AINY TEIEKOMMYHUKAIIMOHHBIX
CUCTEM, YIPABISIEMBIMU MTPOTOKOJAMHM MHOXKECTBEHHOT'O JIOCTYTA, KOTHU-
TUBHBIX ceTei, cereil MOOMIbHOM cBs3u, call-menTpos u ap. Onucanne RQ-
CHUCTEM ¥ OCHOBHBIE PE3yJIbTAThl UCCJIEIOBAHMUNA C IIPOCTEHIINM BXOMSAIIUM
HOTOKOM IpuBe/ieHbl B MoHOrpadusx I'. UI. ®anuna [1] u J. Artalejo [2]. Oa-
HaKO peaJjibHble MH(OPMALUOHHbBIE IIOTOKH UMEIOT DOJIEe CJIOXKHYIO CTPYKTY-
Py, B CBsI3U ¢ 3TUM, B pabore ucciaegoBana RQ-cucrema c xomsiimum MMPP-
ITOTOKOM.

1. MaremaTnueckKkass MOJI€JIb

Paccmorpum Muorosuneitnyo RQ-cucremy (pucynok 1), Ha BXOJ KOTO-
poit nocrynaer MMPP-norok 3assok (Markov Modulated Poisson Process),
KOTOPBIi onucbiBaerca marpuiiamu Dg u Dy.

O6o3znaunm: n(t) — men» Mapxkosa, yrnpasisionias MMPP-norokom (n =
1,2, ..., W). Marpuna nHOUHATE3UMATBHBIX XapAKTEPUCTUK YIIPABJIAIO-
miero nporecca n(t) papaa Q = Dg + Dy. Marpuna Dy = A — auaronasib-
Hasg MATPUIA C JIEMEHTAMU A, (yCIOBHBIMU MHTEHCUBHOCTSAMY ). O94eBUIHO,
qro maTeHcuBHOCTE MMPP-mmorokom paBHa A = rAe, rie € — eTMHUIHDIH
BEKTOP-CTOJIDEI, I' — CTAMOHAPHOE PACIIPE/IETEHUE BEPOSITHOCTEH COCTOsI-
uuii n(t), onpeaesnseMoe U3 CUCTEMBbI yPABHEHUIL:

VccnemoBanue BHINOIHEHO npU (puHaHCOBOH noguep:xkke PODU u Tomckoit obiaactu
B paMKax Hay4Horo mpoexTa Ne 19-41-703002.
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Puc. 1. RQ-cucrema MMPP|M|N

{ra- 1)

re =1.

Eciu moctymuBIiast 3asiBKa 3acCTaeT 000 mpubop CBOOOIHBIM, TO OHA,
3aHUMAET €ro /i 00CTyKUBaHWsA. BpeMsi 00CTyKUBAaHUS KAXKION 3asIBKA
PaCIpe/Ie/IeHO 110 SKCIIOHEHIMAJIbHOMY 3aKOoHy ¢ mapamerpoM p'. Eciu Bce
IpuOOPHI 3aHATHI, TO 3asgBKA IIEPEXOIUT HA OPOUTY, TI€ OCYIECTBISIET CIIy-
YalHYyI0 33JIEPKKY, PACIPEIETCHHYIO IKCIOHEHIIMAIBHO C MapAMETPOM O.
[Mocne cioywaiinoit 3a1ep:KKu 3asBKa, C OPOUTHI BHOBH 00OPAIAETCs OJIOKY
00CTYKUBAIOIINX MPUOOPOB: €CJIU XOTsi ObI OAUH MpuOOP CBOOOIEH, TO 3a-
sIBK, 3AHUMAET €ro /I O0C/IyKUBAHUS; €CJIU BCE TPUOOPHI 3aHATHI, 3asIBKA
MTHOBEHHO BO3BPAIAETCS HA OPOUTY /I PEATH3AINAN CJIeTY IO 33 eprK-
ku. BBesiem mapamerp p, xapakTepusyomuit 3arpy3Ky cucrembl. Q4eBUHO,
aro p = A/(Np'). Torma BBenem obozuadenue 1 = pNp/, Takoe ato A/p = 1
NJINn

rAe = p. (2)

Torga B mOCIEAYIOMKUX YPABHEHUIX OyIeM HCIIOIb30BATH 3aMEHY:

1= p/(pN).
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ITycrs () — unciao 3asBoK Ha opbure, a k(t) — cocrosinue Giioka 06CILY KU~
BaHUs, OLPEJEIIIEMOE CIEAYIOIIUM 00PA30M:

0, ecim Bce mpUOOPHI CBOOOTHLI B MOMEHT BpeMEHH t,
1,ecau 1 mpubop 3aHAT B MOMEHT BpeMeHH t,

k() =

N, eciim Bce mpubOPHI 3aHATHI B MOMEHT BPEMEHH t.

O6osnaunm P(k,n,i,t) = P{k(t) = k,n(t) = n,i(t) = i} — BeposT-
HOCTH TOTO, 9TO TPUOOP B MOMEHT BpPEMEHH | HAXOAUTCSA B COCTOSHUHU K,
nenb Mapkosa, yrnpasisiomnias MMPP-mmoTokoM, HaXOquTCst B COCTOSHUN N
u Ha opbure i 3ag80K. OueBuaHO, yro Hporecc {k(t),n(t),i(t)} u3menenns
cocTostHuit JAaHHON cucrembl sBisgercas Mapkosckum. st pacupejenenus
BepositHocTedi P(k,i,n,t) cocraBuM crcremy ypapHennii Komvoroposa (st
120,n=1W):

OP(0,n,i,t) ) . Iz .
ZEALT Y — P —P(1
5 (A + 10 — @un)P(0,n,1,t) + N (1,n,4,6)+
+Y " P(0,v,4,t)qun,
(v;én )
OP(k,n,i,t . ku .
LAWY RAad P
ot ()\n + 10 + pN an) (k,n,z,t)-i—
k+1
+AP(k —1,n,i,t) + %P(k +1,n,i,t)+
P
v#EN
Ek=1,N—1,
OP(N,n,i,t .
% - _(>\n + % - an)P(Nanvlvt)—’_

+MP(N —1,n,i,t) + (i + 1)oP(N — 1,n,i + 1,t)+
A P(N,nyi = 1,8) + > P(N,v,4,t)qun-
v#EN

2. MeToJ, acCHMITOTHIECKOIO aHAJIM3a
O6o3naunm Bekrop-crporn P(k, i) = {P(k,1,1), P(k,2,i),..., P(k,N,i)},
rae P(k,n,i) = flim P(k,n,i,t). Torma B cTalMOHAPHOM PEXKUME B MATPUI-
L— 00
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Hoit popme cucrema (1) upumer Buu:

P(0,i)(Q — A —ioT) + -—P(1,i) = 0,

o P
P(k,i)(Q— A — T’\‘[I —ioT)+P(k — 1,i)A+
p
1
+d%+UP®—JJ+J)+Ut;ﬁuP%+iJ):O, (4)

k=1,N—1,
P(N,)(Q-A-LI)+ PV - 1,0)A+
p
+o(i+1)P(N —1,i4+1)+P(N,i —1)A =0,

rae I - enuanyanas marpuna.
Iepefizem B cucreme (4) K 9aCTUUHBIM XAPAKTEPUCTUUECKUM (DYHKIIU-

AM:
H(k,u) = Zej“iP(k,i).
i
[MosryunM CIEAYIONIYI0 CHCTEMY MATPUYHBLIX yPABHEHUIA:

OH(0,u) I B
! 0 a—F(gN;-I(l,u) =0,
" . OH(k,u

_jo-e_juaH(k B lau) + (k + I)MH(k + Lu) _ 07 (5)

Ju pN
k=T,N—1,
H(N,u)(Q — A — 21) + H(N — 1, u)A+
SH(N —1,u)
ou

st pemenus: cucrembr (4) TPeIOKEH METOM ACHMITOTHYECKOTO AHA~
au3a [3, 4] B ycaoBuu Gosbiioii 3arpysku p — 1. B pesynbrare 6puia cdop-
MyJIUPOBAaHA M JOKA3aHA CJIEAYIOIasd TeOPeMa.

HO,u)(Q—-A) + jo

+H(E—1,u)A—

—joelt + e/“H(N,u)A = 0.

Teopema 1. Acumnrornyeckasi XapakKTepUCTHUYECKas (DYHKIUS IUC-
J1a 3asABOK Ha opbuTe B ycjoBux 60J1b10# 3arpy3ku RQ-cucreme MMPP|M|N
WMeeT BHJI, XapAKTEPUCTHIECKON (PYHKIIMN TaMMa-PacIpe e e Hns

() = (1 - aiupm> (6)

p B p
067 A= 1w+ vAe — pve’

C mapaMerpamu

a=1+
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[JIe BEKTOD V dBJISETCS PEllleHreM HeOHOPOaHOl cucrembl vQ = r(ul— A).

3akJiroueHne

Takum obpazom, B pabore paccMorpena MHorosmneiinas RQ-cucrema ¢
Bxoagmum MMPP-norokom. /lokazamo, 9TO aCUMITOTHYIECKAS XapaKTepH-
cTugeckas (pyHKIMS 9nCIIa 3aBOK Ha OpOUTE B YCIOBUHU OOJIBINON 3arpy3Kn
MMeeT BWJI FaMMa-pPacCIpeie/ieHusi, KaK u Jjisi OTHOInHeHHbIX RQ-cucTem.
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We consider the probability P(n, N) of the event: under allocation
of 2n distinguishable particles by N different cells each cell contains
even number of particles and the probability P’(n, N) of the event:
under allocation of 2n non-distinguishable particles by N different
cells each cell contains even number of particles. For various type
of the convergence N,n — oo we study assimptotical bihavior of
P(n,N) and P'(n,N).

Keywords: Allocation scheme, Gaussian random wvariable, Pois-
son limit theorem, Berry-Essen inequelity, limit theorem, local limit
theorem.

Introduction

Let n, N be integer numbers. A homogeneous allocation scheme of n
distinguishable particles by N different cells is named the random variables
N1,-..,NN, with the joint distribution defined by formula

n! 1\"
Plom = omv =k = g (N) ’

where ki,ko,...kx are nonnegative integer number such that ky + ko +
-+ + kny = n. Many papers deal with limit theorems for allocation scheme
of distinguishable paticles by different cells (see [1] and its references).

Denote by P(n,N) the probability of the event: in allocation scheme
of 2n distinguishable particles by N different cells each cell contains even
number of particles.

Observe that

P(n, N) = Z (2n)! 1

] ... 1 NV2n
k€N, 1<i<N, ki +ka+-+kn=n (le)'(QkQ)' (QkN)' N

a2kl o 2k2 a2kN
_ Z (k)! 2k2)! 7T @RN)!
- (aN)2n -

ki€N, 1<i<N, ki+ko+-+kn=n (2n)!
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o2kl 2k2 a2kN

N
_ (ch(a) Z ch{a) (2k1)! ch(e) (2ka)l " ch(a) (2kn)]
- e’ e—aN (aN)2n .
k€N, 1IN, kithok. +hy=2n (@n)!
Therefore, using Stirling formula for estimation of (2n)!, for a = 2% we
obtain
1+e 2

N
5 ) P&+ +&v =2n),

where &1, &3, ... &N are independent random variables with the distribution

a2k

P(n,N) = (1+o0(1))vimn (

P& =2k) = —— k=01,2...,
(€ k) (2k)!ch(a) k=0
or
1+e 2V

N
5 > P&+ +&y =n),

where &},&5, ... &y are independent random variables with the distribution

of

(@k)lech(Var)’

The expectation and the variance of &; are

P(n,N) = (1+o0(1))v4dnn (

P = k) =

3

k=0,1,2..., oy =a?.

0(2

e(a) = ath(a), o*(a) = 2(a) + ath(a).

Using Poisson limit theorem for an estimation of the probability
P(& + -+ + &y = 2n),
we obtain the following theorem.
Theorem 1. Let n, N — oo such that the family of numbers

2
@
N— =\
2
is bounded. Then we have
A" 1
P(n,N) = (1 + o(1))V4mrne 4" <e’\n! +0 (N)) .
In the next theorem for an estimation of the probability P(&;+---+&n =
2n) we use the local limit theorem from [2].

Theorem 2. Let 0 < o/ < a” < oco. Let n, N — 0o such that o/ < a <

o. Then we have

1 1+e20\ VN
P(n,N) = (14 0(1)), | — ( )eN“%
m + th(a) 2

where
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Nae™22
Cla) = .
() 2(a + sh(a)ch(a))
In the next theorem for an estimation of the probability P(&;+---+&n =
2n) we use the local limit theorems from [3].

Theorem 3. Let n, N — oo such that &« — 0 and No? — co. Then we
have

2c

In the next theorem we use a local limit theorem tor the sum & +--- +
En = 2n as a — oco. Since &; are latticed random variables with the step 2,
the probability P(§1 +- - - +&n = 2n) has the same estimation as in classical
local limit theorem but with the coefficient 2.

P(n, N) = (1 +o(1))1/ — (H;_m)l)N (V0@ 1 o(1)).

Theorem 4. Let n, N — oo such that a — 0o. Then we have

P(n,N) = (1+o(1)) (”?M)N (26—N0<a> + 0(1)) .

Theorem 5. Let n, N — oo such that Ne™2* = 3, 0 < 8 < co. Then

we have &P
Pln, N) = (1 +0(1)) gy

Theorem 6. Let n, N — oo such that ne 2% < f3, for some < 0.
Then we have
P(n,N) = (1+o(1))

Allocation scneme of n non-distingushing paticles by N different cells
are the random variables 71, ...,ny with the joint distribution
P{m =ki,...nn =kn} = C’N%
n+N-—1
where ki, ks, ...kn are nonnegative integer numbers such that ky + ko +
o+ ky=n.
Denote by P’(n,N) the probability of the event: under allocation of
2n non-distingusning particles by N different cells each cell contains even
number of particles. We have

N—-1
1 C
/ _ _ n+N—1
P'(n,N) = E heT =gyl
k€N, 1<i<N, ki+ko+--+ky=n 2n+N-1 2n+N—1

QN-1"~

)

Theorem 7. Let n,N — oo such that % — B, where 0 < B < oo.
Then we have eP

P'(n, N) = (1+ 0(1)) g5
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Consider N independent allocation schemes of 2n non-distinguishing
particles by 2 different cells. Let A;, 1 < i < N, be the event: 1-th cell
contains even number of particles from i-th scheme. Then ﬂf\ilAi, 1<i<
N, is the event: 1-th cell contains even number of particles from i-th scheme
for all 1 <i < N. Denote P*(n,N) =P (N, A;). We have

N N
n+1 1 1 1
P*(n,N) = -1 _ L 2avey
(n, N) (2n+1) 2N< +2n+1> on ¢ ’
as n — oQ.
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In the paper, we investigate two semiparametrical estimators of dis-
tribution function in informative model of random censorship from
both sides. Under investigating of estimators, the characterization
properties of the considered informative model is used. The proper-
ties of the semiparametric estimators by using methods of numerical
modeling are discussed.

Keywords: Random censorship, informative model, proportional
hazards, exponential distribution.

Introduction

In biomedical studies of individuals for survival, in engineering tests of
technical devices for reliability, there may be cases when the tested objects
coming under observation after a certain random time after the start of
testing. This phenomenon is called delayed entry or left random censoring.
The random variable (r.v.) X that characterizes the lifetime of the tested
object becomes to observation under the condition X > L. Here L is the
moment when the object was placed under observation. In addition to
this, r.v. X may also be censored from the right by some other r.v. Y.
We are interested in r.v. X which will be subjected to random censorship
from both sides by random vector (L, Y). Let rv.-s L, X and Y are
mutually independent with continuous distribution functions (d.f.) K, F
and G respectively.

1. Informative model of random censorship from both sides

In this paper we present some asymptotic properties of power-type semi-
parametric estimator of survival function of the lifetime in informative
model of random censorship from both sides.

Let {(Xk, L, Y), k > 1} be a sequence of independent realizations of
the triple (X, L, Y) and

S = {(Z;, Ay),i=1, ...,n}
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is the observed sample, where Z; = max{L;, min{X,;, Y;}}, A; =
<6§0), s, 5§2)) ,with 6 = T (min (X,, Y;) < Li), 0 = I (L; < X; < Y)),

5§2) = I(L; <Y; < X;) and T (A) standing for indicator of the event A.
Note that in sample S the number of observed r.v.-s X; is equal to
5%1) + ...+ 5,(L1). The statistical task is comsist in estimating of d.f. F
from a sample S . However, such a general statement of the estimating
problem, d.f.-s K and G are considered as a nuisance. In this paper, we will
investigate the evaluation of d.f. F in the case of informative censoring from
two sources, when d.f.-s K and G functionally depend on F. To describe
such a model by H and N we denote d.f.-s of r.v.-s Z; and V; = min (X;, ;).
Then it is easy to see, that

H(z)=K(x)N(z), N@@)=1-(1-F(2))(1-G(z)), x€R" (1)

Assume that there are positive unknown parameters 6, 8 such that following
representations are valid for all € R' :

1-G(2)=(1-F (),
{ K (2) = (N (@))°, @

where the parameter 3 is responsible for the power of censoring from the
left, and 6—from the right. The proximity of the values of these parameters
to zero determines the weakness of the corresponding censorship. Such a
special model of random censorship on both sides was introduced in [1]
and generalized for the case of competing risks in [2]. In this model, the
censoring parameters # and 3, which determine the deepness of censorship
from both sides. From formulas (1) and (2), it is not difficult to derive the
following representation for d.f. F' :

|- F(2)=|1- (H@)] , zeR?, (3)

where A = ﬁ, vy o= ﬁ and therefore, the closeness of the pa-
rameters A and v to 1, denotes the weakness of the censoring. Us-
ing representation (3), we can construct a semiparametric estimate for
F over a sample S by estimating a triple (H (z), )\, 7). For this
purpose, we also use the characterization properties of the model un-

der consideration. In this regard, we define the sub-distributions
{T(m) (z)=P (Zi <z, 55771) = 1) ,m=0,1, 2} by the following formulas:

0 ) = [ N (s)dK (s), T (2) = / DK (s)(1-G(s)dF (s).
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T (2) = [ K (s)(1—F(s)dG (s).

It’s easy to see that T (z) + TW (2) + T (z) = H (z), = € R' and
because of representation (3) in the model (2):

Tr=Tg =Ty =Tk =Ty =inf {x € R": H(z) =1},
TF:TG:TN:TK:TH:SUP{x€R1:H(x)zo}'

The following theorem characterizes the model (2). It firstly announced
without the proof in paper [1].

Theorem 1. Equalities (2) hold if and only if the r.v.-s Z; and A; are
independent.

Suppose that conditions (2) hold. Then the calculation of subdistribu-
tion functions easy gives

TO (2)=(1 = A) H (z), T (2)=yAH (x), T® (2)=(1 =) AH (z) (4)
and under z — 400 from (4) we have

P(5§°) :1) —1- P<5§1> :1) =, P(5§2) :1) —(1—)A (5)

Estimating the probabilities p(™ = P (5§m) = 1) , m=0,1, 2 by the

(m) _ IS 5§m), m =0, 1, 2 from formulas

(5), we find the following estimates of the parameters A and v : A, = 17p510),

—1
Y = pS}) (1 — pslo)) . For d.f. H (x) we use an empirical estimator

corresponding frequencies p

1 n
Hn(:c):EE 1(Z; <z), xR
i=1

Now, because of (3), we construct the corresponding estimate for d.f. F (x)
by the plug in method:

Fo(z)=1— [1 —(H, (x))ﬂ% , reR. 6)

2. Studies of the dependence of the estimator on unknown
parameters of censorship

Numerical studies were conducted using the python programming lan-
guage to clarify how much the estimate F), () depends on the parameters,
demonstrating its proximity to the estimated function F' (x) (see, figures 1-
4). As F (x) we use the standard normal and exponential d.f.-s. Simulated
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volume data was used for this purpose is n = 500. From figures 1-4, we can
see that when 0 < 8, 6 < 1 the estimator F), (z) is well approximated to
F (z) (figures 1-2). In other cases, with an increasing of censoring from the
left and right the discrepancy between the estimate and d.f. is noticeable.

B=0.3,6=02,1=0.769,A, = 0.956, B=0.3,6=02,1=0.769,A,=0.742,
¥=0.833, v, =0.799,n = 500 y=0.833,yn=0.83,n =500
101 — F(x) — normal distribution 10

— Falx) - estimator

0.8 08

0.6 06

0.4 0.4

02 02

—— F(x) — exponential distribution

o0 0.0 — Falx) — estimator

=3 =2 -1 o 1 2 o o & 2 3 4 5
Figure1. 8 =0.3, 0 =0.2, n =500 Figure2. §=0.3, 0 =0.2, n =500
B=4,6=2,A=02,1,=0222, B=4,0=2,1=02,A,=0202,
¥=0.333,yp=0.342,n = 500 y=0.333,yp = 0.366, n = 500
10 — F(x) - normal distribution 101 — F(x) - exponential distribution

—— Falx) - estimator —— Falx) —estimator

Figure3. =4, 0 =2, n=>500 Figured4. =4, 0 =2, n=>500

3. Parametric estimation of exponential distribution

Now let’s look at the case in model (2) X; ~ F(z,0) =1 —e¢ o, 2 >
0,a>0Y~G@xa)=1-(1—-F(z,a)",0>0and L, ~ K (z, a) =
(N (z, @))”, 8> 0. Then in accordance with (3) we have 1 — e~ & =1 —

~ Nt
[1 —(H (x)))‘] and we get for H (z) the expression H (z) = (1 - e_ﬁ> ™

Differentiate this distribution over by x we have density of H(z) as h (z) =
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1—X

- - PR A . . . .
O%\,ye ay (1 —e M) . Now we construct a maximum likelihood function

for h (z) using the sample from Z; :

n _Xiea % _Z _Z
L(Z,a):ln((a)\'y) ce” en ((1—6 M) (1—6 M)x coeX

1—X n n
_Zn ~ Z-f Z; 1—A _Zi
1= %)) 7 ) = —nin(any) - ==L >oln (1- %)
X( e > nln (a\y) ar + \ i:1n e
L(Z
Now calculate OL(Z, a) :
0 A A G
L(Z, " Zi 1A ke &
M:_ﬁ_i_zl—; + E >y —.
Oa ! oy = 1-—e ™
oL (Z
We solve maximum likelihood equation % =0 by « and get
o
1 < 1—A
o= —"- E Zi 1= —]. (7)
AMm S ( (H (Zi))A>

From (7), instead of (H, A, ) of supplying appropriate estimates (Hy,, A, Yn ),
we obtain an semiparametric estimate for the parameter « :

n

1 1- An
o, = N . Z Zi+ (1 — 4(Hn (Zi))An> . (8)

i=1

From (8), we obtain an estimate F (x, a;,) for F (z, «). It is not difficult
to see that under absence of censoring from the left (i.e. A, = 1), estimator
(8) is coincides with well-known maximum likelihood estimator of parameter
a of exponential distribution. Now we draw the following graphs using
numerical methods, in order to compare the above estimate (6) and estimate
constructed using (8). In conclusion, we can say that the estimate F' (z, o)
would be very good (Figures 5-8).
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a=1,a,=1.042,=1,6=1,
A=0.5,A,=0.497,y=0.5,yn=0.47,n =300

101 — Axa@=1-e
—— Falx) estimator
Falx, an) estimator

0.6

0.4

02

0.0

Figure 5. 8 =1,

=1, n=300

a=1,ap=0.996,=1,6=2,
A=0.5,A,=0.48,y=0.333, yp = 0.319,n = 300
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06
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02

a=1,a,=1.001,=2,6=1,
A=0.333,A,=0.34,y= 0.5,y =0.5,n =300

— Axa)=1-e™k ,_'_,_/—‘
—— Falx) estimator £
Falx. @) estimator /
o
/
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Figure6. 5 =2, 6 =1, n =300

a=1,a,=1.031,=4,6=2,
A=02,An=0.187,y=0.333,y, = 0.321,n = 300

107 — Axa@)=1-e™e 101 — Ax.a)=1-e™e
—— Fnlx) estimator —— Fplx) estimator
o8 Falx, an) estimator A’_,_r—’/,_J Falx, an) estimator
- = 08
0.6 //
/ 0.6
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0.4
0.4
0.2
0.2
0.0
0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00 0.5 1.0 15 2.0
Figure7. =1, 0 =2, n=300 Figure8. g =4, 0 =2, n=300
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Branching processes models are important field of stochastic pro-
cesses and extensively used in various parts of natural sciences,
among others in biology, epidemiology, physics, computer sciences
and so forth. In this paper we consider the continuous time branch-
ing process with state-dependent immigration. Transition phe-
nomenon in branching process with state-dependent immigration
are investigated.
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We consider the branching process with state-dependent immigration.
Foster J.H. [1] consider Galton-Watson processes modified to allow im-
migration of particles whenever the number of particles is zero. Let
{Z,; n=0,1,...} be such a process. The asymptotic properties of such pro-
cesses were also studied by Pakes [2] and many other authors. Asymptotic
properties of the branching processes with decreasing immigration are inves-
tigated in [3, 4]. Under some additional assumptions, J.H. Foster showed
that the limit law of this processes with offspring law having mean 1 is
quite different from that of the original critical Galton-Watson processes
{Z};n=0,1,...} . He proved that for any k >0

lim P (logz” < Bl Z = k) —3
logn

for 0 < 8 < 1, i.e., the limit distribution of l‘foggzn" is the uniform distribution

on [0,1]. On the other hand, it is known for original Galton-Watson process
that

. z* Bx . B
RIL%P<:S2|ZZ>O,Z0=1) =1—-e"
for x > 0, where B = var Z7.

We consider continuous time branching processes. Earlier such processes
were studied in [5, 6, 7, 8].
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Let {Z*(t);t > 0} be a time continuous Markov chain on the non-
negative integers. The chain is called continuous time Markov branching
process if its transition probabilities

Py(t) = PAZ" (t+5) = §17°(s) = i}

satisfy a) Pj(t) = >, P )Py (t) for all i > 0, j > 0 and
Jit...+ji=j

Py (t) = 0.

b) P;(s) = 61, +pis+o(s) as s L 0 fori > 0, p; finite, {d1,} — Kronecker
delta.

We use an abbreviation CTBP for such a chain. Note that p; < 0 and
p; = 0 for i # 1. From now on we assume p; < 0.

For CTBP we define a generating function F(t,s) and an infinitesimal

generating function f(s) by F(t,s) = E P} (t)s' and f(s) = > pis’
i=0
Now, we recall some of their propertles

1.f(29 .
2,{ AF(9) = 1 (F(1).

F(O s) =
F(t,s) = f(s) & F(t,s),
5 { F(0,5) = s
4. Z Py(t)s! = F(t,s)"
=0

i=
The infinitesimal generator A* of CTBP is easily obtained from the
definition of CTBP and is given by A* = ( ,J) where

] {ipjz‘ﬂ if j=i-1,
()

YT 00 i j<i—1

It is known that if a1 = f/(1) is finite, then solution of (2) satisfies
F(t,1)=1forallt > 0.

That is, P;;(t) is uniquely determined by {p;} . Usually CTBP is called
supercritical if 0 < f/(1) < oo, critical if f'(1) = 0, subcritical if f/(1) <
0. Py, (t) satisfies

lim Pjy(t) =

1 in critical or subcritical case ,
t—o0

g <1 in supercritical case.

For the generator A* of CTBP described above, the state 0 is an absorbing
barrier. We modify this state so that the resulting infinitesimal generator
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is A = (a;;), where

ipj_i+1 if j > i—1 and 7 = 1,
Q5 = qj if 1= 07
0 otherwise.

o0
From now on, we assume that go <0, ¢; >0, ¢>0and > ¢ =0.

The process generated by A is a continuous time analogué c())f ”branch-
ing process with state-dependent immigration”investigated by J.H.Foster,
A.G.Pakes.

Let {Z(t), 0 <t < oo} be a continuous time branching process with
state-dependent immigrations. We can easily determine by a; = f/(1)
whether {Z(¢);t < oo} is transient or recurrent.

Theorem 1. (Yamazato). {Z(t); 0 < t < oo} is recurrent if and only
if (5] g 0.

oo
Now we define one more generating function g(s) = > ¢;s* . As is seen,
i=0

a1 = f'(1) determines whether the process is recurrent or transient. Further,
does a; determine null-recurrence and positive-recurrence of the process?
The answer is "no”. We must into consideration the function g(s).

f(s)
{Z(t); 0 <t < oo} is positive recurrent. If this integral diverges, then the
process is null-recurrent.

Let a; = 0. We assume that Z(0) = 0.

Theorem 3. (Yamazato). If a; = 0, f"(1) = b1 < oo and ¢'(1) =
as < 00, then, for 0 < 8 <1

lim P(bgz(t)gﬁ) — 8.
n—00 logt

1
Theorem 2. (Yamazato). Let a; < 0. If — [ 22ds < oo, then
0

Now we consider transition phenomenon in branching process Z(t).

Analogously to usual branching processes, phenomenon arising from
a — 0, t — oo, are called transition. Transition phenomenon for usual
branching processes are investigated by B.A.Sevastyanov [9], C.V.Nagaev
and R.I.Mukhamedhanova [10] and others. Following to B.A. Sevastyanov,
generating function f(t) attribute to the class K (bo, co),ifby > bo, f'(1) <
co, 0<by<oo, 0Ly <o0.
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Theorem 4. Let a — 0, t — 0o, at — const, as < co. Then

limP{logZ(t)gﬁ}:ﬁ, 0<p<1

uniformly by all f(¢) € K (b, co)-

Theorem 5. Let a — 0+, t — oco. Then

Bz~ ppm (4" (1) < )
2 log &’ 4 logl g

uniformly by all f(t) € K (b, cp).

10.

REFERENCES

Foster J. A limit theorem for a branching process with state-dependent im-
migration // Ann. of Math. Statist., 1971. Vol.42. P.1773-1776.

Pakes A. A branching process with state-dependent immigration compo-
nent // Adv. Appl. Prob., 1971. Vol.3. Ne2. P.301-314.

Mitov K, Yanev N. Critical Galton-Watson processes with decreasing state-
dependent immigrations. // J.Appl.Prob., 1984. Vol. 21. P.22-39.

Azimov J. Asymptotic properties of the branching processes with state-
Dependent immigrations // 2012 IV International Conference”Problems of
Cybernetics and Informatics” (PCI). - IEEE, 2012. - P. 1-2.

Yamazato M. A some results continuous time branching processes with state-
dependent immigration // Journ.of Math. Soc. of Japan., 1975. Vol.27. Ne 3.
P. 479-496.

Formanov Sh.K., Azimov J.B. Markov branching processes with regular vary-
ing generating function and immigration of special form // Theory Probability
and Math. Statist., 2002. Vol.65. Ne3. P.181-188.

Imomov A.A. Limit properties of transition functions of continuous-time
markov branching processes // Inter.Journal of Stoch.Anal., 2014. P.1-10.

Imomov A.A. On the limit structure of continuous-time Markov branching
process // Journal of SFU, Ser. Math. and fiz., Vol. 10. Ne1. P.117-127.
Sevastyanov B. Brancching processes. Moscow: Nauka, 1971. 436 p.

Nagaev S., Mukhamedkhanova R. Transition phenomena in branching ran-

dom processes with discrete time. // In ”Limit theorems and stat. conclu-
sions”. Tashkent: ”"Fan 1966. P.83-89.

Azimov Jakhongir — candidate of science, docent. E-mail:  azi-

movjb@gmail.com



ITMM - 2021

RESOURCE REQUIREMENT DISTRIBUTION
EVALUATION FOR TRAFFIC OFFLOADING IN
WIRELESS NETWORKS

A. Daraseliya', E. Sopin'»?

! Peoples’ Friendship University of Russia (RUDN University),
Moscow, Russian Federation
2 Institute of Informatics Problems, Federal Research Center Computer Science
and Control of Russian Academy of Sciences, Moscow, Russian Federation

Today, the research community and standardization bodies seek for
a systematic answer to address the effects of temporal variability in
mobile traffic. One of a viable option for mitigating the impact of
traffic fluctuations is offloading in unlicensed bands. In this paper,
we have described model of offloading customers on unlicensed fre-
quency range of wireless network. We obtained the resource require-
ment distribution of offloading customers onto unlicensed band.
Keywords: Wireless network, queuing theory.

Introduction

5G New Radio (NR) technology, standardized as a part of 3GPP efforts,
promises drastic boost in the access rate at the last mile [1]. This is specif-
ically the case for NR operating in millimeter wave frequency band, where
a large set of resources has been made available worldwide [2]. Similarly to
the respective LTE specifications, NR-U documentation has been extended
to include the possibility of operation over the unlicensed bands.

In our previous study [3], we developed the model for collocated NR-U
design explicitly capturing the random access behavior in unlicensed band
and characterizing the NR-U customer loss probability. However, we utilized
very simple M/M/K/0 queuing model to capture the specifics of resource
allocation in the licensed band. In [4], we suggested a more accurate model
of the service process in the licensed band. However, we described only a
simple offloading strategy, where where customer offloading onto unlicensed
spectrum was determined by an only insufficient amount of resources in the
licensed band. In this study, we propose a strategy in which, in addition,
resource-intensive customers can be initially redirected to the unlicensed
range based on their “weight”.

The reported study was funded by RSF, project numbers 20-71-00124.
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1. Offloading Scheme

Since the coverage radii of the licensed and unlicensed bands are different
we consider two types of customers. The first type of customer can be served
in the licensed band only. Therefore, if there is not enough resources to
service this customer, the customer is lost. The second type of customers
can be potentially offloaded to the unlicensed band.

The system receives customers arrival flow with rate A, which can be
represented as A = Ay + Ao, where Ay and Ay are the arrival rates of first
and second types of customers, respectively.

For “weight” based offloading strategy (Fig. 1) the pmfs of resource
requirements at NR-U BS depend on the threshold R;. The arrival flow
of the second type customers is divided according to the “weight” of the
customer. “Heavier” customers are initially directed to the unlicensed band
with a probability 7o 1, and with probability (1 —ma,1) “lighter” customers
are directed to licensed band. Thus, the overall rate of both types of cus-
tomers to the licensed band is Ay + A2 (1 —72,1) .

Observe, that the second type customers arrive to the unlicensed band
in two cases: (i) when the “weight” of the customer is more than a certain
threshold R;, (ii) when there are no sufficient amount of resources or servers
available for a customer that has been initially routed to licensed band.
The probability m 2 that the second type customer will be directed to the
unlicensed spectrum is the sum of the probability w2 ; that the customer
was “heavy” and the probability w2 that a “light” customer cannot be
handled at the licensed band and thus offloaded to unlicensed one, i.e.,

Ty =ma1 + (1 — mo,1)m2 2. (1)

In this way, the arrival rate to the unlicensed part of NR-U BS can be
calculated as Ao73.

O Licensed

spectrum |

Unlicensed
spectrum

Figure 1. Illustration of the queuing model.
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2. Model description

To model the customer service process in the licensed band we apply the
framework of resources queuing systems [5, 6, 7]. For this purpose, consider
a multiserver queuing system with K < oo servers and R < oo resource
units, where K denotes the maximum number of UEs in the system, i.e.,
the maximum number of customers that can be simultaneously served in the
licensed band. Customers of two types arrive to the system, both according
to the Poisson processes with arrival rates A1 for the first type and Ao for
the second one. Thus, the total arriving flow is Poisson with parameter
A = A1 + A2. The service time distribution is exponential with the rate pu.

Service process of each customer requires a server and a random amount
of resources, 0 < r < R. The distributions of resource requirements for
considered customer types are given by {p; ;};>0, | = 1,2, where p; ; is the
probability that a customer of type I requires j resources. According to [5]
resource-based queuing system with two flows can be analyzed as a system
with one aggregated flow assuming the following

*

P P2 ~
Dj1 = pjpl,j + Epj,m, (2)

where p* = p} + p3, and pf = A1/, p3 = Ao(1 —m21)/ .

The system operates as follows. An arriving customer is accepted to the
system if at the moment of arrival there are sufficient amount of resources
available. Alternatively, an arriving customer is dropped. In this case, a
first type of customer is lost while the customer of the second type is being
redirected to the unlicensed band. When the service time of a customer is
over, it leaves the system releasing all the occupied resources.

Denote by Py (r) the stationary probability that there are k customers in
the system that totally occupy r resources. According to [8], the stationary
distribution is given by

Py =P k=1,2,... K,

1Pt
K R -1
P ()
Po= {1+ 55> bt | (3)
k=1 r=0

where {ﬁikl) tr>0 is k-fold convolution of pmf {p; 1},>0.
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The probability that the second type customer requires j resources in
the licensed band is given by

1
Ry

Dj1,2 = (ZP21> p2,j, 0 < < Ry. (4)
i=0

The probability that there is no sufficient amount of resources in the
licensed band to serve a session of the first type is

= () R ke
7T1:1*POZTZI5£,1+)~ ()
k=0 Tor=0

In the case of large values of K and R according to (5) calculations are
computationally demanding. For this reason, we can adopted a recurrent
computational algorithm proposed in [6]. Let us introduce an auxiliary
function G(K, R) as

n
1!
i=0 =0

P e ~(i _
G(mr)zz( ) Zp;LP():G YK, R). (6)
According to it, the the probability 71 from (5) can be rewritten as
R
m=1-G"(K,R)Y p1iG(K—1,R—i). (7)
i=0

3. Resource requirement distribution of offloading customers

In this section, we will specify the probability distribution of resource
requirements and the intensities of second type customer offloads to the
unlicensed band.

The customer is considered “heavy” if it requires more than R, resources,
and is thus originally routed to the unlicensed spectrum. Then the proba-
bility 721 that the customer is “heavy”, can be calculated as follows

Ry
Mo =1— sz,i» (8)
i=0

The probability 7 > that a “light” customer cannot be served in the li-
censed band and thus offloaded to the unlicensed band is calculated similarly
to (5) as

*

- (p )k & k+1
7T272:1—P0272ﬁ£71+ ) (9)
k=0 Tor=0
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By analogy to (7), the probability w32 (9) is given by
R
M2 =1-G (K ,R)Y pi2G(K —1,R—1i). (10)
i=0

The probability that the customer requires j resources in the unlicensed
band needs to be calculated separately for two cases: (i) when a customer
is “heavy” and thus initially routed to the unlicensed band, and (ii) when
a customer is first routed to the licensed band but there are not enough of
resources available for its service. Reflecting on these cases we arrive at

K-1

R R
1—m .
Tmpz,j ZPK(T)+ ZPk(T) ,J < Ry,
r=0 j

1 .
—p2,j,] > Ry. (11)
2

After substituting the function G(n,r) into (11), the probability that
the customer requires j resources in the unlicensed band is

1— G(K,R)—G(K—1,R—j)
i = { 2L pg g ( )GUQR) J)vj < Ry,
j,2 =

1,2

. (12)
—D2j,J > Ri.

4. Conclusion

In this paper, by utilizing the tools of queuing theory we have described
resource model with the “weight” based strategy of offloading customers
onto unlicensed band and obtained a resource requirement distribution of
offloaded customers. In further studies, we will consider a full-fledged two-
component model including service process in the unlicensed band in terms
of Markov chains and an additional offloading strategy with the priority of
“light” customers.
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1. Background, aim and basic assumptions

We consider a continuous-time Markov branching process allowing im-
migration. Our main analytical tool is the slow variation (or more general, a
regular variation) conception in the sense of Karamata. The slow variation
property arises in many issues, but it usually remains rather hidden. For
example, denoting by p(n) the perimeter of an equilateral polygon with n
sides inscribed in a circle with a diameter of length d, one can check that
the function 7 (n) := p(n)/d converges to 7 in the sense of Archimedes, but
it slowly varies at infinity in the sense of Karamata. In fact, it is known
that p(n) = dnsin (7/n) and then it follows w(\x)/m(z) — 1 as  — oo for
each A > 0. Thus, 7(z) is so slowly approaching 7 that it can be suspected
that “m is not quite constant”.

Application of Karamata functions in the branching processes theory
allows one to bypass severe constraints concerning existence of the higher-
order moments of the infinitesimal characteristics of the process under study.
Zolotarev was one of the first who demonstrated an encouraging prospect
of application of the slow variation conception in the theory of Markov
branching processes and has obtained principally new results on asymptote
of the survival probability of the process without immigration.
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We deal with the model of population growth called continuous-time
Markov branching process allowing immigration (MBPI). This process can
have a simple physical interpretation: a population size changes not only as
a result of reproduction and disappearance of existing individuals, but also
at the random stream of inbound “extraneous” individuals from outside.
The population of individuals evolves as follows. Each individual existing
at time t € T := [0,+0c0) independently of his history and of each other
for a small time interval (¢,¢ + ¢) transforms into j € Np\{1} individuals
with probability a;e + o(e) and, with probability 1 + a1e + o(¢), stays to
live or makes evenly one descendant as € | 0, where Ng = {0} UN and N
is the set of natural numbers. Here {a;} are the intensities of individuals
transformation such that a; > 0 for j € No\{1} and

O0<ag < —ar = Z a; < oQ.
JENo\{1}

Independently of these processes, for each time interval j € N, new individ-
uals leave the population with a probability be 4+ o(¢) and the immigration
does not occur with a probability 14 bpe+o(e). The immigration intensities
b; > 0 for j € N and
0<—by=) b <oc.
jEN

Newly arrived individuals undergo transformation in accordance with the
reproduction law generated by the intensities {a;}, see [9, Ch. VI, Sect. 1].
Thus, the process under consideration is completely determined by infinites-
imal generating functions

f(s) = Z ajs’ and g(s) = Z bjs! for se€l0,1).

J€No KIS

Let X (t) be the population size at a time ¢t € 7 in MBPI. This is a
homogenous continuous-time Markov chain with the state space S C Ny
and transition functions

pij(t) =Pi{X(t) =j} =P{X(t+7)=j|X(r) =i} 7teT

for all ¢,5 € S. An appropriate probability generating function, see [4],

jES

Zpij(t)sj = (F(t; s))iexp /g(F(u; s))du ,
0
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where F'(t; s) is generating function of Z(t) is the Markov branching process
initiated by a single particle without immigration components.

It is known that the classification of the state space S depends on a
value of the parameter m := f’(1—). According to the general classification
of continuous-time Markov chains, the process X(t) is called subcritical,
critical, and supercritical if respectively m < 0, m = 0 and m > 0, see [9, Ch
VI, Sect. 2]. We consider the critical case only.

We will substantially use the approaches of the theory of regularly vary-
ing functions in the sense of Karamata, see, for instance, [2] and [8]. We
recall that a function L(x) is called slowly varying at infinity (SV ) if it is
defined on (0, 00), positive and

i
w00 L(1)

for each A > 0. The representation theorem states that each SV .-function
may be written in the form

L(z) = c(z) exp (/z (5(;‘)> du>

for some a > 0, where ¢(x) is a bounded function such that ¢(z) — ¢ > 0
and g(x) — continuous function and e(z) — 0 as x — oo. If ¢(x) = ¢ then
L(x) is said to be the normalised SV . A function V' (z) is called regularly
varying at infinity (RV ) with index p if it is defined on (0, c0) and

lim V(Ax)

200 V(x)

=) forall X>0.

This is why each RV . -function can be expressed as V(x) = z?L(x) for
some L(z) being an SV ,-function.
We make the following assumptions on f(s) and g(s):

[£.] fls)=(1—s)+L (1>

1—s

and

95 o) = ~1- 97 (1)

— S

for all s € [0,1), where 0 < v,0 < 1 and functions £(-), 4(-) are SV . By
the criticality of our process, the assumption [f,] implies 2b := f”(1-) = co.
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If b < oo then [f,] holds with v = 1 and L(t) — b as ¢ — oo. Similarly,
a generating function g(s) of the form [gs] generates the law of immigrants
arrival having the moment of d-order. If ¢’(1—) < oo then [g5] holds with
d=1and {(t) = ¢'(1-) as t — oo.

Throughout the paper [f,] and [gs] will be our Basic assumptions.

2. Main Results
Let

and y =9 —v.

All appearances, the three cases can be divided concerning the classifica-
tion of the state space S, depending on a sign of . It was shown in [6], that
S is positive-recurrent if v > 0, and it is transient if v < 0. The special case
~v = 0 implies that g(s) = f/(s) and that L(t) - 1+ v as t — co. And we
get another population process called Markov @Q-process instead of MBPI.
We refer the reader to [3] and [5] for the details on the Markov Q-process;
see also [1, Ch I, Part D, §14] and [10] for the discrete-time case.

Our theorems observe asymptotic expansion of transition function pog(¢).
Further we use a designation

o (I/t)l/V

where the function N (z) is SV, such that

NY@®)L(r(t) =1 as  t— o0

Theorem 1. Let Basic assumptions hold. If v > 0, then

lim pgo(t) = constant # 0.

t—o0

More precisely there exists a SV o -function Lo(t), such that Lo(t)L™(t) — 1
and

1
—Inpoo(t) = ;Lo(l)(l +0(1)) as t — oo.
Theorem 2. Let Basic assumptions hold. If v < 0, then

iL(7'(t)) (1+0(1)) as t — 0.

—(r —hy, _
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The above limit theorems allow us to obtain complete information about
all possible states of the process under consideration. After all, it is known
that the ratio limit

g Pii(0) .
{,uj = tlggo o) for ,j €S

is an invariant measure, which is unique up to multiplicative constants.
Besides, it is known that the GF M(s) = > wjs’ satisfies the Schroeder
type functional equation; see [4]. And therefore, the asymptotic form of
transition functions p;;(t) follows from that of poo(t).
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We are dealing with well-known Galton-Watson Branching-Immigration
System (GWBI) describing the evolution of the number of particles of one
type. An evolution of the system will occur by following scheme. An initial
state is empty and the the evolutionary process begins due to the possible
flow of immigrants. Let Ny := {0} UN and N is the set of natural numbers.
Each particle at any time n € N produces j progeny with probability p;,
j € Ny independently of each other so that pg > 0. Simultaneously into
the population ¢ immigrants possibly arrive with probability h;, ¢ € Ny
in each moment n € N. Particles entering the system undergo further
transformation in accordance with the offspring probability {p;}. We denote
X, the population size of GWBI in time n. Then we can write the following
recursive equation:

Xo=0, Xppi=&+&E+-+€x, + g1 forany n €N, (1)

where &, and 7, are independent random variables with P{&, = j} = p;
and P {n, = j} = h; for all k € N. Throughout the paper be assumed that
> h; = 1. Letting

j€Ng %7
h(s) := Z hjs? and f(s):= Z pjs’
J€Ng j€Ng

are the probability generating functions (GFs), it follows from (1) that
transition probabilities of the GWBI are

pi; = coefficient of s’ in h(s)(f(s))l for se€0,1).
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It is known that the sequence {X,,} is an homogeneous Markov chain
with state space & C Ny and its n-step transition probabilities

pij(n) == ]P{Xn+k = j|Xk = Z} forany ke N

are given by GF

‘nfl
> pijn)s’ = (fa(9)" [] h(fe(s)) forany ieS
JES k=0

where f,(s) is n-fold iteration of GF f(s) for s € [0,1); see [1]. Thus the
transition probabilities {p;;(n)} are completely defined by the probabilities
{p;} and {h;}.

The above defined population process {X,} was first considered by
Heathcote [2] in 1965. Long-time properties of the system state space S
and existence problem and uniqueness properties of invariant measures for
GWBI were investigated by Seneta [3, 4], Pakes [5, 6] and by many famous
authors. In the above-mentioned articles, high-order moment conditions for
offspring law {p,} and immigration law {h;} was mainly required.

In 1957 Zolotarev [7] demonstrated the encouraging prospect of applica-
tion the Karamata’s slow variation conception in the theory of continuous-
time Markov branching processes. He obtained a fundamentally new result
on the probability of population survival. Afterwards due to the SV theory
principally new results were proved, for the simple Galton-Watson Process
without immigration by Slack [8] and Seneta [9], for GWBI by Pakes [10, 11];
see, also [12, 13, 14, 15].

Further we consider the critical case, i.e. the mean per-capita offspring
number ZjeN jpj = f’'(1—) = 1. Discussing this case, we proceed from the
assumption that the offspring law GF f(s) admits for s € [0, 1) the following
representation:

fo)-s=-se (), 1
-5
where 0 < v < 1 and L(z) is slowly varying at infinity (SV).

And also we everywhere will consider the case that immigration GF h(s)

for s € [0,1) has the following form:

Lol = (-9 (125 ]

— S

where 0 < 0 < 1 and ¢(z) is SV .



Local limit theorem for Galton-Watson Branching-Immigration System 297

In our previous paper [15] we considered the case ¢ > v, in which S
is ergodic. Now we consider the case and § < v which implies that S is
transient; see [11] .

Further we use a designation

where the function A (n) is SV such that
NY(n)L(r(n)) =1 as n— oc.

The following theorem is a main result of the paper. Put

Theorem 1. Let conditions [f,], [hs] hold and v := 6 —v < 0. Then

—(r) ™ n:i T7(n o as n — oo
()" pun() = L) +0 (2 ) - co.

Theorem 1 allows us to obtain complete information on system state
space S. Actually, it is known that the ratio limit

{wj = lim pii(n) } for i,jEeS

is an invariant measure, which is unique up to multiplicative constants.
Besides, it is known that the GF P(s) = >_,cy 7;s) satisfies the Schroeder
type functional equation; see [14]. And therefore, the asymptotic form of
transition functions p;;(n) follows from that of poo(n).

In the case of 6 = v it follows that ¢(u) = (1 +v)L(uw) (1 + o(1)). There-
fore L(u) — 1+ v as u — co. This case lends us another population growth
system called @-process instead of GWBI; see [16].
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Estimation theory of the parameters is an interesting and important part
of the progress of theory of stochastic branching processes from the point
of view of statistics. Several estimators have been developed to estimate
the per-capita offspring mean based on the observation of population size
function. One of the most popular and reasonable functions for estimating
the offspring mean is the classical Lotka-Nagaev estimator and its possible
extensions; see [1, 2, 3].

Our interest in this paper is focused on the estimate of the structural
parameter of the so-called Q-process.

Let Z(t) be the population size at time ¢ > 0 in a homogeneous contin-
uous time Markov branching process (MBP) with transition probabilities

Pij(t) :=P{Z(t+7)=jlZ(r) =i}, 72>0,
for all 7,7 € Ng = {0} UN, where N is the set of natural numbers. These
probabilities are equal to the i-fold convolution of Py (t), i.e.

Pi(t) = > Py () Pyt ... Py (t).

Jiti2t-+5i=j
Herein transition probabilities Py;(t) are expressed using the local densities
{aj,7 € No} by relation

Pij(e) =615 +aje+o(e) as €10, (1)

where 0;; is Kronecker’s delta function and a; > 0 for j € No\{1} such that

0<ag<—ar= Z a; < o0;

J€No\{1}
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see [4, pp. 11-12, 26].
Define the stochastic matrix {Q;;(t),j € No} by passing to the limit as
follows:

Qij(t) == lergOP{Z(t+T) =j|Z(r)=4,Z{t+7+k)>0}

for t,7 > 0. Then . i—i

Qig(t) = 75 Py (1), (2)
where 8 = exp {Z jenJa;q’ _1}, and ¢ is an extinction probability of the
MBP Z(t). Now define stochastic process {W(t),t > 0} with transition
functions

PIW(t+7) =5 [W(r) =i} = Qi)

This is so-called Markov Q-process (MQP) {W(¢),t > 0}, defined as a
“long-living” Markov population growth system with transition functions
{Qi;(t)}; see [6]. The asymptotic and structural properties of MQP were
studied also in [7, 8, 9].

Using (1) and (2) the probabilities Q1,(¢), for € | 0, can be presented as

Q1j(e) =615 +pje+o(e) as €]0
with transition probability densities

Po = 07 pP1=a1 — 1H6 < Oa p; = jqjilaj > 07 J S N\{l}

Therefore, the generating function (GF)

g(@) = pja’ =z [f'(az) - f'()]

jEN

completely determines the MQP, where f(x) is the infinitesimal GF gener-
ating the MQP Z(t), that is

f(z) = Z a;x’.
J€No
In this notation 8 :=exp {f'(¢)} and f(q) = 0; see [6].

It is known that the regulating parameter for the MBP is the value
f'(1) and, according to the trajectory property, three types of processes
are distinguished, characterized by its value: f/(1) < 0, f/(1) = 0 and
f'(1) > 0. Note that the evolution of the MQP is controlled (regulated) by
an essentially positive parameter 8 and it is known that § =1 for f'(1) =0
and 8 < 1if f/(1) # 0; see [6] and the literature therein. Thus, there are
two types of MQP, depending on the values of the parameter 3. The above
is clearly described in the following local limit theorem.
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Theorem A [5]. Let b:=¢'(1) < cc.
1) If B =1, then
2

t2Qq1(t) — 570 as t— oo.
2) If B < 1, then
[m 6] A
Q11(t) — 70) as t— oo,

where the constant is . @)
1 f'(q

A=gqex / [ — ] ds} .
qep { o LS—4¢ f(s)

It is easy to verify that for ¢ = 1 the positive constant A is the Sev-
astyanov constant from theory of subcritical MBPs (f/(1) < 0); see [5].
Let us now consider the following GF:

Gi(t;x) == Ex" ) =E [arw(t) W(0) = z} = ZQij(t)xj.

jEN
It was proved in [6] that
, t
O(t; qx) ]! o(r;
Gi(t;z) == [(t,qx)} - exp /b <(7’,qaj)> dr p, (3)
q ) q
where N ‘ j
O(t;x) = ZjENU Pyj(t)z
and x
b) = 12 = f(ga) — (a).
Differentiating at the point =1, it follows from (3) that
EW(®) = (i-1)8 +EW()
(i—1) B +bt+1, if g=1,

(i—1)B+1+~(1-p5Y, if B<1,

and
bti, if g=1,
W+ GE-1)A+y)p701-5Y), if <1,

where Var;W(t) = Var [W(t) | W(0) = 4] and v = b/|In 3].
In view of all of the above, let us pose the problem of estimating the
parameter § from the observed values of W (¢). It is obvious from (3) that

VariW(t) =

G(1;2),

E [xW(tJrl)‘ W(t)] _ |:(I)(1,qlv):| W(t)—1

q
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where G(t;z) := G1(t; x). Hence we have
EWE+1)|W(R)]=[W(E)—1]- 8+ E,W(1).
The last relation allows us to write down the equation
W(t+1)=[W(t)—1]-8+W(1) +e(t)

with an error (t), having a zero mean Ee(t) = 0. Based on this equation,
we propose the following estimator for 8 with a known E; W (1):

S W(t+1) - E,W(1)

(t)= W) -1 ) t>1.

The estimator g(t) is unbiased for the parameter 5. Indeed, according
to the Law of total expectation, taking into account the homogeneity of
MQP and (4), we have

e = Srovin—ie| M= e -

JEN

E,W(1) — E,W
3 (1) (

=B 0u0) = 63 Quin) = 5

JEN jJEN

The following theorems characterize the properties of the variance of the
estimator 3(¢).

Theorem 1. Letb < oco. If B =1, then

t ~ In® ¢

Theorem 2. Letb<oo. If B <1, then
Varg(t) =0(1) as t— oo
Theorem 3. Letb < oo and 8 =1. Then
P{(g(t)—l)t<x} — D(z) as t— oo,

where
+oo +oo
/ew"’”dD(:c): /xe*$+2i9/xda:.

The method used in the proof of the above theorems is based on argu-
ments from the paper [2].
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In this paper we consider a general random censorship model and
prove approximation results for empirical Kac processes. This
model includes such important special case as random censorship on
the right. These results are used also for estimating of characteristic
functions in random censorship model on the right.

Keywords: censored data, empirical estimates, Kac estimate,
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Introduction

Following of [1, 2, 3] we define a general random censorship model in
the following way. Let Z be a real random variable (r.v.) with distribu-
tion function (d.f.) H(z) = P(Z < z), x € R. For a fixed integer k > 1
let AV ..., A®) be pairwise disjoint random events, and define the subdis-
tribution functions H(z;i) = P(Z < x, A®W) i € & = {1,...,k}. Suppose
that when observing Z we are interested in the joint behaviour of the pairs
(Z,AW) i € 3. Let {(Z;, Ag-l), - A;k)),j > 1} be a sequence of independent
replicas of the (Z, AL A(k))deﬁned on some probability space {Q, A, P}.
We assume throughout that the functions H(z), H(z;1), ..., H(z; k) are con-
tinuous. Let H,(x) denote the ordinary empirical d.f. of Z,...,Z, and
introduce the empirical sub d.f. H,(z;i),i €<

n

N1 i N T
Hy(z;1) = - z;(sj( )I(Zj <z),(r;1) e Rx S,
J:
where R = [~o0; 00], 5J(-i) = I(AE-”) is an indicator of event Agi) and

1 _
Hy(x;1) + ...+ Hy(23k) = = Y I(Z; < 2) = Hyp(x),z € R,

is the ordinary empirical d.f.. Properties of many biometrical estimates
depends on limit behaviours of proposed empirical statistics. The follow-
ing results are a straightforward consequences of exponential inequality of
Dvoretzky-Kiefer-Wolfowitz with exactly constant D = 2 from [5, 6] :
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Foralln=1,2,... and € > 0:

1/2
P (n i) - o> (52 12) ) <o,

|z|<oo 2 n

and

P( sup |Hy(w;4) — H(x;i)| > 2((1—|—€)logn>1/2> <dn~ U+ (2)

|z|<oo 2 n

A crucial role is played the vector-valued empirical process {an(t) =

(aslo)(to),agll)(tl),...,a%k)(tk)> ,t = (to,...,tg) € Rk+1}; where a%o)(a:) =
Vi(Hy () = H(@)), a) (z) = va(Hy(0) — H(xs1)), i € S

1. Kac processes under general censoring
Following of [5] we introduce the modified empirical d.f. of Kac by the
following way. Along with sequence {Z;,j > 1} on a probability space
{Q, A, P} consider also a sequence {v,, n > 1} of r.v.-s having Poisson
distribution with parameter EFv, = n, n = 1,2,.... Assume throughout
that the two sequences {Z;,j > 1} and {v,,n > 1} are independent. Kac’s
empirical d.f. is

s 1(Z: < i w1 a.s.
Hi(z)=4" 2t (_3 z), if v @8-
0, v, =0 a.s.,

while the empirical sub-d.f. one is

B (a:1) = {c}l Zgglf(gj <o, AY), ieS, if vzl as,

0, 1€ if v,=0 a.s.,
with H(x;1) + ... + Hi(z;k) = H(z) for all z € R. Here we sup-
pose that sequence {v,, n > 1} is independent of random vectors
{(Zj,5§1),...,5;k)),j > 1}, where 5](-1) = I(Agl)). Note that statistics
H (z;2) (consequently also H(x)) are unbiased estimators of H(x;i), 1€
& (consequently also of H(x)):
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E(H:<x;'>>=3,E{z [z“(s( 17 < }yn_m}:

}LE{ IE[zgzla,g”.I(zk@)/un } (vn =m }
S H(w;iymP (v, = m) = LH(2;i) Y50 m - nle " —

m

= l(x;i)e*”Zf;Om‘—H(x i), (x; )GRX

H(x;i) = H(z), z€R.

&
=
B

I
N
&=
=
0
=

i

Let’s define ag)*(x) = Vn(H}(z;i) — H(z;i)), i€ S and a&o)*(x) =
Vn(H;(x) — H(z)) the empirical Kac processes.

Theorem 1. If the underlying probability space {Q, A, P} is rich
enough, then one can define k + 1 sequences of Gaussian processes
W (@), WD (@), ..., WP (2) such that for a(t) = (a\ (o), al* (t1), - ..,
al* (tx)) and Wi (8) = (Wi (t), WS (81), ooy Wi (81)), £ = (t0, 1, oy ),
we have

(k+1)
a, (t) — Wy(t)

P{ sup > C*n3 logn} < K™n™", (3)

teRFT!

where r > 2 is an arbitrary integer, C* = C*(r)- depends only on r and K*
is an absolute constant. Moreover, W}(t) itself is a (k + 1)- dimensional
vector-valued Gaussian process with expectation EW W (z) = 0, (z,i) € RxS
and for anyi,j €S, i#j, x,y€R:

W<°><m>wé°)<y> = min {H(z), H(y)},
y) = min {H (z;4), H(y; j) }, (4)
)

In so far as lim H}(z) = H,;(+00) = “=, then by Stirlings formula

zT+oo
Pluy =n) = P(H}(+00) = 1) = " = (14 0(1)), n o0,
n! V2

P(H}(+00) > 1) = P(v,, > n) = i ve - o(1), n— 0.
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Thus H}(x) with positive probability to be greater than 1. In order to
avoid these undesirable properties, we propose following modifications of
Kac statistics:

Hy(z) =1~ (1- Hj(x))I(H:(z) <1), z€R, 5)
H,(z;i) =1— (1= H(z;0)) I (Hj(z34) < 1), (w3i) e Rx S,
The following inequalities are useful in investigating of Kac processes.
Theorem 2. Let {v,,,n > 1} be a sequence of Poisson r.v.-s with Ev, =
n. Then for any € > 0 such that

n €
= 5 = 1 5 6
logn = s+ g ¢~ oW ©)
we have )
1/e 2 —ew
P( vy —n| >3 inlogn < 2n7 Y, (7)
1 3
P( sup |H(x;4) — H(w;i)| > 2(5 ogn) > <dn~*v e, (8)
|z|<oo 2n

1
~ 1 2
P( sup |Hy(w;4) — H(w;i)| > 2(50‘%”) ) <dn~v) Ges, (9)

| <oo 2n
where w = [16(1+£)] . Let @y, (t) = (a@ (to), @) (t1), ...,a“g“(tk)) , where
i) = Vi (Bu@) - @), a6 = i (Balei) - i),

(z;i) e R x S

We shall prove an approximation theorem of the vector-valued modi-
fied empirical Kac process a,(t) by the appropriate Gaussian vector-valued

=k+1
process W (t),t € R " from theorem 2.

Theorem 3. Let {T,,,n > 1} be a numerical sequence satisfying, for
each n, the condition T,, < Ty = inf {x : H(z) = 1} < oo such that

min {P(A(i)) — H(T,, i)} >1- H(T,) > 2 (“"g”> ” (10)

i€ 2un

If for any € > 0 condition (6) hold, then on a probability space of the-
orem 2 one can define k + 1 sequences of mean zero Gaussian processes
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Wi (x) 7W,§1)(x)7...,W,S’“)(x) with the covariance structure (8) such that
for Gp(t)and W(t) = (W,SO) (to), WV (t1), ..., W,S’“(tk)) we have

P{ sup [an(t) = Wi @)Y > Cns IOgn} <Kn™’, (11)

te(—oo; T, (k+1)

where K is an absolute constant, C = C(g) and 8 = min (r,cw) for any
e>0.

2. Estimation of characteristic function under random right
censoring

Let X1, Xo,... be independent identically distributed r.v.-s with com-
mon continuous d.f. F. We interpret them as an infinite sample of the
random lifetime X. Another sequence independent of {X;}, of independent
and identically distributed r.v.-s Y7, Y5, ... with common continuous d.f. G
censors on the right the preceding one, so that the observations available
at the n-th stage consist of the pairs {(Z;,0;),1<j<n} = C™) | where
Z; = min(X;,Y;) and §; is the indicator of the event A; = {Z; = X,} =

o .
Ct) = / ¢t dF (z)
— 00
is the characteristic function of d.f. F. The problem consist in estimating
of d.f. F from censored sample C(™). In a number of situations it is more

desirable to aim at estimating C(t) rather that F. We consider estimator
for C'(t) in this model as Fourier-Stieltjes transform of estimator F, (z) =

1—81(z)=1—exp (ngll)(x)) :

Co(t) = / ¢ dF, (z), tcR.

—00

Using the estimation above it follows that as n — oo

sup |Fa(z) — F(2) 20 (bi & $> , (12)

z<T),
where b, =1 — H(T},). Now from (12) also follows that as n — oo

1-F(T) =01~ F(T,), F(-T)=0(F(T,)).  (13)
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It is trivial that A, (7)%30 as n — oo for any 7 < oo, where A, (1) =

sup |Cp(t) — C(t)]. Consider quantity A, (7,,) for some special choosed nu-

[tI<r

merical sequence 7, tending to 400 as n — co. In the following theorem we

prove result of uniform convergence for the empirical characteristic function.
Theorem 4. Let {1,,n > 1} be a numerical sequence tending to +o0o

slowly as n — oo. Then, A, (1,)*30 as n — oco.

3. Conclusion

In conclusion, this theme is such important in stoxastic analysis. Our
results uses strong approximation theory and build optimal approximation
rates. Cumulative hazard processes also investigated in a similar manner
in the general setting. These results can also be used also for estimating of
characteristic functions in random censorship model on the right.
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Field Programmable Field Arrays distinguish themselves from other
integrated circuits, by their reconfigurability. This, along with their
parallelism opens possibilities for implementing artificial neural net-
works with a high efficiency regarding cost and energy use. Research
conducted on the implementation of Neural Network Architectures
like VGG16 and AlexaNet in FPGAs can result in systems that are
faster and more power efficient than GPU implementations.
Keywords: FPGA, ASIC, Convolutional Neural Networks, Alex-
aNet, VGG16, Winograd, Matrix multiplication

Introduction

FPGA stands for Field Programmable Field Arrays. It is a device made
out of semiconductors that can be configured after being manufactured.
This characteristic gives it the advantage of allowing flexibility in its de-
sign, which saves time and costs at the moment of introducing changes to
it. FPGAs consist of programmable logic elements that are connected one to
another, as well as memory blocks. They stand in contrast to ASICs (Appli-
cation Specific Integrated Circuits) and ASSPs (Application Specific Stan-
dard Products). ASICs as their name implies, have a specific customized
particular use. This means that they are designed with a particular func-
tionality in mind. ASICs usually are sold to a specific user and ASSPs, while
also having a specific use, are sold to many users. The three are integrated
circuits, with the main difference being that FPGAs are reconfigurable while
ASICs and ASSPs are not [1].

1. Neural Networks

Neural Networks are algorithms that mimic the functionality of human
neural networks to create systems capable of analysing data. They can
be used for Artificial Intelligence tasks like image recognition and video
analysis. These networks are composed of at least three node layers: the
input layer, the hidden layer and the output layer. Each node is a neuron
that uses an activation function. An activation function is used to determine

Supported by FRBR, project number 19-29-06078.
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the output of the node, given the inputs coming from previous layers and the
weights assigned to them. The design of neural networks requires forward
and backward processes. The forward process focuses on the amount of
layers and the forward flow of the input and output information, while the
backward process focuses on defining the loss function to calculate the gap
between the prediction value and the actual values of the data samples
during the training phase. The result of the backward process is used to
alter the weights given to each node to make the final output more accurate.
When the system runs a forward and backward process it is known as an
epoch. Neural Networks require hundreds of epochs of training to reach
high levels of accuracy [2].

2. Why Use a FPGAs for Designing Neural Networks?

The idea of creating a semi custom high performance system for neural
networks that is able to outperform conventional processors is the main rea-
son behind the efforts to develop these systems. The results so far have been
that FPGAs are outperformed by ASICs. Nevertheless the structure of a
FPGA presents an alternative to the software inside a general purpose pro-
cessor, thus providing the possibility for delivering a superior performance
in relation to cost and energy consumption on specific applications. An-
other apparent alternative would be the use of ASIC systems, nevertheless
they have disadvantages over FGPAs.

Two important reasons exist as to why FPGAs are a better alterna-
tive than ASICs for developing systems capable of beating general purpose
processors in performance. The first one is that when developing ASIC
neurocomputers with a significant amount of flexibility, the final result is a
system with a structure that closely resembles a FPGA, while never reach-
ing the flexibility that a FPGA can attain. This is important because neural
networks require to be easily reconfigured since they are meant to be used
for different applications. The second fact is that the design and production
of custom neurocomputers has a limited user base, thus the development
of software for ASIC neurocomputers will lag behind FPGAs that will be
more widely used [3].

3. Parallelism

Other reason for the drive towards the use of FPGA for creating neural
networks systems are the perceived abilities that this technology has in
the realm of parallelism. Parallelism is the feature that allows one to run
two or more computational processes at the same time. FPGAs are more
suitable for parallelism than ASICs systems. These capabilities are suitable
for working with neural networks. To better understand this, we can take
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a look at different types of parallelism applicable to this topic. The first
one is Training parallelism, this refers to the ability of running different
training sessions for the neural network at the same time. Node parallelism
refers to the idea of going through the nodes of each layer of the neural
network in parallel, and this could be a great advantage for a FPGA system.
Nevertheless it is necessary to take into account that neural networks can
have up to a million nodes, and a system with that high amount will face
limitations that will not allow it to reach those high levels of parallelism.
Another promise of FPGA systems is the idea of computing the layers of
the neural network in a parallel way [3].

4. Implementation with Winograd Algorithm

In the article Evaluating Fast Algorithms for Convolutional Neural Net-
work, The authors evaluated the performance of two FPGA devices (Xilinx
ZC760 and ZCU102) on which they used the Winograd algorithm for ma-
trix multiplication as a way of making more efficient the implementation of
two CNN architectures (AlexaNet and VGG16). The Winograd algorithm
speeds the convolution process by simplifying the matrix multiplication.
This plays an important role in convolutional algorithms since they require
the multiplication of matrix filters in each layer of the neural network. Dur-
ing the experiment, other two FPGAs (VX485T and GSD8) were used as a
control group without the Winograd algorithm being implemented in them.
All models used the AlexaNet Architecture for CNN. [4] The results show
that the Winograd implementation improved the average convolution per-
formance from 61.6 Gop/s to 1006.4 Gop/s, while the CNN average perfor-
mance rose from 72.4 Gop/s to 854.6 Gop/s. The implementation of the
modified algorithms resulted in the use of less resources; this can be seen in
the energy efficiency rising from 3.79 Gop/s/W to 36.2 Gop/s/w.

5. Conclusion

The advantages of FPGAs over ASICs and ASSPs is their reconfigura-
bility, which opens the possibility for their flexible application by Artificial
Intelligence specialists. Processors have the advantage of using their power
to deliver systems with a higher analytical capacity as they are more accu-
rate, but the advantage of the FPGA comes from delivering a more efficient
use of resources (both computing power and energy). A recurring theme
on the implementation and modification of neural network algorithms for
FPGA, is that advantages in resource and power efficiency come at the
price of less accuracy. How much one is willing to sacrifice for the other
will affect the choice of using a FPGA or a GPU for the implementation of
a CNN. In the end, the existence of tasks that demand fast systems with
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low power consumption creates incentives for the use of FPGA. Another of
the promises of FPGA systems is parallelism, which would enable them to
fulfil several tasks of an algorithm at the same time. These reasons justify
the experimentation with CNN architectures and algorithms with the aim
of creating competitive configurable systems based on FPGAs.
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KPAEBAAd 3AJJAYA OJIAd OJHOI'O KJIACCA
YPABHEHUU TPETBHET'O IIOPAIKA

M. O. Abynos

Kapwunckut 2ocydopecmeennniti ynusepcumem, 2. Kapwu, Ysbexucman

PaccmarpuBaercs KpaeBast 33/1a49a, JIJIsT YPABHEHUSI TPEThEro MOPSII-
Ka CMEIIaHHOTO TUIA B Y€ThIPeXyrobHoil obmactu. C momompio Me-
toma laslepkuna mpu OmpeIesIeHHBIX YCIOBUSAX Ha KO3 dUImeHTh
¥ TIPABYIO YaCTh YPABHEHMS JOKA3AHO CYIIEeCTBOBaHME C1abo 0606-
ueHHoro pemrenus B npocrpancTse Cobonesa. [Ipu stux xe ycio-
BUAX JI0Ka3aHa €IUHCTBEHHOCTH 0DOOIIEHHOIO PEIIeHM.
KiroueBsle cioBa: Kpaesas 3adaua, ypasreHus mpemvbezo nopao-
K@, YPABHEHUA CMEULAGHHO20 TUNG.

BBemenue

Teopusi KpaeBbIX 3aad JJisi yPABHEHWI CMEIIAHHOIO TUIA B CHIY €e
[PUKJIQJIHON M TEOPETUYECKON 3HAYUMOCTU CTajla OJHUM K3 BaKHEHIIUX
pas3zesioB Teopuu audHepeHnuaIbHBIX YPABHEHNH ¢ YaCTHBIMU MTPOU3BO/I-
wbiMu. Hagasio ucciietoBanmii KpaeBbixX 33734 /I YPABHEHUN CMEITaHHOTO
Tumna o6110 osI0KeHO0 B paborax @. Tpuxkomu u C. I'enepcrenta, roe Buep-
BbI€ CTABUJIUCH U U3YYAJHUCHh KPAEBbIE 3aa49U JJIs MOJETbHBIX ypaBHEHUH
CMEITAHHOTO Tuma. bubanorpaduio BOmpoca MOXKHO HAWTH B MOHOTpadu-
ax [1, 2]. B panbueiimem, B paborax [3, 4] upeiioxKeHHble LHOACTAHOBKU
00OOIAINCE 7S yPABHEHUN BBHICOKOTO MOPSIKA, IJIsT PA3TUIHBIX KPAEBBIX
YCJIOBUH IS ONEPATOPHBIX YPABHEHWH U JJIs YPABHEHUIN HEKJIACCUIECKOTO
runa. Cpeau nocjenaux paboT MOXKHO OTMeTUTh [5, 6].

B mammoit pabore OyIyT HCHOTB30BATHCA OOBITHBIE HPOCTPAHCTBA Ly,
CobousieBa W]é. Oupesiesieansi 1 CBOWCTBA 9TUX [IPOCTPAHCTB MOXKHO HANTH
B Monorpadus [7].

B obmactn @ = {(z,t) : -1 < z < 1,0 < t < T} paccmorpum
yDaBHEHUE

Lu = uggy + (@) Ugrsr + a(x, )z, + b(x, t)ugy+
+c(@, t)ug + d(z, t)us + ez, t)u = f(z,t) (1)

rae zp(x) > 0 mpu x # 0, u(0) = 0.
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KpaeBas 3amaua

Haiitu B obmacru () pemenue ypasuenus (1), yIoBaeTBOpsioIiee Kpae-
BBIM YCJIOBUSIM
u |3Q = 0, Ut |t:0 = O (2)

JI7ist IPOCTOTHI M3JTOXKEHHsS Oy/IeM IIPeIoIararb, 9T0 KO3(POUITHEHTDHI
ypasuenus (1) sasasorcsa 6eckoneuno quddepennupyeMbiMu hyHKINAMEA.

Omnpenesienne 1. O6o3uauum yepe3 H(Q) nupocrpancrso dyHKuuii,
1oty yeHnoe 3aMbikanuem byuxuuii uz C°°(Q), y10BJIeTBOPLIOLIUX yCIOBH-
siM (2) mo HopMe

2
||u||H(Q) = / (uix +ul, 4 uZ +ul + u2) dQ.
Q

Oupegesienne 2. Qyukimio v € H(Q) OyueM Ha3bBaTL CIa0bIM
o6obmmenHbIM perenueM 3agadu (1)—(2), ecnmn mia Becex v € C§°(Q) BbI-
[IOJTHSIETCS TOXK IECTBO

/(utvtt — HUgzgVp — fzUzprV + AUz ¥ — bUupvy—

Q
— byugv + cugv + dugv + euv)dQ = /fde. (3)
Q

Teopema 1. IlycThb BBITOTHEHDBI YCIOBHS
3
a(x7t)—§|um|>6>0, b(x,t) = 0. (4)

Torpa aos moboit dbyukuuu f(x,t), rakoii, uro f € Lo(Q), cywecrByer
enuHCTBeHHOE pemenue 3anaqu (1)—(2) u3 H(Q).

Joxazameavcmeso. Pemenue 3amauu (1)—(2) Gygem uckarb MeTomoM
lanepkuna

m
i=1
rae hyHkuuu ;(x) ABILIOTCH PEIEHUsIMU 3312491

0" = —=Xigi, (1) =i(1) =0,
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a ko3 dunuenrtor j;(t) HAXOAATCH U3 DPEIIEHUS CUCTEMbI OOBIKHOBEHHBIX
mudepeHnuanbHbIX YpaBHEHUI

(umttta 902')0 + (,Uumxac:cv 901')0 + (aumx:m 901')0 + (bumtta Cpi)o‘i’
+ (Cumwa <pz)0 + (dumta 901)0 + (euwu Qpl)o = (f7 Soi)()v (5)
]Z(O) :jl(T) :jit(o) ZO7 = 1,2,...,m. (6)
Paspemmmocts 3amaum (5)—(6) mpn bUKCHPOBAHHOM M BBITEKAET M3 00-
et Teopun OOBIKHOBEHHBIX Iu(DEPEHITNATBHBIX YPABHEHUIA.

ITony4yrM paBHOMEpHBIE MO 1M ONEHKH i [ATepKUHCKAX TPUOIIHKe-
uuii. Jos sroro ymuoxkum (5) ua (—j;(t)) u, cyMMupys 110 4, noJydum

(umttta _um)() + (Uummxm _um)o + (aum:pwa _um)() + (bumth _um)0+
+ (Cumxa _um)o + (dumtu _UM)O + (eumv _um)o = (f7 _um)' (7)

Orciona, unrerpupys 1O tu MHTErpupys 10 4dacram, B cuiy (2), (4),
MOCJIe HEKOTOPBIX Mpeo0pa30BaHmii MPUXOIAM K HEPABEHCTBY

/ (U2, + 12, +12)dQ < C. (8)

Q
Jajee, pacCMOTPHUM CJIEIYIOIIEE PABEHCTBO

(umttt7 umzx)o + (lffummz:zv umxm)o + (aumzzv umxm)0+

+ (bumtt7 ummx)o == (f — CUmy — dumt — €U, umrI)O' (9)

N3 roxzpecrsa (9), B cuny (2), (3) u onenkn (8), unrerpupys mo t u
MHTErPUPys [0 YACTAM, OC/IE HECIOKHBIX NPEOOPA30BAHUIl BHITEKAET CJie-
JLyIOLIAs OLEHKA

Q

U3 onenok (8), (10) ciemyer orpaHuIeHHOCTD TIOCTIEI0BATEIBHOCTH PHU-
GJimzKeHHbIX pernenuii {u,,(z,t)} B npocrpancrse H(Q), MoXKHO BbIOpATH
HOJIOCTIEA0BATENBHOCTD {U,, (2,1)} ¥ mepeiitu K npemeny mpu my — 00
B cucreme (5). Herpynno nposepurb, uTo npegesnbHas (QyHKIUS TPUHAT-
nexut npocrpancTBy H(Q) n ymosiersopsier ToxaectBy (3). Tlockonbky
cucrema {;(x)} mnorna B La(—1, 1).

HoxkaxkeM, uro perenue 3a1auu (1)—(2) equHcTBEHHO.

Ecnu u, v — nBa pemtenus 3anauu (1)—(2), To w = u — v yuoBIETBOPSIET
YPABHEHUIO

Wit + () Waze +a(X, E)Wey +b(x, t)wy +c(z, )w, +d(z, t)wi+e(x, t)w = 0.
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Paccmorpum maTErpast

/(wm + p(2)Wege + a(T, t) Wy + b(x, t)we+
Q
+ ¢z, t)wy + d(z, t)w; + e(x, t)w)wd@Q =0

U UHTErPUPYH 110 4aCTAM, B cuity (2), nouaydum

/ (w +w; +w?)dQ <0,
Q
orkyma ciaeayer, uro w = 0B Q. W

B nammoit paboTe JOKa3aHbI HOBBIE TEOPEMBI CYIIECTBOBAHUS W €IWH-
CTBEHHOCTH peliterus Kpaesoil 3aga4uu (1)—(2), KoTopble M03BOJISET PACIIH-
PHUTBL KPyT PenraeMbix IpobieM B TEOPUHM KPAEBBIX 3a1a9 s HEKJIaCCuIe-
CKUX YPaBHEHUN MaTeMATHICCKON (DU3UKU.
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HEJIOKAJIbBHAA 3AJTAYA JJId OJHOT'O
YPABHEHNSA YETBEPTOI'O IIOPAIKA

M. O. Abysios, B. A. Typcynos

Kapwunckuti 2ocydopemeennnili ynueepcumem, 2. Kapwu, Ysbexucman

B mammoii pabore u3ydena HeJIOKAJIbHAS 331298 IS OJHOIO yPAaBHE-
HU$I 9€TBEPTOTO MOPsiAKa. IIpu BITIO/THEHNY HEKOTOPHIX YCJIOBHIT Ha,
[pPaByIO YaCTh yPaBHEHUs JIOKA3aHbl CYIIECTBOBAHUE U €UHCTBEH-
HOCTb PELIEHNs II0CTABJIEHHON 3a/1a91

KuroueBbie ciioBa: HEA0KGADHAA 3640040, CONPAHCEHHAA 300040,
YPABHEHUE YEMBEPMO20 NOPAIKG.

BBemenue

Hesnokasbable 3a/1a491 B HACTOSIIEE BPEMSI sIBJISIIOTCS HHTEHCUBHO PAa3BH-
BAIOMMMCS pas3zesioM Teopuu auddepeHiua bubix ypapaenuii. Marepec K
HEJIOKAJIbHO 3a1a4e (KpoMe TeOPETUIECKOrO 3HAYEHN) BHI3BAH, OYEBUIHO,
BO3MOXKHOCTBIO ee (bU3nIecKoi nHTepnperanun: ecian auddepeHmaibHbie
YPABHEHUST OMUCHIBAIOT HEKOTOPBIH (PU3UIECKON MPOIECC, TO HEJOKATbHBIE
KPAEBbIe YCJOBUS SBJSIOTCSH HEKOTOPBIME AJreOpandecKuMU BbIPAYKEHUSI-
MU, CBA3BIBAIOIIMME UCKOMOE DEIICHUE U €ro IPOU3BOJHbBIE B IBYX U Oosee
TOYKAX HAOIIOAeHNS (hbu3naeckoro mporecca. IIpobaeMbr cOBpeMeHHOi Hay-
KU ¥ TeXHWKHU BLIIBUHYJIN pelierue 60Jiee peabHbIX MTPAKTHIECKUX 33,1a4,
CBSI3AHHBIX C UCCJIEOBAHUEM PA3HOOOPA3HBIX KJIACCOB MATEMATHIECKIX MO-
geneit. 3BecTHO, 9TO MareMaTHYecKOe MOJETUPOBAHUE MHOTHX OHOJIOTH-
YECKUX U TEXHOJIOTMYECKHUX IIPOIECCOB MPUBOJIUT K U3YYEHUIO HEJTOKAIb-
HBIX KPaeBBbIX 33734 JJIs PA3JIMIHBIX KJIACCOB AudDepeHImaabHbIX YpaB-
wennii. [losToMy, n3ydenne HEIOKATBHBIX 337a4 I PA3JIUIHBIX KJIACCOB
nuddepeHImaIbHbIX yPABHEHH MPUBJIEKAI0 BHUMAHNE MHOIMX MATEMaTH-
koB. Bubsnmorpaduio Bonpoca MoxkuO Haiitu B Monorpadusx [1, 2]. Cpenpt
nocJsiesHux pabor MOXKHO ormeruts [3, 4, 5, 6, 7).

HenokannHasd 3aJaga

B obnacru
Q={(z,y,t):0<x<1,0<y<1, 0<t<T}
PacCMOTPHUM yPaBHEHHE YETBEPTOrO MOPSIIKA,

LU = Uttgr — Ugzzr — uyymx + Ugr = f(xv Y, t) (]-)
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IMocraBum 3azady HaxoxieHnus B obsactu () pemienusi ypasuenus (1),
YA0BJIETBOPAIOLIEe CJIe/IYIOIIUM yCJA0BUAM

AT
2

AT
Uli—o = €2 Uli=1 , Ut |t=0 = €72 uy =1,

Uu ‘z:() =u |1::1 = Ug |:c:0 = Ug ‘z:l - 07 u |y:(] =Uu |y:1 =0 (2)

rae A > 0—HEeKOTOpbhIe YUCTA.
Herpyauo Bugers, uro s (1)—(2) coupsizkennas 3aj1a4a uMeeT BUJL;

L™ = Viga — Vawaz — Vyyza + Vzz = g(z,y,t) (3)

AT AT

V|i=o =€ 2 Vli=r, vil=0=¢€ 2 vtli=r,
v |w:0 =0 ‘a::l = Vg |z:0 = Vg |w:1 = 07 v |y:0 = |y:1 =0 (4)
O6o3nauum uepes3 Cf, (coorercrBenuo C«) Kiacce DyHKIMIA, YeTbIpe-

2K/Ibl HenpepbiBHO Jud depeHnupyembix B 001acTu ¥ yI0BJIETBOPSIOLIUX
ycnosuio (2) (coorBercrBeHHO (4)).

Onpepenenne 1. O6osnaaum wepes H(Q) (coorsercrsenno H(Q)*)
IPOCTPAHCTBO (DYHKIWIA, MoIyUeHHoe 3aMbikanuem gyukuuit u3 Cr (coor-
BercrBeHHO U3 Cp+) MO HOpME

2 2 2 2 2 2
[Jul|” = /(uttz T Upgg T+ Upgyy T Uy + Ujp+
Q
qLuiac + uiy + ut2 + ui + u§ + uz)dQ.

Onpepenenne 2. Oyukumio v € H(Q) OyneMm Ha3bBaTh CIA0BIM
06o6renHbIM permeHreM 3aga4du (1)—(2), ecam mas Becex v € Cp« BBINOJI-
HSETCS TOXKIECTBO

B(u,v) = /(umttvm + Uz Vsz + UgyUgy + Uz ¥)dQ = /fde, Vo € Cr«.
Q Q

Teopema 1. Iycts ana dbynxuun f(z,y,t) € W(Q) BumoHens
YCIJIOBUH

AT
2

fli=0 = egf le=T | f(w,y,0)dw =e fw,y, T)dw. (5)
/ /

Torua cywecrByer exuncrennoe peinenue 3aza4du (1)—(2) uz H(Q).
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Joxasamesvcmeo. Ymuoxkasn ypasuenne (1) na e*u;, unrerpupys

1o obsactu @, u B cuiy ycaosuit (2), (3) nosyuum
/(ufm +ul, +ul, +ul)dQ < C/deQ. (6)
Q Q

VYpapuenue (1) MOxKeM IEPENUCATH B BUJIE

x

Uttty = Ugzx + u:):yy + Uy + /f(wa Y, t)dw + (P(y, t)7 (7)
0

rue o(z,y)—HneusBecrnas Gyukuus. U3 (7), B cuny (3), nomydum
Ustt [e=0 = Usaa |e=0 + @(y, 1) =0 Te @(y,1) = —Usaa |2=0
TaK Kak
P(Y,0) = —Uaz2(0,5,0) n oy, T) = —ttaaa(0,y,T).
Orciona, B cuity (2), mosy4dum
Ty, 7).

Torna u3 ypasuenust (7) BbIBOAUM, YTO

¢(y,0) =e

AT
2

Ugtt |t:0 =€ 2 Ugtt |t:T- (8)

Hauiee, ypasuenue (1) auddepennupys 1o ¢, mociae 3roro yMHoKas Ha

eMuy; w mHTerpupys mo obmactu Q, B cuny yemoswuit (2), (6), (8), momy v

/ (W2 + 1y, + 1y, +112,)dQ < C / (2 + 12)d0. (9)
Q Q

Tax xak, B cuiy (2), (3), g pemenus 3anauu (1)—(2) BepHa oleHKa

/ (ut2tac + u?xw + ut2:cy + utzt + ufx + uix + uiy+
Q
+uf +ud 4 ul +u?)dQ < c/ (f?+ f)dQ. (10)
Q
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Tenepn paccmorpum coupsizkeHuyo 3aa4dy (3)—(4). AnasorudHo, Kak B
(5), ymuokaa ypasuenus (3) na (—e *wv;) u unrerpupys 1o obaacru Q u
B cuy (4), (8) momyunwm

/(vfx + 02, + 2, +07)dQ < C/gZdQ. (11)
Q Q

Bamerum, 9T0O Kax B (8), BEPHO PABEHCTBO

_AT
Vgitt |t:0 =€ 2 Ugtt |t:T~ (12)

Hasee, ypasuenue (3) nuddepenimpys mo ¢, mocae 3Toro yMHOXKasA Ha
(—e~*uvy) m mHTErpEpPY 1O 061aCTH (Q, MHTErPHUpPYS 1O JacTaM B CHIy (4),
(11), (12) nomyuum

Q Q

W3 onenok (10), (11), (11) crapgapTHBIM 06PA30M BBITEKAET CYIIECTBO-
BaHUs U €JMHCTBEHHOCTD pelnenus 3aua4u (1), (2) (cm. nanpumep, [9, c. 19,
c. 35]) B mpocrpaucrse H(Q). B

Herpynuo Buzers, uro 3amady (1)—(2) MOXKHO TpakToBaTh Kak obpat-
HYIO 3324y JIJIs1 ONIPE/IEJICHUs TPABOH YacTH BOJIHOBOTO yPAaBHEHHUSI.

3akJiroueHune

B nmanHO# craThe m0KAa3aHBI HOBBIE TEOPEMBI CYIECTBOBAHUA W €JMH-
CTBEHHOCTHU DelleHUs HEJOKaibHOW 3azauu (1)—(2), Koropble HO3BOJLIOT
paCIIUpUTh KPYl' PEHIAeMbIX HPOOIEM B TE€OPUH HEJOKAJIbHDLIX 33144 s
HEKJIACCUYIECKUX YPABHEHWI MATEMATHIECKON (DU3UKH.
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PECYPCOB U HEOIIPEJEJEHHOCTU 3ATPAT U
TTOXO/I0B

A. M. Bynapuyx?, /1. B. Cemenonal2

L Cubupceruii gedeparvroiii yrusepcumem, 2. Kpacnoapek, Poccus
2 . . .
Kpacnoaperul zocydapemeennoili meduyunckull YHUBEPCUMET, UMEHU
npogeccopa B.D. Botino-Sceneyrozo, 2. Kpacroapcr, Poccua

Uccnenyerca 3amaga xamergapuoro mwiaauposanua (RCPSP) mna
MHBECTULMOHHBIX IIPOEKTOB. PaccMarpupaeMas 1OCTaHOBKa IIPE/I-
MOJIaTaeT HAXOXKJEHWEe MAKCUMYyMa YHCTOH TTPUBEICHHON TPUOHLIN
B YCJIOBHSIX OTPAHWYEHHOCTH PECYPCOB W HEOIPEIEIEHHOCTH 3aTPAT
¥ JIOXOJIOB 110 IIPOEKTY. 3alachl U 3aTPAThl PECYPCOB B MOZEJIU OLe-
HUBAIOTCA B JEHEKHOM BBIPAKECHUH.

KuoueBble ciaoBa: Kaaendaproe naanuposaHue, UHEEeCMUyuoH-
Howti npoexkm, NPV.

BBenenue

Kasennaprnoe njaHHpOBaHWE WHBECTHUIIMOHHBIX IIPOEKTOB — BarKHAA
IPAKTUYeCKasd 33/1a49a, BOZHUKAIONAA B cepe yIpaBIeHus IPOU3BOICTBOM.
PaccMoTpuM MHBECTHUIMOHHBIN IPOEKT, IPEAIOIATaloNUi BbIIOTHEHIE 3a-
JIAHHOT'O KOJINYeCTBa PAbOT 32 OLpeeIeHHbI IPOMeKyTOK Bpemenu. Kark-
Jlas U3 paboT XapaKTepU3yercs JJINTEeJbHOCTHIO €€ BBIIOTHEHUs, 3aTpaTa-
MU PECYPCOB U JIOXOJIAMH, KOTOPBIE OHa TeHepupyeT. KpoMme TOro, n3BeCTHBI
TEXHOJIOTUYECKHE U OPraHU3AIMOHHbIE B3ANMOCBA3M MeXK 1y paboraMmu. By-
JIEM CUUTATD, YTO BCE PECYPCHL IPOEKTA MOT'YT OBITH CBEJECHBI K JI€HEKHBIM.
JJist OleHKU pe3ysbTaToOB PEATH3AIUU IPOEKTa BOCIOIb3YeMCs [IOKa3aTe-
neM 4ucroii npusegenHoit croumoctu (N PV). OCHOBHBIMU [IPOSIBICHUAMHE
axropos HeoupeesienHOCTH, NEACTBYIOMUX B IPOLECCE Peasn3alun LIPo-
€KTa, OyLyT HeJONIOJIydYeHHe 3aIlJIAHNPOBAHHBIX JOXOJIOB U POCT U3/EPIKEK
peaIm3aIiy TPOeKTa.

1. IlocranoBKa 3ajjaun

Bynem onuparbcs wa momesanr RCSP  (Resource-constrained project
scheduling problem), npengoxennyo B.B. Cepsaxom u E. A. Kazakosue-
Boit [2]. IIycts V = {1,2,..., N} — MHOXKECTBO 3aILIAHUPOBAHHBIX PabOT,
CBSI3aHHBIX IPYT C JAPYTOM OTHOIIEHHEM YaCTUIHOTO Topsinka F. Kawxkmas
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u3 pabor xapakrepudyercs cpokamu @ = (q1,42,...,qgN), TO €CTb LEJbIM
YMCAOM EPUOJIOB, HEOOXOAMMbBIX i ee BbinojHeHud. OO03HaYMM depes
¢j(T) € F caydaiinble BeJIMYNHBI TOCTYIUIEHNH OT j-if pabOTBI B MOMEHT
Bpemenu 7T € {0,1,...,¢;}. [ oTpuIaTenbHbIX 3HaUeHNM ¢;(T) peds Oy-
JIeT UATH O Pacxolax Ha BhINOJHEHHe paborel. Ilycts T — MaKCHMaIbHAS
JUTATEBHOCTD IMPOEKTa B HEJbIX IIePHONaX. BIOIKeT MpOoeKTa B MOMEHT
t € {0,1,...,T — 1} obo3naunm [epe3 K (t), a CTaBKy TUCKOHTHPOBAHUS
JIJIS COOTBETCTBYIOIIETO TIEPUOIa — uepes Tg. Kpome Toro, 0603uaunm depes
N; MHOXKeCTBO paboT, BBIMIONHAEMBIX B nHTEpBaJe [t;¢ + 1). Bymem nckarh
ONTUMAJIbHBIE CPOKYU HAYAJIA KaXKI0i u3 padoT, KOTOphIE 00PA3YIOT PACIIHU-
caHye BBINOJIHeHus npoekta S = (s1,S82,...,8N), [€ S; — MOMEHT HaJaja
Jj-it paborer. Ouesnano, 4ro s; € {0,1,... T — g;}.
ITpu npuMeHeHNN (POPMYJIHI CJIOXKHBIX TTPOIEHTOB YHCTHIH HpHBeILeHHbIﬁ
¢(7)
(1+ro)™"
B kaxKplii MOMEHT BPEMEHH JOJIZKHO BBIIOJHATCS ycnom/le ,ZLOCTELTO‘{HO—

JIOXOJ, OT j-i paboTEI paccanThIBaeTca 1o dpopmymne: NPV, = Z

cTH cpeAcTB. VICTOIHIKOM CPE/ICTB BBICTYIAIOT OIOMKET IIPOEKTA, IIPUOBLITD,
TTOJIy9eHHas B MPEAbIIYIINe TTEPUOIbI, & TaK¥Ke T0XO0IbI OT PEMHBECTUPOBA-
HUST HEM3PACXOIOBAHHON TPHUObLIH. [I0CKOMBKY 9acTh YKA3aHHBIX BEJIMYUH
HOCHUT CJIy4aiHbIl XapakTep, TO JOIIYCTAMOE PACIIUCAHUE, COOTBETCTBYIOIIee
KaKO#-Tu00 OIHOI peamn3alun CIyYaifHoM BeTUInHbI, 1 IPYroi peaan3a-
uu OKaxkercs HexomycruMmbiM. Ha mpakruke mpobsema HemoCnyCTHMOCTH
BBIOPAHHOI'O HA CTAPTE [POEKTA PACIUCAHUA PELIAETCH IIyTeM IPUBJEYe-
HUSA 3a8MHBIX CPeACTB. Ilpn 3TOM cymMMa JIOTMOTHUTETHHBIX PACXOIOB CKJIa-
JIBIBAETCA HE TOJBKO W3 pa3mepa AedUIUTa BO BCE MOMEHTHI BPEMEHHU, HO
¥ U3 TjaTekell 3a mMomb3oBaHWe JAeHbramu. llycTts r*  pa3Mep cTaBKE 3a
[TOJTb30BAHUE J€HbIAMH B TE€YEHUE OJHOrO Iepuozia. 1orjaa [IOmOJHUTE -
HblE U3/IEPKKKM HA HOKPHITHE 3aTPAT IO IPOEKTY MOIYT OBbITH PACUUTAHbBI
mo hopMyIam:

T-1
S) = Z 8¢ Dy, (1)

meDt:Z(HTo ZZ 1+7“0 )’ @

=0 =0j€EN,

1 * D, <0,
5, = +r ecau Dy (3)
0, ecau Dy > 0.
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Haiinennas a1 JaHHOTO PACHHCAHHUS BEIUIUHA JePUIIATA CPEICTB
D(S) monxkHa yauThIBATHCA IPU pacdere HeaeBoil (hyHKIUH ONTHMHU3AIIN-
onnoit 3amaun. O6o3HaunM depe3 N PV (S) TeKyuIyo cTonMocTh MpUOBIIN
¢ Y9€TOM 3aTpaT Ha MpuUBJedYeHne KpeauToB. Torga onTuMu3auoHHas MO-
Jeb TPUMET BUJ:

NPVH(S) = max Zv(l]\ﬁg D(S)| = max[NPV($) + D(S)] (4)
si+q <sj, (i,j) € E. (5)

Orpanunyenusivu B Mojenu (4) BbICTYyHAIOT YCJAOBUS YaCTHYHOIO IIOPSi/I-
ka (5).

Besmunna N PV(S) xapakrepnsyeT NMPHBEIEHHYIO CTOMMOCTH TPHOBI-
JIM 32 BECh CPOK DEeaJIM3alluyl IPOeKTa IpH BbIOpaHHOM pacrnucanuu S 6e3
yuéra 3arpar Ha Kpeaurosanue. Quesuiano, yro NPV (S) u D(S) upex-
CTABJIAIOT CODO# CiydailHble BEJIMYWHBI, PACIHPEIeIeHre KOTOPHIX 3aBUCUT
OT PACIPE/IeJIEHUH CIIy YallHbIX XapaKTepUCTUK paboT. OTMeruM TakkKe, 410
npu 3amauHOM pacrncannu S dyukuus NPV (S) ecth nuHeitnast KoMOWHa-
I[MsI BEJIMYIUH MOCTYIJIEHUH OT KarK/10il n3 pabor:

N qj
NPV(S) =Y a;(r)e(7), (6)

j=17=0

rae oj(7) = (1 + o) (T3,
Banata KaleHJapHOro IJIAHEPOBAHIA ¢ KPUTEPHeM MaKCUMU3AIAN IIPH-
BeIEHHON pubbLH ABsieTcs NP-TpyaHoil B CHIbHOM cMbIcTe [2].

2. Cayuaiinble mapaMeTpbl IpoeKTa

[TycTbh KOMITIOHEHTHI TIOTOKA MIATEXKEH I KaXKI0i 13 pabOT B KAXKIbIi
MOMEHT BPEMEHU IPEACTABIAIOT COOOM HE3ABUCHMBIE CJIyJalHbIE BETHIH-
ubel. IToBenenne meneBoit pyHKIMKM OymeT 3aBHCETh OT TOTO, KAKOE WMEHHO
pacupeyienre UMEOT yKa3anubie Beaudunbl. [Ipencrasisiercs meaecoodpas-
HBIM BBIOMPATH OIHO PACIIPEIESIEHNE JJIsi BCEX CIYYAWHBIX XapPAKTEPUCTUK
MTPOEKTA, MOCKOJIbKY BCE OHU MMEEIOT OHY U Ty YK€ SKOHOMUIECKYIO TTPUPO-
nay. Hamu ObLIu paccMOTpEHbI HECKOJIBKO BAPUAHTOB HEMTPEPBIBHBIX PACIIPE-
nenennii. [IpuBenem npumMep anaamsa Ay HOPMAJIBHOTO PACIPEIETCHUS.

Eciin Bce KOMIOHEHTHI IOTOKA IJIATEXKEN MOAINHAIOTCS HOPMAJILHOMY
3akony pacupenenenus ¢;(7) € N (p;(7),0,(7)), T0 115t KA AOrO pacuuca-
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uus S Bepuo, uro NPV (S) € N (u(S),c(S5)), rne

(S =S ) o8) = |3 adr)ed). ()

j=17=0 j=17=0
3. BpluucimTebHbIE SKCII€PUMEHTDI

Paccmorpum mpumep mpoekTa, cocrosiero u3 6 pabor. Ilopsmaok ciemo-
BaHUs paboT, & TaKKe YUCJIO TEPUO/IOB BBIMOTHEHNUS KAXKI0i pabOTHI MPE/I-
cTaBJIEHbI HA pUCYHKe 1.

o ¢
> e

0 3 0

Puc. 1. CereBoii rpaduk npoexra

MaxkcumaIbHBIH CPOK peanu3aruu mpoekTa — 8 jer. [Ipumem 3amac xa-
OUTAJIa B KAXKJOM TOIY PABHBIM 5 €IMHUIIAM, CTaBKy JUCKOHTUDOBAHUS
pasroii 10 % romoseix, a craBky no kpemaraMm — 20 % romoeerx. B kagecTse
XapaKTEPUCTHK JEHEKHOTO TOTOKA I KaXKJ0i u3 paboT BO3BMEM Bepx-
HIOIO U HU2KHIOIO IDAHUIBI BEJIMIHHBI IIOCTYIIJIeHUH (cé (), c? (7). Ykazan-
HBbIE XaPAKTEPUCTUKU MPUBEIEHBI B Tabuie 1.

PaccmoTpum ciiydail HOpMAIbHOTO PACIPEIESICHUs XapaKTEPUCTUK 16
HEZKHOTO IOTOKA. IlapaMerps! pacupenenenuit 1;(7) u 0;(T) paciuTaeM mo
dopmymam:

¢5(1) + ¢} (1)

i (1) = (8)

IIpoBenem cepuio u3 1000 3KCTIEPUMEHTOB 10 HAXOXKAEHUIO OTITHMAJILHO-
T'0 PACIHUCAHU IJI JAHHOIO MPOEKTa C UCIIOJIb30BAHNEM paHee pa3paboTaH-
HOIO aBropaMu reHerudeckoro ainropurma [3]. Pesysnbrarsr sxcnepuvenTon
[IPUBEIEHBI B TAOIHUIE 2.
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Tabymma 1
T'pauuiipl u3Menenuit sesuaunbt nocryennit (c5(7), ¢ (7))
) T
J 0 1 2 3
1 (777 *3) (*33 71)
2 1 (=7,=3) | (=2,=1) | (7,3)
3] (—2,-1) (8,12)
4| (=6,-4) | (—6,—4) (1,3) (6,10)
5| (47 (5,7) 3,6) | (1,3)
6 | (=7,=3) | (=3,=1) | (=4,—2) | (5,11)
Tabyma 2

PeSyﬂbTaTbI BBIYUC/IUTEJIBHBIX IKCTIEPUMEHTOB

Pacnucanne | Yucno ucxonos | NPV(S) | D(S) | NPV*(S)
(1,0,2,2,2,5) 685 8035 | —1,221 | 6,814
(0,2,1,2,4,5) 226 5,001 | —0,177 | 4,914
(1,3,2,2,5,5) 89 3,383 0 3,333

B 3aBucuMocTH OT TEX 3HAYEHUIT, KOTOPbIE IIPUHUMAIOT HAPAMETPBI IIPO-
€KTa, ONTUMATHHBIM OKA3BIBACTCS OIHO W3 TPEX pacnucanmii. Boiee BbIcoko-
My CpeIHEeMy 3HAYEHMIO TPUOBLIA COOTBETCTBYET W 0OJIee BHICOKAS CPEIHSS
HOTPEeOHOCTH B KPEIUTHBIX pecypcax. Ha puCyHKe 2 IpUBEeIeHbI THCTOMPaM-
MBI IIOTHOCTH pacnpesenenus N PV} (S) kaxaoro us pacnncanuii.

(1,0,2,2,2,5)
(0,2,1,2,4,5)
(1,3,2,2,5,5)

o 2 4 6 8 10 12
NPV;(S)

Puc. 2. Pactipenenenve mpubbliau i pa3/IMgHbIX PACIUCAHUN
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Tosnbko oxno pacnucanue (1,3,2,2,5,5) okazanoch pocrynHo 6e3 npu-
BJIeYEHUS 3aEMHbBIX CPEJICTB, OJIHAKO OHO K€ JIEMOHCTPUPYET XY/IIIKNE [TOKa-
3aTesin cpeaHero pasmepa npubsum. [1o JaHHBIM O pacnpeseeHun TPUObI-
JI OT TIPOEKTa OblLjIa IPOU3BeIeHA OlleHKa pucka oTkioHenus N PVp(S) or
02K 1a€MOI'O 3HAYCHUA.

3akJiroueHue

IIpenmoxkennast MOIETb 33a491 KAJEHIAPHOTO ILIAHUPOBAHUS TO3BOJISI-
€T YIUTBIBATH HEOIPEIETeHHOCTD IMOTOKA IaTerkeil mpoekra. [Ipu ontuMu-
32l TTPUHUMAIOTCSI BO BHUMAHWE TaK¥Ke 3aTPAThl HA, MIPUBJICUCHUE 3aEM-
HBIX cpesicTB. Ha ocHOBe aHam3a MOJEIn CAeaHbl BHIBOJIBI O pacipe/iese-
HUU IeJIeBbIX TTokasareseii. [IpoBeieHHbIE BHIYUCIUTEIbHBIE SKCITEPUMEHTHI
MIOATBEPIKIAIOT CAETAHHBIE BBIBOIBI M JEMOHCTPUPYIOT MOAXOM K BBIOODY
pacCIuUCcaHus B YCJIOBUSIX HEOIPEIeTEHHOCTH.
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CPABHEHUWE BbIYNCJINTEJIBHBIX 3ATPAT
HA OCHOBHBIE MATEMATUYECKUE

OITEPAIIUN
C ITOMOIIIBbKO CUCTEMbBbI NMPUD

1,2,

A.B. Boitrumex®??, M.T. Tapknaxmenos?, . A. Poixkos?,

. A. Tpopumos?

! Mnemumym evuuciumens ot Mamemamusy
u mamemamuueckot zeopusuxy CO PAH, 2. Hosocubupcx, Poccus
2 Hosocubupcruti zocydapemeenmvitl ynusepcumem, 2. Hosocubupcer, Poccus
3 JTuyets M 130 zopoda Hoeocubupcexa, 2. Hosocubupes, Poccus

B pabore onmcano HOBOE IM0JIE3HOE IIPUMEHEHHUE CIIEIIAAIbHON KOM-
MHIOTEPHON CUCTEMBI MOJIETMPOBAHIST BEPOSTHOCTHBIX OJHOMEDPHBIX
pacopeneneruit NMPUD: 570 BO3MOXHOCTH 00HEKTHBHOTO CpaBHE-
HUS TPYIOEMKOCTEH OCHOBHBIX apuU(PMETHIeCKUX OIMepaIuil u Bbl-
qUCIIeHM 3HAYMeHM bYHKITIIL.

KinroueBsie cioBa: Tpydoemkocmo memoda Mowme-Kapao, kom-
nvromepran cucmema NMPUD, zenepamop ncesdocayuainve “u-
ces, KOMNLIomMephas mpydoemrocms MAMEMAMUYECKUT 0NePayul.

BBemenue

IIpn mpoBeIeHNN HAayIHBIX MCCAENOBAHNI MHOTHX PEATBHBIX MPOIECCOB
W SIBJICHWI BAXKHBIM SIBJISETCS TIOCTPOEHWE COOTBETCTBYIOIIAX MATEMATH-
YECKUX MOMEIeH. DTH MOJETU MO3BOJSIOT KAaK YTOYHATH ITapaMeTphl Ha-
TYDPHBIX KCIEPUMEHTOB (a WHOIJA U 3aMELIATh TU IKCIEPUMEHTDI), TaK U
IIpeICKa3bIBaTh HOBBIE 3 dekThl. B ¢BOIO 04Yepesib, METOIbI BHIYACIATE b
HOI MaTeMATHWKH MO3BOJISIOT MPOBOAATH MPUOIMKEHHBIE PACIETHI, CBI3aH-
HBbIE C TON MM WHOH MOMENBIO, HA COBPEMEHHBIX KOMITBIOTEPAX.

BaxKHBIM KJIaCCOM COBPEMEHHBIX MATEMATHYECKAX MOJIENEH SBIAI0TCS
croxacruieckue (BEpPOATHOCTHBbIE) Mozenu. VM cOOTBETCTBYIOT BBIYMCIIH-
TejIbHbIE (KOMIIBIOTEPHBIE) AJIOPUTMbL CTATUCTUYECKOIO MOIEIUPOBAHUS
(nam merompr Monre-Kapiio; cm., nampumep, [1, 2]). B srux amropurmax
TaK UJIM WHAYE TPUCYTCTBYIOT aaropuTMbl ((hOPMYJIbI) BUIA

o = Ve (03 A) (1)
JIJIsT KOMITBIOTEPHOTO MOJIETUPOBAHMS BBIOOPOYHBIX 3HAYEHHH &; OJHOMED-
HbIX Ciyudaiinbix Beauuut € € (a,b); —00 < a < b < 400, uMeIKX 3a1aH-
Hble (BBIOpAHHBIE) TLIOTHOCTH PACIIPEIEICHNS

PafoTa BEIIONHEHA B paMKax rocyaapcreerroro 3agarms UBMuMI' CO PAH (mpo-
ekt 0251-2021-0002).
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fe(ws A), u € (a,b); (2)
suech g € U(0,1) — cranpaprhoe ciaydaiinoe uuciao (cum. pasgen 1.1 kau-
ru [1] u pasgen 2.4 kuuru [2]), T.e. BBIOOPOUHOE 3HAYEHUE CIIydaiiHON Be-
smuunbl « € U(0, 1), pasaomepro pacupezesennoii 8 unrepsase (0,1) (3ro
BLIOOPOYHOE 3HAUEHUE PEATUIYETCS HA KOMIIBIOTEPE C MOMOIIBIO COOTBET-
CTBYIOIIErO TeHepaTopa — CIeNuaIbHON TOAIIPOrpaMMBbl, UMEHYEMON B A3BI-
kax nporpammupoBanus RAND wiu RANDOM), a A — napamerp (Habop
NapaMeTPOB) PACTIPe/eSIeHUs.

B Teopur ¥ NpUIOKEHUAX CTATHCTHYECKOTO MOJCTUPOBAHUS AJITOPHTMBI
(bopmyabr) (1) garme Bcero MCMONB3YIOTCS B MOCIEIOBATEIBHBIX MTPOIIETY-

pax MOJIe/IMPOBaHUsl BbIOODOYHBIX 3HAYEHUH §; = ({il), ey ,fy”) 1=
1,...,n KOMIIOHEHT CJIy4IaifiHOTO BeKTOpa & = (5(1)7 ey ,£(d)) J71s1 TIpuOIn-

?KEHHOT'O BBIYUCJICHUS CPEIHUX BHIA ng) = Eq(¢) no dopmyae

(cm. BBesenne kuury [1] m paznen 1.4 kuuru [2]).
N3BecTHO, 9TO MOrpemHocTh 6, = ‘Lg ) Zn’ npubimzkenus (3) yObi-

BAET MPY POCTE UUCJIA 7 BEIOOPOUYHBIX 3HAUECHUH {q(Ej);j =1,.., n} J0cTa-
TOYHO ME€/IJIEHHO, & TOYHEee, BBITTOJHEHO COOTHOIIIEHNE

Dq(§)
vn
(cm. moppaszen 1.9 kuuru [2]). Ilosromy B npakTuyeckux pacuerax Gepercs
6O0JIBIIIOE KOJUIECTBO 7 3> 1 BBIOOPOYHBIX 3HAYEHU {q(gj);j =1,.., n}, a
3Ha4uT U 4MCI0 d X n obpamenuii Kk popmynam (aaropurmam) (1) apisiercs
BecbMa OosbimuM. Otcoma ciaemyer, uro dopmynst (1) ciaemyer BeIOUpaTh

(menarb) MAKCUMAILHO SKOHOMUIHBIMU.

S~ H ; Dg(€) = E¢*(§) — [Eq(§)]*; H ~0.80...

1. KomnbiorepHasi cuctema NMPUD

KonctpynpoBanue, u3y94eHrue 1 HAKOIIEHHE SKOHOMIYHBIX MOJIETHPYIO-
mwmx ¢dopmyn (asropurmos) (1) HpoMCXOIUT B KOMIBIOTEPHON CcHCTEME
NMPUD (Numerical Modelling of Probabilistic Univariate Distributions),
paspabarbiBaeMoii B 1a6OpPATOPUN MaTEMATHIECKOTO MOJIEINPOBAHWUS JIU-
nes Ne 130 ropoza Hosocubupcka (11oapoGHOE OMUCAHUE CUCTEMBI CM. B Da-
Gorax [3, 4]). DTa cucrema JOCTATOYHO AKTUBHO HCIONB3YETCS UCCIIE0BA-
TENISIMU ¥ CTYJAE€HTAMH, 3AaHUMAIONTIMICSA U3y9eHHeM, pa3paboTKoil u (uin)
HCIOJIb30BAHUEM KOMIIBIOTEPHBIX CTOXACTUYECKUX MOJENEH Jis pelleHus
BAKHBIX [IPUKJIQIHBIX IPOO/IEM.
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B nacrosimee Bpems B 6ank cucrembr NMPUD Bxomsar dopmysbr ase-
MEHMAPHBLT 8eposmuocmuns naomuocmet (2) (cm. pasaen 1.4.1 kuuru [1]
u paszers! 2.5, 2.6 kuurn [2]), T. e. TaKuX, 17151 KOTOPBIX HMEITCsT (DOPMYJIIBI
T. H. Memoda obpamnoti pynryuy pacnpedeserus

o = F; " (ag; A) (4)

(3mech Fe (;X) = P{¢ < 2} = [*__ fe (w; A) du — dbynkuus pacnpesene-
HUS CJIy9aiiHO# BeJTMYIHHBI £), HOTyYaeMble C IIOMOIIBIO PEIIeHHs] y DABHEHUS
fjo fe (u; A) du = g OTHOCHTESIBHO BepXHEro mpeneia & HHTerpaa u3 Je-
BOIT 9aCTH 3TOTO COOTHOTIEHUS. B Oanke GpUKCUPYyeTCst TaKyKe TaKast BaXKHAS
xapakrepucTnka dhopmyis! (axropnrma) (1) man (4) Kak 3arparTsl Ha MoOje-
nrpoBaHue (cpezaHee BpeMsi ofqHOro obparienns K dbopmyse (1) wan (4) — B
HAHOCEKYH/IAX).

ITononuenne 6anka cucrembl NMPUD mpomssBoauTcsi ¢ MOMOIIBIO mex-
HOA02UY NOCAEI0BAMENLHOLT (BA0HCERHDIT) 3aMEH, TOAPOOHO OIUCAHHON B
pabore [4] (cMm. rakske moxpasnen 14.2 kuurn [2]). AKTHBHO paspabaThiBa-
I0TCS1 OT/IeNIbHBIE GJIOKH 1O ABTOMATH3AIMN TEXHOJIOTHHN TTOCJIEI0BATEIbHBIX
3aMeH, a TAKXKe 0 WCIOJIH30BAHUIO PA3TWIHBIX BapHAImil MOAudUIEPO-
BaHHOI'O METOJIA JMCKPETHON cyneprno3uiuu (CM., B YACTHOCTH, CTAThIO [5]
U3 HACTOALIEro COOPHUKA).

2. O reHepaTope CTaHAAPTHBIX CIYyYAWHBIX UHCEJT,
ucmnoJjb3dyemoMm B cuctreme NMPUD

IIpu paszpaborke rommbrorepuoii cucrembi NMPUD kpaiite BaxKHbBI-
MU OKAa3aJIMCh CJIEIYIOIINE UCCAEI0BAHNUS, IPOBEIEHHBIE HAMU COBMECTHO C
T. E. Bynrakosoii u C. B. ByarakoBbiM 1 KacaoIuecs MpUHIUNIHATBHOTO BO-
IPOCa O TOM, KAKOI MeHepaTop CTaHIaPTHBIX caydaitnbix uucesn oy € U(0,1)
cJle/lyer UCIOJIb30BaTh B CUCTEME. 3/IeChb BEChbMA BazXKHBIM ObLI y4eT CJieiy-
IOIIEr0 COOOparKeHMsI.

Bameganne 1. (cm. pasgen 1.1.4 xuuru [1] u pasgen 9.5 xuuru [2]).
KowmmibioTepHbie reHepaTophl CTAHIAPTHBIX CIYJIaifHbIX YUCeT (v, TasKe pea-
JIN30BAHHDBIE OMTUMAJIBHO JJIS MCTOJIB3YEMBIX S3BIKOB TTPOrPAMMHUPOBAHNS,
SIBJISIIOTCSI OTHOCHTEJIBHO TpynoeMKuMu. [loaTomy mpu onTumMusaium ajiro-
purMmoB Merona Momre-Kapio menecoobpa3Ho mo BO3MOXKHOCTH YMEHbBIATD
qucso obparennii K noanporpamme tuma RAND.

Mpbr cieoBanm BeCbMa Pa3yMHBIM DEKOMEHAAMAM U3 pasaena 1.1 kan-
ru [1] u paznena 9 KHUTH [2] 0 1Ee7eCO00PA3HOCTH UCIOIB30BAHNS OIHOIO U3
BAPUAHTOB MYJ/IbTUILIMKATHBHOIO METO/A BbIYETOB

Oéj+1 = {QO&j}; ] = O7 1,2, (5)
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s 3anannoro o € (0, 1); 3uecs Mmuoxkuresas @@ € N gapnsiercs nosnoxu-
TEJIbHBIM TIEJIBIM (HATYPATBHBIM; KaK Ipasmio, () > 1), a {A} o6osnagaer
apobuyio dacTh uncia A. MbI Tak:Ke yYWTHIBAIN, YTO B HOBOCUOMPCKOI
mkojie Meroz0oB Morte-Kapsio fj1d BBIYUCIUTENBHBIX TPOIEAYP C YHUCIOM
ucnbrtanuii opaaxka 102 u Menbie (a UMEHHO TaKWe HCIOMb3YIOTCHA B CH-
creme NMPUD) nosirue rogpl BIOJIHE YIOBJIETBOPUTEJNbHBIM CUUTAJICH U
CYUTAETCH PEKYPPEHTHbIH MeHepaTop Meroja BblderoB Buia (5) ¢ KOHTPO-
JUpyeMoit MaHTuccoi aymHbl m = 40, MHOXKUTEIEM () = 57 w nammoit
nepuoga 238 (cm. pazgenst 1.1.4 u 1.1.5 kuuru [1] u pasgenst 9.5, 9.6 xKuu-
v [2]), mpore it BceCTOpOHHEe MHOTOJIETHee TecTupoBanme. 11oapobHoe
CpaBHEHHE BpeMsi pabOThI 3TOr0 FeHEPATOPA € 3aTPATAME JAPYIUX JTATIHKOB
[OJITBEP/UIIO TEJIECO00PA3HOCTh UCIIOIB30BAHMS ITOTO JTATIUKA B CHCTEME

NMPUD.

3. Texuomorus CpaBHeHHd 3aTpaT Ha MaTeMaTHh4YeCKue olepanumn
" ee IIpMMeHeHue

C yuerom 3amedanusi 1 u aHAIM3a UCIOJB30BAHUS M€HEPATOPOB B (DOP-
MyJax W AJrOPUTMAX MOJAETUPOBAHUS CAYYAMHBIX BEIUINH, HAMH OBLIH
MIPOBEIEHBI 3aMePhI 3aTPAT Ha BBLITOJHEHNE apU(METHICCKUAX ONEPAIdil 1
[IOJTy Y€HUs 3HAYEHNH OCHOBHBIX dJIeMeHTAaPHbIX PyHKInii. B KadecTse nrora
MTPOBEJIEHHBIX MUCCJIEIOBAHMI MOXKHO C(OOPMYIUPOBATH CIEIYIOIIEe YTOUHE-
HUE 3aMevdaHns 1.

3ameuanue 2. lcrnonb30BaHme TeHEPATOPOB CTAHIAPTHBIX CJIydaii-
HBIX YUCEJI SABJISETCs JOCTATOYHO TPYAOEMKUM, OTHAKO COOTBETCTBYIOIIHE
3aTparhl HE MPEBBIMAIOT 3aTPAT HA, BHIYUCIEHNE 3HAYEHWIT OCHOBHBIX 3JI€-
MEHTApPHBIX PYHKITHIL.

B xome wmcciemoBammii BBISICHMJIOCH, UTO HamboJiee OObLEKTHUBHBIE pe-
3yJbTATHl 3aMEPOB 3ATPAT MOJIYYAIOTCH MPU KOMOMHUPOBAHUU OIMEPAIIHI
u QyHKIUI CO CTAHAAPTHBIMU CiIydaiiHbiMu duciaavu. 1lo3Tomy BO3HUKA-
€T JIONOJIHUTEIbHAS 10J1e3Had QyHKius koMmnbiorepuoit cucrembl NMPUD:
CUCTEMA MO3BOJISAET MOJIYyIaTh O0BEKTUBHBIE COOTHOIEHUST MEKTY TPYIOEM-
KOCTSIMU YTIOMSIHYTHIX OCHOBHBIX KOMITBIOTEPHBIX MPOIEIYP.

Mb1 BbIOpain BEpOSATHOCTHBIE pacupesenenus (2), mis Koropbix ¢Ghop-
MyJibl MeTOz1a 00paTHOil dbyHKIMU pacupeaenenus (4) UMeroT BuJ KOMOUHA-
YU CTAHJAPTHOI'O CJIy4YaHOIO YUCJIa (g U OJHOI U3 BaKHEUIINX KOMIIbIO-
TEPHBIX NPOLEAYD (apudmerndeckas onepanysi, BBIMUCAEHUE 3JIEMEHTAPHON
byHKIUM) ¥ TPOBEIN COOTBETCTBYIONINE PACUETHI HA MHOTUX KOMIIHIOTEPAX.
B rtabsuie mokasaHbl pe3ysbTaThl XapaKTEePHBIX 3aMepoB 3arpar A cooT-
BercTByommx Moaenupyfomux dhopmyn B cucteme NMPUD u coorrormmenne
3arpar A ¢ KOMIBIOTEPHBIM BpeMeHeM A obpalneHus K reHepaTopy ICeBIo-
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CalydaiiHbIX YKcesl (ITU Pe3yJibTarbl MOJYYEHbl HA [I€PCOHAJILHOM KOMIIbIO-
repe Acer Aspire 8 ¢ uponeccopom AMD Ryzen 3 2200U with Radeon Vega
Mobile Gfr (4 CPUs) 2.5GHz, 6 GB RAM).

B xomme 3KCIepnMeHTOB BBISICHUIOCH, 9TO KOMITHIOTEPHBIE 3aTPATHI HA
CIIOXKEHUEe, YMHOXKEHUE, JIeJIeHIE U B3sITHe KBAJIPATHOTO KOPHS HEBETUKUA U
MIPUMEPHO OJIMHAKOBBI; «yMEPEHHO OOJIBIIUMU» MOXKHO HA3BATH 3aTPATHI HA
BbIUUCJIEHUE TPUTOHOMETPUYECKUX (DYHKIUM (1 OOPATHBIX K HUM) M JIOIa-
PUDMOB; «IKCTPEMATIBHO OOJIBINMAMHA» SIBJISTIOTCS 3aTPATHI HA BBIYUCIECHNE
CTENeHHOW ¥ MOKA3ATeJbHON (DYHKIIHIA.

Tabyma 1
CpaBHeHUsT TPYI0EMKOCTEH OCHOBHBIX apu(dpMETUIECKUX OTIEPAIHil W BHIYUCICHUST
3HAaYeHW d1eMeHTapHbIX QyHKIWMA cpeacTBamu cucrembl NMPUD.

IInorHOCTHL M MHTEpPBAJ Monenupyro- 3arparsl A Coor-
pacopejejieHust mast popmysia B cucreMe HoOIlIe-
NMPUD | mme 4
few) =1L, 0<u<1 & = ao A=170.00 | 1.00
fewy=1; 1<u<2 & =1+ag 211.43 1.24
few =1 0<u<?2 & = 200 187.88 1.11
few) =2, 0<u< 3 =% 205.41 1.21
fe(u) =2u; 0<u<1 & =/ 211.11 1.24
fe(u) = ﬁ; & = sinag 337.50 1.99
0<u<sinl
Je(u) =cosu; 0 <u< 7 & = arcsin ag 442.31 2.60
fe(u) =3u% 0<u<1 & = Yoo 1262.50 7.42
few) =T+ u* 0<u<l| &= +y/ag 1261.25 7.42
3akJroueHne

B pabore ommcano HOBOE MoJIe3HOE MTPUMEHEHWE CIeINATLHON KOMITHIO-
TEPHOI CHCTEMBI MOJEJIMPOBAHNSA BEPOATHOCTHBIX OJHOMEPHBIX paCIIpeIesie-
auit NMPUD: 310 BO3MOXKHOCTH OOBEKTUBHOIO CPABHEHUS TPYIOEMKOCTEH
OCHOBHBIX apU(PMETUIECKUAX ONEPAINii ¥ BbITUCACHUN 3HAYCHUI (DyHKITHIH.
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B mamnO# paboTe mpoBeIeH CPaBHUTEILHBIN aHAIN3 BO3MOXKHOCTEH
HCIO0J/Ib30BAHUSA BMECTO BEPOATHOCTHOM IIJIOTHOCTU PACIIPeeIeHUsT
C TPYA0EMKO MO IeInpyIomeit (hopMyIoit KyCOIHO-TTOCTOSTHHOMN WTH
KYCOYHO-TIOCTOSTHHOM AIIPOKCUMAIil 3TON maoTHocTH. HecmoTpst
HA YKOHOMHUYHOCTH MOJEJIMPYIOLUEro aJropurMa Jiig KyCOYHO-II0-
CTOSTHHOM TIJIOTHOCTH, CJIEAYeT PEKOMEHIOBATh HCIOJIb30BaHMEe 0O-
Jee TOYHOHN KyCOYHO-THHEWHOH allIPOKCHMAId ¥ COOTBETCTBYIO-
mero e MoZe/IMpyIomero aJropuTMa MeTo/ia JUCKPeTHON CyIepIio-
3UIAN.

KiroueBblie ciioBa: mpydoemkue Gopmyas, U ai20pumms, moode-
AUPOBAHUA OOHOMEPHBLT CAYHGUHBET GEAUNUH, KYCOUHO-AUHETHDLE
U KYCOUYHO-TLOCTNOANNBLE TPUOAUNCERUA BEPOATNHOCTIVHBLEL TLAOTIHO-
cmeti.

BBemenue

IIpencrapiagemplii 31eCch MaTEpUaT ONPEJEICHHBIM 00Pa30M CBA3AaH CO
crarbeil [1] u3 pannoro cbopHuka, B KOTOPOil 060CHOBBIBAETCs HEOOXO/M-
MOCTH MOCTPOEHHS] W MCTIONH30BAHNAS SKOHOMUYIHBIX AJTOPUTMOB KOMITHIO-
TEPHOTO MOJEJUPOBAHUS BHIOOPOYHBIX 3HAYEHWH &; OMHOMEDPHBIX CJIydaii-
HbIX BesnuuH € € (a,b) ¢ 3a/aHHBIMK ILIOTHOCTSMU PACIIPEIEJICHNS

fe(w), € (a,b); (1)

B cBoio ouepe/ib, 3T aaropuTMbl IPUMEHSIOTCA Il YUCJICHHOIO pelleHust
OOIMPHOTO KJIAacca 3a7a9 CTOXACTUIECKOTO MOZETUPOBAHUS (CM., HAIPU-
mep, [2, 3]).

PaBora BhIONHEHA B paMKax rocyaapcrsenHoro 3aganus UBMuMI' CO PAH (mpo-
ext 0251-2021-0002).
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B pa6ore [1], B ToM uuciie, 1OKa3aHO, YTO JAKe JJ1sd FJIEeMEHTAPHOMN 11J10T-
Hocru (1), 1. e. Takoil, 4T0 UMEeTCcs BO3MOKHOCTDH BbIBECTH AHAJIUTUYECKYIO
dopmyry MeToma oOparTHOil (hyHKINN pacupeae/eHust

& = F'(a0) Feo) = [ " fe(w) du @)

(cm. pasmen 1.4.1 kuuru [2] u pasgenstr 2.5, 2.6 kuuru [3]), Moxenupyio-
wast opmysia (2) MOKeT 0OKa3aTbCs BECbMA TPYIOEMKOil (APKUM [PUMEPOM
3/€Ch dBJIsercs creneHHoe pacupesesenue). B dopmyse (2) ag € U(0,1) —
9TO CTAaHIAPTHOE ciydvaiiHoe uncio (cMm. paszgen 1.1 kuuru [2] w pasmen 2.4

B onmcanHOR cHTyanum MOXKET OKA3aThCSA METECOOOPA3HBIM HCIOIB30-
Banue BMmecTo miorHocru (1) ee wucnennbix npubsnuxkenuit. B pabore [4]
[IOKA3aHO, YTO U3 BCErO CIEKTPA BbIYUC/IUTEIbHBIX KOHCTPYKIMHA mpubim-
JKeHust QyHKIWA (cM., HANpHMeD, [5]) O KpUTEpHIO, MOAPa3yMeBaIOIIEMy
coYeTaHne MaJjoi TOTPEITHOCTH HCIONB3YEeMOM ANMpPOKCUMAINA € IKOHO-
MUYHOCTBIO MOJETUPOBAHUS CIIyYIafiHON BEJIMYUHBI MO MPUOIUKEHUIO WC-
XOJIHOW IIJIOTHOCTHU, HAWJIY YllIell BUAUTCA UCIIOJIb30BaHUE KYCOYHO-JINHEHHOI
arnpokcuManuu ucxoiuoi mwiornocru (1). Kak nokazano B [1, 4], ucuosb-
30BaHne GoJiee TIAIKAX TTPUOINKEHWH BEIET K YBEJINUEHNIO TPYJ0EMKOCTH
COOTBETCTBYIOIIErO AJTOPUTMA METO/IA CYTEPIO3UIHN, 8 TaK¥Ke K CJIOXKHO-
CTSIM B OIIPE/ICJIEHUN ATPOKCHMAIMOHHBIX KOI(DPUITHEHTOB ¢ HEOOXOTAMbBI-
MU CBOHCTBaMU (B YACTHOCTH, OHU JIOJXKHBI OBITH MOJOKUTEIbHBIMHY).

MoxkHO, HA0OOPOT, MCIOIb30BATH 0OJIee IKOHOMUIHOE IPU MOIETAPO-
BAHHUH CJIY9afiHON BEJIUYHHBI KyCOYHO-ITOCTOSHHOE IIPUOJINKEHNE UCXOTHON
MJIOTHOCTH, OJTHAKO 3/I€Ch YXY/ITAIOTCS AMTPOKCHMAIIMOHHBIE CBOWCTBA TIPH-
6ankennsi. CpaBHUTEIBHOMY AHAJIU3Y HWCIIOIB30BAHUS KYCOTHO-THHEHHOTO
U KyCOYHO-IIOCTOSHHOrO Ipubsmzkenus miornoctu (1) npu MomesupoBaHuu
BBIOOPOTHBIX 3HAUEHNH HYKHOU CJIyYaiiHON BETMUYNHDBI ITOCBAIIECHA, JAHHAS
pabora. B paszgene 2 mpeacraBiieHbl aJrOPUTMbI MOAU(DUIIAPOBAHHOTO Me-
TOAA CYNEpIO3UINH JJI KyCOYHO-TIOCTOAHHON M KyCOYHO-JIMHEWHON TMJI0T-
mocreit. Ocobo BbIIEIEH CITyUail pABHBIX BEPOATHOCTEH B UCIOJIB3YEMbIX M€~
TO/AxX cymeprno3uryu. B pa3aene 3 mpuBe/ieH aHAIN3 TIOTPENTHOCTEH N3y dae-
MbIX npubsuzkenuit mwiornoctu (1). B paznese 4 (B 3akitouenum) IpuBeIeHbI
OCHOBHbBIE BBIBOJIbI PAbOTHI.

1. MopaenupoBaHue CJIYyYaMHBIX BEJIUYNH C KYCOUYHO-TIOCTOSTHHOM’
¥ KYCOYHO-JIMHEHHOM MJIOTHOCTAMHU

ITycTh TpebyeTcs MOCTPOUTH SKOHOMHUYHBIE aJIFOPUTMBI KOMITBIOTEPHOTO
MO/IEJIMPOBAHNUST BBIGOPOYHOTO 3HAUEHUs &y CirydaitHoil Beamanusl € € [a, b),
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uMeroIieil KyCOYHO-IIOCTOAHHY IO IIJIOTHOCTh Paclpe/le/ieHud

fe(u) =05, a; <u<b; i=1,...,M; 9,20 (3)
U BbIGOPOYHOrO 3HaveHus & CiaydaiiHoll Beswuusbl § € [a,b), uMeromeit
KyCOYHO-JIMHEHHYTO [JIOTHOCTDH PACIPEIeIeHUs

Vi — Ui—1

fé(u) ﬁi,l—l—(u—ai) , 4 <u<by i=1,...,M, (4)

b,»—ai
rme 0; 20, t=1,...Mmu
—o<a=a1 <by=ay<by<..<by_1=ay <by <+4oco. (5)

ITnoraocTH (3), (4) ABAAIOTCS YACTHBLIMHU CIYYaSIMU COCTABHOM TLIOTHO-

CTU BUJA
M

fe(w) =" gi(u)x**) (u); € (a,b) (6)

=1

s pasouenns (5); 3aech x4 (u) — unmKaTOp MHOKeCTBA A.
ITo anasioruu ¢ paccyxaenusimu pasuena 11.3 uz kuuru [3], upeacrasum
mI0THOCTE (6) B BUIE

szfz )X (w); w € (a,b) (7)

FyILe fl(u) - %7 p’L f gz dv u e [a b).
Mz mnornocru (3) umeem p; = 0;(b; —a;), fi(u) = —b ——, & JIjid ILJIOTHO-

cru (4) p; = (”’“L”l—)(b_al), filu) = Aju+B; msia; <u < by i=1,..,M;

2(0; — V1) o 2(mab — Diay)
(@ifl + ﬁi)(bi - (1«1‘)27 L (’171;1 + f)i)(bi — ai)2'

A; =

YuureBas, 9TO IS COCTABHBIX IIOTHOCTEH (7) MeTom obparnoit hyHK-
WU PACTIPeJIeNIeHNsT COBMAMALT ¢ MOTA(DUIUPOBAHHBIM METOIOM CyTIEPIO-
sutuu, B pasgese 1.8.1 kuuru [2] u pasgesne 11.3 kuuru [3] aus mopesnu-
POBaHUS CJIyYalHBIX BEJUYUH COMVIACHO TLIOTHOCTSAM (3) U (4) mpeioKeHo
UCMOB30BATH CJIGIYIONIAE AJITOPUTMBI.

AJITOPUTM 1.

1. Modeaupys cmandapmuoe cayuatinoe wucao ag € U(0,1) u ucnoavays
naubosee sfdexmusnvili (SKOHOMUNHBLT) U3 AAZ0PUMMOE MOOCAUPOBAHUS
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YeaonucaenHol cAy atinot sesuvunvl i ¢ pacnpedesernuem P{i =i} =p; =
i(bi —a;); i =1,...,. M (cm. pasdea 1.2 xnueu [2] u pasdea 10 xnueu [3]),

modeaupyem snauenue fig(ag) = m.

2. Modeaupyem ewvibopounoe 3navenue £ caywalinot eesusunv £ 1o

_ _ _ _m=1
Gopmyae & = am + (ba — am)Bo(an;m); Bolagsm) = -Zi=i b

JI7st BaXKHOrO YACTHOTO Ciiydas, KOrIa 3HAYEHUA U;, d;, b; TMOI00paHbI
TakuM 00pa3om, uro p; = U;(b; — a;) = ﬁ; i=1,..., M, umeem caenyioniue
SKOHOMHUUHBIE (hOpMyabl Jyist anroputMma 1t m = [Mag] + 1, & = am +
(b — am)(Mag —m + 1); 3nech [A] — nemas gacrb uncia A.

AJITOPUTM 2.

1. Modeaupys cmandapmuoe cayuatinoe wucao ag € U(0,1) u ucnoavays
nauboaee afpermuenvili (IKOHOMUYHBLT) U3 AA2OPUMMOE MOJEAUPOBAHUSL
UAOUUCAEHHOT CAY alinot seaununss [i ¢ pacnpedesenuem P{i = i} =
Dy = %, i=1,... M, modesupyem snauenue fio(cg) = 1.

2. Modeaupyem ewvibopounoe 3nauenue £y cayuatinol eesusumnv, £ no

¢ — B+ (Bt Amam) 24245 Bo(a0in) | ;3 s =37 pi
¢0p./\/ty./te 50 — m m mAW;? m ; 60(a0’ m) — v 1 i .
JI7isi BaXKHOrO YaCTHOTO CJiydas, KOrJa 3HAYeHud U;, d;, b; mOm00paHbI
0i—1+0:)(bi—ai) _ .
TaKuM 00pa3oM, 4TO p; = W =1L:i=1,.,M, uveem crexy-

[oIMe SKOHOMUYHbIE GOPMYJIbL jist anropurMa 2: m = [Mag] + 1;

é —By + \/(BerAmam)Q +2Am(MOzO 7m+1)
O = .
Aﬁz

JlocTaTouHO OYEBWIHO, YTO JAJsT OJHOTO U Toro ke M amroputm 1 aB-
Jsercsa 0ojiee SKOHOMUYHBIM 110 CPABHEHMIO C aJITOPUTMOM 2.

2. CpaBHeHMe MOTPENTHOCTEN KYCOUYHO-TIOCTOSTHHOTO U
KYCOYHO-JIMHENHOr0 MPUBINKEHUN TLIIOTHOCTH
s mpocToThl paccMOTPUM KOHEYHbBINH uHTEpBa (T.e. —00 < a < b <
+00) u ero pasbuenne (5) Takoe, ato b; —a; = h = =%; i =1,..., M Tlona-
raem Takxke, 4ro jyisi njaornoctu (1) dpopmyna (2) siBasiercst Tpymo0emMKoii, a
rakxe fe € C?[a,b].
Paccmorpum mist dyuxnnn fe(u) KyCOIHO-IOCTOSHHOE IPUOIIHKEHHE

_ a; +b;
fe(u) ~ 5(u) = fe <) ®)
1 KyCOYHO-JIMHEAHOE IpUOIHKEeHIE

fe(bi) — fe(ai)

Je(u) = ) = fela) + (= ;) =5
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g a; < u < by ¢ = 1,..., M. 3amerum, uro Gbyukuuu g(u) u §(u) us
coornomenuit (8) u (9) He ABIAIOTCHA, BOOOLIE FOBOP:, [IJIOTHOCTSAMYU — OHU
TPeGYIOT HOPMHUPOBKH. Peann3yst coOTBETCTBYIOIIYI0 HODMHPOBKY, TIOJIyYa-
eM moTHOCTH Buza (3) u (4):

f a;+b; B M ar + b
fg(“)zg(Gz ); Gzhkz_:lfg(k2 k) u (10)

= de@) o feb) — fela) b o
fi( )_ é +( 1) G(bi—ai) ) G = 2];[]%( k)"‘f{(bk)}, (11)

and a; <u<bji=1,...,M.
MomennpoBanne BBIOOPDOYHOTO 3HAYEHUS &y CIYIANHON BEIMIMHBI &,
pacmpeiesienHoit cornacuo maornoctu (10) ciiegyer Npou3BOIUTH COTTIAC-
a;+b;
_ fe =2
HO aaroput™my 1 aasa v; = % B cBoio odepenn, MomenupoBaHue

BBIOOPOYHOTO 3HAYEHWS &) CIIyIaAHON BeNMWUWHBI &, PACIPEIEIEHHON CO-
riacuo mwiorHoctu (11) ciaeayer nPOUM3BOAUTH COMVIACHO AJINOPUTMY 2 Jijist
s fela) oo fe(bi)
by =g, 0 = 5
OuesnmHo, 9TO 3aMeHa MIIOTHOCTH f¢(u) Ha TIOTHOCTE fg(u) M3 COOTHO-
menns (10) mwam Ha naoTHOCTH f¢(u) w3 coornomennst (11) naer rHekoropoe
UCKaKEHUe MCXOJHOrO PACIPEIEIeHUs.
C

OueHnM COOTBETCTBYIOIIUE IIOIPELIHOCTH 5<(1p;T = |lfe — follciap =
sup |fe(u) — fo(u)|; n=¢EVE. dna n = £ noaydaem HEpaBEHCTBO

[a,0]

ue

2 x Hh? + ami
ax, | fe(u)l Imax, | fé(u)]

) = e = Fellean < 21— W) -

(b—a) max [f{(u)]
u€la,b] .
rne H = ———————. Bepxuag rpanua MOrpermHoCTH U3 TPaBoil wa-

cru coornorrenus (12) umeer nepsbiii OpAIOK 1o h mpu h | 0.
B cBoro ouepenp, qiua n = £ umeem

max |f/(u)| |2(b — a) max u)| + 3| h?
(o B [20-0) e 1)
appr = 24(1 — 2Hh?) ’

(13)

BepxHsisi rpaHMna norpentHocTu u3 npasoii yactu coornomenus (13) nmeer
BTOpOii mopsiok o h mpu h | 0.
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3akJroueHne

B mamnoit pabore mpoBeIeH CPABHUTEIbHBIN aHAIN3 BO3MOXKHOCTEN WC-
HOJIb30BaHUS BMECTO BEPOATHOCTHOM ILIOTHOCTH paciupenenenus (1) ¢ Tpy-
JI0EMKOIt Mozieupyotieil (bopmMysioii (2) KyCOUHO-IIOCTOSHHON MK KyCOYHO-
MTOCTOSTHHOM AIMPOKCHMaInii 3Toit mioranoctu. [IpuBenennsie 31ech coobpa-
2KEeHUd U [IPOBEJIeHHble HAMU T€CTOBble pacyeThbl I10Ka3bIBAIOT, YTO, HECMOT-
pA HAa 3KOHOMMYHOCTB aJIlOPUTMa 1 Jjif KYCOYHO-TOCTOAHHOI MJIOTHO-
cru (10), cieayer peKOMEHIOBATH UCIOJIb30BaHUE 00JIee TOUHOIH KyCOUHO-
yuHelinoi annpokcumanuu (11) u coorBercrByIomero eii ajaropurMa 2.
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MOAEJINPOBAHUE ITEPEXO/JHBIX
ITPOLECCOB I'PY30BbIX

YKEJIESHOIOPOXKHBIX CTAHIIM HA OCHOBE
TEOPUN MACCOBOTO OBCJIYV2ZKNIBAHUN

M. JI. ZKapkos, A.JI. Kazakos, A. A. Jlemnepr

Hrnemumym JuHGMUKY CUCTREM U TNEOPUY YNPABAEHUA
umenu, B.M. Mampocosa CO PAH, 2. Upxymcxk, Poccus

Pabora mpomosrkaeT IpoBeIeHHbBIE DaHee aBTOPAMY HUCCJIeTOBAHMS,
B XO/e KOTOPBIX ObLjIa IIPEeJI0KEHA METOIUKA MOIEINPOBAHUSA Pa-
GOTHI IPY30BBIX KEJIE3HOJOPOKHBIX CTAHINI, OCHOBAHHAS HA TEO-
pUH MaccoOBOTO 00CIyKuBaHus. [11s1 BHIOpAHHOTO 06 bEKTa CTPOUTCS
MaTEeMATHIECKOe OIMCAHKE, NMeIoIllee B MHOTOMA3HON CHCTEMBI
MaccoBoro obciyxkuBanus ¢ BMAP-oTokoMm, [1j1st KOTOPO#i YncIeH-
HO OIpPEeAOTCsI OCHOBHBIE CTAIMOHApHBIE XapakTepuctuku. O1-
HAKO M3BECTHO, YTO IIPU MCC/IEIOBAHUNA PAOOTHI CJIOKHBIX TEXHUIE-
CKUX CHUCTEM HEPEJIKU CJIyYIan, KOT1a CTAIMOHAPHBIX XaPAKTEPUCTUK
HEJIOCTATOYHO, U TPeOyeTCs TaKzKe PACCMOTPETh CBOMCTBA ITPOTEKA-
OIMUX B HUX IE€PEXOMHBIX IIPOIECCOB. B cBA3mM ¢ 3TMM OBLIO perme-
HO BBITIOJIHUTH COOTBETCTBYIOIIEe HCCJIeIOBAHME Iy pa3paboTaH-
HOIt Momemm. C 3TO ETbI0 IPOBEIEHO IOCTPOCHNE U MCCIEI0BAHNE
cucreMm auddepeHnmaababIX ypaBHennii KoaMoroposa, omnuchiBao-
IUX 3aBUCHMOCTH BEPOSITHOCTEI COCTOSTHMIT OT BpemeHu. lIpemso-
JKEHHBIN TIOXO0/T IPUMEHEH TIPU aHAIM3e PaboThl TUITOBOHM T'PY30BOH
2KeJIE3HOJOPOYKHOU CTAHINH, JJId KOTOPOU OIIPeIesIai0TC XapaKTep
IIePEXOIHBIX IMIPOIECCOB M CKOPOCTh WX BBIXOIA HA CTAIIMOHADHBIN
pexuM.

Kuaro4geBble caoBa: Cucmema maccosozo obeayorcusarnus, BMAP-
nomox, cucmema Juppepenyuarvror ypasrwenuti Koamozoposa,
2PY308a.5 MHCEAE3HODODONCHAA CTNAHUUA, NEPETOOHDBLT NPOYECC.

BBemenue

Teopust maccosoro obciyzkuanus (TMO) saBiserca sbdekTuBHbIM MH-
CTPYMEHTOM [PU KCCIETOBAHUN PAOOTHI TEXHUYECKUX CHCTEM, I1O/BEPIKEH-
HBIX BO3/IEHCTBUIO CIyYaiiHbIX (DAKTOPOB, BOSHUKAMIINX B PA3JIMIHBIX Che-

VlccnemoBanme BBIMOJHEHO B paMKax roczaganus MuHoOpHayKu Poccum 1o mpoexTy
«TeopeTndeckre OCHOBBI, METOAbI ¥ BBICOKOIIPOU3BOLUTEIbHBIE AJITOPUTMbI HEITPEPHIBHOM
U JUCKPETHOHN ONTUMHU3AIUU AJIs MOAJEPKKKA MEXKIUCITUIINHAPDHBIX HAYYHBIX HCCIEI0-
Barmity (Neroc perncrpammu: 121041300065-9), npr nogaepxke PO®I u IIpasurenscraa
Wpkyrckoit obimactu B paMkax npoekTa Ne 20-47-383002.
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Pax 4eJI0BEYECKOi AeATeNbHOCTH: HH(POPMAIMOHHO-TETEKOMMY HUKAITMOHHbIE
CUCTEMbI, LIPOU3BOJACTBO, TpaHcuopt u T.4. [1, 2, 3|. Panee asropamu c uc-
MOJIL30BAHUEM JAHHOTO MATEMATHYECKOTO anmapara OblIa pa3paboTaHa, Me-
TOIWKA MOAEIUPOBAHNUS pA0OTHI TPY30BBIX M COPTHPOBOYHBIX KEJI€3HOIO-
poxkubix crannuii (2K/1C) [4]. IIpuMensionmecs B Heit MHOrOda3HbIE CHCTEM
maccosoro obcayxkusanusg (CMO) [1] ¢ BMAP-norokoMm [5] mo3Boasior ge-
TAJIbHO OIIMCATH HECKOJIBKO BXOJSANMX TPAHCIOPTHBIX IOTOKOB M MAPLIPYT
JIBUKEHWST TPAHCTIOPTA BHYTPH OObEKTA, ¢ MEPapXUIecKOi CTPYyKTYpOil, Gra-
rojapsi 4eMy, BO-TIEPBBIX, JOCTUTAETCA MPUEeMJIeMast TOYHOCTh MOIENeH; Bo-
BTOPBIX, TIOJIy9eHHBIE MOJIENN 00IaAI0T YHUBEPCAIBHOCTHIO M MOTYT OBITH
aganTupoBaHbl oA pasubie Turbl 2KJIC 38 MUHEMATBLHOE BPEMSI.

B xoze upeapraymmx ucciegoBanuii mogenauposanachk pabora 2KIC B
crarmorHapHoM pesknme. OIHaKO JaHHbIe 00HEKTHI TPEICTABIAIOT COOOM I1-
HAMUYIECKHUE CUCTEMBI, TapaMEeTPhl KOTOPBIX MEHSIOTCS CO BpeMeneM. [Ipex-
JIe BCErO 3TO KACAETCS MHTEHCHBHOCTU BXOIAIIAX TPAHCIOPTHBIX TOTOKOB.
Kak pesynprar, B pabore crannmuii BOSHHKAIOT nepexoanbie npomecchl. Co-
OTBETCTBEHHO, UCCJIEJ0BATEINI0 HEOOXOAUMO OLPEIEJUTh: a) KaK J0JII0 ITU
IPOLECChl Oy/yT JJIMTHCA JO TOrO, KAK CUCTEMA HEPEHIeT B yCTAHOBUBIIMIi-
cst (craruoHapHbIii) peskuM paboThl; 6) HACKOJIBKO CUIBHO XapaKTePUCTUKH
paboThI B TIEPEXOJHOM PEKMAME OTIMYAIOTCS OT CTAIMOHADHBIX. B maHHOM
cTaThe CTPOUTCs MOzeb paboTel rpy3oBoit 2KJIC B Buje Tpexdazuoit CMO,
HAXOJATCS BEPOATHOCTH €€ COCTOSTHWI KAaK (DYHKIMM BPEMEHHW, ¥ Ha OCHO-
BE MX aHA/IM3a JIEJAI0TCA BbIBOJABI O CBONCTBAX NMEPEXOJHBIX IIPOLECCOB B
paccMaTpuBaEeMOi TEXHUYECKOI cucTeMe.

1. O6beKT uccjegoBaHusd

I'py3zosbie 2K/IC BBIMTOMHAIOT MOTPY309HO-PA3TPY30UHBIE U MAHEBPOBHIE
paboThI 1O MOaYe BarOHOB Ha Ipy30Bble DPOHTHI U uX ybopke. TwumoBas
cxema rpy3oBoit 2KJIC BKITIOYaET CIeAyIoIe OCHOBHBIE TIOJCHCTEMbL: TIAPK
upubbitus u orupasiaenus (I1TI0), copruposounbiii napk (CII) u rpysosoit
asop ([T). Ha kpyunbix cranuusx napk upubbitust 1 OTLPABJICHUS MOKET
OBITH pa3lesieH Ha JBE OTIAEJIbHBbIE mojacucTeMbl. [Ipu 3TOM mMapka OTIpaB-
JIEHUsT MOYKET U He OBbITh, a ero QpyHKIuU BLINOJHATE cocemussa ACC.

IMoezna nocrymaror na ZKJIC ¢ aByx u 6Gosiee HANPABIEHUN U TPUHAMA-
forcs Toabko B IIT1O. Jamee oru obpabareiBatorcs B CII, mepecraBisiorcs: B
[T pois morpysku/pa3rpysku, 3arem obparuo B IITIO aysa orupasienus co
craunuu. [1oaCcHCTeMBI UMEIOT Pa3IUIHBIE TTAPAMETPHI: YUCIO 00CTYKUBAE-
MBIX YCTPOWCTB, TUI BBIMTOTHAEMbBIX B HUX OTEPAIHil, BMECTUMOCTD BATOHOB.
B IITIO 0oCHOBHBIM yCTPOMCTBOM SBJISIETCS COPTHPOBOYHAsi ropka, B CII —
MaHeBpOBbIe JoKoMoTuBbL, B ['/] — ycrpoiicrsa norpy3sku/pasrpysku. Bxous-
I TOE3/I0M0TOK 1 PAdOTa MOJACUCTEM OJBEPXKEHbI BIUSHUIO MHOXKECTBA
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Pa3/IMYHBIX HETATUBHBIX CJIyYaiHBIX (DAKTOPOB: MOJIOMKU TEXHUKHU, OIIHO-
KU IEePCOHAJIA U T.JI., YTO [PUBOIUT K HAPYUIEHUIO PUTMUYHOCTU PabOThI U1
BBI3BIBAET HEOOXOMMMOCThH PACCMOTPEHNST BEPOSITHOCTHBIX MOJIEJIEH.

2. OGobOuieHHasg MaTeMaTn4vecKas MOJeJIb M CHCTeMa
muddepennnanbabix ypasaeHunii Kosimoroposa

CorsacHo mpe/IJIOXKEHHOM paHee MeTonuKe [4] KasK/Iblil BArOH CYUTaeTCs
3asIBKOI Ha OOC/TyKUBAHUE, a M0€31, — IPYyInoi 3agBok. OHU MOIETUDYIOTCS
¢ noMotpio BMA P-110T0Ka, 94T0 [03BOJIAET OLUCATH €IMHONR MOJIEJIbI0 Baro-
HOTIOTOKH, TIOCTYMAMOIINE C HECKOJBKUX HATMPABIECHUN M WMEIOIINe Pa3iind-
uble apaMerpbl. Mogensvu noacucreM siasiorcss CMO, B KOTOPBIX KOJIH-
9€CTBO KAHAJIOB OMPEIEISETCS YUCIOM OOCIIYKABAIOIIUX YCTPOICTB, a JIJIu-
HA 0YepeId — CYMMAapHOI BMECTHMOCTBIO BATOHOB B mojcucreme. Paccmor-
pUM TOJBKO OJHO Hampasienue npuxkenusi BaroHos: IIITO-CII-T'I. 3xecw
YUUTBIBAIOTCS OCHOBHBIE OLIEPAIUY C [Oe31aMu: punsitue, obpadorka B CIT
u Torpy3Kka/pasrpyska. Omepaiun mo oTIpaBIeHIIO TI0e3/1a CO CTAHIIN BbI-
TOTHAIOTCS 3HAUYUTEILHO OBICTPEE W HE BIUAIOT HA pabOTy APYTHUX MOICHU-
crem. Torma B Trepmunax TMO wmogens rpysosoit 2K/IC 6ymer umers Bu,
rpexdazuoit CMO BMAP/M/ny/m1 — x/M/ny/ma — x/M/ns/ms.

st mccnepoBanust nmepexoaubix nporecco B8 CMO pacemorpum cucre-
My mnddepenimanbHbIX ypapHenuii ypasaennii Konamoroposa (CAVK) [6],
B KOTODOI HEU3BECTHBIMU (DYHKIIUSIMU SIBJISTFOTCSI BEPOSITHOCTH COCTOSTHUMN
cucrembr p;(t),i = 0,1,..., K (manee — nepexoHble BEPOATHOCTU COCTOSI-
Huii), rae K — MakcumasibHOE 4ucJio 3asBOK B BbiOpanuoii CMO, a nesa-
BHCUMOW [epeMeHHONW — BpeMsi. HadabHbIMKU JTAHHBIMU SBJISETCS COCTOSI-
HUE€ CUCTEMBI B HYJIEBOI MOMEHT BpeMmenu. Pamee aBTropamu ObLIN MOJIyUe-
ubl ypaBuenus s cocrasyenus CIAYK mis tpexdasunix CMO ¢ BMAP-
noTokoM [7]. OTMmernM, 9To oru MOryT ObITh HpuMeHenst Jyisi CMO, B KoTO-
PBIX MOTOKU MeXKIy (hba3aMu sBISIOTCs MyaccoHOBCKuMu. /laee paccmar-
pusaercs CMO, B KOTOpOIi a) HHTEHCUBHOCTD BXOJAMILErO [IOTOKA HUXKE, YE€M
MHTEHCUBHOCTD ODC/IyKUBaHUs Ha Beex (Pas3ax, T.€. MPAKTHIECKU BCE 3as1B-
Ku OyIyT 00CIy?KEeHbI; 0) BpeMeHa MKy TIOCTYIIJIEHHEM 3as9BOK, O0C/TY KU~
BaHus B (pasax u OJOKMPOBKY KAHAJIOB MOIIUHSIETCS IKCIOHEHIINATHHOMY
pacmpeseneruio. B 3ToM ciydae cenaeM yupomaolinee MOIeTbHOe TTPeIno-
JIOXKEHHE, ITO MOTOKK MeXK 1y (pazamu 06;1a7a10T TPeOyeMbIMU CBOMCTBAMH.
[Mosromy st popmyuibl ucnoms3dyores npu cocrasiernn CAYK. ITockomnb-
Ky 9HCJIO KaHAJIOB M3MEpPSieTCs JIEeCATKAMU, & [JINHA, OYepeau — COTHSIMU
€INHUIT, HEOOXOAMMO MOHW3UTH AETATU3AINNI0 MOJEN, YTOOBI YMEHBIIUTD
pasmepuocth CAYK. Hamee mpu mocrpoennu momenu 2K/1C mpumem, 9to
BECh TIOE3]T SABJISETCS OJHON 3asBKOU Ha obcaykuBanue. Jlaxke B 3TOM CIIy-
qae CAVK 6yner Brirodars 6ojiee COTHU yPABHEHUI, TIOITOMY ISl €€ aHA-
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/N33 IPUMEHSIOTCS qucyenHble meronsl. Hambosee nomynspHblili u3 aux —
meroapl Pyure-Kyrror [8].

3. BbIuncanTeJ bHBIH SKCIEPUMEHT

Yncmennoe mcciaeoBaHmMe TOAPA3yMeEBAaeT AHATIN3 MOJEIN KOHKPETHO-
ro obwekra. Ilosromy paccmorpum momenwpHyio rpy3oByio 2K/IC, mapa-
METPBI KOTOPO# OJIM3KM K TEXHWIECKHM XAPAKTEPUCTHUKAM JIeHCTBYIOIIEH
B Upkyrckoit obmacrtu rTunosoit rpysosoit 2KJIC Cyxosckas (BCZK).
Omna sBysiercs BHOOJHE TUNUYHON 1iisi POCCHIICKUX KeJIe3HbIX JIOpOT, KPO-
M€ TOTO aBTOPAM YIAJOCHh TOJIYYUTH JTAHHBIE O €€ CTPYKTYPE W BXOISIINX
Oe3/10- W BArOHOMOTOKAX. B mapke mpuOBITHS WMEETCsS OJHA COPTHPOBOU-
Has ropka, ero BmectuMocTb — 5 moe3noB. B CII geiictByior aBa MaHeB-
POBBIX JIOKOMOTHBA, BMecTUMOCTh — & moe3aoB. B '/l umeerca 3 kanasa,
a odepenp orcyrcrByer. B repmunax TMO nmonyuum tpexdazuyio CMO
BMAP/M/1/5 — x/M/2/8 — x/M/3/0. Ilo mnarypromy 00CI€I0BAHHIO
YCTAHOBJIEHO, YTO HA CTAHIMIO B CPEJHEM B CYTKHM TOCTyHAeT 3 TOe37a C
YETHOrO W 2 Toe3nma ¢ HedeTHOro Hampasjienuit. Torma marpunsr BM AP

Gyt umers pia Do — (—0,208 0 ) D, - <0,1248 0,0832) .
0 —0,208 /)’ 0,1248 0,0832

COYK nnst mannoit tpexdasuoit CMO 6yner sriarodars (Kq + 1)(Ka +
2)(K3+3) — Ko = 408 ypasuennii. KOHKpeTHBIH BU, Oy 9€HHON CHCTEMBI
MIPUBOAKUTH HE OyaeM n3-3a ee OOIBIIOro pa3Mepa.

JL1st mocTpoeHus perreHns ucmoab3oBasca meron Pyrre-KyTTor gerBep-
TOro HOpsiAKa upu napamerpax py = 0,74, po = 0,222, ug = 0,083 (110e3108 B
gac), mare 0,05 1 HAYATILHOM PACIPEIEIEHIN BEPOATHOCTEH, KOTOPOE OIpe-
nensier yenoeust Komm, pogo(0) = 1,p;5..(0) =0, =0,6,7 = 0,11,z = 0,4,
e i, j u z — 4ucao 3agaBok Ha ¢ase 1, 2 u 3 coorBercreenno. Co-
cTOSHUS P;11,5(t) U pi j4(t) obo3HawaroT GIOKHPOBKY KaHamtoB (a3 1 u
2 coorsercrBeHHo. B pesysibrare ObLIn Ha/IEHBI HEPEXO/HbBIE BEPOSATHO-
ctu cocrosauii paccmarpuBaemoit CMO. [lanee na pucyHke mnpeacTabie-
HbI TpadUKN N3MEHEHHs BepOosTHOCTH OTKaza 3a ¢t = [0,200] nmpu pasand-
HBIX HAYAIBHBIX COCTOSHESAX CHCTeMBL 1) p193(0) = 1, 2) poeo(0) = 1,
3) p2,5,0(0) =1, 4) p350(0) = 1, 5) ps,11,3(0) = 1 — Gnokuposka Kananos
daser 1, 6) pe.10,1(0) = 1. B npaBoM BepxHem yriy npuseaeHsl tuaun 1)—4)
B YBEJIMUEHHOM TIO OCH OPIAWHAT MAacITade.

Ananu3 nepexoIHbIX BEPOATHOCTEH COCTOSHUIN MOKA3BIBAET, UTO UX IMO-
BEJIEHHE U CKOPOCTH CXOAMMOCTH K CTAIIMOHAPHBIM MapaMeTpaM CyIIeCTBeH-
HO 3aBHCHUT OT HAYAJIBHOTO COCTOSTHUS CHUCTEMbI. BO-TIEPBBIX, MUHUMATHLHOE
BpeMsi, 3a KOTOPOE IEPEXO/HbIE BEPOSITHOCTH MPHUOIU3ATCH K CTAIMOHAD-
ubiM ¢ orkaonenuem 0,04%, mocruraercsd mpu CpeAHed 3arpy3Ke CHCTEMBbI,
a MaKCUMaJIbHOe — TIpW HaWMeHbITeli /Hanbombieil. Tak, mpu Ha9aILHOM
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Puc. 1. BepostHocTh OTKa3a 1IPU PA3JIMYHbIX Hada/bHbIX cocTogausax CMO

cocrogHuu p35.0(0) = 1 Bpems cxomuMoctu cocrasut ¢ = 92,5 (Iacos), Ipu
P000(0) = 1 mwiu pg 10,1(0) = 1 ono 6ymer pasuo ¢t = 200. Kpome Toro mpu
CpejiHeil 3arpy3Ke cucTeMbl rpaduK BEPOATHOCTU OTKA3A UMEET IKCTPEMY-
MBI (cM. iuHuY 3 1 4), KaK TpaBUIo, JOKaIbubie. OIHAKO UMeeTCs U 0COObIi
cayqait: ecm ipu ¢ = 0 mepBas das3a cBOOOIHA, a OCTAIBHBIE 3ArPYKEHBI, B
YACTHOCTH, IPH P1,9.3(0) = 1, To mosBiIsteTCs VIOOAIBHBIN MAKCHMYM, 3Ha-
YeHue KOTOPOro MOXKeT B JBa Pa3a IPEeBbIIIaTh cranuoHapHoe (uHus 1).

[Tepenocst pe3yabTaThl HCCIEIOBAHUS HA MOJEIbHYIO CTAHIIUIO, TIOJTY9a-
eM cienyiomee. Bo-TIepBbIX, TPOJOIKUTEILHOCTh TIEPEXOMHBIX MPOIECCOB
SIBJISIETCS] 3HAYUMBIM (DaKTOPOM JJIsT TAKOTO THIA, CUCTeM. Tak, MUHUMAJb-
HOE BpeMsi BXOJd B CTAIIMOHAPHBIA PEKUM COCTABJISIET DOJIEe YEThIPEX CY-
TOK. BO-BTOPBIX, HEOOXOJAUMO YYUTHIBATH 3arPy3Ky CUCTEMbI B HAYATbHBIN
MOMEHT BPEMEHU JIJisi OIEHKHU ee MPOIYCKHOM crocobHocTu. B gacraocTH,
[OCJIe yCTPAHEHUs] AaBAPUU HA IPY30BOM JIBOPE, YTO COOTBETCTBYET CJIydalO
mOTHOM 3arpy3ku a3 2 u 3, mepuol BOCCTAHOBJIEHNS PAOOTHI CTAHIIUN CO-
cTaBjisieT 0oJiee TATH CYTOK, & BEPOSTHOCTh OTKA3a YBEJIUYMBAETCS B 1B,
pasa 1o CpaBHEHWIO C MPeJIeTbHBIMU 3HaYeHuAME. TakuM 06pa3oM, Ipu u3y-
genuu paborsl 2K/IC MOXKHO He YyYUTHIBATDH II€PEXO/HbIE IIPOLECCHI &) IIPU
BBE/IEHUU CTAHLMK B IKCILIYATALMUIO, T.e. CUCTEMA IPAKTUYECKHU 1ycra, 0) B
mepuoabl becriepeboitHol ee pabOThI. B OCTAMBHBIX CIIyYasix JJIst MTOJTHOTHI
UCCJIEIOBAHMS HEOOXOIUM aHAJIN3 TEPEXOIHBIX MTPOIECCOB.

3akJiroueHne

B pabore ObLT pOBEIEH aHAIN3 MEPEXOAHBIX MPOIECCOB I Tpexdas-
uoit CMO, momenupyroreii paboTy rpy30Boii XKeJTe3HOJOPOKHON CTaHINN, B
pe3yabTaTe KOTOPOrO YCTAHOBJIEHO, YTO MOBEAEHNE M CKOPOCTh CXOAUMOCTHU
K CTallUOHAPHBIM IIapaMeTpaM CYHIECTBEHHO 3aBHUCAT OT Ha4YaJIbHbIX COCTO-
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aanit cucrem. Tak, nmpu cpenHeil WM MAKCHMAJbHOM 3arpy3Ke CTAHIIUN B
HA4YaJIbHBIA MOMEHT BPEMEHU HEOOXOAMMO YIUTHIBATH BJIUAHUE IIEPEXOTHBIX
mpoIieccoB. B ciyyae ke MUHMMAJILHON 3arpy3Ku UMY MOYKHO MpeHEOpeUh
IPY TTPOTHO3WPOBAHUY PAOOTHI CHCTEMBI.

IIpencrasientbie pe3yabTaThbl COCTABISAIOT TOJBKO 9acTh MPOBEIEHHOTO
uccnenoBanus. B nokiaze momumo Gosiee €TATBHONO PACCMOTPEHHS MO-
JleJid IPY30BO# craHiuu, Oy/yT U3y4eHO BIUAHUE BPEMEHHOIO yBEIUIEHUS
WHTEHCUBHOCTH BXOJAIIETO MOE3/I0MOTOKA HA NMOBEJAEHUE MEePEXOIHBIX MPO-
IIECCOB B MOJIEJIN JTAHHOTO 00beKTa. JlaspHelinias pabora mpe/ioiaraer co-
IIOCTaBJIEHUE TIOJTYYE€HHBIX PE3YIbTATOB C PeaJbHBbIMHA JTAHHBIMA U IIDUMEHe-
HHUE MoJesell /ijid pelleHus IPaKTUIecKux 3a1ad4.
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Ob AJITOPUTME KJIACTEPU3ALINN
SHAKOBOTI'O I'PA®A

9.U. Ubparumosa
Cubupckuti gedeparvrviti ynusepcumem, 2. Kpacnoapck, Poccus

B pabore paccmaTpuBaeTcs 3aa9a KIACTEPU3ANUN 3HAKOBOIO IPa-
da. 3amaua kaacTepusanuu MPEIIoaraeT HaXoXK AeHue pa3ouenust
3HAKOBOTO rpada ¢ MUHUMAJIBHON CyMMapHOi ommnbkoit. Omnbka
CKJIQ/IbIBAETCS M3 BHYTPUKJIACTEPHON M MEKKJIACTEPHOH OUINOOK B
3aBUCUMOCTHU OT mapaMerpa. [IpeijioKeH ajropurM peineHus JaH-
HOW 33J1aY JJIsT TIPOM3BOJILHOTO 3HAUEHHs TMapamerpa. Ajaropmr
SIBJIT€TCS. PA3BUTHEM [BYX IIPEIJIOKEHHBIX DaHee aJTOPUTMOB pe-
LIIeHUs JBYX YACTHBIX CJIy9YaeB PellleHus PacCMaTpPUBAeMON 3ama4un
kJylacrepu3anun. [IpuBegeHbI BHIYUCINTEIFHBIE SKCIEPUMEHTHI, 1e-
MoOHCTpHupYyoue 3G GEeKTUBHOCTD IPEIIOKEHHOTO aJIrOPUTMA.
KimroueBbie cuoBa: Kaacmepusdayus, 31akoeutl epagd, 3naKosvie
cemu.

BBemenue

3unakoBbie rpadbt Obiu BriepBbie BBemeHbl F. Harary B 50-x rogax XX-ro
BeKa TPY U3y UEHUH TPOOJIEM COIMAILHON TICuX0JIorun. Baxkueiiie pe3yiib-
TaThl B HCCIEJOBAHUN 3HAKOBLIX rpadoB ObLIN OIyYeHbl TAKMMHU yIeHBIMU
kak F. Harary [1], T. Zaslavsky [2], P. Doreian [3, 4] u mHOrumu apyru-
mu. B paboTrax 3THX aBTOPOB MCCIEIOBAINUCH CJICIYIONINE 330aUu 3HAKOBO-
ro 6ajamca: pacrmo3HaBaHue COAJTAHCHUPOBAHHOCTH, MOWCK MaKCHMAJIBLHOTO
cOATAHCHPOBAHHOrO TTOATrpada, OmpeaeIeHne HHIEKCA U Mephl COATAHCHPO-
BAHHOCTH, 3aJa4a KJjacTepusaiuu 3Hakosoro rpada. Ha npakruke 3amadn
3HAKOBOro OajlaHCa HAXOUAT CBOE IPUMEHEHHUE IIPU aHaJIu3e MyJIbTHAleHT-
HBIX cucreM [5], conmanbubix cereill [6] # TEMATHYECKOM MOJEIUPOBAHUM
TEKCTOB [7].

B pabote paccMarpuBaeTcst OTHO U3 BOCTPEOOBAHHBIX MTPUIOKEHUI 3HA~
KoBoro rpada 3anava pa3buenus (Kiacrepusanuu) 3HaKoBoro rpada [3, 4].
Buy pelenust 3ama4m KJacTEpPU3alUdU CYIIECTBEHHO 3aBUCUT OT BbIOODA
dyHKIIMOHAIA, KAYECTBA KJIACTEPU3ANUN Wid (PyHKIHOHATA OmMuOKU. Bbi-
JIeJISIOT CeAyoIIne Bapuanun 3a1a9n. Korma KoJandecTBo KaacTepos k 3a-
JIaHO, TO k MOYKET BBICTYIATH TTAPAMETPOM KJIACTEPU3AIMN, TOTIA PEIIaeTCs
3a/a4a 0 pa3bueHuu POBHO Ha k KJIacTepoB uju He Gojiee (He MeHee) 4eM Ha
k xmacrepos. Korma KomndecTBO KIacTepoB k He 33IaH0, TO OHO SIBJISIETCS
peuenuem 3azaun [8]. B mannoit pabore paccmarpuBaercs ciydaii, Korja
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KOJIMYECTBO KJIACTEPOB #ABJISETCs peleHneM 3aaa4u. B obmiem Buze 3a1a4ua
KJracrepusanuy 3HakoBoro rpada asisercs NP-nonnoit [7]. B pabote [4]
MTPE/IIOYKEHBI SBPUCTHIECKUE METO/IBI IS €€ PEIeHus.

B pazzmene 1 mpuBemeHbl OCHOBHBIE ONPEIE/IEHUST W MOCTAHOBKHU 331a
pacno3HaBanus k-cOATAHCHPOBAHHOCTHA W KJIACTEPU3ANNAN 3HAKOBOTO T'Da-
da. Beemena dyuknnsa ommOKH, 3aBUCAINAs OT mapamerpa «. Ilapamerp
Q peryJiupyer BaKHOCTb BHYTPHUKJIACTEPHON U MEXKKJIACTEPHOH omubok. B
paszesie 2 TPUBEIEH AJTOPUTM JJIs PEIIeHUsT 33Ia9¥ KJIACTEPU3AINH 3Ha~
KOBOTO rpacda, OCHOBAHHBIN HA Pa3pabOTAHHBIX PAHEE AJITOPUTMAX I Pe-
menns 3ama9u pu « = 0 u o = 1. B pa3zgene 3 npeacTaBieHbl pe3yabTaTh
BBIUHCJIATEIHHBIX SKCIIEPUMEHTOB.

1. O6inme moJio>KeHus

BuakoBbiM rpadgom HadbiBaercd napa L = (G,0), tne G = (V,E) —
HeopuenTupoBanublil rpad (n = |V| > 2,m = |E| > 1), na pebpax KoTO-
poro 3agana dyHKIWs 3Haka o : — {+,—}. 3HaKoBHI rpad Ha3BIBaeTCS
k-cbaiaHCUPOBAHHBIM, €CJIM MHOYKECTBO €0 BEpIIHH MOXKHO pa3douth Ha k
MONAPHO HENEPECEKAIOMMXCS HEIyCThIX KJIACTEPOB TAK, UTO BCE MOJOKH-
TeNbHBIE PEOPA HAXOAATCA BHYTPH KJIACTEPOB, 4 OTPHUIATENTbHBIE MEXKILY
kiacrepamu [2, 3]. Bagaua pacuosnaBanus k-cOAIAHCUPOBAHHOCTH 3HAKO-
Boro rpada dhopMyIHpyercs crenyomuM obpasom [3].

VYcaoBue: 3azan 3HaKoBbIH rpad X = (G,0), e G = (V, E) —
HeopueHTUpOoBaHHbIH rpad, n = |V| > 2,m = |E| > 1.

Bomnpoc: mpn kakux k rpad X = (G,0) sBuserca k-
cOaIaHCUPOBAHHBIM 7

JaHnyt0 3a/1a9y MOKHO PENIUTH 3& IOJMHOMHUAILHOE BPEMS IIOMCKOM B
umpuny [9]. Tak kak 3nakosble rpadbl He Bcerua siBisiiorest k-cbajancu-
POBAHHBIMHA, BOZHWKAET 337294 MOWCKA TAKOTO pasOWeHwus, I KOTOPOTO
HEKOTOPBIH (DYHKITMOHAJ OMUOKU ObLIT ObI MUHUMAJIBHBIM.

Bsenem Heobxommmbie obo3HadeHNI. Byaem roBopuTh, 9TO CHCTEMA MHO-

xkecrs C = {V1, Vs, ..., Vi } obpasyer pasbuenue MHOXKeCTBa BepiiuH V' Ha
k monmMHOXKECTB, 16 k — napaMerp pa3OueHuns, €C/id TOAMHOXKECTBA, HEILy-
croren: V; = @, 4 = 1,..., k, nomapno me nepecexatorca: V; NV; = @, i # j,

n ux oobemuuenne pasuo V: V =V UVoU---U V.

Ob6osraanm @ = Uj_; P; MHOXKeCTBO BCeX BO3MOXKHBIX paszbmenmit V,
e ¢ — MHOXKECTBO BO3MOXKHBIX pa3buenuit V' poBHO Ha k MOIMHOMKECTB.
[Mycrs C' — kakoe-u60 pazdbuenue rpada uz ¢. [lox orpunaressHoit onub-
koit N(C) GyaeM MOHMMATH YHCIO OTPHUIATEIHHBIX peGep BHYTPH TTOIMHO-
JKECTB, & MOJI MOJIOKNTENbHON P(C') — 9ncIio NONoKUTEIBHBIX PEGEp MEXK Iy
monMHOXKecTBaMu. Kprurepuem kKadecrBa pa3duenust OyaeT sBasaThCH QyHK-
[HsI CyMMAPHOM ONTUOKN — BBIMTYKJIas KOMOWHAIMS MOJOKUATETLHOW U OT-
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pUIaTeIbHOM OmuOOoK:
E,(C)=aN(C)+ (1 —a)P(c),a €[0,1] (1)

Torma 3amata KiacTepu3anm 3HAKOBOTO rpada MOKeT ObITH CPOPMYTUPO-
BaHa CJeyonmm obpasom [3].
YciioBue: 3anan 3uakoBbiil rpad X = (G,0), tne G = (V,E) —
HeopueHTUpoBaHHbll rpad, n = |V| > 2, m = |E| > 1.
Bomnpoc:  mua 3amamnoro a € [0,1] tpeGyercsa Haiitn pastuenme
C mHOXkecTBa BepimuH V 3HAKOBOTO rpada X ¢ MUHU-
MaJIbHOM cymMMapHOii ormmbkoit E,, (C')

Jlannas 3a1a9a MOXKET MMETh MHOXKECTBEHHOE PEIICHHE.

B pabore [7] nokazano, 4ro 3aja4a MUHMMU3ALUKA CYyMMapHOi olubKu
apasgerca NP-nmommoii.

B [4] npeiiozkeHbI aIrOpUTMBI PelieHust JanHoi 3ana4an. OCHOBHAS nest
MPETIOKEHHBIX METOZOB COCTOUT B TOM, 9TO DEPETCS HEKOTOPOE HAYATBLHOE
pasbuenne MHOXKeCTBa BepmuH rpada, & 3aTeM BEpPIIMHBI NePEMEealTCs
U3 OJHOrO KJIACTEPA B APYroil, ubO JBE BEPIIMHBI U3 PA3HBIX KJIACTEPOB
MEHSAIOTCA MECTAMU MOKa He OyIeT MUHUMHU3NPOBAaHA (PYHKIUS CyMMapHOH
OIUOKHU JIJIsT HEKOTOPOrO (v. B 3aBUCHUMOCTHU OT METO/Ia MEHSIETCs PaBUJIO,
M0 KOTOPOMY BBIOMPAIOTCS MEPEMEIAeMbIe BEPITUHBI U KJIACTEPHI.

Pemmennem 3amadm KiacTepusalnu 3HAKOBOTO rpada OyaeT MHOXKECTBO
kjacrepoB C*, HOCTABIMIONAX MUHUMYM (DYHKIIUH ONIUOKU:

C* = arg glelg [aN(C) + (1 — a)P(c)] (2)

u k = |C*| — xommdecrBo kiactepoB. [Ipn o = 0 u « = 1 nanHas 3amaua
BBIPOXKJIAETCA B TOJTMHOMHUAIBLHO PA3PEIIAMBIE CJTy9al MAHUMHU3AIWH [0JI0-
JKUTETHHOW M OTPHUIATETbHOM OIMNOO0K, COOTBETCTBEHHO. Bosee momapoOHO
JIAHHbIE CJlydau PaccMOTpeHsl B [9).

2. AgropurMm SGClusta ajig pellieHud 3aJa4M KJacTepu3anun

Ha pucynke 1 mpusenena cxema ajroputma SGClusta mms pemrenust
3a/1a49U KJIACTEPU3AINE 3HAKOBOTO rpada.

Asnropurm siBnsiercs asyxdasubiM. Ha nepsoit dasze Initialization nist
3aJAHHOTO T'pada ¥ ¢ ITOMOIIBIO YAATEHIS OTPUIIATENHHBIX pedep CTPOUTCs
rpad U1 u BeenaoTes kKoMnoHeHTs! caasnocTr C. I8 3T0ro HeobXoamMo
BBITIOJIHUTH He Gosee ueM O(n + m) omeparnmii.

Ha Bropoit daze Minimalization byukuus Separate(C) mpocmarpu-
BaeTCsl KaXK/bIM KJIACTEP U BBIAEISET B OTIEJIbHBIE KJIACTEDHI BEPIITHHBI
¢ HAUOOJIBIIUM KOJUIECTBOM HHIUJIEHTHBIX OTPHUIATETbHBIX pebep BHYT-
pH KJiacTepa, ecJid TH BEPIIMHBI eIle He ObLIN MOCEIIeHbl 9TOM QyHKIHei,
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Puc. 1. Cxema paborsr anropurma SGClusta

a TaK»Ke COCTABJIAET CINCOK M30JTUPOBAHHBLIX BepmwuH tsolated. s sToro
HeobOxoauMo He Gosee uem O(nm) omeparnuii.

IToce sToro, ecim CnMCOK W30JMPOBAHHBIX BEPIIUH HETyCTOU, TO IJIst
Kaxk 0l BepruuHbl u3 3roro crmcka dyukmus Add(C) nposepsier, yMeHb-
IIATCA JTA OMHUOKA TpH J00ABIEHUU dTOH BEPIMHHBI K KAKOMY-THOO Kiia-
crepy. Ecim ommbka yMEeHBIATCS, TO BEPIIMHA MTPUCOEIUHIETCS K 9TOMY
kJacrepy. s 37oro HeoO6XoMMO IPOCMOTPETh BCE MHIIA/ICHTHBIE BEPIIUMHE
pebpa, aro Tpebyer st Beero rpada He Gosee wem O(m) oneparnuii.

Dyuxiyu Separate(C) u Add(C) uepenyiorcsa 70 Tex mop, Moka ue 0y-
JIeT JOCTUTHYTA 33JaHHAS TOYHOCTD €, TUOO He OYIyT MOCEIIEeHbI BCE BEPIITH-
HBI, OO0 He Oy/IeT BBITOTHEHO 33JaHHOe KOJIUYIECTBO nrepanuii. B xymmem
ciaydae HeobxoamMo Oy/eT MOBTOPUTH N pa3.

Teopema 1. Boruucaurensuas ciaoxuocrs anropurma SGClusta O()
pasua O(n +m + n(nm +n)) = O(n?).

3. BoruncianreabHbIe 9KCIIEpPUMEHTbI

st onenku 3 (PEKTUBHOCTH AJTOPUTMOB OBLIH MIPOBEIEHBI BBIYUCIIN-
TeJIbHbIE YKCIEPUMEHTHI, PE3YIbTATHl KOTOPHIX MPUBEIEHLI B Tadaunax 1,
2, 3. Jljsi MPOBEPKU WCIOJB30BAJIUCH rpadhbl, CreHEPUPOBAHHBIE TMCEBIO-
CAydaiiHbIM 00pa3oM. JKCmepuMeHThI i anaroputma, SGClusta mpoBoau-
auck npu « = 0,5. Drcnepumentsl npoBoaunch Ha [IK ¢ mpomeccopom
Intel®@Core i7-10510U CPU @ 1.80I'T'1 u oneparuBHOM TaMATHIO 00bEMOM
8T'B.

B rabsune 1 mpeacrasiienbt pe3yabTarsl paboTsr anroputma SGClusta
[IPU Pa3INYHBIX 3HAYEHUSX mapamerpa «. B Tabiuie 2 cpaBHUBAETCS aJl-
roputm SGClust0 u obumit anropurma SGClusta mpu o = 0. B tabnume
3 cpaBuuBaercsa anroputm SGClustl u obmuit anropurma SGClusta npu
a=1.
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Pe3ynbrarhl 9KCIIEPUMEHTOB IIOKA3BIBAIOT, 9TO /I YaCTHBIX CJIy9aeB al-
ropurmbl SGClust0 u SGClustl paborator 6bicTpee. B HEKOTOPBIX Ciiy4dasix
asroput™m SGClusta He ycreBaeT HAWNTH ONTUMAJIBHOE PEIIEHNE 33 TTPHEM-
JIEMOE BpeMs.

Tabyma 1
Pesymbrarsr paboTsr amropurma SGlusta st pa3HBIX 3HAYEHUN o

n m SGClusta, a = 0.25 SGClusta, a = 0.5 SGClusta, a = 0.75
k Eoos |t k Eo.s5 t k Eors |t
5 6 4 0.75 938 4 0.5 943 4 0.25 943
7 9 3 0.75 1 3 0.5 2 3 0.25 2
10 19 6 0 2 6 0 3 6 0 5
14 10 10 0 4 10 0 4 10 0 9
15 27 12 39.75 3815 12 26.5 3841 | 7 8.5 3
20 42 9 7.5 2719 9 5 2746 | 9 2.5 2755
Tabyma 2
Pesymprarsr cpasuenus aaropurmos SGClust0 u SGClusta mpu o = 0
n m SGClust0 SGClusta, a =0
k FEo t k FEy t
7 21 2 0 1 2 0 3
8 28 1 0 1 1 0 1
8 28 1 0 1 2 5 14552
15 12 11 0 1 11 0 5
15 105 1 0 1 1 0 4
30 50 5 0 1 5 0 5
Tabiua 3

Pesynbrarer cpasuenust agroputmoB SGClust0 u SGClusta mpu o = 1

n m SGClustl SGClusta, a =1
k FE1 t k F1 t
7 21 7 0 3 4 0 4
15 12 11 0 2 11 0 8
15 105 15 0 1 7 0 10
30 50 11 0 1 8 0 8
100 9750 93 0 2 99 0 165
500 24925 | 488 0 36 494 0 26649
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3akJroueHne

st paccmaTpuBaeMoii 3a7a4M KJIaCTEPH3ANNU 3HAKOBOrO Tpada mpu
npousBosibHOM mapamerpe 0 < « < 1 paspaboran anroput™m SGClusto.
[IpuBeneHHbIe BLIYUCIUTENBHBIE SKCIEPHUMEHTDI, JIEMOHCTPHUPYIOT CITOXK-
HOCTb JaHHOI'O aJI'OpHTMa. O,ZLHI/IM U3 NePCIIEKTUBHBIX HaHpaBJ’[eHI/Iﬁ JaJIb-
HEHINX WCCJIEIOBAHNIN ABJISIETCsI ONTUMHU3AIMA PA3PAOOTAHHOIO AITOPUTMA
C TEJIbIO TIOBBINIEHUsT €r0 TPON3BOINTEIHHOCTH, & TaK¥Ke MCCIIeIOBAHNE 3a-
Jlaud KJIACTEPU3AINHN TTPU 3aJAHHOM KOJUYIECTBE KJIACTEPOB.
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Ob OJJHOM KPUTEPHN CXOANMMOCTU K
SKCIIOHEHIINMAJIBHOMY 3AKOHY

Azam A. Nmomos, dprun . Tyxraes, AGmuMmymus AGIupaxMaHoOB

Kapwunckutl 20cydapemeennsiil ynueepcumem,
2. Kapwu, Ysbexucman

B macrosimeil 3aMeTKe WCCIEIYIOTCS OIWH KPUTEPHil CITPABEIJIV-
BOCTH TEOPEMBI O CXOAMMOCTH K 9JKCIIOHEHIMAJIbHOMY 3aKOHY W
JIOKaIbHO-1u(d PepeHnnanbuplii AHAIOr OCHOBHON JIEMMBI TEODUH
KpUTHIeCKuX nporeccos ['agprona-Barcona. O6cyxkmaercss HEKOTO-
pble UX IPUMEHEHUSI.

KirodeBble ciioBa: SKCNoOHEHUUAALHLE 30K0H, A0KAADHO- JudPe-
PEHUUANLHBIT AHAN02 OCHOBHOT AEMMbL TNEOPUL KPUMULECKUT NPO-
yeccoe Iaavmona-Bamcona, Q-npoyeccor.

B coBpemeHHBIX MCCIETOBAHUSX, TPU JOKA3ATEIHCTBE TTPEIEIHbHBIX TEO-
peM, Hapsily C TEOPEeMOil HEMPEPHIBHOCTH YACTO UCIOJIb3YETCS XapaKTePHU-
CTHYECKUE CBOMCTBA 3aKOHA pacnpeenenns. Koraa 3tu cBoficTBa peicTaB-
JIAI0T co00it muddepeHImaabHoe YypaBHEHNEe, KOTOPOMY YIOBIETBOPSIET Xa-
pakrepucruieckas GyHkuus uiu npeobpazosanue Jlamuaca (I1JT) upenesnb-
HOI'O 3AaKOHA, yTBEPK/IEHUE TEOPEMbI 3aKJIIOYAETCH B yCTOUYUBOCTH Delle-
HUSI 3TOTO ypaBHEHUsi. B ciiyuae HOpMaIbHOM anmmIpOKCUMAIINY TAKOMW TTOIXOT,
K 3ajade cocrapisier Meron Creitna-Tuxomuposa (MCT); cm. [1]. B paGo-
re [2] UI. K. ®opmanosbim 6but npemioxen ympouienubiii Bapuanr MCT,
peanm30BaHHbBINA MyTeM OIpe/eeHus omxHoro auddepennnaabHOro onepa-
Topa s xapakrepucrudeckoil gyuknuu. C noMoIpio 3T0ro MeToja UM
OBLT YCTAHOBJIEH KPUTEPHUil CIPABEIJINBOCTH HEKJIACCHIECKOH TIEHTPATHHOM
NIpEeIeJIbHOM TeOpeMBbl.

B nmacrosmeit 3amMeTke Oymer yCTaHOBJIEH KPUTEPUH CXOOUMOCTH K IKC-
HOHEHIIMAIBLHOMY 3aKOHY, OCHOBBIBasICh Ha ujien paborsr [2]. Byuer nokazan
TaKKe TAaK HA3bIBAEMBbIH JIOKAILHO-IU(MEPEHITUATBHBIN AHATOT OCHOBHOM
JIEMMBI TEOPUU KPUTHYECKUX BETBAIMXCS mporeccoB lamprona-Barcomna
(I'BII). MbI 3aMeTUM TIOJIE3HOCTH MPUMEHEHHsI MOJIYYEHHBIX Pe3yJIbTaTOB
B uccaenosanuax reopun I'BII u (Q—mporeccos.

Paccmorpum dbyHKIMO pacnpe/ieneHns SKCIOHEHIMATHHOIO 3aKOHA,

1—e ™ x>0,
F“(”’){o z <0
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rae a > 0. Cienys ®opmanosy [2], BBeuem caepyromuii kiaacce I1J1:

1
3= {we): WOI=1 0> o}.
B knacce ® paccmorpum omeparop

1

AWO) = w(0) + +v0) )

ITockompky 11JI sKCIOHEHITATIBHOTO 3aKOHA
o 1
o(0) == e qr (z) = _
wal0) = [ @ = g

TO MBI JIEFKO 3aMETHM, YTO

A (lﬁa(@)) =0, (2)

To ecthb omeparop A (k) «annyiaupyers ILJI pacnpenenenus Iy (z).
Teopema 1. Ilycrs {G,(z), n € N} (N =1,2,...), 2z > 0, ectb no-

CJIe0BATENBHOCTD (DYHKIWI pacipesesieHnii u cooTBercTByiomue um 11J1
¥, (0) upunaniexar knaccy ®. s Toro, 9Tobbl ipu n — 00

sup |Gy (z) — La()] — 0, (3)
HEOOXOIUMO M JOCTATOYHO, ITOOBI
sup |A (¥, (0))] = 0, n — oo, (4)
<O

mpu jobom O > 0.

[Hoxasamesvemeo. PaccyskIeHne M0 9acTu HEOOXOJUMOCTH YCIOBHUS
(4) ocuoBbIiBaercs Ha coiicrBax IIJI. 3 (1) u (2) caemyer, 4To

AW O)] = 1AG0) - AWa(6)]
< WO O]+ [0 -0 )

ITockonbky dynkius pacupeenenus u ILJI asisiorcs orpannyeHHbIMU
dyuknusavu, 10 nuddGEPEHITNPOBAHNE U WHTETPUPOBAHNE M0 YACTIM HAM
JTaeT

[0 (6) — ¢, (0)]

/OOO ze%d (G, (z) — Fa(x))’

/0 T (1= 02)e (G (w) — T (2)) da
< Ly sup | Gn(z) = Ta(2)], (6)
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riae Ly = L1 (6) = const > 0, upu sio6om 6 < ©. B cBoro ouepenp, oueBuiHo,
4T
03 (0) = V2(0)] < 2]t (0) — ¥a(0)]. (7)
N3 coornomennii (5)—(7), npu Hamm4aun yciaorusi (3), MBI MPUXOANM K
(4).
Y106 10Ka3aTh JOCTATOYHOCTD yeaoBus (4), pacemorpum (1) kak aud-
dbepennmanbhoe ypasaenue ¢ HadaabubiM ycsoueM ¥ (0) = 1. Torma Jierko
yOeauMcs B TOM, ITO

0

OTrkyna Mbl yOeIUMCsT B CIIPABEIINBOCTHA HEPABEHCTBA

sup (15 (0) — ta ()] < L2 - © - sup |A (¢¥n(0))], (8)
<6 9<0O

st gioboro © > 0, 3uecs Lo = Lo(0) = const > 0, upu mobom 0 < O.
HepasencTso (8) 10Ka3BIBAET TOCTATOYHOCTD YCJI0BUSA (4) JJ1s1 CXOIUMO-
cru (3). W

Hasee mMbl 06cykaaeM TpuMeHeHne JokazanHoi Teopemsr 1.
O6osnauum Z, (Zy = 1) uucno yactuiy K MomeHnty Bpemenu n € Ny
(No = {0} U{N}) B I'BII, 3agannsiii npoussousueii dbyuxuueii (i.d.)

F(z)= Y pea*, pe={Z1=k}, [a|<L
kENy

Bynem paccmaTrpuBarh caydaii, KOLJa cpegHee 9uCI0 MOTOMKOB OTHOM
JaCTHIBI 32 OHO TOKOoJeHne pasBHO 1, mpu kotopom I'BII HaswiBaercsa kpu-
tuaecknm; cM. |3]. ocaeanee pasaocmiibHO Tomy, uro F’/(1) = 1; npexno-
naoxkuM, 910 B := F"'(1) KoHeueH.

[ycrs Fy,(z) = Mxz?". Beeaem dbynxmmo R, (z) := 1 — F,(z), n 3ame-
THM, 9TO

R, (z)
R,(0)’

gn(@):=> P{Z,=j|Z, >0}l =1- (9)

JEN

riae seanunHa R, (0) = {Z,, > 0} npencrasaser coboit BEpOATHOCTEH MPO-
nomxenns I'BII.

YrBepxaenue 00 aCUMIITOTHYECKOM Mpejcrasienun R, (x), 1o cBoeii
3HAYUMOCTH, HA3BIBAETCST OCHOBHOM JeMMoit Teopun Kputmdeckux ['BIL; cu.

[3, crp. 19].
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B nameM ciiydae HEeMaJIOBa’KHOE 3HAYEHHE MPEJCTABJIACT M ACHMIITO-
tuueckoe pasaoxkenne GyHkimuu R, (). Mbl 00HApPYKUM 3TO DPasiokKe-
HUEe B OKPECTHOCTH TOUYKM = = 1. VIMeeT MeCTO CIEIYIOMNIA JIOKATHHO-
b depeHnnaIbHbI aHAIOr OCHOBHOI JIeMMBI (CM. [4] B HENpPEpBIBHOM CJIy-
qae).

Jlemma 1. Ecmn B < 0o, To ipy  — 1 cipaBeI/TUBO COOTHOITEHUE
2
R (z) ~ —g.(z), mn — oo, (10)
rae n.d. gn(z) 3amana pasencreoM (9).
Zloxazameavcmeo. B ycnoBuax TeopeMbl IMeeM pa3JIOrKeHne

F(t):t+§(t—1)2(1+o(t—1)2>, t— 1. (11)

C momompto ureparuu ms F(x), ¢ yaerom Toro, uro | R, (x)] = 0, n —
oo (em. [3, crp. 8]), u3 (11) nomyunm

B
Fo (@)~ Fale) = 5 RA(x) (1 +0(1), n—oo.  (12)
Ucnons3ys reopemy Jlarpamxa, u3 (12) maxomum

P (@) = 5

- - R’ X o n oo
Ty~ @ (o), n—oo, (13

e c¢(x) = z+ (F(z) —x)0, 0 < 0 < 1. YuursiBass acHMITOTHYIECKOE
npezacrasiaennn 11 umeem c(x) ~ x, x — 1. Ongarb-taku, pasencrso (11)
yreepxaaer F(z) —x ~ 2 (1 —2)?, © — 1. Ckasannste smecre ¢ (13)
[O3BOJIIeT HANUCATh, 9TO Ipu T — 1

1

— X

Rn(x)r, n — 0.

R~ |3

C nomornpio 0cHOBHOT jieMMbl (cM. [3, crp. 19]), mocnentee npeacrasiie-
HIE MBI JIeTKO Tipeobpasyem K Buay (10). B

Teneps ncnonb3ysa Teopembr 1 B coderannu ¢ JlemMmoit, mpuBeieM HOBOE
JOKA3aTeTLCTBO CJIEIYIONIel W3BECTHON TTpeIesIbHOM TeopeMbl Arioma.

Teopema 2. [3, crp. 20]. Ilycts B < co. Torma mas moboro x > 0

Zn

lim P{——2" < 4|Z, g 14
et {M[Zn|Zn>O] z >0} ¢ (14)
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Hoxaszameavemeo. . Ham ussecrno, uro [Z,|Z, > 0] = 1/R,(0). (cMm.
[3, crp. 19]). Torga I1JI paccmarpuBaeMoro ycJioBHOIO PaciipeesieHust

on(0) = e 0%/ ZnlZa>0l| 7~ 0]

MBI MOXKEM 3arucaTh B Buze ¢, (0) = g,(0,), e 6, = exp {—60R,, (0)}.
IMockomnbkry R, (0) ~ O(1/n), n — 0o, To muddbepeHnupys ero, ¢ y4erom
10, momyanm
@n(0) ~ —pn(6), 71— oo

Ilocnenree paBHOCHUIIBHO TOMY, UTO

sup |A (¢n(0))] = 0, n — oo,
9<0

pu jrobom © > 0. Cormacuo Teopeme 1, 3TOro 10CTATOTHO /I CXOTUMOCTH
(14). m

B koHIle MBI MPOJIEMOHCTPUPYEM OHO IpHUMEHEeHHe JIeMMbl B Teopuu
Q—upoueccos. Ilycrs Beamuunna W, obosHadaer cocrosHue (Q—Iipouecca K
MOMEHTY BPEMEHH 71, OMUCHIBAEMBIi TTOCIIEI0BATEILHOCTHIO .. (CM. Hamp.,
[3, cTp.58])

{Wn(z) = Ma"Vr = —a:R;BLSE), ne No} )

rae S = F'(q) n uncio ¢ € (0;1] ects BepositHOCTD BhIpoxKAeHust I'BII.
Teopema 3. Ilycrs F/(1) =1 u B < oo. Torna

nng(x) =p(z)(1+o0(1)), n— oo, (15)
rie npepenbHad md. pu(x) = Y. prpa® ¥ mocaemroBaTebHOCTH HEOTPHIA-
keN

TeJIbHBIX Yuces {f,, n € N} umeer coiictso

. 1
lim — [y + pp + -+ pa] = o3 (16)

n—oo N2 B2
Zloxasameavcmeo. B paccmarpuBaemom ciyuae ¢ =1 u 5 = 1; cMm.
[3, cTp. 7]. Torma
W, (z) = —xR) (). (17)
ITockonbky Ry, (0) ~ 2/Bn npu n — 00, TO C MOMOIIBIO 9 W OCHOBHOM
aemmsbl (eM. [3, crp. 19]), coorHomenne 10 mpeobpasyem K BHIY

4 1

/ i —
Bnle) ™ ~ prm o

n — 00, (18)
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upu x — 1. Paccmorpes Bmecre (17) u (18), mbr momyunm (15), tue

4 1

u(x)~—§m7 x — 1. (19)

Teneps Ham ocTaercs BCnoMHUTH TaybepoBy Teopemy Xapau-JlurtiaByaa,
COLJIACHO KOTOPOIT Kazk10e u3 coorHomenuit (16) u (19) Biaeger gpyroe. B

CIINCOK JINTEPATYPbI

1. Tuzomupos A. H. O cCKOPOCTHU CXOOUMOCTH B IEHTPAIHLHON MPEIEIHLHON Teope-
Me st c1a00 3aBUCUMBIX BesinanH // Teopust BepOsSTHOCTEl U €€ IPUMEHEHUS.
1980. T. 25. Ne4. C.800-818.

2. @opmanos III. K. Meron Creitna-TuxomupoBa u HekjIaccu4ecKas IEHTPAIb-
Hasl TIpenesbHas Teopema // Maremaruueckume 3amerxku. 2002. T.71. Ned.
C. 604-610.

3. Athreya K. B., Ney P. E. Branching processes. New York: Springer, 1972.

4. Imomov A. A. A differential analog of the main lemma of the theory of Markov

branching processes and its applications // Ukrainian Mathematical Journal.
2005. T.57. Ne2. C.307-315.

NmomoB Abzam AGaypaxumoBud — ma.¢.-M.H., 3aB.Kadeapoit Anrebper u
reomerpun. E-mail: imomov_ azam@mail.ru

TyxraeB dpkuH DrambepameBud — mnpernogasarenb kadeapol Anrebpbr u
reomerpun. E-mail: tukhtaev_ erkin@mail.ru

A6aupaxMoHOB AGIUMYMHMH — K.ILH., CT. IIPErnogaBarTe b Kadeapol Anrebpor
¥ T€OMETPUH.



NTMM - 2021

O YUCJIE COBCTBEHHBLIX 3HAUEHUI
ABYXYACTUNYHOI'O TAMUWJIBTOHNAHA HA
PEINIETKE

M. 3. Mywmunos, A. M. Xyppamos

Camaprandcruli 2ocydapecmeenmnoiti ynusepcumem, 2. Camaprand, Yszbexucman

PaccmarpuBaercsa cucrema IByX MPOU3BOIBHBIX KBAHTOBBIX YaCTHI]
Ha TPEXMEPHOH pelreTKe ¢ HEKOTOPBIMU AUCIEPCUOHHBIME (DyHKITH-
siMu (OTUCHIBAIOIUMHA TIEPEHOC IACTHIIBL C Y3718 Ha COCETHU y3€e),
FaCTUIBI B3AMMOIEHCTBYIOT C MTOMOIIHIO MMOTEHINAIA TPUTIKEHUST
TOJIBKO Ha OJimzkaiimux coceauux y3/ax. V3ydena 3aBucuMocTs 9uc-
J1a COOCTBEHHBIX 3HAYEHMI cemeiicTBa, oneparopos h(k) oT smeprum
B3AMMOZIEHCTBYS YACTHI] ¥ IOJHOrO KBasuuMmmyisca k € T° (T°—
3-mepublil TOp). BBeaen BCroMorarenpbHO OHEPATOp U MOJIHOCTHIO
omeca ero cuekrp. C IOMOIIbIO CIEKTPAIbHBIX CBOMCTB 9TOTO OITe-
paTopa HaleHbl yCJIOBHsSI CYIECBOBAHWS COOCTBEHHBIX 3HAYEHUH
PacCMaTPUBAEMOTO OIIEPATOPA.

KuaroueBsbie cioBa: J[eyrvacmustbili 2aMUALTMOHUGH HG PEWETT-
Ke, CObCMBEHHOE 3HAYEHUE, NOAOHCUMENDHBLY ONEPAMOP.

BBemenue

B nenpepbiBHOM cilyuae U3ydeHUe CHeKTPaJbHLIX CBOMCTB IIOJIHOIO Ia-
MUJIBTOHUAHA CUCTEMbI JIBYX YaCTUL, CBOIUTCH K U3y YEHUIO JIBYX4aCTUIHOIO
oneparopa IIIpéauHrepa ¢ TOMOIIBIO BBIIEIEHUS SHEPTUHN JBUKCHHIA EHTPA,
Mace, TIPU 3TOM OJHOYACTUYHBIC CBA3AHHBIC COCTOAHUSA CYTh CODCTBEHHBIE
BEKTOPBI ONEPATOPA IHEPIHHA C OT/IEJCHHBIM MOJHBIM UMITYJIbCOM [1] (Takoit
oneparop (HaKTUYECKH HE 3aBUCHT OT 3HATCHUI MOJHOTO UMITyThca). Ha pe-
LIeTKe BbLIEJICHUIO HeHTPa MacC CUCTeMbl OTBeYaeT pealiu3allus IaMUIbLTO-
HUaHA KaK <«PaCCIOEHHOTO» OMepaTopa, T. €. TPSMOTo HHTerpaJja ceMeicTRa,
omneparopos h(k) sHEpruu ABYX YACTUII, 3aBUCAIINX OT 3HAYEHUIH MOJHOrO
kpasunmmyabea k€T (T9 — d-mepuerit Top) [2, 3]. dsnsgercs mu wuco muc-
KPETHBLIX COOCTBEHHBIX 3HAYEHWH MHOIOYACTUYHON CUCTeMbl KOHEeUHLIM I
OECKOHEYHbLIM, 3aBUCAT OT YUC/Ia BUPTYaJbHLIX YPOBHEH II0/ICUCTeM.

1. IloctanoBKa 3aga4yu U (pOpMYJIUPOBKA OCHOBHBIX PE3YJIHLTATOB

ycrs T = (—m,7), La(T3) — runpbeproBo IPOCTPAHCTBO BCeX
KBaIpATUIHO-HHTErPUpyeMbIx (hyHKIHH, onpeeTennbx Ha 1°.
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Paccmorpum h(k) — camoconpsizkeHHbI oneparop, geficrByoomuii B
Lo(T?) 1o dopmyiie

h(k) = ho(k) — v, k = (k1, ko, ks) € T?,

ho(k) — oneparop ymHOXKeHUs HA (DYHKIHIO

3
E1(p) = ——e(p) + —<(p— k), e(p) = > (1 - cosp),

i=1

3
V — MHTErpaJIbHbIHA 0repaTop ¢ AapoM v(p — s) = pio + Y. Ha COS(Da — Sa)-
a=1

Ormerum, 4ro u3 reopembl Beilns o cywecrsennom cuekrpe [4] cue-
JIyeT, YTO CYIIECTBEHHBIN CIEKTDP 0.ss(h(k)) oneparopa h(k) He MeHsiercs
OpU KOMIIAKTHOM BO3MYILIEHUU V M COBIIAJAET CO CIEKTPOM HEBO3MYIIEHHO-
ro omeparopa ho(k). Ilpu s1om oess(h(k)) conamaer ¢ obiacrbio 3HadeHuit

dbyukuun E () :
Uess(h(k)) = O'(ho(k)) = [m(k)7M(k)]7

m(k) = mpin Er(p), M(k)= max Er(p).

ITockombky v > 0, MbI HMeeM

sup(h(k)f, f) < sup(ho(k)f, f) = M(k)(f.f), [ € La(T°).

[Tosromy omneparop h(k) He nMeer cOOGCTBEHHOIO 3HAYEHHS, JIEXKAIIETO TTPa-
Bee CYIIIECTBEHHOTO CIIEKTPA, T.€.

o(h(k)) N (M (k), 00) = @.

ITostozxum
£ (k;2) = ci(k; 2) + si(k; 2) £/ (ci(k; 2) — si(k; 2))2 + 462 (k; 2)
Hi K5 2) = 2ci(k; z)si(k; z) — €2 (k; 2)] 7
rie
2 ..
ilk ) = [ £
Er(s) — 2
TS
22
silkiz) = sin” s;ds

2 Er(s) —z
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sin s; cos s;ds

Gtk 2) = [ TEEEE <),

371eCh
- 1 1 _ . >
5k(p)=m*1€(p)+m*25(p—k)v E(p) =) _(1+|cospi),

(k) = min En(p), M(k) = max Enlp).

Ormernm, uro c;(k;2)s;(k;z) — & (k;2z) > 0 (em. [5]). @ynkmum
b(k; 2), ci(k; 2), si(k; 2) u €2 (k; z) nempepbiBubiii B (—00), m(k)]. 3amernm,
gro m(k) < m(k). Ilosromy

b(k;m(k)), ci(k;m(k)), si(kym(k)), & (k;m(k))

cymecrsyior, tae b(k;z) = [ g ds
T3 k(s)—z
[Tosmoxkum
1 1 1
0= — (k)= —— (k)= —
0= miy M= Cmmmy A T S
pit (k) = i (kym(k)), i=1,2,3.
IIpu sTom

wi (k) <pf(k) mpm keT? i=1,2,3.
Omnpenenum dyHKIINN

a0 mpu pg e (05 u0 (k)]
alu: k) _{ 1 mpn o € (u0(k); 00),

0 mpu g € (0,5 ()],
Bilwik) =< 1 upu p; € (u; (k) pf (k)],
2 mpn p; € (pf (k),00)
Ay Beex ¢ = 1,2, 3.

Teopema 1. Ilycrs p = (po, 1, po, u3) € RY. Torna oneparop h(k)
MMeeT He MEHEee 9eM € yIeTOM KPATHOCTH POBHO

3
ol k) + Z Bip: k)
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COOCTBEHHBIX 3HAYUEHU, JIEZKAITUX JIEBEE CYIIECTBEHHOIO CIIEKTPA.

B uacrnoctu pg > pO(k) u p; > pi (k), i = 1,2,3. Torua oneparop h(k)
UMEEeT C yYETOM KPATHOCTY POBHO 7 COOCTBEHHBIX 3HAUEHUI, JIEXKAIINX JIEBEe
CYIIECTBEHHOTO CIEKTPA.

Bamernm, uro B ciaydae k = 0 Teopema 1 dbopmynepyercs 6oee KOM-
IIaKTHO.

Teopema 2. [l moGoro pu € Ry, pt = (po, pi1, 2, p3) oneparop h(0)
nMeeT HE MeHee 9eM C YIeTOM KPAaTHOCTU POBHO

3

a1, 0) + 3 0(i)

=1

COOCTBEHHBIX 3HAYEHUI, JIEXKAIINUX JIeBee CYIIECTBEHHOrO CIEKTPA, TIe

_J 0 mpn po € (0,u°(0)],

a(”’o)_{ 1 mpnm MEE(MO(O),OO),
0 mpu p; € (0,15(0)],

0(i) = 1 mpu p; € (u§(0), uf(0)],
2 mpu  p; € (15(0),00).
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O 3AJAYAX B AHAJIU3E JOPOXKHBLIX CETEN
C TOUKAMMU NMHTEPECA

A.A. Conpmarenxo!, 1. B. Cemenonal-2
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Kpacroapekul zocydapemeenioili Meduyunckul YHUBEPCUMET, UMEHU
npogeccopa B.D. Botino-Sceneyrozo, 2. Kpacnoaper, Poccus

B pabore npeacrasiieHbl HOBbIE PE3y/IbTATHI AHAIN3A JOPOKHBIX Ce-
Teil. VccnenoBaHa 3arpyKeHHOCTH JIOPOYKHBIX YYaCTKOB CETU IIPU
poe3zie B TOYKM WHTEpPeca — KOPIIyCa BBICHINX y4IeOHBIX 3aBejie-
Huil. AHa/IM3 BBIIOJHEH Ha OCHOBE MHOIOKDATHBIX DeureHuil 3aja-
971 0 KpaTdaiimeM IIyTH B HECTAIMOHAPHOI METPHUYECKOR CeTm ¢
yenosueMm FIFO u B pecypcoorpanudenHoii cetu ¢ 0JIHUM PECypPCOM.
Jist nostygenus CBA3HBbIX 00/1aCTel JJOPOXKHOM CeTH IPe/yIoKeH HO-
BBII METOJ IPUMEHEHNsT MAKCHUMAJIbHBIX MHIYIIMPOBAHHBIX OMKJIVK.
Ananu3 JOPOXKHBIX ceTell IPOM3BOANIIC C IIPHUMEHEHUEM aJrOPUT-
MOB, paHee Pa3pabOTAHHBIX ABTOPAMU.

Kuaro4geBbie cioBa: Anaaus cemeti, doposcHbie CEmu, MapUpymu-
3aUUA, MAKCUMANOHBLE UHOYUUPOBAHHBLE GUKAUKY.

BBemenue

B nacrosmiee Bpemsi, pa3Burue ropoickoil HHGPPACTPYKTYPHI U PACIIHpPe-
nue cetu MaTEepHET HEM30EKHO BIedeT 3a cO00# PEeCTPYKTYPHU3AIUIO CyIIe-
CTBYIOIINAX MOJEJIei, OMUCHIBAIOIINX JTOPOKHBIE U TEJIEKOMMYHUKAIINOHHBIE
ceTu. JTO 3aTPATMBAET METOIbI AHAIU3A W MPOEKTUPOBAHUS CETEH, B KOTO-
PbI€ BXOIAT PEIIeHNe TAKUX 33139 KaK [MONCK KPATYANIINX My Teil B CETAX C
OrPaHUYEHUSIMU, 3371249 O TIOKPBITHH, 33,1291 [IePEIUCIeHUs CIennUIHbIX
koudurypauuii [1, 2, 3.

B nammoit pabore paccMaTpWBAIOTCS 33JaYM O KpaTdyaiieM myTH B
HECTAIIMOHAPHOI METPUYECKOI CETH U B PECYPCOOTPDAHUYEHHON CeTH C OTHAM
PECYypPCOM, a TaKKe MOWCKA BCEX MAKCUMAJIbHBIX WH/IYIHPOBAHHBIX OMKIIVK.
[IpuBoasaTCca pe3ynbTaThl BEITUCIAUTEIBHBIX IKCIIEPUMEHTOB [T JIOPOKHBIX
ceTeil pPeasbHbIX T'OPOJOB, C UCIOJb30BAHHEM PaHee Pa3pabOTAHHBIX ABTO-
pamu ajropurmos [4, 5, 6, 7.

Pabora nmognep:kana KpacHOAPCKMM MaTeMaTHYECKUM IEHTPOM, (DUHAHCUPYEMBIM
Muno6prayku P® B pamMkax MepOnpHATHH 10 CO3JAHUIO M DA3ZBUTUIO PEIHOHAJILHLBIX
HOMII (Cornamenne 075-02-2020-1534/1).
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1. TeopeTuko-rpadoBbie 3aaun JAJid aHaAJN3a ceTei

B pabore paccMaTpuBaioTCs JIBe 33Ja49M O KpaTdaiiieM MyTH U 3a7a9a,
MEPEYRCINTETHHOrO TUIIA O TIOMCKE BCEX MaKCHMAJIBHBIX WHYIHPOBAHHBIX
ouknuk. st GopMyIupoBOK 3a1a4d OyaeM HUCIOIb30BATH MOHATHS U OIIpe-
Jesienus u3 pabor [4, 8].

3apaya o kpartyaiiwem nyTu B HectaumoHapHoii cetu (TDSP). Bauaubt
HecraimoHapHast cetb G = (V, E) u (s, d, t5)-3anpoc. Tpebyercs HafiTn 3Ha-
qenne dist(s,d,ts) qus Kpardaiimero (s,d, ts)-TyTH U TOCIEI0BATEILHOCTE
BepIuH, obpa3yomux ero. 3uech Benuuuna dist(s,d,ts) onpenenser Hau-
MEHbIIee BPeMsi JBHXKEHUS W3 BEPIIMHBI § B BEPIMMHY d, €CJIM BBIXOZ, W3
BEPIIUHBI § COBEPIIEH B MOMEHT BPEMEHHU i .

3apaya o kpaTtuvaiiwem nyTu B pecypcoorpavudentoni cetu (RCSP). 3a-
nan opuentupoBanublii rpad G = (V, E), Ha ayrax KOTOpOro onpejese-
HbI [OJIOKUTE/IbHbIE BEIECTBEHHO3HAYHbIE (DYHKIUU W, 7(€), Beuunna R.
Tpebyercst HaiiTu onTuManbHbL (S, d)-MapIIpyT.

3ajaya noucka BCeX MaKCUMasibHbIX MHAYLMpOBaHHbIX bukauk (MIBGP).
Baman rpad G = (V, E) 6e3 kparabix pebep. TpeGyercs HafiTu MHOKECTBO
BCEX MAKCUMAJIBHBIX WHIYyIWPOBAHHLIX OWKJIVK.

st perenus 33729 UCTOIB30BAINCH Pa3pabOTaHHBIE ABTOPAMU AJIrO-
purmbl RevTree, HFindMIB u moqudunuposanubiii anropurm ALT [5, 6, 7].
Knace cioxkHOCTH 38,184 U BBIMACIATENBHASA CJIOKHOCTD AJITOPUTMOB TPe/I-
craByieHa B Tabs. 1.

Tabymma 1
PaccmarpuBaemblie 3a/1a49u ¥ aJrOPUTMbl UX PELIEHUS

Samaua Agnropurm
Haszpanue | Kunacc cioxkuaocru | Haspanue | CiioxkHOCTD
TDSP P ALT O(n?)
RCSP N P-tpynnast RevTree O(n?)

N A

MIBGP He aerse N P- HFindMIB 03(2 AQQM BC |2—|—

TPYIHOI A3 -log(2%2)) + n?)

2. BbruncianreabHbIe JKCIIepuMeHTbI

B pabGoTe mpencTaBiIeHbl HOBBIE BBIYUCINTEIBHBIE IKCIEPUMEHTHI IS
anasm3a nopoxubix cereit roponos: Tomcka (TOF), Kpacuospcka (KJA),
Hosocubupcka (NSK), Baky (GYD). Moaudunuposauubiii anropurm ALT
n anroput™ RevTree mpuMeRsacs K CreHepupOBAHHBIM 3aTTPOCAM Ha TIOWCK
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Kparyaimux myTeil 10 rouek unrepeca. AsropurM HFindMIB npumensiics
JIJIsl HEOPUEHTUPOBAHHBIX BEPCHUl COOTBETCTBYIOIIUX JIOPOXKHDBIX CETeid.

BorancaurenpHbie 3KCIepuMeHTHI ObLTH MPOBeaeHbI HAa IBM ¢ mporec-
copom AMD Ryzen 5 3600 6-Core Processor 3,60 I'T'y u O3Y obbemom
16 I'6aiiT. Pe3ynprarst 9KCII€PUMEHTOB MPEACTABIEHBI B Ta0I. 2.

Tabyma 2
Pesysprarsl padorsl asroputmoB ALT, REVTREE, HFINDMIB
Hopoxnas n m ALT RevTree HFindMIB
CeThb Bpewms, | Bpems, | A | MBC | Bpews, c.
c. c.

TOF 3840 | 9639 | 4,566 1,890 5 | 4084 26,527
KJA 4362 | 6005 | 5,975 6,038 5 | 4823 36,898
NSK 7357 | 19106 | 14,141 | 7,957 6 | 7927 103,115
GYD 12458 | 28936 | 50,722 | 12,575 6 | 11844 | 252,244

B kauecrBe rouyek unrepeca B ceru KJA Obuin BoiOpanbr Kopiryca Cu-
O6upCKOro hbeIepaTHFHONO YHUBEPCUTETA. B OCTANIBHBIX CETSAX B KAYECTBE TO-
9eK WHTEPECa PACCMATPUBAJINCH BHICIHE yueOHBIE 3aBemenusi. Ha ocHoOBe
kpardaitinux myreif, monydennsx amropurmamu ALT u RevTree, mocrpoe-
HbBI TEIJIOBbIE KAPThI JOPOT, [IPU JABUKEHUHM K TOYKamu mHTepeca. Jlopora
OTME€YEHA KPACHBIM [IBETOM, €CJIM OHA YaCTO SIBJIAETCH YaCThIO Kpardaiiire-
rO TyTH, CHHUM IIBETOM B MPOTUBHOM CiIydae. TOYKH WHTEPECca OTMEYEHbI
duonerorbim 1Berom. Kaprer miist ceru KJA mpezacrasiens: wa puc. 1 u 2,
a msa ceru TOF wma puc. 3 u 4.

Puc. 1. ®parmenT Temja0BO# KapTBI Puc. 2. ®parmenT TemsaoBO# KapTBI
mist cetu KJA mo pesysbraram pe- misi cetu KJA mo pesysbraram pe-
menns 3agagn TDSP ¢ Toukamu ma- menns 3agaau RCSP ¢ roukavm mH-

Tepeca Tepeca
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Puc. 3. ®parmenT Temjao0BO#l KapTBI Puc. 4. ®parmenT Temja0BON KapTBI
mist cetu TOF mo pesysmbratam pe- ans cetn TOF mo pesysbraram pe-
menns 3aga4gn TDSP ¢ Toukamm ma- menns 3agaau RCSP ¢ Toukavm mh-
Tepeca Tepeca

CoracHO MpPEJCTABIEHHBIM PE3Y/IbTaTaM, KPAaCHBIE YJYACTKA TOPOTH
MOKHO MHTEPIPETUPOBATH KaK HAubOJee 3arpyKeHHbIe.

PesynpraTrom paborsr anropurma HFindMIB saBisiercss MHOXKECTBO BCex
MaKCHMAaJIbHBIX WHIYITUPOBAHHBIX OUKJINK TOPOYKHOI ceTn. Panee ObLIO OT-
MEUYEHO, UTO MAKCUMAJIbHBIE WHIYIIMPOBAHHBIE OUKJIUKU PA3JIAIHOTO Da3-
Mepa MOTYT OIPEENIATh Pa3Hble peasibHble CTPYKTYPHI [4].

Bepimuabr, KOTOpbIE UMEJH MAPIIPYT Y9e€pe3 MAKCHMATbHBIE WHIYIIHPO-
BaHHBIE OMKJINKN OHOTO Pa3Mepa, UMEIOIIHe X0Ts Obl OIHY ODIIYI0 BEpPIIH-
Hy, OKPAIIMBAJIUCH B OJMH IBeT. Pe3ymbrarsl A Oukiuk pasmepa (2,2) u

(4,1)

Puc. 5. O6nactu ceru KJA, momy- Puc. 6. Obmactu ceru KJA, momy-
YEHHDBIE U3 CMEKHBIX MAKCHMAJIbHBIX YEHHDBIE U3 CMEXKHBIX MAKCUMAJIbHbBIX
WHIYIUPOBAHHBIX OWKJ/INK Da3Mepa WHYINPOBAHHBIX OWKJNK Da3Mepa

(2,2) (4,1)
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—
Puc. 7. O6mactu cetn TOF, mouy- Puc. 8. Obnactu cetn TOF, mosy-
YEeHHbIC N3 CMEKHbIX MaKCHUMaJIbHBIX YeHHbIC N3 CMEXKHbIX MaKCUMaJIbHBIX
WHIYIUPOBAHHBIX OWK/IMK pa3Mepa WHIYIUPOBAHHBIX OMK/INK pa3Mepa
(2,2) (4,1)

JlaHHBIN pe3yabTaT MOMKET UMETh CYIIEeCTBEHHOE TTPUJIOKEHNE MPHU KJIa-
CTEPUBAIAYA W ATOMU3AIWMKM PA3JIUIHBIX CeTell, OMHAKO TpeOyeTr IOMOJTHH-
TeJIbHBIX UCCJIeJOBAHUM.

3akJroueHne

B pabore mpejcrapiieHbl HOBblE Pe3YJIbTATbI JJId AHAJIM3a, JOPOXKHBIX
ceTell ¢ MCHOJIB30BAHMEM DeIIeHnit 3a7a9 O KpaTdaiIlneM NyTH B HECTAIN-
onapuoii cetu ¢ yciaosuem FIFO u B pecypcoorpanunvueHHO ceTu ¢ OIHUM
PECypCoM, a TaKXKe 33/1a49eil MONCKA BCEX MAKCUMAJIbHBIX WHIYTMPOBAHHBIX
OUKJIUK B CETH.

Asropurm RevTree u mogudunuposannbiit anropurm ALT ucnosb3yior
HaKOTIJIEHHBIE JAHHBIE O 3arPYKEHHOCTH JIOPOYKHON CETH B PA3HOE BpPEMs
CYTOK, 94TOOBI CTPOUTH ONTHUMAJIBHBI MApPIIPYT C yYETOM ITUX TAHHBIX.
[Monydenne Kpardaifimmx myTeil [jis CEpUM 3aIPOCOB MO3BOJISIET HAXOAWTH
HamboJTIee BOCTPEOOBAHHbBIE JOPOTH B JIOPOXKHOM ceTn. Vcmomb3oBaHue Mo-
JIeJIbHOM JOPOXKHOI ceTn ¢ a00aBjeHreM HOBBLIX JOPOI WJIK IIePEKPbITHEM
CYILIECTBYOIIMX MOXKET II03BOJIUTh aHAJIM3UPOBATDH [IOC/IEICTBU TAKUX Pe-
mennii. OCHOBBIBasICH HA, MH(MOPMAIIMH 0 Hanb0Iee BOCTPEOOBAHHBIX pedpax
B CETH MOYKHO BBITTOJIHSITH PEOPTAHNU3AINIO JOPOXKHON CETH ¥ MOIEINPOBATE
HOBBIE 00BE3THBIE JOPOTH.

Asropurm HFindMIB 119 HaxoxK1eHust BCEX MAKCUMAaJIbHbIX HUHY IAPO-
BAHHbIX OMKJIMK II03BOJISIET BBLIE/IATD B JIOPOKHOM ceTu OMKJIMKH, KOTOPbIE
MOYKHO WHTEPIPETUPOBATH KAK OTIEJbHBIE JTOPOKHBIE CTPYKTYPHI (Tiepe-
KDPECTKU, TIPOTSAYKEHHbIE OPOTH, TOPOJCKHUE KBAPTA/IbI U TIP.), TEM CAMBIM
9TO MOXKET MO3BOJIUTH OIEHWBATH CKOILJIEHUE TeX WJIM UHBIX CTPYKTYDP B 00-
nacrgax cerd. Meroa oObeIMHEeHNd CMEXKHbBIX OUMKJIUK B €JIUHbIE MHOXKECTBA
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ABJIdeTCA I/IHTepeCHI)IM JJIAA ,ZL&JII)HefIHIeFO Hcciea0BaHud C TO4YKH 3peHI/I${
METO/IOB KJIACTEPU3AIUNA U JIEKOMIIO3UINU CeTell Pa3JIMYHbIX [PEeJIMETHBIX
obJsacTeii.
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AHAJIN3 PACIIPEJIEJIEHIISI BPEMEHU
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1
OI'BYH Uncmumym npobiem YynpasieHus
um. B.A. Tpanesnurxosa PAH, 2. Mockea, Poccus
2 Tomexuti 2ocydapemeenmnil yrwusepcumem, 2. Tomex, Poccus

B pa6ore npoBouTcs aHaIU3 BPEMEHH PEeAJIU3aUU CKOPOLIOPTSIIe-
rocst IPOAYKTA, MMEIOIIero 33 JaHHBII CPOK XPAHEHUSI, [IPYU YCJIOBUN
MMOCTYILIeHNsT 3aKa30B GUKCHPOBaHHOTO oO0bema. Ilocrymienue 3a-
sIBOK HA PECYPC POUCXOAMUT B COOTBETCTBUM C HEOAHOPO/IHBIM ILyac-
COHOBCKHM II0TOKOM, IJI€¢ HHTEHCUBHOCTD 3aBUCHUT OT TEKYIIeH IIeHbI
pecypca. Pazmep mapruu B mocTynmBineil 3agBKe IIPEIIOIAraeTcs
SKCIIOHEHIMAJIbHO pacupeienéunbim. Mccnemyercs Mogens KOHTPO-
JIst PO3HUYHBIX IeH, [T03BOJISIONIAsI HAM IIOYTH HAaBEPHSIKA IIPOJATDH
mapTuio 6e3 OCTATKOB B T€UeHWe CPOKA TOMHOCTH mpOoiaykTa. [losry-
JeHbl TTpeobpa3oBanms Jlamiaca TIOTHOCTH PACIPeIeSIeHNsT YCIOB-
HOTO BPEMEHU [0 OKOHUAHWS CEAHCA U YCIOBHOI'O CPEIHero 3Hade-
HUs 9TOr0 BpeMeHw. B pabore mpeicTaB/ieHbl TAKKe DPe3yJIbTATh
MMUTAIOHHOTO MOJEJIMPOBAHUST ITPOIOIKUTEIHHOCTH BPEMEHN pe-
aIM3anuy pecypca. DTH Pe3yIbTaThl CDABHUBAIOTCS 3aTEM CO 3HAMe-
HUSIMU, TOJIy9YeHHBIMU PaHEee C MOMONILIO AIMTPOKCUMAIMOHHON MO-
JIeJTH.

KuroueBsle cioBa: JJuHamuyeckoe 4enoobpasosarue, HYseeot Ko-
HewHBLl 3anac, NPOJOAAHCUMENLHOCTND NPOJAHCU, NPOJYKM ¢ PUKCU-
DOBAHHBIM CPOKOM CAYNHCOBL, HeodHopodHBl nyacconosckul cnpoc,
npeobpasosanue Jlanaraca.

BBemenue

Coxkpaitnernne 06pa3oBaHUs OTXOIOB — ITO OJUH M3 OCHOBHBIX CIIOCOGOB
YMEHBIICHUs HAIIETO BO3JEHCTBIE HA OKPYZKAIONLYI0 cpeay. BapuanTsl co-
KDAILEHUsT OTXOJ0B MMEIOT BbICOKHIl NIPUOPUTET, NOCKOJIbKY yTHUIM3AIUs
OTXOZIOB MOYKeT OBbITh JIOPOTOCTOSIIIEHl W MOXKeT BBI3BATH IKOJIOTMYECKHe
npobaemsr; cM. [2], [5] u [9]. Dkosornueckue u colMabHbIE MTOCIEICTBUS
YIIPaBJIEHHUs] CKOPOIIOPTAIIMMUCS TPOLYKTAMI HEJIABHO O0CY?KJanch B [1]
u [11], tme TakKe MOAYEPKUBAJIOCH BIMSHUE JTMHAMUYECKOTO HEHOOOPa30-
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BaHMs HA OOBEM BBIPYYKH M MCHOPYEHHON npomykuuu. Momenn nunavuge-
CKOro neHoo6pa3oBanus OCOGEHHO IOAXO/AST /18 IOCTABIIUKOB CBE2KUX TO-
BapOB B 9JIEKTPOHHOW KOMMEDIIUH, TJe U3EPKKYU CBA3aHHbIE C U3MEHEHUEM
[EH MOYKHO MPAKTUYECKU HE yYUTHIBATh. Takue Mozeau MOryT 00ecneduTh
BHAYUTEIHHOE YBEJIUUYEHNEe DOSHUYHON IPUObLIN; CM., HaIpuMep, padory [3].
Henapawmii kparkmit 0630p TUTEPATYPBI IO MOJEIAM JUHAMUIECKOTO TEHO-
obpaszoBanus MOkHO Haiitu B [10]. B pabore [6] Mmbr paccmorpenu guHaMu-
YECKYIO MOJENb YIPABJIEHUS POIHUYHBIMU [IEHAMHU, KOTOPAs BBITEKAET W3
TpebOBaHUs PABEHCTBA CPEJHEH CKOPOCTH, ¢ KOTOPOil KOJUYECTBO TOBAPA
Q(t) 1omKHO OBITH IPOJAHO B TEUEHHWE BPEMEHHOrO mHTepBaja [t, T, aro-
6bI OBITH MOJHOCTBIO IPOJAHHBIM K KOHILY IEPHOJA KU3HU 1, © MTHOBEHHOM
CKOPOCTH, C KOTOPOI OH IIPOJAaeTCd B MOMEHT BpeMeHHU ¢

Q)

aA(e(t)) = 77— (1)
3aecs A(c) - 3aBucdIasg OT IEHBI UHTEHCUBHOCTD 11yaCCOHOBCKOI'O MOTOKA
MOKyTaresnei, - pO3HUIHAS T[eHa 33 eIUHUILY TOBAPA; 3HAYEHUA 00beMa 3a-
KA30B - HE3ABUCUMbIE OJMHAKOBO DACIIPE/esIeHHbIe (H.0.D.) HElpepbIBHbIE
CilydaliHble BeJMYMHbI ¢ KOHEYHBIMU [E€PBbIM U BTOPBIM MOMEHTAMH, PAB-
HBIMU COOTBETCTBEHHO @1 U ag. MBI TpeAnojaraeM, aro Cipoc OYeHb UyB-
CTBUTEJIEH K II€HE, W TMPOAYKT 00si3aTe/IbHO OyIeT POIaH, eC/iu IeHa Oyer
JIOCTaTOYHO HU3KOH. DTO MOMKET ObITH XapaKTEpHO, HAIPUMED, JJIs TOBa-
POB mepBoii HeoOXxoaUMOCTH. 13-3a CIIOKHOCTH TAKOTO PO/a 3a1a4 MIHPOKO
UCIOIB3YIOTCs YUCIEHHbIE W NPUOIMKEHHbIE AaHATTUTUIECKUEe MeTO/Ibl. B
pabote [6] MBI poananusnpoBann MudbdY3MOHHYI0 AMMPOKCUMAIINIO STOH
MOJIEJIH, TIPEJIIIONIArasi, YTO TMPOIECC YPOBHS 3amacoB ()(+) MoKeT GbITh ONH-
CaH CJIEAYIONIAM CTOXACTUIeCKUM MudHepeHnnaabHbIM YPABHEHUEM

dQ(t) = —ar1A(e(t))dt — /a2 A(c(t))dw(t).

Baece w(-) - mpomecc Bumepa m Q(0) = @Qp. Jra annpokcuManmst X0po-
Mo paboraer mpu OOJIBITOM KOJIWYECTBe 3aKymok. [IpeamokeHnHas Momenn
yupasjenus tedamu (1) permaer npoGieMy OCTaTKOB, TO €CThb KOHEUHBIE
3aMachl IOYTH HABEPHSKA PABHBI HYJI0. B TO Ke BpeMsi BEpPOATHOCTb OTCYT-
CTBHUsl 3aMIaCOB B TEYEHUE CPOKA MOJHOCTU MPOAYKTA JOCTATOYHO MaJia JIJist
BBIIIEIPUBEIeHHON 1 dHy3HOHHOIN AIPOKCHMATIAHY.

B nammoit pabore MBI paccMaTpUBAaEM TOYTHOE PACIpeesieHre TTPOIoJ-
JKUATEJILHOCTH BPEMEHH, HEOOXOIUMOTO 115 IPOJAYKHU MPOAYKTA, W €10 CPEI-
HEro 3HAYEHUs B CJydae IKCIOHEHIINAJIBHOIO PACIPEIeJIEHNsT pa3Mepa mnap-
THH, TO €CTh IIPE/IITOJIATAETCS, 9TO 3HAYEHUS TIOKYIIOK SIBJISIIOTCS H.O.p. CITy-
YaWHBIMU BEJIMYUHAMU, UMEIOIMME KCIOHEHIMATHLHOE PACIpE/eIeHUe CO
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cpeatuM a. B sToM caydae a; = a 1 as = 2a%. MbI BBIBOIHM COOTBETCTBYIO-
mue auddepennraabHble yPABHEHUST METOJIOM B UCIIOIb3yeM IIpeodpa3oBa-
uus Jlanjaca ajis perenns 3tux ypapHenuit. Haxoxaerune pemenus mud-
depeHInAIbHBIX YPABHEHU SABISETCA OJIHUM W3 TPATUIIUOHHBIX TPUMEHE-
Huii npeobpaszoBanus Jlamnaca. B pa6ore [4], rme meron npeobpazoBanusi
HCIOIB3YeTCA B 337a9aX MPEINOYTEHUs PHUCKA, YIOMUHAETCS MHOXKECTBO
obuiacreil ero upumenenus. B [7] nosydenbl To4HbIE paClPeeeHus CIIPOCA,
¥ BPEMEHU CEAHCA MPOJAKU JJI HEOTHOPOTHOTO MyaCCOHOBCKOTO MPOIECCA
CIIPOCA C IKCIOHEHIINAIBHBIM DACIPEIEIEHHEM PAa3Mepa MapTUU B PAMKaX
3a/1a9¥ TPOJABIA Ta3€eT I MTOCTOSHHON WHTEHCUBHOCTH TIOTOKA, TOKYIIaTe-
neii. Pacopenenenns ymaaoch HafiTu B ssBHOM ¢opme Oaromapsi CBOMCTBY
9KCIIOHEHIUATIBHOIO PACIPE/IETICHNs] OTCY TCTBUS OCTEIeHCTBUS.

1. CpenHee BpeMs peajim3anum pecypca

O6o3nauum 1epe3 m(Q),t) oKumaeMoe BpeMs JI0 OKOHYAHWs IPOIECca
MPOZIAKH, €CJIM B MOMEHT ¢ KOJIMYeCTBO ToBapa coctapisier Q(t) = Q. dus
BBIBOJIA YPABHEHHA BOCHOJIb3yeMcsa At METOIOM, IPH KOTOPOM PaCCMAaTPH-
BaeTCA IPUPAIICHIE HHTEPECYIOmeil HAC IepeMEHHOM 3a HHTEPBAJ BPEeMeH!
At << 1, a 3arem At — 0. B unrepsasie Bpemenu [t,t + At] BO3MOXKHBI
CJICJLYIOIIME BAPHAHTHL:

a) B Teuenue Bpemenu At He ObLIO COBEPIIEHO HU OJHOW MOKYyNKHU. Bepo-
ATHOCTb 3TOr0 coObiTust pasHa 1 — A(Q,t)At + o(At) npu At — 0, a
ocCTaBIlleeCs CpejiHee BpeMsi JI0 KOHLA ceccuu paBHo m(Q, t + At).

6) Ecrp mnokynka 3a Bpemsi At. BepostaocTb 3TOro cobbiTUSI DaBHA
M@, t)At + o(At) mpu At — 0. Ecam crommocTh mokynkn £ < @, To
ocrasireecst BpeMst paBHO m(Q) — &, t + At); B IPOTUBHOM CJIy4Yae CecCust
OPOJIAK 3aBEPIIAETCH.

B) BepogrHocTh Beex ocrasibHbIX ciieHapues pasua o(At) npu At — 0.

Takum 06pa3oM, MOXKHO MOJIYIATD CJAEAYIONEee yPaBHEHUE:

a )
mgf 2 B a(TQ ) m(Q,t) @)
Q
+ a(TQ_@/O m(Q — x,t + At)ée*%dx S

npu yenosun m(0,t) = 0m m(Q, T) = 0. O6o3uaumm reneps uepes m(q,t) =

fooo m(Q,t)e”19dQ npeobpasosamme Jlammaca (ILJI) cpemmero Bpevemr.

VrBepxkaenue 1. ILJI m(q,t) npeacrasisercs B Buje

—ax

dzx. (3)

m(aot) = (7~ Oag + et [~
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JHoxazameavcmeo. YrTBepxKienue ciaemyer nyrém ymHoxenus (2) Ha
e~ 99 y HoC/IeLYIONEro BEIMUC/IeHI HHTerpaa o () na unrepsaie or 0 110
0O € YUETOM WMEIOIINXCA IPAHNIHBIX yCaoBuii. B

Caencrsue 1. ILJI cpemmeii IInTEILHOCTH CECCUNA MMEET BHT,

—ax

5—dr = aT(aq + 1)e"'I'(~1, aq),

m(q,0) = T(aq + 1)€aq/ .
q

rae I'(+,-) BepxHsis HemoHas raMMa-byHKIHS.

2. PacnpenesieEne BpeMeHU peaju3aliuy pecypca

PaccMOoTpuM pacTipeieieHne MpoI0PKUTEILHOCTH BPEMEHHU, HeOOXOIn-
MOTO [Tt peam3anan 3akasa Q(t), s Cpoca, MOIEIUPYEMOTO CIIOKHBIM
IyaCCOHOBCKHIM IIPOIIECCOM C 3KCIOHEHIMATbHLIM PacIpeeseHueM pa3Mepa
HApTUU CO CPEJHMM a U yUPaBJseMoil uenoBoil unrencusHocrsio (1). O6o-
sHaunm vepes G(s, Q,t) = Ele™*7|Q, t] npeobpasopanme Jlammaca ycaoBHOH
mwrorHocTH P (-|Q(t) = Q). Tenepb nonyunm ypasaenue st G(s, Q,t). B
unaTepBae [t,t + At] BO3MOXKHBI CJIE/IYIONHE CIIyYan:

a) Her nokymok Ha naTepBade [t, t+ At]. B arom ciaydae ocrapieecs: BpeMst
pasHo T(Q,t + At).

b) Ectb mokynka £ < @ na unrepsaie [t,t + At], Torga ocrasiieecs Bpe-
M paBHO T(Q — &,t + At), rae € - SKCIOHEHIMAIBHO PACIPe/IeJIeHHA
cilydaiiHas BeJIMYUHA CO CPEJIHUM d.

c) Ectb nokymnka & > () Ha wHTepBase [t,t 4+ At], Torma ocrapieecst Bpemst
pasuo 0.

BeposiTHOCTH BCEX OCTATBHBIX BapuaHTOB paBHbl o( At) pn At — 0. Takum
obpasom, ¢ yuerom (1), coipaBeIuBO CIELyIOIee COOTHOIIEHUE:

a1~ 2D - Draosen @

_Q Q 1 .
+ Qe —|—Q/ G(s,Q —z,t)—e adz =0
0 a
Paccmorpum Temepr mpeobpasoBanme Jlammaca mo aprymenty (@, T.e.
~ o0 —
G(s,q,t) = [, e 19dQ.

VYreepxkaenue 2. Oynxmusa G(s,q,t) = eS(T_t)G(s,q, t) yIOBIETBO-
psieT HeogHOpoaHOMY muddepeHINATHFHOMY YPABHEHNIO YACTHON MTPOU3BOI-
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HOI EPBOrO IOPAJIKA,

t 0G(s,q,t) = ag 0G(s,q,t)
oT(1 T) ot + ag+1 dq (5)
2
a — a
= = ——— s(T-1)
T lag+1)2 Glea) (ag +1)2°

CueacrBue 2. Yacrroe perenue (5) umeer BUZ,

G(SaQ7t) :Z¢T(57q)(T_t)r7 rae
r=0

a(aq +1) raq .r,r—1 /DO Tt
S ) T da.
QDT(SaQ) rl € s 4q . (CLJ’J+1)2 z

3. muraiimoHHOEe MoOIeiupOBaHUE

0
m A m A )

sl W) B a5 0s ol W AER a5 T

CDF of
CDF of

Puc. 1. ®ynkuua F(t) mua 9KCHOHEHIMAIBHO PACIPEAEIEHHOTO Pa3Mepa 3asdBKH,
a =5, Qo = 2000, 7 =9.973 (a) m Qo = 5000, 7 = 9.999

31ech paccMaTpWBAETCs CPABHUTENbHBIN ananu3 auddy3uoHHON ar-

MPOKCAMAIMU W WMHUTAIMOHHOTO MOJeIupoBanus. Jljis KyMy/IsTUBHOM

dbyukuuu pacupenenenus (CDF) F.(-) mmurenbHocTu BpemeHu, HEOOXOu-

MOTO JiJist TPOJAXKu (PUKCUPOBAHHOM apTun ToBapa (g, B cirydae GOIbIIOro
YUCIIA 3a5IBOK MMEEM

Fot)=Plr <t] = e #7@, rep=29_1 (6)

a9 a

Ha pucynkax 1 u 2 cpaBuusatorca reoperudeckue (npubnuzkenunie) CDF u

crirazkensbie smmupudeckune CDF ny1s 9KkcnoHeHIInaIbHOTO ¥ pABHOMEPHOTO

pacipeaerennit 3aKyIOK M ABYX PA3MMIHBIX 3HAUEH Koad purmenta 5.

Tax>ke BbIYHUCIEHBI BLIOOPOYHBIE CPETHUE T MPHU BCeX HADOPaX MapaMeTpOB.
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(a) (0)

96 97 98 89 100 101 96 97 38 a9 100 101

0
m () mAlt)
ogl @A), Uniform, 2575 08 oal| ®F.) Uniform, 2575 58

»06 06 "~ 06 06

CDF of
COF of

“ 04 04 “ 04 04

Puc. 2. Oynkmus F,(t) mua paBHOMEDHO DPACIPENEIEHHOTO pa3Mepa 3adBKU HA
marepsasne [0,15], a1 = a = 7.5, Qo = 2000, 7 = 9.977 (a) m Qo = 5000, 7 = 9.989
(©)

Ha pucynkax 7' = 10. B srom caydae GOJBIIMHCTBO pean3aiiuii mporecca
Oy/IyT 3aKAHYMBATHCS OILYyCTOIIEHUEM CKJIAJIA /10 MOMEHTA [OPYU TOBapa.
Kosmuecrso nrepanmii pist mogenmposanusi 7 pagao 1000. Ha Puc. 1(6) u
Puc. 2(6) 3nagenune SQo B 2,5 paza Gosbine, yem na Puc. 1(a) u Puc. 2(a),
HO9TOMY KDPUBBIE HA PUCYHKAX, 0003HAUYEHHBLIX OyKBOMH (6), PACIIOIOKEHDBI
OnmzKe IpyT K Ipyry.

st reHepaluu HeOJHOPOIHOTO MyACCOHOBCKOTO TIPOIIECCA TPUMEHSIETCST
MHBEPCUOHHBIH 110JXO0/, CM., Hapumep, |[§].

3akJroueHne

IMonyweno mpeobpaszopanue Jlammaca yCJIOBHOTO CPEIHETO BPEMEHU Tie-
pecedenuss HyJE€BOTO yPOBHS MTPOIECCOM YPOBHS 3aMaCOB JJIs MIPEIJIOXKEH-
HOW MOJIeJIV YIIPABJIEHUSI 9€Pe3 3aBUCAIILYI0 OT IeHBl HHTEHCHBHOCTH MTyacCo-
HOBCKOI'O 1IOTOKA NOKymnaresieil (1) ¢ 9KCIOHEHIUATIBHO PACIPEIeI€HHBIMU
3aKylKaMM, a TakXKe rnpeodpasoBanue Jlamiaca ycJOBHON NJIOTHOCTH Be-
POSITHOCTH ITOr0 BpeMenu. MoJie/MpoBanue HOATBEPKIAET AHAJIUTHICCKIE
pe3yabraThl 1t audy3n0HHONH AMMTPOKCUMAIIUU TPOIECCa YPOBHS 3ara-
COB TIpu GOJIBIIOM KOJIMYECTBE 3aKynoK. Mogesns ynpasienus tedamu (1)
obecreanBaeT BLICOKHUN YPOBEHD OOCITYKUBAHUS B T€UEHUE CPOKA MOTHOCTH

T.
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O INMHAMUKE IIOIIVJILIIUN B PEUHON
YKOJIOT NN

7K. O. Taxupos, M. . Bobopaxumosa

HAnemumym mamemamuru AH PY3, o. Tawxenm, Ysbexucman

TIpocTpaHCTBEHHO-BPEMEHHAS IUMHAMUKA OIS PEICTABIISET
co6Olt OZMH W3 CAMBIX MHTEPECHBIX ACHEKTOB W MPOBJIEM s KO-
JIOTUIECKOTO MOJEIMPOBaHUs. B pabore mccieayercss MaTeMaTude-
CKasl MOJEJIb, OCHOBAHHBII Ha OJHOMEDHBIX YDPABHEHHSAX PEAKIIUH-
muddy3umr-aaBeknmu, 1 POCTA HOILYJIANUU B TE€TEPOTEHHON cpee
obmranus. Mbl M3y4YaemM 9acTo TPOTHUBOTIOIOKHBIE POJIN IBEKINN 1
muddysun B ycTogrBoCTH momy isimy. Koraa 3To BO3MOXKHO, MBI
JIEMOHCTPHUPYEM OCHOBHBIE MATEMATUIECKUE METO/IbL U TA€M KPHUTH-
YecKme YCJIOBHUs, 00eCIeunBaIoNie BhIXKUBAHNE TIOTY/ISAINN B TIPO-
CTBIX CHCTEMAaX U B 00JIee CI0KHBIX PECYPCax.

KimroueBble ciioBa: duHamuKka nonysayus, a0eexyus u ouddysua,
YCmoiuueoe cocmoanue.

BBenenue

B mocienmree BpeMsi MHOTHE HUCCIEI0BATENN COCPEIOTOUMIINCH HA MOJIE-
JINPOBAaHWY MTPOCTPAHCTBEHHON JMHAMUAKY TOMYJISANNN B 8 IBEKTUBHOM Cpejie.
Od4eBuIHO, 5TO TPOUCXOJAUT B PEKAX, IJI€ OCOOU YHOCATCS BHU3 MO TEUCHUIO
BOJHBIM IIOTOKOM. B [1] aBropbI n1peiucanu pa3Hble IPAHUYHbIE YCIOBH HA
KOHIIAX BBEPX U BHHU3 110 TE€YEHHUIO, MOTUBUPOBAHHBIE PA3HBIMU KOJIOTUYE-
ckumu crieHapusmvu. Korma ycmoBus aIBeKIUN BKJIIOYEHBI B KJIACCUIECKUE
KOHKYpeHTHO-1ud dy3uonube cucremMbl Jlorku-Boapreppsl, nudydenne rio-
6asbHOI MUMHAMUKN 0OPA3YIONIUXCS CUCTEM CTAHOBUTCS OYEHDb CJIOXKHOM 3a-
madgeit. B nacrosiiee BpeMs ypaBHeHUS peakinu-a1udPy3un 9acTo UCIO b
3yIOTCH B KA9€CTBE CTAH/IAPTHBIX MOJIEJIEH /115l PeleHns 3a/1a49, CBA3aHHbIX
C TPOCTPAHCTBEHHOI 3KoMorHelt n sBosmormeii (em.Hanp. [2]). B wactHocTH,
A. Tacruure [3] paccMaTpuBal JBa KOHKYPHUPYIOIIUX BUA C €INHCTBEHHON
pa3HUIell, 3aKII0YaioNeiicsa B UX CIIydallHbIX cKopocTsx auddysun. ABTo-
pbi paboret [4] uccaenosasu 6osiee 0OIILYIO MOJEIL B TOM CMBICJIE, YTO JABYM
[OILYJIANUAM PA3PEINeHO BecTu cebs MO-PAa3HOMY C TOYKH 3PEHHs CKOPO-
CTU PACCEJIEHUSs, TEMIIOB POCTA U KOHKYPEHTOCHOCOOHOCTH, U OHM YCIIEIIHO
YCTAHOBUJIU TTOTHYO KIACCU(DUKAIINIO BCEX BO3MOXKHBIX JTOJTOCPOYHBIX -
HAMUYECKHUX XaPAKTEPUCTHUK MOBEIEHNE. DTOT yCIEX BO MHOTOM ODYCJIOBJIEH
KJIIOYEBOU allPpUOPHON OILIEHKON yCTOWYMBOTO COCTOAHUSA COCYIIECTBOBAHUS,
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COIJIACHO KOTOPO# KazK/JI0e yCTONYINBOE COCTOSHME COCYIIECTBOBAHUS, €CIIN
OHO CYIIECTBYET, SBJIAETCH JIUHEHHO ycroiuusbiM. OHAKO, KOTJA yCIOBHS
AJIBEKIMH BKJIIOYAIOTCSA B 9T KJIACCHUYECKUE KOHKYDPEHTHO-Iu(MDY3nOHHBIE
cucrembl Jlotku-Bosbreppsl, robanbHas IUHAMWKA BO3HWKAIOIMINX B pe-
3yJIbTaTe CHUCTEM peakimu-auddy3un ocTaercs: JAIeKoi OT TOJTHOTO MOHU-
mvanus. OCHOBHASI TPUYMHA, C TOYKU 3PEHHS TEOPUH OIEPATOPOB, 3aKJIIO-
Yaercd B TOM, 49TO JIMHEAPU3OBAHHBINA OIeparop, Takoil kak auddy3uon-
Hast aJBEKIINsI, OOJIBINE He SABJISIETCS CAMOCONPSIKEHHBIM, ¥, CJIEIOBATEIHHO,
pa3IudHbIE METOBI, pa3dpaboranubie B objactu audy3uOHHBIX MOIEei
Jlorku-Boabreppa, mo-mpexuemy zHeaddekrusabl. B [5] nccaenyerca quna-
MUKA TOMYJISAUN IBYXBUIOBON KOHKYypeHTHO# cuctembl Jlorka-Bonbreppa,
BO3HHKAIOMIE B pedHOit 9Koorun. VIHTEpecHas 0COOEHHOCTH ITOH CHCTEMBbI
MOJIETUPOBAHUS 3aKTIOUAETCI B MPAHUIHLIX YCJIOBUSIX B HUMKHEM TEUCHUU
PEeKH, T/Ie TOMYIANUA MOTYT ObITH MOABEPXKEHBI THOEIH 0C00ei Pa3HOTO pa3-
Mepa. AHaIOrMYHAs 33/a9a NCCIeoBaHa U B pabore [6].

1. ITocranoBKa ITPOGJIEMBI 1 O PE3YJIbTATAX

B sroit pabore MbI TONBITAEMCS MCCIIEIOBATH JUHAMUIECKOE TIOBEICHUE
CJIeAYIONMINX JABYX THUIIOB CUCTEMBI peakiusi-auddy3usi-aaBeKnns, KOTopas
SIBJISIETCS PA3BUTHEM BbIIIEYIIOMAHY ThIX Pe3yJibTaToB. Paccmarpusaercs 3a-
Jaqga

Uy = ditgy —0qty +ulr —u—v), 0<z<L,t>0

vy = doUpy — a2V +0(r —u—0),0< 2z < Lt >0

diuz(0,t) — au(0,t) = 0, dav,(0,t) — az(0,t) = 0,t > 0,

diug (L, t) — aqu(L,t) = —byaqgu(L,t),t > 0, (1)
davy(L,t) — aa(L,t) = —boagu(L,t),t > 0,

Z 0,v(z,0) = vo(x) 2, 20,0 <z < L,

u(z,0) = uo(z) >, 0,v(x,0) =vo(z) 2,#20,0<x < L,

rae u(x,t) u v(x, t) — IWIOTHOCTH MOMYJ/IAIMN ABYX KOHKYDHUDYIOMIUX BOAHBIX
BHJIOB B TOYKE X 1 BpeMenu ¢ > 0 coorsercrBenno. IIpeamonaraercs, 9To nBa
BHJA XKHMBYT B PEKE ¢ OMHOHAIPABICHHBIM IIOTOKOM BOIbI, KOTOPBIA 31€Ch
o603HaueH OTKPHITHIM nHTEpBasoM (0, L), n 9T0 066 MOMyJISIAN COBEPIITAOT
HekoTOpbie Auddy3HBIE IBUKEHAS 34 CIeT CAMOIBUIKEHUS CO CKOPOCTHIO
dy > 0,dy > 0, a TakyKe HEKOTOPBIE TIEPEMEIIECHUST U3 — JJIs MOTOKA, BOJIBI
BHU3 II0 MTOTOKY CO CKOPOCTBIO a/iBeKIun ap > 0, g > 0, a koHcTanTa 7 > 0
O3HA4YaeT BHYTPEHHIOI0 CKOPOCTH pocra.llpemmosaraercs, 94To

(1)

0<d < dg;
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(H2)
1< by < by < oo

IMockombKy cucrema (1) IOPOKIAET MOHOTOHHYIO TUHAMUYECKYIO CUCTE-
My, FJIO6aJIbHaH ANHAMUKa TaKWUX CHCTEM BO MHOI'OM OIpeaeadeTcda yCTa-
HOBUBIIAMHCSH COCTOSHUSIMHA U WX KAaYeCTBEHHBIMHU CBOIICTBaAMH. OCHOBHOﬁ
HpO6J’IeMOI‘/’I Ipyu IPpUMEHEHNN MOHOTOHHBIX JJUHAMHUYECKHX CHCTEM ABJIAET-
sl HAJIMYWeE WJIM OTCYTCTBUE COCYIIECTRYIOMNX YCTONIMBBIX COCTOSTHMH. [11st
9TOT'O HeO6XOﬂI/IMO BBIACHUTDH CTPYKTYPY PEUIeHUA C.He,[[yIOH_[eI./JI QJIJIATITUYEC-
CKOIi 3371241, cOOTBeTCTBYIOMIEH cucteme (1)

ditgy — gz +ulr —u—v)=0,0<z < L,

doVyy — vy +v(r —u—0v)=0,0<z <L,

dyug (0) — au(0) = 0, dav, (0) — azv(0) = 0, (2)
dyuz (L) — aqu(L) = —=braqu(L),

dov, (L) — agv(L) = —bsasv(L),

Harmra ocHoBHAsI 11eJIb — M3YYNUTh, KaK DPA3JUYHBIE CTPATETHH PACIPO-
CTpaHEHHS BIUAIOT HA PE3yIbTAT KOHKYPEHIMHA B OXHOPOMHOM cpene. IIpn-
MEHSS TEOPHIO TJIABHBIX COOCTBEHHDIX 3HAYEHUI U MOHOTOHHBIX JWHAMEAYIEC-
CKUX CUCTEM, YCTAaHABINBAETCS TIOJIHOE TIPEICTABICHNE O TI00AIBHON INHA-
muke. MbI ucciefoBanm cucremy peaknus-nudy3us-aIaBexims, KOTOPYIO
MOKHO HCTIOJIB30BATh JIJIsl OMUCAHUS KOHKYPEHIIUN MEXKLY IBYMsi BOIHBIMU
BHJIAMH, >KUBYIIAMHI B OJHOHAIIPABIEHHOHA peke. IIpenmonaraercsd, 9ro 3Ttm
[IBa BAJA KOHKYPHPYIOT 3& OTHH U T€ XK€ PECYPCBL, KOTOPEIE BCE PEXKE U PEKe
pacIpenensaioTcs B IPOCTPAHCTBE U IPETEPIEBAIOT PA3HBIE CTPATETHU PAC-
MIpeIeJIeHNs, UYTO OTPAYKACTCI B UX CKOPOCTH PACIPOCTPAHEHUS U 8 IBEKIIAH.
OCHOBBIBASICH HA 3TOM MPEIIIOJIOKEHUH, Mbl UCCJIEIyeM KOMOUHUPOBAHHOE
BJIMSHUE CTPATETHU IIyTEMIECTBUI M HEOTHOPOIHOCTH OKPYZKAIOMIEH Cpembl
Ha pe3yabrar KOHKypeHiuu. OKa3blBaeTcs, INPUHIMI KOHKYPEHTHOIO HC-
KJIIOYEHHS BBIIOJIHACTCA B OOJBIIMHCTBE CUTyalMii, u Kakasg (opMa HMeeT
6O0JIbITIE KOHKYPEHTHBIX TTPEUMYIIECTB, 3aBUCUT OT COOTHOIICHUS 3HAYCHUH
X CKOpPOCTEH aIBEKINHU (v U (o TIpH puKcupoBanHoM 0 < di < ds.

3akJroueHve

B pabore mHamu u3ydensr cucrema peakiuu-auddy3un-aIBeKimm, KOTo-
PYIO MOXKHO IIPUMEHUTD /ISl OIMCAHUS KOHKYPEHIMH MEXKI1y JIBYMsI BOIHbI-
MU BHJIAMU, XKUBYIIIMHI B PEKE C ONHOHAIIPABJIEHHBIM IIOTOKOM BoAbL. IIpes-
[IOJIArAeTCs, YTO JIBA BU/A KOHKYPUPYIOT 3a OJHM M T€ K€ PeCypCbl, KOTO-
pbIe TIOCTEMEHHO PACTIPEIENISIOTCS B TPOCTPAHCTBE U MTPETEPIIEBAIOT PABHBIE
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cTpaTerud paclpoCTPaHeHHUs, YTO OTPAXKEHO B MX CKOPOCTU PacIpoCcTpa-
Henusd u/uim ajsekuuu. VICXous u3 910oro LpeiosiozKe s, Mbl UCCIIE/LyeM
COBMECTHOE BJIVAHNE CTPATETNU NEPEIBUKEHN U HEOTHOPOJHOCTH OKPY2Ka-
IOIEl Cpeibl HA Pe3ysIbTaT KOHKypeHmun. Mbl pa3pabarbiBaeM HOBBIE WIEH
U apryMeHTHI JjId aHAIN3a KadyeCTBEHHBIX CBOWCTB KaK IOy TPUBUAJIBHBIX,
TaK U COCYLIECTBYIOUIUX YCTOMYUBBIX COCTOAHUMN.
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PaccmarpuBaercs nmpobsiemMa OMITUMAZANNH MIAHOB KOOPIMHAIHAN HA
OCHOBE yIIPABJIEHUS BEIOOPOM 33€P2KKU CUTHAJIA [ CBETO(MOPHBIX
00BEKTOB ydYaCTKa JOPOXKHOM ceTw. B KadecTBe MaTeMaTw4ecKOit
MO CBETO(OPHOM CeTH WCITOIH3YeTCs YIPABIIEMbI MapKOB-
CKHIl IIPOIIECC ¢ KOHEYHBIM YHCJIOM JIefcTBHIl M COCTOAHHMI, a 3a-
Java MUHUMWU3AINN 33/IePKEK IBUKEHNS TPAHCIOPTHBIX CPEJICTB
CBOZUTCS K 33J@4Y€ MYJIbTHATEHTHOTO OOyUEHWs C ITOKPerIeHneM
(MARL). [Ona uccnenoBanust IpeacTaBIeHHON Monesu Oblia pas-
paboTaHa MpPOrpaMMa WMHUTAIMOHHOTO MOJIEJNPOBAHUS B CHCTEME
AnyLogic u npoBeieHbl CepUM BBIYUCIUTETHHBIX SKCIIEPUMEHTOB.
KimroueBsie caoBa: MARL, Q-learning, MDP, cucmema ynpasae-
HUA CEEMOPOPAMU.

BBemenue

[Ipobsriema ymeHbIIEHUS 33/I€PKEK B aBTOMOOUIBHOM [IBUYKEHUM AKTY-
aJIbHa U BOCTPEOOBaHA B COBPEMEHHLIX Meranosucax. OaHuM U3 IOAX0H0B K
PELLIEHKIO 3TOM IPOOJIEMbI ABJISETCA ONTUMU3ANMY ILJIAHOB KOOPAMHALMI Ha
OCHOBE yIIPABJIEHNST BHIOOPOM 33I€PYKKU CUTHAJIA JIJIs1 CBeTOMOPHBIX 00HEK-
TOB y9aCTKa JOPOXKHOM cern. Ha maHHBIN MOMEHT CyIIECTBYeT MHOKECTBO
AIANTUBHBIX CUCTEM YyTPaBJIEHUS TPAGUKOM, OCHOBAHHBIX HA, MHTEHCUBHO-
CTH TPAHCIIOPTHOI'O IOTOKA — YHCJE TPAHCIOPTHBLIX CPEICTB, IIPOE3XKaro-
LIMX 4Yepe3 cedeHue 10poru 3a enunuly spemenu [1, 2]. B kagecrse anbrep-
HATUBHOI'O CIOCODA KOOpAMHALMU CBeTO(OPOB B IIOCJEIHEE BPeMs HCCJIe-
JIYIOTCST MOJEJIV, OCHOBAHHBIE HA, MAPKOBCKUX TPOIECCAX MPUHSTHS Perre-
Huil [3]. JJaHHBIE MOZIEIM MOTYT He ONEPUPOBATH MHTEHCHBHOCTHIO TTOTOKA.
B pabore paccMaTpuBaeTCs MOAXOM, OCHOBAHHBINA HA MYJIbTHAC€HTHOM IIPO-
rpaMMUPOBaHuU. B KadecTBe areHTOB pacCMaTpPUBAIOTCA CBETOMOPHI, B3a-
HMOJEHCTBYIOIIME B CPeJIe, [IPEACTABIEHHONR CEThIO IEePEKPECTKOB € Mallld-
namu. IIpemmnomaraercsi, 9T0 COCTOSTHHE CPEIbl OTPAXKAeT aKTHBHOCTH (a3
cBerodopoB. B o0ydeHnn ¢ momgKperieHneM HUCIOJb3YIOTCS BO3HATPAKIE-
HUsl areHTa, ONPEIeJIeHHBbIE HA KaXKJIOM Iare W 3aBUCAIINE OT TEKYIIEro
COCTOSIHMSI CPeJIbl M COBEPIIEeHHOro neiicrBus. B KadecTBe BO3HArpazkie-
HUs B MOJZEJIM HCIIOJIb3YeTCs CyMMapHOE BpeMsl, 3aTPAYeHHOe MaIlIMHAMU Ha
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npeogosnenue nepekpecrka. Orcaér Bpemenu npoesia Hadunaercs 3a 100 m
JIO CTOI-IIOJIOCHl U 3aKAHYUBAETCs LPHU IPEOJIOJIEHUH [EPEKPECTKA. 3aia-
93, KayKJOr0 areHTa — BBIOPATH MOMYCTUMbIH CUTHAJ, KOTOPBIA 00ECmednT
MaKCUMaJbHOE CyMMapHOe BO3HArpazkjenmne. B KadecTBe MaTeMaTHIECKOM
MO/IESIA CBETOMOPHON CeTH MCHOJIB3YeTCS yIpaBjsgeMasi OTHOPOIHAS Map-
KOBCKagd [elb ¢ KOHEYHbIM YHUCJIOM JeHCTBUIA M COCTOAHUM, & 3a/1a4a MU-
HAMM3AMUU 33/€PKEK JIBUKEHUsI TPAHCIOPTHBIX CPEJACTB CBOAUTCH K 3a-
Jlade MyJIbTHAreHTHOro o0yuenus ¢ mogkperseanem (MARL — Multiagent
Reinforcement Learning) [3, 4]. [yist HaX0XKJeHNsI DEIIeHNs UCIOIb3yeTcst
anroput™ Q-00ydeHus [5], ompenensomuii ONTHMAIBHBIN BBIOOP AeficTBHi
KaXK/IOr0 W3 areHTOB B TEKYIIEM COCTOSHWH CPEIbl C yIEeTOM COBOKYITHBIX
Bo3Harpaxxkaenwmii. st uccienoBanus npeCcTaBIeHHON Mozenan ObLia pas-
paboTrana mporpaMMa MMHUTAIMOHHOTO MOAeIupoBanus B cucreme AnyLogic
¥ MPOBEJIEHBI CEPUN BBIYUCIUTEIBHBIX SKCIIEPUMEHTOB.

1. 3agaua MARL nnasa cBetodopHoii ceTn

IIycts cBeTrodop — 3TO areHT, HE pacIoOJAraloImii pecypcamu. B ka-
YecTBe Cpefbl OyIeM pacCMATPUBATH MEPEKPECTOK C MAITWHAMH, IIe Ha
orpe3kax gopor 3a 100 M 10 CTON-JIMHWIT 3aCeKaeTcs BpeMs MIpoe3aa
gepe3 Hero. CocTosgHEMEe CpeJibl OTPaXKaeT AKTUBHOCTH (hasbl cBeTodOpa.
O603HaYNM TPOCTPAHCTBO COCTOSTHUI areHTa Kak S, a MHOXKECTBO pe-
menuit arenra kKak A. B pabore uccienyiorcss aByxdaszHbie CBETO(MOPHI
KaK areHThl C MPOCTPAHCTBOM COCTAHWE S = {5(0) =0,s) = 1}, rae
s() pmrTepnperupyercs Kak «axTuBHA Basza i», © ¢ MHOKECTBOM DEIICHHI
A= {a(o) =0,a) = 1}, 3mech al®) wHTEppeTHpyeTCs KaK «ocTaBUTH a-
3y», a al’) — «cmenurp Basy». Paspl cBeTodOpa MEHSIOTCS MOCIIEI0BA-
renpHO. Cocrosame s', B KOTOpOe NMepeiiiéT cucTeMa M3 COCTOSHUSA S IIPU
PEIIeHnN @, OJJHO3HAYHO omnpeenserca no dhopmyie s’ = (a+ s) mod 2. ITo-
BeJIEHME areHTa B MOMEHT BPEMEHU ¢ OyIeM TpeCcTaBIATh Mapoil 00bEKTOB
(s¢,a¢), re sy € S — akruBHaga daza ceerodopa, a a; € A — COOTBETCTBY-
foree t pemenne. Bymem cantarh, uTo cMeHa da3 cBeTodOpa OMUCHIBACTCA
MapKOBCKOI1 LIENbIO ¢ AUCKPeTHbIM BpemeneM &(t). A cemeiicTBo pernenuii a;
obpasyer crpareruto 6 = {a;,0 < t < co}. Torna nosenenme arenra Oymem
OTMCHIBATH YIIPABJIEMBIM OTHOPOIHBIM MAapKOBCKMM TporeccoM (€,4) ¢ Ko-
HEYHBIM YUCJIOM JedcTBUi A u cocTostHuil S U JUCKPETHLIM BpEMEHeM [6]
Ha puc. 1 npeacrasien croxacTuuecKuit rpad ympaBiIsgeMoro mpoecca cMme-
HbI Pa3bl A7t ABYyX(A3HOTO CBETOdOpA.

Ilox 3amep:xkoit HA da3e OyaeM MOHUMATH CyMMAapHOE 3aCeIEHHOE Bpe-
MS$I BCEX MAIITHH, TPOXOJAIINX Yepe3 OTPE30K JOPOru. 3ameprKKa Ha dase S;
nocye nedcTBus a; ecth MYHKINS 7(St, Gt; S¢41), KOTOPAsi BCEIEIIO OMpPejie-
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P1o
- = -~
Poo ‘_ @ P11
Po1

Puc. 1. Croxacruaeckuii rpad ympasisiemoro mnporecca cmenbt dba3s fasa aByxdas-
Horo cserodopa. 31ech LyHKTUPOM 0603Ha4eHbl Hepexonbl upu aeficrsun o' a
crutomHOM smHMed mepexonpr mpu pemenmn o', BeposTHOCTh Dij €CTb BEPOAT-

HOCTB IIePexXoda U3 COCTOSTHUS s g 5(3), i,7=0,1.

JISIETCST TEKYIIMM COCTOSTHUEM Sy, BHIODAHHBIM DEIEHUEM (; U COCTOSHHEM
S¢+1, B KOTOpOe TiepeiifieT mpoiecc Ha cieayiomeM mare. Torma dyHkims
CYMMAapHBIX JTOXOJ0B/BO3HAIPAXKICHUII areHTa MPU BHIOPAHHON CTpaTernn

(oo}
[IPUMET BH/I V({St,é}) = ST ytr(se,ap), tme 0 < v < 1 — koapdurment
=0

nepeoreHky, {S; } — peanmuzanus ciaydaitrnoro mporecca (t) npu BRIOpaHHOM
crpareruu 0 = {a;,0 <t < oo}.

Bazaga obyuenus ¢ nogkpemienueM (RL — Reinforcement Learning)
JJIsl OHOTO areHTa B o0ImeM Bujze (POPMYIUPYETCs CHAeAYIOnmM 00pa30M:
HalTH Takylo ONTHMAbHYIO crparernio 6 = {a;,0 < t < oo} moBemeHUs

areHTa, Ipu KOTOPOi (DYHKIUs CyMMapHbBIX JOXO/I0B V({S,g7 ) }) JIOCTHTAET
CBOET0 MACUMYMaA.

Pemenne 3amaun RL g ogmoro cserodopa MINETCS METOIOM JTHHAMU-
9eCKOr0 MPOrPAMMUPOBAHNS HA, OCHOBE MPWHIINIIA ONTUMAIHHOCTH DBei-
MaHa u Oasupyercs Ha uaee (Q-00ydeHHsi, KOTOPAas 3aK/II0YAETCS B OIEHKE
HEBbIYUCJIUMOIL paBoil yacru [6, 5, 4]:

Queal.0) = Qulosa) + o (o) + 7 mx Q' )] - Qulsv)) . (1)

B [4] ycranosaen kpurepuil cxomumoctu urepanuontoro mnpouecca (1). Ta-
KUM 00pa3oM, ONMTUMAJIBHOE YITPaBIeHne IJIs OZHOTO CBeTO(Opa B MOMEHT
BPEMEHU { WINETCA B BUIE G; = arg max Q+(s,a’).

a’'e

Pacmupum 3amady oOydenusi ¢ MOAKPENJIEHUEM HA CeTh CBETOMOPOB.
Paccmorpum mHOX)KecTBO 13 K areHToB, JJjIsi KayKI0TO U3 KOTOPBIX OMUCAHBI

MHOKecTBO cocTogumii S* u MHOXKectBo pemennit A¥, k= 1,..., K. O6o-
sHaumM s; = {s1,57,...,85} € ST x §%x ... x SE — copokymmoe cocrostmue
cpesbl B MOMEHT Bpemenu t, a a; = {a},a?,...,af} € Al x A% x...x AK —

COBOKYTTHOE yTpaBJieHne B MOMeHT Bpemenu t. Ormerum, 9To cMeHa ¢a3b
JTIIOOBIM areHTOM MPUBOIUT K M3MEHEHUO OOIIEero COCTOSHUS Cpesl s. s
VIOPOIIEHUS PEAJTU3AIUN MPUHATO PACCMATPUBATHL B3aAWMO/IEHCTBUE AreH-
ToB momapuo. s Kaxkaoro ceerodopa k OmpemesnM MHOMKECTBO COCE.I-
uux arenros N(k), ¢ koropbimu OH B3aumoueiicrsyer. s dukcuposan-
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HOl mapbl areHToB kK u j € N(k) MHOXKECTBO MX COBMECTHBIX IefCTBUI
ak € A* x A7 u coBmecrubix cocrosmuii s* € S* x S7 mpeacraBumbl
B Buje Marpur pasmeproctu |A¥| x |A7| u |S¥| x |S?| coorercTBento.
Hns ciydast, KOrja paccMaTpUBAIOTCH CeTh CBETOMOPOB € JBYMS COCTOSI-
HUAMH, caeayomyo dbasy cBerodopa MOKHO HARTH ¢ MOMOIIBIO OLHEPAIIHH
«mckmouaomero uany»: s° = a @ s. Onrumanbaoe ynpasiaenue ajis huk-
CUPOBaHHOrO arenta k Oyjlem uckarb Kak pemenue s3agaau MARL b Bu-
ze [3]: ap = arg max Y Y QN(s,ab)p(s/|(s, a*7)). Buech bynkums
an€AF jEN (k) a;€ Al

Q¥ (s,a) onpenemnsiercs amanormano (1) ¢ yIéTOM MHOKECTB COBMECTHBIX
cocTostuuit n feiictBuii arenTa k ¢ MEOXKecTBOM ero coceneii N (k). Beposit-
HOCTBH P (s’ |(s,a"s )) — 9T0 BEPOSTHOCTH TOTO, YTO ar€HT j BHIOEPET JeiCTBIE
@; C yI6TOM TEKyIIero COBMECTHOIO COCTOSHUS S U BEIOPAHHOIO areHTOM k
JIeCTBUSA Q.

2. BopruncianrenbHble 9KCIIEpPUMEHTbI

st mccienoBanus MIPEICTABACHHON Mojenu Oblia pa3paboTaHa mpo-
rpaMMa UMHUTAIMOHHOTO MOJENUpoBanus B cucreme AnyLogic u mpoBeaensr
CepUY BBIYUCIUTEIHHBIX IKCIEPUMEHTOB. DKCIEPUMEHTHI TPOBOIUIUCH HA
ITIK ¢ mpomeccopom Intel Core i7-10510U CPU @ 1.80I'T't m oneparuBHOIT
mamaTbio obbemom 8I'B. Ienbio 3xcriepuMeHTOB OBLIIO CPABHEHNE BPEMEHU
3a/IePKKU MAIlWH JJd AByX Mojeseil. lyis nepBoit Momenu [AjIuTeaIbHOCTD
das (TrafficLight state) mns mepsoro (TLsO, TLsl) u sroporo cerodo-
pa (TL1s0, TL1s1l) moaydena mepebGopom. g BTOpPOil MOZETH JJIATENb-
HOCTH (ha3 mosryueHa Kak pernenue 3agaau MARL wa ocHoBe Q-00ydeHus.
Ha pwuc. 2 mpencraBmeHbl BTOpasi MOIE/b CBETO(PPOHON CETH M COOTBET-
CTBYIOITUH €l CTOXaCTUIeCKUi Tpad yIpaBiseMOro OJHOPOIHOIO MAPKOB-
CKOI'O IIpotecca cMeHbl (has3bl /i CeTH U3 ABYX JABYX(A3HBIX CBETO(DOPOB.
NmvuTannorHOe MOAEIMPOBAHUE MPOIECCA YIIPABJIEHUST CBETO(MOPOM IPOBO-
JWUJIOCH C Y9E6TOM CJIEIYIONINX YCJIOBHUIl: MAITUHBI TPUOBIBAIOT HA KaXKIBII
73 TEPEKPECTOKOB C TPEX HANPABJIEHUN, OTMEYEHHBIX 3€JIEHBIM I[BETOM, C
nareacuBHOCTHIO 1000 B 9ac um yHUUITOXKAIOTCH B OOJIACTAX, OTMEIEHHBIX
CHHUM; HAIPABJIEHUS JBUKEHUI MAIIWH yKA3aHbI O€JIbIMA CTPEJIKAMHU Ha
TIEPEKPECTKAaX; B MOJIEIN yIIPABIAAEeMON OJJHOPOAHOM MapKOBCKOI IENH € KO-
HEYHBIM YUCJIOM AEHCTBUit U COCTOSHUNE KOI(MDPUINEHTHI CKUIKNA (¢ U TIepe-
OIIEHKM 7y MO00PAHBI IMIUPUIECKUM IIYTEM; IUCKPETHU3AIMS IO BPEMEHU
paBua 5 cexyugam. IIpu nmepecevenun mosiocsr, Ha paccrosauu 100 merpos
JI0 CTON-JIMHWY, APbI, COCTOAIINE U3 yKa3areseil Ha OObEeKT MAIIUHbI U Te-
KYIIIErO BPEMEHU MOJIENN, TOOABISIOTCS B OAHY U3 KoJutekmuit tcf, ... tcf7
(time collection forward). lajee, MaIUHbBL yIAISIOTCA U3 KOJJIEKIUA, TPU
IPOe3/ie Yepe3 MEPEKPECTOK U PASHUIIA, BPEMEHU CUCTEMbI ¥ XPAHSIIEr0Cs B
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Puc. 2. Mogens cetn u3 AByX nByX$a3HBIX CBETOMOPOB M COOTBETCTBYIOIMI €
CTOXaCTHYECKH rpad ympaBasgeMoro mpomecca cMeHbl dha3. 3mech S; OTpazkaer
cosokynnoe cocrosuue cserodopos ! (I =0b00, 0b01, 0b10, 0bll). IIpu xeiicTum
a™ (m =0b00, 0b01, 0b10, 0b11) mpomecc mepedimer B cocrosmme n = L & m, ¢
BEPOATHOCTHIO Pip, .

Kosnekmn npubasasercda Kk seanunie TIMESUMM. [nsa Bropoit Momenn
B TeueHuu 5 cekyH 1 Bei3biBaercs coobitre QLEARNING, peanusyioree pe-
menne 3a1a1n MARL. Ha ero ocHoBe npuHuMaercs penieHue 00 OCTaHOBKE
nm mpoasiernu dpas3 ceeTodopoB. Moaesnb, yupaBiseMas MapKOBCKHAM IIPO-
[IECCOM, TTOKA3aJ1a yMEHbIIEHnEe CyMMapHOit 3a/1epKKu B cpeaeM B 1.2 pasa
IO CPABHEHUIO C CUCTEMOI yIIpaBJIeHust CBETOMOPOM, JTUTETHHOCTH (Pa3 Ko-
Topoit noxobpana nepebopom (puc. 3). CuHUM IIBETOM yKA3aHO JIydIIee J10-
nyctumoe 3Hadenne TIM ESUM M. Cepble TOYKH MOKA3bIBAIOT HEKOTOPHIE
Hanbosee 4acThie OTKJIOHEHUS OT JIyYINero 3HAYEHMUSI.

QiD.CDC-‘ 250,000

€ IMKCHPOBAHHOH
AANTENLHECTEI 33 500 000

YNpaEnAeman

MAPKOBCKMM NPOLECTOM
200.000 4

150,000 - . 150,000

100,000 100,000

50,000 50,000

i £
0 100 200 300 KONM4ECTEQ o 100 200 300 konuuecTEO
MEnLITAHMWI @ Nyuwee gonycrimoe MENLITAHUMA

Puc. 3. 3navenne TIM ESUMM njs mogesiei

Puc.4. CuopaBa na ocu opaunar mnoka3ano 3madenune TIMESUMM pus
MOJIEH, YIPABIAEMON MaPKOBCKHM IIPOIECCOM, CJIEBa HANOKA3aHO 3HAYEHUE
TIMESUMM nns monenn nepebopa. Ha ocm abmpicc yka3aHO KOJIUYIECTBO KC-
IepUMEHTOB.
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3akJroueHne

B crarhe nccnemyercss maTemaTrnyueckasi MOJeb mporiecca Bbibopa da3
ceTu cBeTOMOPOB, KOTOPAsi YIATHIBAET COCTOSHUS CBETO(GOPOB U WX 3arpy-
keHHocTh. 3agada MARL dopmynupyercs Kax ajisi 1ByX, TaK U JJIs JTEO-
6oro [mciaa cBeToOpoB Ha MepeKpecTke. Perrenune 3a7adn MUHAMA3AINAN
3aJ1ep2KKU TpadUKa PACCMATPUBACTCS KAK UTEPAIMOHHBII IPOIIECC, JIJIst KO-
TOPOTO TOJIyYeH KPUTEPHil CXOAWMOCTH W TPEICTABJIEH AJTOPUTM MOWCKA
peIeHus.
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